ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF
ORDINARY DIFFERENCE EQUATIONS

BY
CHARLES V. COFFMAN(})

1. Imtroduction. This paper is concerned with the asymptotic behavior of
solutions of ordinary difference equations with ‘‘almost constant coefficients,”’
i.e., equations having the form

(1.1 y(n +1) = Jy(n) +f(n, y(n),

where y is a d-vector, J is a constant d X d matrix and f(n, y) is a vector-valued
function which is continuous in y for fixed n and becomes ‘‘small’’ in some
sense as (n,y)—(0,0). Systems of this type have been studied by Perron,
among others; see for example [10]. Perron has also investigated the analogous
problem of the asymptotic behavior of solutions of the differential equation

dy _
(1.2) pri Jy +g(t,y),

where g(t,y) is continuous in (¢,y) and becomes ‘‘small’’ as (t,y) — (0,0), cf.
[9]- These two papers of Perron serve to illustrate the parallel which exists be-
tween the two problems. It is the purpose of this paper to present analogues
for difference equations of several recent developments in the theory of the
asymptotic behavior of solutions of the differential equation (1.2).

The first theorem below is the analogue for difference equations of a theorem
of Hartman and Wintner [6,(*)] which deals with asymptotic integration of (1.2)
on a logarithmic scale. The latter terminology derives from the fact that what
is asserted is the following: corresponding to each eigenvalue A of J, there exist
solutions y = y(t) of (1.2) satisfying

1.3) t"'log|y(f)] = ReA +o0(1) as t— oo,

where | y| denotes the norm of the vector y. The analogue of (1.3) for the dif-
ference equation (1.1) is
(1.4) |y | = |A] +0(1) as n— .

It can be assumed that (1.1) can be written in the form

Yin + 1) =Jy(n) +fin,y(n)), i=1,2,3,
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where y = (y',y%, %) and the absolute values of the eigenvalues of J,, J, and
J, are respectively less than, equal to, and greater than |/1| Theorem 3.1 asserts
that if y& and y2 # 0 are given and if n, is sufficiently large, then (1.1) has a
solution y = y(n) such that

(1.5) Y'(o)=ys  yino) =y,

(1.4) holds, and | y'(n)| = o(| y*(n)|) as n— oo for i = 1,3. Results of this type,
both for differential equations [9, Satz 11] and for difference equations [10,
Satz 11] have been proved by Perron. For the differential equations case, Hart-
man and Wintner, in the theorem mentioned above, have weakened Perron’s
condition

(16) g(t:O)EO, lg(t’yl) - g(t’yZ) | / lyl - yZI -0 as (tayl’yZ) _’(CO’OsO)

on g(t,y) in (1.2) to

.n |gt, »|/|y] =0 as (t,y) > (,0).

With the exception that Perron’s uniqueness assertion fails under this weaker
hypothesis, the conclusion of their theorem contains that of Satz 11, [9] of
Perron. Similarly in [10, Satz 11], Perron requires the analogue of (1.6) for f(n,y)
in (1.1), i.e.,

(18) f(n,O)EO, |f(n’y1)_f(n9y2)|/lyl —yZI_)O as (n’ylayZ)_’(w’Oso)'

He proves, then, that there exists a unique solution of (1.1) satisfying (1.5) and
(1.4). In Theorem 3.1 below, with the exception of the uniqueness assertion,
the conclusion of Perron’s theorem is obtained under the weaker assumption

1.9 |f(n.9)|/]y] =0 as (n,y) = (0,0).

The conclusion of Theorem 3.1 is refined in Corollary 4.1. This assertion generalizes
a result of Gelfond and Kubenskaya [4] which in turn refines a classical theorem
concerning the linear, scalar equation of order d,

(1.10) x(n+d) +(a; + by(n))x(n+d—1)) + --- + (ay + by(n)) x(n) =0.

The result of Gelfond and Kubenskaya states that if the d roots 4,,---, 1, of the
characteristic polynomial

(1.11) Mya P +a,=0

of the unperturbed part of (1.10) satisfy |4, | < - <|4,]|, and if the |by(n)|,
j=0,---,d have a common positive majorant f(n) satisfying

(1.12) lim f(n) = 0,
(1.13) B(n +1) £ B(n),
(1.14) liminff(n + 1)/B(n) = 1,

n—> oo
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then to each i, i = 1,---,d, there corresponds a solution x,(n) of (1.10) such that

(1.15) x(n + 1) /x(n) = 4; + O(B(n)).
In particular, Corollary 4.1 will be seen to imply that (1.14) can be weakened to
(1.16) lim inf B(n + 1)/ B(n) > lrrsxgxd (4|1 A1 D-

The proof given in [4] works without modification if (1.14) is replaced by (1.16)

In §§ 6 and 9 below, asymptotic formulae for the solutions of (1.1) are devel-
oped. Theorem 6.1 is the analogue of () in [6], the latter is a non linear version
of a theorem first proved by Dunkel [1] for the linear case of (1.2). A refinement
of Dunkel’s theorem for the linear case is (**) [5]; another proof for the non-
linear case has been given by Olech [8]. To my knowledge, the literature
contains no theorem of this type for the difference equation (1.1) where J is
allowed to have characteristic numbers and elementary divisors of arbitrary
multiplicities. Gelfond and Kubenskaya have, as an immediate corollary of the
theorem referred to above, that when X* B(n) < o, then for each i=1,--,d,
there exists a solution x = x;(n) of (1.10) such that x,(n) = AY[1 + O( X3 ,8(n))]
as n— co. Theorem 6.1 or a theorem of Evgrabov [2], implies that if
X® |b(n)| < oo, for i =1,--+,d, then for each i, (1.10) has a solution satisfying
x(n) = A'(1 + o(1)), as n— co. Evgrabov has proved the case of Theorem 6.1,
where f(n, y) is linear in y for each n, J is diagonal, and all of the eigenvalues
of J are distinct, though not necessarily of distinct absolute value. Actually the
case where J is diagonal but does not have distinct eigenvalues is easily reduced
to the case treated by Evgrabov by a linear change of dependent variable, not
affecting his condition on f(n, y).

Theorems 9.1 and 9.2 also are analogues of theorems concerning differential
equations (cf. (i), (ii) of [5]). In particular, the results of §9 contain a theorem
of W. Ford [3] concerning the case d =2 of (1.10); cf. §10.

§10 deals with applications of the theorems of §§6 and 9 to the scalar equation
(1.10) and in particular to the second order case.

Apparently essential to the relaxation of (1.6) to (1.7) for the asymptotic in-
gration of (1.2) on the logarithmic scale, and to the proof of the nonlinear ana-
logue of Dunkel’s theorem is some sort of topological argument, such as, for
example, the principle embodied in the theorem of Wazewski [11]. As would
be expected, a topological argument also seems essential to the proofs of the
analogous theorems for difference equations. Due to the discrete nature of the
independent variable in this case, there appears to be no natural analogue of
Wazewski’s theorem for difference equations. Adequate as a substitute in the
cases treated here is Lemma 3.1, whose proof is based on an argument involving
the mapping degree. The lemma is, in fact, equivalent to the Brouwer fixed point
theorem.



1964] SOLUTIONS OF ORDINARY DIFFERENCE EQUATIONS 25

2. Preliminary lemmas. This section contains several preliminary lemmas
concerning two-dimensional systems of inequalities of the form

2.1 u(n +1) £ ou(n) +f(n)(u(n) + v(n)),
22 o(n +1) 2 t0(n) — f(n)(u(n) + v(n)).

It will be assumed that f(n) is defined for 0,1, ---, and is real and non-negative,
that

(2.3) lim f(n)=0,
and that e
2.9 0Lo<r.

LemMA 2.1. Let 0,7t be constants satisfying (2.4). Let u(n) and v(n) be non-
negative functions of the integral variable n, defined for ny < n < n° and satis-
fying (2.1)«2.2). Then, for any ¢ > 0, there exists an N = N(¢), such that if
no = N and u(ng) < ev(n,), then v(n) >0 for ng <n < n° and

2.5 u(n) < ev(n)
for ng < n<nd.

Proof. Choose N(¢) so large that both (1 +¢)f(n) <t and
(e +f(n))(1 +&)/(r —f(n))(1 + &) <& hold for all n = N(¢). When ny = N(e).
the conclusion follows for ny <n < n® by induction on n. If, for some n,

ne £ n £ n°v(n) > 0,and (2.5) holds, then v(n + 1) = tv(n) — f(n)(1 + &)v(n) >0
and one obtains

u(n + 1)/v(n +1) £ [ou(n) +f(n)(u(n) + v(n))]/[zv(n) — f(n) (u(n) + v(n))],
un+D/on+1) £ [oe +f(n)(A +e)]/[t—f(n)(1 +e)] <e,
and so (2.5) holds for n + 1.

It is clear from the proof just completed that when (2.3) is not assumed, the
following variant of Lemma 2.1 will hold.

LemMA 2.1°. Let 0,7, u(n) and v(n) be as in Lemma 2.1. Then for any
e>0, there exists a 6 =06(¢) >0 such that if (2.5) holds for n=nq, and if
0= f(n) £6(e) for ng £ n < n° then v(n) >0 and (2.5) holds for no < n < n°.

LeMMA 2.2. Let 6,7 be constants satisfying (2.4). Let u(n), v(n) be defined
and non-negative for n = ny and satisfy (2.1)+2.2) and

(2.6) u(n) + v(n) # 0.
Either () r(n) = u(n)/v(n) is defined for all sufficiently large n and
2.7 lim r(n) =0,

n— o0



26 C. V. COFFMAN [January
or (B) s(n) =v(n)/u(n) is defined for all sufficiently large n and
(2.8) lim s(n)=0.

n=>ao0

Proof. Assume that () fails to hold. Then there exists an & > 0 such that
(2.5) holds for arbitrarily large values of n. Hence, by Lemma 2.1, v(n) > 0 for
all sufficiently large values of n and (2.5) holds.

Let some number u be chosen, so that ¢/t < u < 1. Since (f) fails to hold,
there is an N so large that for all n = N, v(n) > 0, and, for some ¢ > 0, (2.5)
holds, T —f(n)(1 + &) >0, and (o +f(n))/(x —f(n) (1 + &)) < u. It follows that
r(n + 1) < pur(n) + c¢f(n) for n = N,, where ¢ > 0. Upon iterating this inequality
one obtains

n—m-—1

(2.9) rm)S " m)+¢ X opf(n—1-1)
1=0

for n > m = N,. Let ¢(n) be a positive majorant for f(n), defined for n = N,
and assume that

(2.10) lim ¢(n)=0 and ¢(n + 1)/p(n) = a > g/t for n= N,.

n—» o0

It may be supposed that y < a. From (2.9), one has

H() S 1" () + ca ' $(n) & (o
1=0
for n > m = N,. Thus

(2.11) r(n) = O(p(n)).
This completes the proof of Lemma 2.2.

If () holds and if 1> pu>o/r, then for all sufficiently large n,
s(n + 1) = p~s(n) — ¢f(n), where c¢>0. Iterating this inequality yields
s(n + k)= p " s(n) — ¢ Tf_, pf(n +1—1)]. Since pu < 1, it follows from (1.8),
on letting k — oo, that

(2.12) s(m<c § pf(n +1-1).
=1

Thus if Y(n) is any positive majorant for f(n) such that
lim Yy(n)=0 and yY(n + 1) =< yY(n),

n-—>o0

then
(2.19) s(n) = 0(Y(n)).

LeMMA 2.3. Let the hypothesis of Lemma 2.2 hold and assume, in addi-
tion, that for some p, 1 S p< o, f(n)el?, i.e., Tir,|f(n)|? < co. Then if

(@) holds, X%, |r(m)|? <o for some no; and if (B) holds then
20| s [P < o0, for some ny.
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Proof. In view of Minkowski’s inequality, (2.9) and (2.12), it suffices to
prove that if f(n)el?, then h(m)= X' guf(n—1-—1) and
gn) = X2, uf(n + 1 —1) belong to I” also. Write g(n) = X2, u' " 1f(l) and
let t =1 — 1/p. By Holder’s inequality,

[} 14
|s]” = | £ @D
é (lg “l—n+1)p('§w ﬂ'-"+1|f(l)|p).
Hence
N N o
Ellg(n)l" < const. §1 E wM AP

Ms

< const.

1
El ul—n+l lf(l)|p

1

]
-

< const. T |f(D|".
=1

If h(n) is written as h(n) = X024 p"~'"1f (1) and if t = 1 — 1/p, then
n—1 tp /n—Il-1
ol s (2 w) (X k)
=0 1=0
n—1
< const. T p* ' fA(D]”
=0
The proof is completed as in the previous case.
The last two results of this section will concern the more general system
(2.15) u(n +1) £ o(n)u(n) +f(n)(un) + v(n)),
(2.16) v(n +1) 2 ©(n)v(n) —f(n)(u(n) + v(n)),
where f(n) is non-negative and satisfies (2.3) and 0 £ a(n) < 1(n) for n=0,1,---.

LeMMA 2.4. Let u(n) and v(n) be defined and non-negative for all n = n,,
and satisfy (2.15)—(2.16), (2.6) and

.17 0< Ky =(um) +v(n)/(u(n +1) +v(n + 1)) = K,

for n = ny. Put v(n) = 1(n) — o(n) and assume that Xv(n) is divergent. Finally
let

n+M n+M
@.18) wh | 01+ T ) [0
" 0SM<wo 'k=n ‘k=n ’ .
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as n— . Set {(n)=u(n)/(u(n) + v(n)). Then lim,_, {(n) exists and is zero
or one. Also, to any 6, ¢, 0<3e <6 <e<1, there corresponds an integer
Ny = Ny(6,¢) such that if ng = Ny and {(ny) <0, then

(2.19) {(n) <& for all n = n,.

Proof. Upon multiplying (2.15) by v(n) and (2.16) by —u(n) and adding the
resulting inequalities, one obtains

(u(n + 1) + o(n + D)(u(n) + v(mDAL(n) £ —v(n)(u(n) + o(m))*{(n)(1 — {(n))
+ f(n) (u(n) + o(m))?

and hence
Af(n) = — Kov(m)(n)(1 — {(n)) + K, f(n),

where A{(n) = {(n +1)—{(n). Let ¢ = min (3Ky6 (1 — &), (e —d)). Choose
Ny = Ny(6,6) so that f(n) <3K;'(e—05) and ZriMf(k) < cKi'(1 + ZriMy(k))
for any integer M = 0 when n = N,. Let ny = Ny, {(ny) < J, and suppose that
there exists an ny > ny such that {(n;) =e. It can be assumed that {(n) <e
for n=n<n;. Since A{(n)<K;f(n)<3(e—06) for n= N,, there exists
an m, ng<m<n,, such that {(n)=46 for m=<n=<n; and {(m)=5$.
Then if m S n<ny, {(M(A—{(n) 2 16(1—¢), so &¢—3d = {(ny) — {(m)
< —1Kod(1 — 8) T, w(k) + Ky TRy, f(K) but

ni—1 ni—1

12 vk)+K, X f(k)y<c<e—-3,
= k=m

m

- %Koé(l ) .
hence a contradiction.

To complete the proof, it will be shown that if (2.19) holds for any ¢ < 1,
for all large n, then limsup{(n) =0 as n— co. If 1 > b =limsup{(n) > 0, then
necessarily liminf{(n) > 0, for otherwise, {(n) < b/4 would hold for arbitrarily
large values of n, and hence, by the last part of the lemma {(n) < 4b would hold
for all sufficiently large n. It would follow then that {(n)(1 — {(n)) = ¢, > O for
all sufficiently large n, hence A{(n) £ — coKov(n) + K f(n). This yields

n+M n+M

{(n + M) —{(n) + coK, 'E v(k) £ K, k? f(k)

for any M > 0 for all sufficiently large n. In view of the divergence of Xv(k),
this contradicts (2.18).
If, as n— oo,

(2.20) v(n) ~ const. n~! for some positive const.

the following analogue of Lemma 2.3 holds for (2.15)(2.16).,
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LeMMA 2.5. Let u(n) and v(n) be defined, non-negative, and satisfy (2.15)-
(2.16), (2.6) and (2.17) for n=ny. Let t(n)>o(m)=0 for n=0, and
v(n) = ©(n) — a(n) satisfy (2.20). Assume that for some p, 1 < p < ©

®©

(2.21) > P! |f(n)|’< 0.

Then the conclusion of Lemma 2.4 holds and either
©

(2.22) Znt[{m|" <

or

(2.23) 2°:° n 1= {m)|" < .

Proof. First it will be shown that the hypothesis of Lemma 2.4 is implied
by the hypothesis of Lemma 2.5. It is only necessary to verify that (2.20) and
(2.21)imply (2.18). By Holder’s inequality,

nt+M n+M t m+tM 1/p
Ews(En) (X vt imp)
k=n k=n k=n
where t=1-—1/p, but
n+M t nt+M
(2 n")§1+ Xnt.
k=n k=n
Hence (2.18) follows from (2.20) and (2.21).
Suppose that {(n) >0 as n— oo, then for sufficiently large n, {(n) satisfies
Al(n) = —K,n~1{(n) + K, f(n),

where K, > 0. For some ¢ > 0 and for large n,
n"An° =n"((n +1)°—n) < K,n"!;
therefore
A(n‘(m) = K n’f (n)
for large n. Hence

n—-1
{(n) = (no/n)(no) + kE (k[m)f (k)

=ng

for n, large and n > n,. In view of Minkowski’s inequality, (2.22) follows if
it is shown that

-]

(2.24) z n"[ ’.Z-:l (k/n)"'f(k)] p< 0.

n=no+1 k=no



30 C. V. COFFMAN [January

By Holder’s inequality,

[n—Zl(k/n)‘f(k)]p < [El(k/nr]p—l S ki P

k=no k=ng k=no

const.n?~! Nil(k/n) Lr®|~

k=no

IIA

Therefore

N n—-1 ) 4 N-1 N
) n"l[ Z(k/n)‘f(k)] < const. X |f(k)|%ke¢ X nPmc7?

n=no+1 k=no k=no n=k+1

N-1
const. X KPTl|f(k)|?,

k=no

IIA

and (2.24) follows.
The proof of (2.23) when {(n) - 1, n — 0, is similar.

3. Logarithmic scale. In the system of ordinary difference equations

(3.1 y(n + 1) = Jy(n) + f(n,y(n)),

where y and f are d-vectors (with complex-valued components), let the d x d
matrix J be in a Jordan canonical form, say, with g blocks. For n=0,1,2,---,
let the function f(n,y) be defined and continuous in y for | y| < ¢, where c is
some positive constant independent of n.

If A(1),4(2),--,A(g), with |A(1)|Z|AQ2)| £ - £|4(g)|, are the eigenvalues
of the blocks of J, let the components of the vectors y and f be indexed so that
(3.1) can be written as a system of scalar equations of the form

G.L)  Ye+D) = A6y @)+ (n, y(n)),
Gl Ve = 200y M) + YT m) +4 (0, y(), k=2, h(j),

Let ]=l,""g'

3.2 pl<pi<<p’

denote the f distinct numbers among the |/1(i) ] Let some m, 1 < m < f be chosen.
An integer j, 1 £j < g, will be designated by p = p(m), g = g(m), or r = r(m)
according as | A(j)| < p™, |A()| = o™, or | A()| > p™.

In terms of the notation just introduced, define L,,= L, (y) for 1Sm<f
and for 0<a=1 by

h(q)
3.3) L(y)= X X d*|y*.
q k=1

Put |y| = ZX/.,L;. The norm |f| of the vector f=f(n,y) will be defined as
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a k)
I71=% Z |7

Jj=1 k=1

THeOREM 3.1. Let f(n,y) satisfy

(3.4) |f(n,9)| /|| =0 as (n,y) = (0,0).
Let
3.5 p=p"<1.

If n is any number such that 0 <n <1 then there exist positive numbers
8 =05(n) and N = N(y) such that for any set of Xh(p) + Xh(q) numbers
yE€ and y& satisfying

h(p) . h(q) "
(3.69) T X snZ Z|y¥,
p k=1 q k=1
h(q)
(3.6,) 0< X X |y¥<s,
q k=1

there exists, for any ny> N, a solution y = yy(n) of (3.1), defined for n = n,
and satisfying the incomplete set of initial conditions

(3.7) ypk("o) = J’opk,
(3.7,) ¥ no) = ¥,
and such that

(3.8) lim | yo(m)]" = p.

Further, if p >0, or more generally if y,(n) does not vanish identically for
large n, then

(3.9 Li(yo(n)) = o(L,(yo(n)))  as n— o if j#m.

The proof is facilitated by redefining f(n,y) in the following manner:

For any k>0, there exists, by (3.4), a positive number J, = d4(k), and a
positive integer Ny = No(k) such that for n 2 N, and | y| £ 8o,|f(n,»)| < k| y|.
For some k, to be specified later, let f(n, y) be redefined, for each n = N, out-
side of | y| < 6o(k) so as to be continuous in y and satisfy

(3.10) |f(n,»)| < k|y| for all y,
and
(.11) f(n,y) =0 for |y| = A,

for some constant A > J,. Let (3.1’) denote the equation (3.1) with f redefined
as above. Because f is now defined for all y, for n = N, any solution of (3.1')
beginning at some ny = N, exists for all n = n,.
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When m = f there is only one possible yq(n), since in this case (3.7) forms a
complete set of initial conditions. (Unique determination of solutions of (3.1°)
by initial conditions can fail in the sense that two solutions with distinct initial
values at n, can coincide for n = n, > n,, however, there can obviously be only
one solution of (3.1’) defined for n = n, and having a given set of initial values
at ny.) Thus, until specified otherwise, it is to be assumed that m < f.

From (3.1},) it follows that if y = y(n) is a solution of (3.1°) defined for
n=ng = Ny, then for any a, 0<a <1, and for 1<i<f, the following in-
equality holds

hid)
(3.12) | Lis(n +1) = p'Ly(n)| < aLi,(n) + , }:( ) le £, y(m))|,
“a) k=

where L, (n)= L, (y(n)). For 1 Si<f, put
i-1

(3.13) Mn) =M (n) = z L;(n) and N;(n)= N;(n) = i L;,(n).
ji=1 ji=1

From (3.2) and (3.12) follow the inequalities

(3.14) Mn+1) = (o' +a)Mi(n) + | f(n,y(n))|,
(3.15) N +1) 2 (¢ = a)Ni(m) = | f(n, y(n))].
Since

(3.16) |ym)| £ a™/(M(n) + N(n)),

in view of (3.10), these inequalities imply

(3.17) Mn+1) £ (07" + @) M;(n) + ka™(M(n) + N(n)),
(3.18) Nin +1) 2 (p' = a) Ny(n) — ka™(M(n) + N(n)).

Let a > 0 be chosen so that
(3.19) P r+a<p—a

for i =m, m + 1. On applying Lemma 2.1’ to the system (3.17,,4+,)—(3.18,,.,),
it follows that, given ¢ >0, if k is sufficiently small and if ny = N(k), then
N, +1(no) < &eN,,+(no) implies N, (n) >0 for n 2 ny, and

3.20) M, 1(n) > eNp 1 1(m)

for n = ng.
The following simple topological lemma will be used in proving the existence
of the solution yy(n).

LemMA 3.1. Let y be a d-vector and let A be a nonsingular d x d matrix.
Let the d-vector valued function g(y) be defined and continuous for all y, and

satisfy 2(y»)=0 for Iyl 27,
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for some positive constant y. Then the mapping of the y-space into itself giten by

@3.21) V1 =Ayo + 8(¥o)

is onto.

Proof. Let F(y)= Ay +tg(y), 0<t=1. Let y,, be arbitrary, and consider
the mapping degree a[y,o,F,] of F, at y,o, as defined, for example, in [7]. By
Theorem 5 and the remark at the end of §3 of [7], a[y,0,Fo] = + 1, hence
a[y10,F1] = % 1 and it follows from the result just referred to that there exists
a yo such that y,o = Ay, + g(¥o).

Let y2* and y&* be given, satisfying (3.6,) for some 5, 0 <y <1, and (3.6,)
(with & to be specified). Let no = No(k), and let y(n, y%) denote the solution
of (3.1') satisfying (3.7,), (3.7,) and

Yno) = yo'
The mapping of the Xh(r)-dimensional space of variables y™ into itself given by
YE=y"no +1,55)

has, for any I > 0, the form (3.21), and because of (3.2) and (3.11), satisfies the
hypothesis of Lemma 3.1. It follows that for each /> 0, there exists a solution
of (3.1') satisfying (3.7,) and (3.7,) and with

(3.22) y¥ne +1)=0.

For each | > 0, let one such solution be chosen and denoted y = y/(n).
The auxiliary functions M,,,(n) and N,,,,(n) associated with the solution
y,(n) must satisfy

(3.23) M, 1 1(n) 2 €N,y 1(0)

for ny £ n < ngy + 1. For if (3.23) failed to hold for some n on this range, the
by the choice of k, (3.20) would hold at n = n, + I, contradicting (3.22). From
(3.17,,+,) and (3.23)

M, (n + 1) S(p" +a + ka™ (1 + 1/e)) M, ,(n),
for ng £ n < ny + 1. It may be supposed that k and a are so small that

v=p"+a+ka?(l +1/e)<1.
Then from

(3.249) M, 4 1(n) S V7" M, (o)

forny < n < ny + land (3.16), it follows that | yim)| SV a7 +1[e)M,, 4 1(no),
for ng S n<ngy + 1. But M1 1(no) S (1 + 1) Z|y¥|, by (3.6,). Thus 8 = (n)
is chosen so that a~%(1 + 1/e)(1 + )8 < J,, then, if y(n) = y,(n),
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(3.25) | y(n)| < éo,

for np=n=<ny +1.
From (3.25), it follows that there exists a subsequence of the y,(n) (which
after renumeration can be supposed to be the full sequence) such that

yo(n) = lim y/(n)
l- o0

exists for each n = ny. The auxiliary functions M,,, ,(n) and N,,, ,(n) associated
with yo(n) satisfy (3.23) and (3.24) for all n = n,, and (3.25) holds for y(n) = y(n),
for all n = n,. The latter assertion implies that yy(n), which is certainly a solu-
tion of (3.1), is indeed a solution of the original equation (3.1). The relations
(3.16), (3.23) and (3.24), for all n = ny imply yo(n) — 0 as n— co. This in turn
implies that |f(n, yo(n))| £ h(n)(M 4 1(n) + N4 1(n)), where h(n) >0 as n— co.
Replacing |f(n, yo(n))| in (3.14,,), (3.15,) by the term on the right in the above
inequality and applying Lemma 2.2 yields

(3.26) Npi1(n) = 0o(Mpy41(n)) as n—> oo

provided yq(n) # 0 for n > ny. This completes the proof of (3.9) in case m = 1.

Suppose m > 1 and let M,,(n),N,(n) be the auxiliary functions associated
with a solution of (3.1") satisfying (3.7) and with the initial conditions subject
to (3.6,). Then M,(ny) < na~*L,.(n,) and hence

(3.27) M,(n) £ na™*N,(n)

for n =ny. M,(n) and N, (n) satisfy (3.17,)—(3.18,,) and a is such that (3.19,,)
holds. By Lemma 2.1’, k can be chosen so small that ny, = N(k) and (3.27) for
n = ng imply that N, (n) does not vanish for n = n, and that (3.27) holds for
n = ng, since N,,(ng) # 0 by (3.6,).

If 1 <m<f, let yo(n) be as above; if m = f(> 1), let yo(n) be the solution
of (3.1") determined by (3.6,). It is easy to see that in the latter case, for n, large
and 6 small, yy(n) satisfies (3.25), and yo(n) >0 as n— co. The solution yq(n)
of (3.1) satisfies (3.7) so yo(n) does not vanish and the associated auxiliary func-
tions M,,(n) and N,(n) satisfy (3.27) for n 2 no. As before, |f(n, yo(n))l in
(3.14,)—<3.15,) can be replaced by h(n)(M,(n) + N,,(n)), where h(n)—0 as
n— oo, and Lemma 2.1 applied to give

(3.28) M,(n)=0o(N,(n)) as n— oo.
The relations (3.26) and (3.28) together if m < f, or (3.28) alone if m = f(> 1),

yield (3.9). Of course (3.9) is vacuous if f=1.
Since yo(n) — 0 as n— oo, from (3.4), (3.9) and (3.12), one has, for large n

Ly(n + 1)/ Lya(n) = p + 2a.

For some positive constant c,
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L, n) £ co(p +2a)"  for n 2 ny,
and this implies that

limsup | L, (n)|"" < p + 2a.

n— o0

Since

[yo(m)| = a™*(1 + o(1))Lyy(n) as n— oo,
limsup| yo(n)|'" < limsup| L,.(m)|'",
n-» o0 n—o

and since a can be taken arbitrarily small this implies

limsup| yo(m)|" < p.

n—> o0
When p > 0, the inequality
Lma(n + 1)/Lma(n) 2 P 2a

leads in a similar way to
liminf| yo(n)| 2 p.

n—+ o0

This proves (3.8).

35

4. A refinement. Let y,(n) be a nonvanishing solution of (3.1) satisfying

(3.9) (and hence (3.8)). From the proof just completed, it follows that there

exists a v,p" <v <1, and a constant K such that | yg(n)| £ Kv" for n 2 n,. Put

h(n) = Iub |f(n,»)]|/|y]-
0<|y|SKwv

It readily follows from (3.4) that h(n) > 0 as n— co.Let ¢(n) and yY(n) be pos-

itive majorants for h(n) satisfying respectively

4.1) lim¢(n) =0 and liminfeé(n +1)/¢(m)=a>p
and " "
4.2 limy(n)=0 and Y +1)=<yY(n) for all n=0.

The assertion (3.9) of Theorem 3.1 can be refined as follows.
COROLLARY 4.1. If yo(n) does not vanish for n ny, then for j<m

(4.3) Lin)[Lu(n)=0((n))  as n— oo,

and for j>m

4.9 L(n)[ L,(n) = O(¢(n)) as n— oo.
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This result follows easily from the proof of Theorem 3.1 and the estimates
(2.11) and (2.14).

5. A converse of Theorem 3.1. As a partial converse of Theorem 3.1, one has

THEOREM 5.1. Let f(n,y) be as in Theorem 3.1. Let y = y(n) (% 0) for large
n be a solution of (3.1) defined for all sufficiently large n and such that

5.1 y(n)—0 as n— o,

then there is an integer mg, 1 Smy = f, such that p=p" <1, and (3.8)
and (3.9) hold with m = m,.

Proof. Consider the case f> 1. Choose a (> 0) so small that Lemma 2.2
is applicable to (3.14,)-(3.15,). Applying the lemma, one concludes that for
each m = 1,---,f, the auxiliary functions M,(n) and N,(n) associated with y(n)
satisfy, as n— oo, either

(5:2) M, (n) = o(N,(n))
or
(5:22) N,(n) = o(M,,(n)).

Let m, be either the largest integer for which (5.2,) holds or 1 if (5.2;) holds
for no value of m. Then, the pair of relations (5.2,) for my and (5.2,) for my + 1
if f> my > 1, the relation (5.2,) for my + 1 if my =1, or the relation (5.2,)
for my if my =f, implies (3.9). As in the proof of Theorem 2.1, (3.9) implies
(3.8) and (3.8), (5.1) for m = m, imply p™ < 1.

The case f=1 is trivial.

6. Asymptotic formulae. Let some m, 1 < m <f, be chosen. Let h, de-
note the maximum multiplicity of the elementary divisors of J, the corresponding
eigenvalues of which have absolute value p™. In terms of the notations and con-
ventions of §3,

6.1) h, = maxh(q).

q

The main result of this section is the following
THEOREM 6.1. Let m,1 Em <f, be such that p = p™ satisfies
6.2) O0<p<l.
Let hy be any number satisfying
(6.3) hy < hy,

and let j, be some integer such that
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(6.4) 0<j, < h,.

For each n 20 let f(n,y) be defined and continuous in y for | y| < const. Let
there exist, for each n 20, a scalar function ¢(n,r), defined and continuous
in r for |r| < const., and having the following properties

(6.5) ¢(n,r) is nondecreasing in r for each n,

(6.6) Xp " "n"7io"p(n, const.n’p") < o for every const.> 0,
and such that

6.7 [f(n, )| < é(n,] y)).

For each q, let I(q) and k(q) denote the least and greatest integers, if any,
satisfying :

(6.8) 1= Ug) = k(q) = min(h(q), ho — jo), and h(g) — (q) £ jo.

Let a set of numbers c*, where I(q) £ k < k(q), be given, and not all 0. Then
there exists a solution y = y(n) of (3.1), defined for all large n, and satisfying
the asymptotic formula

(6.9,) y*n) = o(n*"Mtiop™ if j#ygq,
and

Ko ' '
(6.92) YHn) = X Cpum il TF(g) + o(n* Mt o,

i=Il(q)
where C,,=n![k!(n —k)! is the binomial coefficient.

In particular, the hypothesis of the theorem is satisfied if (6.7) holds for some
¢(n,r) having the form

(6.10) ¢(n,r) = y(m)r,
where
(6.11) T n* " ly(n) < .

For convenience in the proof it will be assumed that for all n 2 0, f(n,y) is
defined and continuous for all y, and that ¢(n,r) is defined, continuous, and
monotone in r for all r > 0. It will be clear from the proof that this involves
no loss of generality.

Let yj = (yjl’ _“,yjh(j)), and fj(n’y) = (fjl(n9y)a "'9fjh(j)(n’y)) forj=1,-,8,
(2.1) can then be written

(6.12)) Y + 1) =JG)ym) +f(n,y(n), j=1,--g,

where J(j) is the jth block of J belonging to the eigenvalue A(j).
First the system will be-transformed by a linear change of variable y(n)= M(n)z(n)
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so as to diagonalize the linear part of (6.12;). The change of variables will be
made in two steps. Let wi(n) = (w/l(n),---,w*U(n)), j=1,.-,g be defined by

(6.13) Y = win) ifj#gq,

(6.13) Yin) = (J(@)'A™"(@wi(n).

Component-wise (6.13) takes the form

(6-13,0 y¥(n) = :}El Coe—id” W (n).

It is immediate from (6.13,) that (6.12,) is thus transformed to

(6.14) wi(n + 1) = Agwi(n) + " (@) (J(@) ™" 'f(n, y(n)).
The second step is the following, let

(6.15) w¥n) = n'Pz*n), k=1, k() if j#4q,

(6.16) w¥n) = n*z%mn)  if k <I(q) or k> k(q),

(6.17) whn) = 2%(m)  if lg) S k= kg),

where f = hy — jo. The transformed system has the form

(6.18) Zi(n+1) = (nf(n + 1)) U(G)An) + g'n,2(m)),  j#a,

(6.19) z%(n +1) = (n/(n + 1)) PA(q)z%(n) + g%(n, z(n)), if k < I(q) or k> k(q),
(6.20) z%(n +1) = Ag)z™(n) + g%(n,z(n)), if Uq) <k = k(g).

If j # q, g(n,2) = (1/(n + 1)) “%f%(n, M(n)z). The kth component of the vector

A@)y* I@) ", y) is Zic (=D Cimian wd T (@)f*(n, ), s0 upon ob-
serving that C,_;,, = 0(n*~%) as n— oo, it follows easily that

|g""(n,z)| < const. ( n"'il f“‘(n,M(n)z)l) if I(q) £ k £ k(q) and
n

k
>
i=1
k
| g%(n,z)| < const. (2
i=1

Since k(q) < B, one has

b=l f“i(n,M(n)z)I) if k < I(q) or k > k(q).

6.21) | g(n,z)| < const.n® ™| f(n, M(n)z)|.
Notice, however, that for I(q) < k £ k(g),
(6.21") | g%(n,2)| < const.n* ™1 f(n, M(n)z)|.

Let s(q, k) be defined for 1 < k < h(q), as follows, s(gq,k) =0if I(q) < k < k(q),
s(q,k) = k — B otherwise. Using (6.5), one obtains for each q, for k,i=1,---, h(q),
k—i+s(q,i) < jo. Since C,j_;= O(n*™%), as n - oo, combining (6.:16)—(6.17)
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with (6.13,,) yields

h(q) .
Y X |y*| < const.n’|z].
q k=1

The formulae (6.13;) and (6.15), together with the above imply
(6.22) | M(n)z| < const.n”|z|.

Let ¢, and ¢, be the constants of (6.21) and (6.22), respectively. Let

(6.23) Y(n,r) = con® "1d(n, c, n'or),
by (6.21) and (6.22)
(6.24) |g(n,2)| £ ¥(n,|z|),

and by (6.21") and (6.22)

(6.25) | g%(n,2)| < Py(n,|z]), if Ig) S k < K(9)-
Let two numbers K, and K; be given, with

(6.26) 0<K,< Z|c®*| <K,.

For all n 2 0, redefine g(n,z) for | z| < Kop" and for |z| > K, p" 5o as to satisfy

(6‘27) Ig(n’ z)l é l//(n’ Klp")9
and
(6.28) g(n,z) =0 if | y| 2 2K,p" or if | y| £ 31 Kop".

Let (6.18')(6.19")—(6.20") denote the system (6.18)-(6.19)-(6.20) with g(n,z)
redefined as above. With each solution z(n), of the redefined system, will be
associated auxiliary functions u(n), v(n) and w(n) defined as follows

(6.29) un) = M, (m)+ T X |z%m)],
q  k>k(q)
k=k(q)
(6.30) oin)= X X |z2%n)],
q k=Ilq)
(6.31) wn) = Npipan) + T X |2%(n)),
9 k<l(@

where a>0 and M,, and N,, are defined by (3.13). One has thus
|z(n)| < a™*(u(n) + v(n) + w(n)). The function g(n,z), when redefined to satisfy
(6.27) and (6.28), satisfies

|g(n,2)|/] 2] £ 2K5 ' p="Y(n, K, p").
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Put
(6.32) ¥(n) = 2a"Kq ' p~"W(n, K ,p").

Upon observing that k — f < —1 when k < I(q) and =1 when k > k(g), it fol-
lows from (6.18')(6.19")(6.20"), provided a is sufficiently small, that u(n), v(n)
and w(n) satisfy

(6.33) u(n +1) = (n/(n + D)pu(n) + P(n)(u(n) + v(n) + w(n)),
(6:39)  |o(n +1) = po(m)| = P(m)(u(n) + v(n) + w(m),

(6.35) w(n) Z ((n + 1)/n)pw(n) — P(n)(u(n) + v(n) + w(n)).
Put

(6.36,) #,(n) = u(n), 6,(n) =uv(n) + w(n),

(6.36,) iy(n) = u(n) + v(n), 6,(n) = w(n),

(6-37) oy(n) = (n/(n +D)p, T (M)=p,

(6.37,) ag,(n) = p, 1) = (n+1/n)p.

From (6.33)-(6.34)-(6.35), one obtains

(6-38) fn +1) = ofn)in) + P(n)(in) + 5(n)),

(6-39) o(n +1) Z 1(m)dn) — Y(n)(ii(n) + 5(n)),

for i =1,2. It follows from (6.32), (6.34), and (6.7) that X{(n) < oo; (6.37,)

implies that o/(n) <t/(n) and that X[t(n) — oy(n)] is divergent, for i=1,2.

Since p > 0, the proof of Theorem 3.1 implies the existence of an integer N,

and constants Ly, L; (0 < L, < L,) such that if ny = N, and if M,(no) =0, i.e.,

if

(640) zpk(nO) = 0’ k= 1, Tty h(p),

but z(ny) # 0, then z(n) does not vanish for n = n, and, for all n = n,,
Lo<M,(n+1)+N,(n+1))/(M,(n) + N,(n)) < L,.

This implies similar inequalities for pairs, @,(n), 5(n) associated with a solution
z(n) satisfying (6.40). It will be assumed, in fact, that L, and L, are such that
if n = ny, then for such pairs

(6.41) Ly < (i1(n + 1) + 0y(n + 1)) [(#(n) + d(n)) < L,

for i=1,2. Let ¢, 0 <e <1, be given and choose N; = Ny, by Lemma 2.4,
so that if i =1 or 2, ny = N,, it(n) and 5,(n) are defined for n 2 n,, and satisfy
(6.38), (6.39,) and (6.41), and if @#(n,) < e,(i1(no) + 5(ny)), then
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(6.42) i (n) < g(ia(n) + d(n))

for n = ny, where g, = 3¢, = Je.
Let ny = N, be fixed. By Lemma 2.1 there exists, for each v = n,, a solution
z,(n) satisfying (6.40)

(6.43) 2%(ng) = 0, k> k(g),

(6.44) () = (), U Sk ko)
and

(6.45) %) = 0if j=r, or if k<I(q).

The auxiliary functions @(n),5(n), i = 1,2, satisfy (6.41) for n = n,, hence, since
@,(ng) =0, (6.42,) holds, for n = ny. On the other hand, 5,(v) =0, so it must
be the case that

(6.46) i1y(n) Z e(iiy(n) + 05(n)),

for ny < n < v. The relations (6.42) and (6.46) for ny < n <v, imply, if ¢ is suf-
ficiently small,

(6.47) u(n) < $6v(n) and w(n) < 3dv(n)

for ny < n < v, where 6 = d(¢) > 0. The inequalities (6.47), combined with (6.34),
yield,

(6.48) |o(n + 1) = po(n) | < P(n) (1 + S)u(n),

for no < n <v. If n is on the latter range, (6.48), (6.44) and (6.25) imply
(6.49) KoL ' <p-"v(n) < K,L

where L= exp(const. X2, ¥(n)), the const. (> 0) depending only on p, 5, and
a bound for J(n). The relations (6.47) and (6.49) imply in particular that z,(n,)
is bounded independently of v. From (6.20), (6.25) and (6.49) one has, if
I(9) < k = K(q),

|25(n + 1) — M@)z3| < n* PP(m) (1 + O)K, Lp",

for ng < n < v. It follows that

v=1
T p Y 24 + 1) — Ag)zG))|

i=1

| A" (@)z8' () — 23 (m)|

IIA

P"IK (1 + 6) f: i*Pg(G).

IIA
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Because of (6.44) this yields

650) |2 - @ S 9L +0) Z EG),

if ng<n=<v, for i(q) = k £ k(q).

Continuous dependence on initial conditions for solutions of (6.18")—-(6.19")
—(6.20") and the boundedness of z,(ny) for v = n, implies the existence of an
increasing sequence of integers v(k) such that

(6.51) z(n) = lim z,4y(n)
k- o0

exists for each n = ny. The function z(n) defined by (6.51) is a solution of
(6.18")—+(6.19")+(6.20") and the associated auxiliary functions u(n), v(n) and w(n)
are the limits of the respective auxiliary functions associated with the z,)(n).
It follows that the auxiliary functions for z(n) satisfy (6.47) for all n = n,y. In
view of the definitions (6.36,), (6.36,), it follows, on applying Lemma 2.4 to the
systems (6.38,)-(6.39;), i = 1,2, that

(6.52) u(n) = o(v(n)),  w(n)=o(v(n)), as n— oco.

Finally (6.50), for each v=n,, implies that z(n) satisfies

(6.53) z2%(n) = c™(A(q))" + o(n*"Pp"), asn- oo,

for I(q) £ k £ k(q). The latter relation, together with (6.52) and (6.26) imply
that for large n, Ko < p~"|z(n)| < K, so that z(n) is, for large n, a solution
of the original system (6.18)—(6.19)-(6.20).

It readily follows from (6.52), (6.53) and the definition of M(n), that the solu-
tion y(n) = M(n)z(n) of (6.12) satisfies (6.9).

7. The linear case. The condition on f(n,y) in Theorem 6.1 is essentially
invariant under a change of dependent variable of the form y(n) = Ay(n), where
A is a nonsingular constant matrix. Hence, to check the condition it is not neces-
sary to have J in a Jordan normal form. If however J is in such a form, and in
particular when f(n, y) is linear in y, i.e., in the notation of §3,

. g h(@)
(7.1 fHm,y) = 21 Elv,'k,.v(n)y’”,
p=1 v=
then the condition on f(n,y) can be relaxed somewhat. Suppose that for some
pair (gk) = (qok,), one has
(7.2 k=1, *=0 if (qk)# (goko)-

Take jo = h(go) — ko, so that = hy — h(qo) .+ ko. Let (o) = k(qo) = ko. If B
is not an integer, let k(q) and I(q) remain undefined for g # g, if B is an integer,
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and h(g) = B, let l(q) = k(q) = B.For those g for which h(q) < B, l(g) and k(q)
will be undefined in any case. Make the change of variable y(n) = M(n)z(n),
where M(n) is as in §6, with B, I(q) and k(q) as above. The function g(n,z) in the
resulting system (6.18)-(6.19)-(6.20) will have the form

" g hp) .
(7’3) gJ (n,z) = zl El gjknv(n)z"v'
p=1 v=
The proof given in §6 will work if
(7.4) Y| &itm(n)| < 0,  for each (jkuv),
and
ho—h(q0)
(1.5 Y |&pkow| < ©,  for each (wv).

This will be the case if
(7.6) Y ijk“v(n)lnt(uﬂ)-e(jk)ﬂ(a) (o-kK@) - o

holds for each (jkuv), where ¢(jk) is k or 1 according as j = q or j # g, and &(j)
is 1 or 0 according as j = g, or j # q,o. Thus when (7.1) and (7.6) hold, (3.1) has
a solution y = y(n) satisfying (6.9), where c,, are as in (7.2).

For the dth order scalar difference equation

(1.7 A'x(n) + a, (M)A x(n) + -+ + a (n)x(n) = 0,

where A*x(n) = X¥_o(=1)*"'Cy;x(n + i), the above remark has the following im-
plication. If

(7.8 i ayn)| < o

for j=1,---,d, then for each k,=0,1,---,d — 1 (7.7) has a solution x = x(n)
satisfying
A*x(n) = Cp i +0(n®7%)  for 0 S k < ko,
and
A*x(n) = o(n**™%) for kg<k<d-1.

The equation (7.7) is equivalent to the case of (1.10), where the roots of the cha-
racteristic equation satisfy 4, =1, =--- = A, = 1. Any case of (1.10) for which
the characteristic equation has a single nonzero root of multiplicity d may be
reduced to this case by a change of variable. If (7.7) is written in the form (1.10),
then for the conclusion above to remain valid it is in general necessary to require

T n* ! byn)] < oo,
for j=1,---,d.
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8. A converse of Theorem 6.1. Theorem 6.1 admits the following partial
converse:

THEOREM 8.1. Let p = p™ satisfy (6.2). Let h, be defined by (6.1) and let
hq satisfy (6.3). For each n 20, let f(n,y) be defined and continuous in y, for
| y| < const.(# 0). Let there exist a function ¢(n,r) defined for all n= 0 and
for small r = 0, continuous in r for each n, and satisfying (6.7). Let ¢(n,r) have
the form (6.10), where (6.11) holds, or let ¢(n,r) satisfy, in addition to (6.5),

8.1) ¢(n,r) is nondecreasing in n for each fixed r,

and in place of (6.6), for some §, 0 <d<p
8.2 X(p — 6)""n" " p(n,const.(p — 8)") < ©, for every const. > 0.

Let y = y(n) be a solution of (3.1) satisfying (3.8) and (3.9). Then for some
jo» 0 < jo < hy, and some constants c% not all 0, y satisfies the asymptotic
formula (6.9,)-(6.9,).

An argument similar to one used in the proof below shows that (6.5), (8.1)
and (8.2) imply (6.6).

Proof. The first step of the proof consists of showing that (3.8) and (3.9)
imply

(8.3) Z a7 f(n, y(m) | /] y(m)| < 0.

If (6.7), (6.10) and (6.11) hold, and if y(n) is any solution of (3.1) defined for all
large n and such that y(n) 5 0 for large n, then (8.3) is immediate. It will be shown
that (8.3) is valid if y(n) satisfies (3.8) and (3.9) when (6.7), (6.5), (8.1) and (8.2)
hold.

Let 6 > 0 be such that (8.2) holds and let a(n) be the largest integer not ex-
ceeding [log(p — )]~ 'logL,..(n). It follows that

4) Lp(n) < (p — 6
and
8.5) (Lps(m)™* < (p — 8)"€+D),

From (3.8) and (3.9) one has that for large n,

(8.6) a(n) < n.

By (3.3) and (3.9) there exists a positive constant K such that
8.7 Lp(n) £ | y(n)| £ KLpy(m),

so by (6.5), (8.1), (8.4), (8.5) and (8.6),
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(8.8) lf(n, y(n)) I /]y(n)| <(p- 5)-(a(n)+ 1)¢(a(n)’ K(p— 5)a(n)).

It follows from (3.8) and (8.7) that a(n) — c© as n — oo, hence by (8.2), the term
on the right of (8.8) tends to zero as n —» co. In view of (3.12) and (8.7), this implies
that there exists a ¢ > 0 such that for all sufficiently large n, AlogL,,(n) < — c.
This in turn implies that there exists a positive integer & such that the integral
valued function a(n) takes any given value at most K times, and that
a(n) ~ const.n as n— co. These facts and (8.2) imply the convergence of

Z (p = 0)"n"" p(a(m), K(p — 6)™),

which together with (8.8) implies (8.3).

Let f(n,y) = (f'(n, ), *(n, y)), and let y = (y*, -+, y“). For large n, define
a matrix I'(n) as follows

(8.9) Pi(m) = £/ (n, ym)7(m) [ | y(m) |2,

where the bar denotes complex conjugation. By (8.3), I'(n) satisfies
(8.10) Z n* " T(n)| < oo,

so Theorem 6.1 is applicable to the linear system

8.11) yn+1)=J +T(n)y(n).

‘The function y(n), being a solution of (3.1), satisfies (8.11). The result follows
by applying Theorem 6.1 to (8.11) and using the superposition principle.

9. Variants for the linear case of (3.1). When f(n,y) has the form (7.1), one can
obtain results concerning the asymptotic behavior of solutions of (3.1) under
conditions different from those in Theorem 3.1. Theorems 9.1 and 9.2 below
are, respectively, the analogues of (i) and (ii) of [5].

THEOREM 9.1. In (3.1) let f(n, y) be linear
d
(9‘1) fi(n,,}’) = 2 'ygj(n)y’, i= ]’ ...’d’
j=1

where y = (y',--,y") and f=(f",-,f). Let A(1),---,A(d) be the d eigenvalues
of J, and let there exist an m, 1 < m < d, with the property that A(m) +# 0,
and i # m implies | A(i)| # | A(m)|. Finally, for some o on the range 1 < ¢ < 2,
let

9.2) Z |7m)]° < oo,

for each i,j=1,--,d. Then (3.1) possesses a solution y(n) = (yi(n),--,y%n)),
defined for all large n, such that as n— oo
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n—1
9.3) y"(n) ~ TT (A(m) + Ypm(n)),
and
9.9 [ V()| = o(|y"(m)|) if i#m.

Proof. The existence of y(n) (3£ 0) satisfying (9.4) follows from Theorem 3.1.
Lemma 2.3 and the proof of Theorem 3.1 imply in fact that |y'(n)|/| y"(n)| € I°
for i # m. The latter relation and 1<0=<2, 1/o + 1/’ =1 give

9.5) [Y'(m)|/|y"(m)| e 1™ for i# m.

One can write

(9.6) Y+ 1)/ (1) = (Am) + (W) (1 + $()),
where

800) = ( 1m0 0)1570) 1) + ).
By Holder’s inequality X, Ymi(n)y'(n)/ y"(n) €', and hence so is ¢(n). Thus
the infinite product [] (1 + ¢(n)) is convergent and (9.3) follows from (9.6).

THEOREM 9.2. Let h, be defined by (6.1); g a particular value of q, where
p=|Mg)| > 0; ko an integer satisfying 1< ko < h(go). Let hy be a number
satisfying (6.3) and let

9.7 B—k#0 if 1<k<h(q) and q # q,,

where B = hy — ho(qo) + ko. Let f(n,y) satisfy (71.1), and for some 6, 1 <6 <2,
let

[
(9.8) )y |y,-,-,,,,,(n)I"n"{‘(“")"("‘)”(“) (ho=hgoN}+o=1

for each (jkuv), where &(jk),e(j) are as defined in §71. Then (3.1), (7.1) has a
solution which satisfies, as n —

9:90) y*(n) = O(m*~p"|A(m)|) if a # go or if k <k,
9.95) Y*(1) = Cope—s M@ ™*A() + o(n**p"| A(m)]) if 4 = go and k 2 ko,

and

(9.95) Y m) =o' Pp"|A(m)])  if j#q,
where
n-1 ko h(q0)
A =TI (14 X " (=0 Cip-rrmnCinses
(9.10) m=no i=1 v=ko

: A(qo>2"°'""“'gq,,mv<m)) .
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Proof. Make the change of variables of §7. One obtains thus a system of
the form (6.18)—(6.19)(6.20), where g(n, z) satisfies (7.3). From (9.8) it follows
that for each (jkuv)

]
(9'11) 2 na-llgjkm'lu < o,

and that for each (uv)

@
.12) X pelehaonte-t| o L |7 < co.

The proof of Theorem 6.1, with Lemma 2.4 replaced by Lemma 2.5, implies
that the system (6.18)-(6.19)-(6.20) has a solution z(n) such that z%*(n) 0
for large n,

(9.13) |z*(n)| = o] z%*(n)| as n— oo,
and
(9.14) S | ()| 2%9(m)| < oo,

(Because of (9.7), v(n), as defined by (6.30) satisfies v(n) =|z%*(n)|, see
the definition of I(g).k(q) in §7.) The case gok, of (6.20) can be written

©O15) 2R+ 1) = (M) + Eoroaota®) + B(m)(n),
where by (9.12), (9.14) and Holder’s inequality

(9.16) >3 nho =) (n)| < co.

An argument like that used in the proof of Theorem 9.1 gives

n-1
() ~ (Aqo))" TT (1 + (90" Zaokogoke(m));

in view of (9.16), this can be sharpened to

O17)  29%(n) = (Mgo)" T] (1 + (M40 Zutoqurs )1 + 050 1o)).

Since

ko  h(q0) .
gqokoqoko(n) = ‘21 zk ( - l)k - iCko —-it+ n,ncn W= ko()'(q)) Zko=v- 'gqiuv(n)s
i=1 v=ko

the formulae (9.9) follow from (9.13), (9.17) and the definition of the change
of variable y(n) = M(n)z(n) of §7.

10. Applications to the scalar difference equation. The following theorem of
Evgrabov [2], is an immediate corollary of Theorem 6.1.
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THEOREM 10.1. Let the characteristic equation (1.11) of the difference equa-
tion (1.10) have d distinct, nonzero roots A,,-+-,A,. For j=1,.--,d let Ewl bj(n)l
< . Then for each j=1,---,d, (1.10) has a solution x;= x;(n) satisfying
x;(n) = A5(1 + o(1)) as n— .

The remainder of this section will be concerned with the second order diiference
equation

(10.1) x(n +2)+a;(n)x(n+1)+a,(n)x(n)=0.

Rather than assuming that (10.1) is of the ‘‘almost constant coefficient’ type
it will be assumed that for some n,,

(10.2) a(n)#0  for n=n,

and that,

(10.3) lim 4a,(n)/a(n)a(n—1)=p
n— o0

exists. For n > ng, let a(n) be defined by
(10.4) 4a,(n)/a;(m)a,(n — 1) = p + a(n).

THEOREM 10.2. Let (10.2) hold for some n, and let there exist a constant p
such that (10.3), (10.4) and X Ioz(n)] < o0 hold. Assume that p is neither 0 nor
1 and put v=(1— p)"/%. Then (10.1) has solutions x.(n) satisfying respec-
tively, as n - o,

w~(-3) (TTaw)azr

The case p = 1 generalizes the almost constant coefficient case of (10.1), where
the characteristic equation has a nonzero double root. For this case one has

THeOREM 10.3. Let (10.2) and (10.3) hold. Assume that p =1 and that a(n)
defined by (10.4) satisfies En|a(n)| < 0. Then (10.1) has solutions x,(n) and
x,(n) satisfying respectively, as n—

n—1

x,(n) ~ (—%)ﬂ "I:[l a,(k) and x,(n) ~ (—21)" n ] ay(k).

Proof of Theorems 10.2 and 10.3 Put

(10.5) x(n) = (-%)( i a,(k))u(n) for n > n,,

k= uo

Then (10.1) is transformed to
(10.6) u(n +2)—2u(n +1) + (p+ a(m))u(n) = 0.
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The characteristic equation ot (10.6), when p # 1 has the roots (1 & v) and Theorem
10.2 follows from Theorem 10.1 and (10.5). When p = 1, (10.6) may be written
A%u(n) + a(n)u(n) =0, i.e., the case d =2 of (7.7) and Theorem 10.3 follows
from (10.5) and the remarks in §7. When (10.2) hclds and p =0, then (10.5)
and Theorem 6.1 applied to (10.6), imply that (10.1) has a solution x,(n) which
satisfies as n — oo

n—k
xy(m) ~(=1)" [] ay(k).

By Theorem 3.1 (10.2) also has a solution x, = x,(n) such that as n— o

Xx(n) = o(a" | x(n) l)

for any a, 0 < a <1, Theorem 6.1 yields no additional information concerning
this solution.

For the ‘‘almost constant coefficient’” case of (10.1), (10.2) and
Z|b(n)| < o for i=1,2, (or X®n|b(n)<oco for i=1,2), where
bi(n) = a,(n) — lim,, x a,(n), imply Z|a(n)| < oo, (or X®n|a(n)| < o). Thus
with the possible exception of the case where lim,_, . a;(n) = 0, the applications
of Theorem 6.1 to the almost constant coefficient case of (10.1) are contained in
Theorems 10.2 and 10.3 and the remark above concerning the case p=0. If
lim, , ,a,(n) = 0, then the characteristic equation has two nonzero roots 4, and
—A, or a double root 0. The former case is contained in Theorem 10.1, but
Theorem 6.1 states nothing in general concerning the second case.

The application of Theorems 9.1 and 9.2 to equation (10.1) yields

THEOREM 10.4. Let (10.2) and (10.3) hold. Assume that p is neither O nor
a real number greater than 1. For some 0, 1 < ¢ < 2, let a(n) in (10.4) satisfy
]
(10.7) 2 |an)|” < .

Then (10.1) has solutions x4(n) satisfying respectively, as n— oo,

2 = (=3} T @000 £vF /20,

If p is real and p > 1, the conclusion remains valid if (10.7) is replaced by the
stronger condition

[o¢]
(10.8) 2 |am)|’n""! < oo,
where 1652 and t>o0.

The first case of this theorem (i.e., where p real implies p # 0 and p < 1) was
proved by W. Ford [3] for a(n) having the form a(n) = p/n*/**® + 6(n) where
0<d=<}and X |0(n)[ < co. He also proves that if a(n) is of this form, p is
real, and p>1, so that |1 —v|=|1+v|, then the result remains valid if
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[1—v+p2vn' 2% = |1 +v-- pj2vn'/**?| for all large n, i.e., if p is real.
Proof of Theorem 10.4. After making the change of variables (10.5), write
(10.6) as a system

(10.9) (v‘(n + 1)) _ (0 1) (vl(n))
V’(n +1) vV—1-—an) 2 v’(n) /)’

where (v!(n),v*(n)) = (u(n),u(n + 1)). Put

w(n) 1 1 1 v'(n)
( w? (n))_ 2v (—-(v -1 v+ 1) (vz(n))’

so that (10.9) transforms to
(10.10) wi(n + 1)) B (1 —v+an)/2v  a(n)/2v wl(n)
(wz(n +1) B —a(n)[2v 1+v-— cx(n)/2v) (Wz(n)) .

The first part of the theorem follows by an application of Theorem 9.1 to (10.10).
If p>1, and (10.8) holds, then the system (10.10) satisfies the hypothesis
of Theorem 9.2 (h, may be taken to be 7/o > 1, so (9.7) holds). The result fol-
lows by an application of that theorem.
Finally, as an analogue of Theorem 10.3, one has

THEOREM 10.5. Let (10.2) and (10.3) hold. Assume that p=1 and that
a(n) in (10.4) satisfies X=|a(n)|’n?*~" < o for some ¢ and t, where 1 <o < 2.
Then (10.1) has solutions x{(n) and x,(n) satisfying respectively, as n— oo,

w0 ~(~3) (T @ + G + Datkp),

i ~(=5) o T i - ka@) ).

Proof. Make the change of variables (10.5), then the resulting equation
(10.6) is equivalent to the system

(vl(n + 1)) (1 —a(n) ) (v‘(n))

n+1)) ~ \1 1 v¥(n)/)

where (v'(n),v*(n)) = (u(n + 1) — u(n),u(n)). Taking ho=1t/c as before, the
hypothesis of Theorem 9.2 is satisfied by the above system. An application of

that theorem implies that (10.6) has solutions u,(n) and u,(n) satisfying re-
spectively, as n — 0,

uy(n) ~ ﬁ (1 + (k + 1)a(k)) and u,(n) ~ n"ff (1 — ka(k)).

The conclusion of the theorem follows from (10.5).
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