DIFFERENTIAL EQUATIONS AND DIFFERENTIAL
CALCULUS IN MONTEL SPACES(")

BY
E. DUBINSKY

A topological vector space is a set which is equipped with a geometric structure
and a topological structure. It is natural to ask if this is sufficient to derive an
analytic structure, or if one has to impose it from without as in the case of
manifolds. By an analytic structure, we mean the operations of differentiation
and integration, and their corresponding properties.

It is well established that integration can be defined reasonably (for a summary
of the vast amount of literature on this subject, see Hyers [7]). In the case of
differentiation, until recently, little has been done beyond the case of Banach
spaces. In the latter case, the program has been completed by Hildebrandt and
Graves [6], who developed the calculus, Kerner [8], who characterized the
perfect differentials, Michal and Elconin [9], who extended the Picard existence
and uniqueness theorems for differential equations, and Dieudonné [4], who
showed that the weaker Peano existence theorem, which assumes only continuity,
is false for Banach spaces.

To begin the extension to non-normed spaces, Gil de Lamadrid [5], gave a
definition of the derivative and started the development of the calculus. In the
present paper, for the case of Montel spaces (to be defined below), we extend
the calculus, characterize the perfect differentials and prove existence and unique-
ness theorems for differential equations.

In this paper, R will refer to the set of real numbers, @ the empty set, and
the symbol, |J, will indicate the completion of a proof. If f and g are two functions
with the property that the range of g is contained in the domain of f, then f o g
will indicate the composition of these two functions. If 4, B, are two sets, then
{4,B) will mean the set of all functions (in whatever function space is being
considered) which map A into B. If C is another set, then {B,C) o {(4,B) will
be the set of all compositions, f o g, with fe (B,C) and ge {4,B). It is obvious
that (B,C) °{4,B) = {(4,C).
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(1) The results of this paper are contained in the author’s doctoral dissertation, University
of Michigan, 1962. The main theorem in §3 was presented to the Society, at its New York
meeting on February 21, 1962.
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1. Definitions and known results. We consider real topological vector spaces
and all terms will be as defined by Bourbaki [1; 2]. In particular, we note that a
tonneau is a set which is absorbant (each element of the space is contained in
some scalar multiple of the set), closed, convex and equilibrant (with each x
in the set, the interval from —x to x is in the set). A bounded set is a set which
is contained in some scalar multiple of each neighborhood. A topological vector
space is tonnelé if each tonneau is a neighborhood of zero. A Montel space is
a topological vector space which is tonnelé and in which each closed and bounded
set is compact. The spaces 2,2’ of Schwartz [10] are examples of Montel spaces.

The letters E,F,G,--- will refer to Montel spaces and E,,E,,Fg,Fy,-:- to
sets which are the algebraic sum of a single element and a tonneau.

The vector space Z(E, F) of all continuous linear functions from E to F can
be made a topological vector space with several different topologies. We consider
the topology of simple convergence and the topology of uniform convergence
on bounded sets. For the bounded sets relative to these topologies we shall speak,
in the former case, of simply-bounded sets of functions and in the latter case,
of bounded sets of functions. Unless otherwise specified, the topology of Z(E, F)
will be the topology of uniform convergence on bounded sets.

If A, B are topological spaces and C is a subset of {4,B), then C is equicon-
tinuous if for each neighborhood, V, in B there is a neighborhood, U, in A4 such
that C = (U, V).

It is easy to see that if C is a subset of .Z(E, F) and C is equicontinuous, then
C is bounded. It is a basic result (in fact, a generalization of the Banach-Steinhaus
theorem) that if E is tonnelé, then C is bounded if and only if it is simply-bounded.
The proof is given in [2, p. 27].

The Riemann integral of a continuous function f, from R to a topological
vector space, E, is defined in the usual manner and we write [j f(f)dt. It
is easily seen that if f takes its values in a convex set, then the integral is an ele-
ment of a multiple of the closure of that set.

If f: Eq—F, then Gil de Lamadrid defines the derivative, f’, to be a function
from E, to Z(E,F) such that for each x€E,, B a bounded subset of E, V a
tonneau in F, there is a scalar, 1o > 0, such that if |A| < A, and he B, then

w — f'(x)(h)eV.

We shall use the following notation,

S+ Ah) —f(x)
A

o(f,x,4,h) = = [ () (h).

If we are trying to show the existence of f'(x) and, moreover, that f'(x) = g(x),
then 8(f,x,4,h) will be interpreted as
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1O+ 1) _

We remark that, since f' : E, - Z(E, F) and Z(E, F) has a topology (uniform
convergence on bounded sets), the continuity of f’ is well defined.

We will have use of the following form of the ‘‘Fundamental Theorem of
Calculus,”” which is proved as Theorem 14 in [5].

If f:E,— F is a function whose derivative exists and is continuous, and x,, x
are in E,, then

1
) =f(xo) + f FCeo + 10x = %)) (x — xo)d.

2. Differential calculus. In this section we extend the results of
Gil de Lamadrid [5S] by proving certain theorems of calculus for the derivative
which he defined.

THEOREM 1. Iff:E,— F is a function whose derivative exists and is contin-
uous and f'(E,) is a simply-bounded subset of £(E,F), then f is uniformly
continuous on E,.

Proof. Since f'(E,) is simply-bounded and E is tonnelé, f'(E,) is equicon-
tinuous. By the Fundamental Theorem of Calculus, we have the relation,

1
FOe) =) = L £ + 15 — X)) (e — x,)dt.

The result then follows from the equicontinuity of f'(E,) and the fact that the
integral over the interval [0,1] of a continuous function whose values lie in a
convex set is contained in a multiple of the closure of that set. ]

THEOREM 2. If f:Eq—F is a function whose derivative exists, then

lim f(x + Ah) =f(x),
1-0

and this limit is uniform with respect to h in any bounded subset, B, of E,.

Proof. From the definition of f’, if Vis a tonneau in F and A is sufficiently
small, then

FCx + Ah) — f(x) € Af"(x) (h) + AV.

But f'(x)(B) is a bounded subset of F and, hence, may be absorbed by any ton-
neau. Thus, by taking A perhaps even smaller we have the relation

f(x+ AB) e f(x) + V. 1
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Theorems 1 and 2 are substitutes for the result that differentiability implies
continuity, which is false. For a counterexample, we take 2 and consider the
map which sends ¢ € 2 into ¢? (¢*(x) = [¢(x)]?) to be a function from 2,
equipped with its weak topology, into 2, equipped with its strong topology.
This function is not continuous. However, since 9 is reflexive, the bounded sets
are the same for both topologies. Hence, the function maps bounded sets into
bounded sets from which it follows that the derivative exists at the origin.

Chain rule. The next result, which is one of the most important for our
purposes, is the chain rule.

THEOREM 3. If f:Fo— G and g:E,—F are two functions such that g is
continuous, g’ exists, f' is continuous and g(E,) = F, then (f og)’ exists and

(Fo8)(x) = [f'(g(x)] °g'(%).

Proof. From the Fundamental Theorem of Calculus, it follows that
1

8(f °g,x,A,h) = f f'(g(x) + Ag'(x)(h) + tAd(g,x, 4, h))(8(g, x, 4, h))dt
o

+ (/. 8(x), 4, 8'(x)(h).

In the integral, the argument of f’ remains in a bounded subset of F as 4 ranges
through any interval and h ranges through a bounded subset, B, of E,. This
follows from the fact that g’(x) maps bounded sets into bounded sets and g,
being continuous, maps compact sets into compact sets (here we are using the
fact that in a Montel space, the closure of a bounded set is compact). Since f’
is continuous, its range in the integrand is thus a bounded and hence equicon-
tinuous subset of Z(F, G). On the other hand, since g’ exists, lim,_, o6(g, x, 1, ) =0
uniformly w.r.t. h in B. Therefore, it follows that the integrand, and hence the
integral, converges to 0 as 41— 0, uniformly w.r.t. he B. For the second term,
we note that as h ranges through B, g’(x)(h) remains in a bounded set and the
result then follows from the existence of f’. |

Partial derivatives. If f:E, x Fo— G, we define the partial derivative of f
w.r.t. E to be afunction, df/0E:E, x Fy—%(E,G), defined by the relation

y)—f(x.y)

7 , X€Ey yeF,,

I ey = tim L+
OE A=0
where this limit (if it exists) is taken uniformly w.r.t. h in each bounded subset
of E. We define df /0F in a similar manner.

The following result relates the partial derivatives to the so-called total de-
rivative. The proof, using techniques introduced in the previous theorems of
this section, follows classical lines. It is lengthy and will not be given.
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THEOREM 4. If f' exists, then 0f |OE, 0f/0F exist and

T (1)) = £ B0,

9 ,

)W) = £, )0,k

oF

Conversely, if two partials exist and either one of them is continuous, then
f' exists and

k) = e,y ) + L e b
Products and reciprocals. We consider the ‘‘product’ defined by the com-
position of two continuous linear maps whose domain and range match pro-
perly. Iff: Hy —» #(F,G)and g : H, » %£(E, F), then we definef x g : Hy — %(E, G)
by setting fx g (x) = [f(x)] - [g(x)] for all xe H,. If f', g’ exist, then we define
f'xg:Hy—>%(H,%(E,G)) and fxg':H,—%(H,#(E,G)) by the equations

fxgx)(h) = [f'x)(B)].g(),
fxgxM) = [fX)][gx)M],

where x€ Hy, he H. When there is no fear of ambiguity, the square brackets
will be dropped. The inconsistency of the above notations is perhaps excused by
the simplicity of the resulting product rule.

THEOREM 5. If f:Hy,—%(F,G), g:Hy,— Z(E,F) are two functions whose
derivatives exist and g is continuous, then (fxg)’ exists and is given by the
equation

(fxg) =f'xg+fxg".

Proof. It is clear from the definitions that the desired equality makes sense
from the point of view of the domain and range of the maps. After considerable
linear manipulation, one can write,

5(fxgx,2.h) = [8(f,x,2,m)] o g(x) +£(x) o [5(g,x. 2, b)]
+ [6(fi % A1) o [gCx + k) — g()].

To consider convergence, we recall that we are in the topology of #(E,G). A
typical neighborhood of 0 in #(E,G) is (B, W) where B is a convex bounded
setin E and Wis a tonneau in G. Since g(x) is linear and continuous, there is a
bounded set, By, in F such that g(x)e (B,B,)». We take A sufficiently small
so that (f,x, 4, h) € (B,, W), where h ranges through some bounded set in H,,.
Hence, we have the relation

(¢)) [6(f,x,4,h)] og(x) € {Bo, W) o {(B,By>={B,W).
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From the continuity of f(x), we can find a tonneau, V; in F such thatf(x)e (V, W)
Then we take A sufficiently small such that d(g,x, 4, h) e {B,V ), to obtain that

) £(x) o[6(g, %, A h)] € <V, WD o (B,VY < (B,W>.

Finally, since H is a Montel space and g is continuous, g(x + A1h)— g(x) remains
in a bounded subset of Z(E, F) as h ranges through a bounded set and A ranges
through an interval. Hence, there is a bounded set, By, in F such that g(x + Ah)
— g(x)e {B,B;). Replacing B, by B, in the argument leading to Equation (1),
we see that

(3) [5(f’ X, A: h)] °[g(x + Ah) - g(x)] € <Bh W> ° <Ba B1> < <B’ W>'

Adding (1), (2), (3) we see that for h in a preassigned bounded subset of H and A
in a sufficiently small interval,

o(fx g,x,A,h)e (3B, W). |

COROLLARY. If f: Hy—»#(F,G), g : Hy— F are two functions whose derivatives
exist and g is continuous, then thefunction fg : H,— G defined by fg(x)=f(x)(g(x))
is differentiable and

(f'x)(h) = [f'x)(W)] 0g(x) +f(x) < [g'(X)(A)].

Proof. Wetake E to be the set of reals and make the identifications, £(E, F)=F
Z(E,G) = G. Theorem 5 then gives the desired result. |

Iff:E,— Z(F, F) and the range of f consists of invertible elements of £(F,F)
then we define the reciprocal, f~' :E, » %(F,F), by setting f ~(x) = (f(x)) .
The following result on derivatives of reciprocals is analogous to the classical
result on differentiation of matrices of functions.

THEOREM 6. If f:Ey,— Z(F,F) is a differentiable function such that f~'
exists and is continuous, then (f")’ exists and

Gy = —fxfrx s
Proof. We have, after some manipulation, the equation
S(f A = — [f TN [8(f,x 4 W] [F1(0)]
- x4+ =101 [f ) m)e L ()]
= [f 7+ a0 =100 [8(f,%, 4 W)]e [f ()]

Each of these three terms can then be shown to converge to 0 uniformly w.r.t.
h in a bounded set as A goes to zero, using techniques similar to those in the
previous theorem. |
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3. Perfect differentials. In 1933, Kerner [8] showed that in a Banach space,
a first order differential form is a perfect differential if and only if the derivative
of the form is symmetric. In this section we extend this result to Montel spaces.
We begin with two calculus type lemmas of a more special nature than the results
of §2.

LemMma 1. If g:I x E,—F (where I is the interval [0,1]) is a differentiable
function which is continuous on each bounded subset of I x E,, and if we define
the function, f :E,— E, by the equation

1

() = fo gt x)dt,

then f' exists and
wm = [ %
1eh = [ Eanmar

Proof. From the Fundamental Theorem of Calculus and Theorem 4 of §2,
we may write

1 ot
o(f,x,A,h) = J:) L{%(t,x + gih)(h) — g—%(t,x)(h)}dadt.

If his in a bounded set B, then the closure of I x B is compact so g’ (and hence all
partials) is uniformly continuous on I x B. Also, lim, o064k =0 uniformly
w.r.t. 0€l, he B. Thus for A sufficiently small, the integrand and, hence, the in-
tegral will be contained in any preassigned tonneau of F. |

LeMMA 2. If f:Ey—F and a:1- R are two functions whose derivatives
exist and are continuous, then for each x,, x € E,,

ir1
2(1)f (x) — 2(0)f (x,) = J; @' (0f (xo + t(x — xo))dt

+Jl a())f "(xo + t(x — x0)) (x — xq)dt.
0

Proof. From the corollary to Theorem 5, with F, G, H, g replaced by R, F,E, «,
respectively, and identifying #(R, F) with F, fa the ordinary scalar multipli-
cation a f, it follows that

(@f)' (%) = 2(x)f "(x) + &' (x)f (x).

Applying the Fundamental Theorem of Calculus, we have the desired result. |
If T:Eo—»Z(E,F) and heE, we define the function T,:E,—F, by
T(x) = T(x)(h). We may now prove the main result of this section which shows
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that the existence of an anti-derivative is equivalent to the symmetry of the deri-
vative.

THEOREM 7. If T:E,— Z(E,F) such that T' exists and is continuous, then
there exists f : Eg — F such that f' = T, if and only if for all xe Ey,h,k€E, we
have,

@ T'(x)(B) (k) = T'(x) (k) ().

Proof. First we shall assume (4) and construct f. Let x, € E,. Since E, is convex,
if t e I, the vector x, + t(x — x,) will always be in the domain of T. Let the function
g:I x Ey— F be defined by

8(t,x) = T(xo + H(x — Xo))(x — Xo).
From our calculus, we can differentiate g and obtain that
g'(t,x)(r,h) = T'(xo+1(x—x0))(th+1(x—X0))(x—Xo) + T(xo+(x—Xo))(h).
We define the function f : E, — F by the equation,

1
f)= j ¢(t, x)dt.

o

It follows from Lemma 1 and Theorem 4 that
, ' og
F@m= [ e

1
- f [ET"(xo + 10x — x0)) (B) (x — Xo) + T(xo + 1(x — x0)) (W)] dt.
0
From the definition of T}, the symmetry assumption, and the fact that uniform
convergence on bounded sets implies pointwise convergence, it follows that
' !
T'(xo + t(x — X)) (B) (x — xo) = T;(xo + t(x — X)) (X — Xo)-

Hence,
1
£ () = j [T} (xo + 1(x — x0)) (x — Xg) + Ty(o + t(x — xo))] dt.
0

Applying Lemmas 1 and 2, we obtain that
F'x)(h) = Ty(x) = T(x) (h).

This proves that the symmetry implies the existence of an anti-derivative. To
demonstrate the converse, we suppose that f is an anti-derivative of T. Let h,ke E
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and let u be a continuous linear functional on F. We define the function
g:IxI->Rby

g(s,t) = u[f(x + sh + tk)].

It is easy to see that g has continuous, second order, partial derivatives so that
the two mixed partials are equal. In particular, this is so for s =t = 0. But from
the chain rule it then follows that u[ T'(x)(h)(k)] = u[T'(x)(k)(h)], and since
the equality holds for every continuous linear functional, u, on F, we conclude
from the Hahn-Banach Theorem that T'(x)(h)(k) = T'(x)(k)(h). |

4. Existence and uniqueness theorems. Let T:E, x F,— %(E,F), where
xo€E,, yo€F,. In this section, we discuss the existence and uniqueness of a
function f:E,— F,, where xo€E, < E,, satisfying the following differential
equation with initial condition,

f(xo) = yo
f'x) = T(x,f(x)) for all x € E,.

The dimension of E (if it exists) will be the dimension of the problem. The first
observation to be made is that by an obvious transformation, we can reduce all
cases to that in which x, = y, = 0, and we will only consider this case.

Dieudonné [4] has shown that if E = R, F is a Banach space and T is con-
tinuous, then the solution does not necessarily exist. We shall extend Dieudonné’s
example to the case in which F is a Montel space.

Let F = %, where Z is the space of infinitely differentiable functions of rapid
decrease on R (see Schwartz [11, p. 89]). Let E = R. Let ¢:[0,1] —» R be defined
by the equation,

)

s0=a | b (- 1)

where a is a number such that ¢(1) = 1. It then follows that ¢ is infinitely dif-
ferentiable, all derivatives of positive order vanish at 0, 1 and ¢(0) =0. We
define T:R x £ —» L(R, %) = X% by setting, forxeR, ye %, éE€[n,n + 1],

T, 1)) = |y + D] = | ym)]) € — n) + /| y(m)| + exp (= &7).

Note that T is actually independent of x. It is easy to see that T(x,y)e#Z and T
is continuous. Let us suppose then that there exists a function, f, satisfying (5)
with xo = yo = 0. We define g,: I - R by g,(x) = f(x)(£). Then

g:(x) =f'() (&) = T(x.f (x) (§)-

In particular,

g1 = J|f)( + D]+ exp(= &) 2 V@) + D] = /| gar13)|.
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Thus, g,4+,(x) is larger than the function which vanishes at 0 and satisfies

Zne1(x) = \/‘gu+1(x)|-

This equation has the unique solution, g, ,(x) = x%/ 4 and hence,

2
OICEREF AN P

which contradicts the fact that f(x) € Z#.

Hence, the continuity of T is not enough. We shall show that existence can
be proven if we assume that T, T’ are continuous, and the range of T is simply-
bounded. We shall give the proof separately for the cases in which E is one-
dimensional, two-dimensional, and nondimensional. All are different and each
uses the previous ones. In the latter two cases, we will also have to assume that T’
satisfies a certain symmetry condition.

The one-dimensional case.

THEOREM 8. Let E=R, E, =[0,a,], a; >0. Let T:E, x Fo— #(E,F)=F
be a continuous function whose range, T(E, X F,), is a bounded subset of F.
Then there exists Eo=[0,a,], 0<ao<a,, and f:Ey—F such that f is
continuous and differentiable, and

© fO = o,
f'(x) = T(x,f(x)).

Proof. Since T(E; x F,) is bounded in F, there exists a number, a,, in the
half-open interval, (0,a,], such that T(E; x F,)([0,a0]) = Fo. Thus, if B is the
convex and topological closure of T(E; x Fo)(E,), where Eq=[0,a,], then
E, x Bis compact, so T is uniformly continuous on E, x B. Let V be a tonneau
in F. Let W be a tonneau in F, and §; a positive number with the property that if
x1,%,€Eq, y1,72€B, |x; — x,| <&y, and y; — y, € W, then

T(xl’ yl) - T(xz’ YZ) € <E0’ V> .
Let 6, >0 be such that T(E, x Fo)([0,6,]) = W. Let 6 = min (J,,6,). From
these relations it follows that if we define a function f, on E, by the equations,
0 if x=0,
Sfy(kd) + T(kd,f,(kd))(x — kd) if xe[kd,(k+ 1)d]N E,,

where k=0,1,---, then the range of f,, is contained in B.To see this we have,
using induction, that,

fr(x) =

S+ 1) = FAK3) + =TS (k) (a0) € = + =B

ckop, gkt D9
ao ap ao

BcB.
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Thus, f; : E,— B. It also follows that if x e (kd,(k + 1)5), then
)] (%) = f(kd) = T(kd,fy(ké))(x — kd)e W.

If x is not an integral multiple of §, we may differentiate f and it follows from (7)
that

fr()(® = TC.fr()) () = T(kd,f, (k&) (1) — T(x.fr(x)(D) e V.

Integrating, we obtain,

x 1
® fr(x) - j T(t,fy(D)dt = f(x) — f T(tx.fy(tx)) (x)dte V.
0 V]
Let U be a tonneau in F. Let n > 0 be such that T(E, x Fo) = {[ —n,n], U).
Then if x; £ x,, x,€[(j — 1)4,6], and x, € [k, (k +1)d], it follows that
Fv(%2) = flxy) = T(kS,fy(kd))(x, — kd) + T((j — 1)3,f((j — 1)O))jo—x,)

_ - k-1
Y=k =Xy Oy
n n i=j N

+T T(8,£,i6) () €
i=j

X1

c %[xz—ké +j6 = x, + (k= j)3]U = ’”—;—U.

Thus, the family {f,} is an equicontinuous subset of the space C of continuous
functions from E, to B, equipped with the sup topology. By Ascoli’s theorem
[3], {fy} is a compact subset of C. The filter of tonneaus {V} induces a filter
structure on {f;} and the intersection of these filters is nonempty. Hence, there
exists f in C satisfying (8) for each V. This implies that

© () = j (£ (t)d, i
0

and (6) is obtained by differentiating.

THEOREM 9. Under the conditions of Theorem 8, if T’ exists and is continuous
and (0T|0F)(E, x B)(B) < kB for some scalar k (where B is as defined in the
previous theorem), then the solution is unique.

Proof. Suppose f, g are solutions of (6) which vanish at 0. Then

£(x) - g(x) f (TES() = T g(2)) e
0

(10) -
= [ [ 4 @0+ oLf® - @D - 5@ dode.
0 Yo OF

Let B be as in Theorem 8 so that the topological closure, B;, of B — B is closed,
convex and bounded. From (9) we see that for x € E,,
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(11) f(x) — g(x)exB — xB < xB,.

We define the function, o:Ey,— E, by a(x) =inf{A | 220, f(x) — g(x) € AB,}.
It follows from (10) that o is continuous. Also, if f(x) — g(x)#0, by (11) we
have a(x) > 0. Hence, a(x) = 0 if and only if f(x) = g(x). Let x; be the largest
number such that «(x,) vanishes. Suppose x; < ao. Let x, €[xy,a0] such that
X, —x;<1/2k and let x5 €[x,,x,] so that x; is the number at which « attains its
maximum over [0,x,]. Hence, if xe[0,x,], then f(x)— g(x)ea(x;)B;. We
define the function h:E,— F by the equation,

et G0

WO = [ 5 @8 +ol/® - #@D (H5 20 an
It follows from the last equation that h is continuous and h(£) € 2kB,. Further, if
x €[0,x,], by (10)

* f(x) — g(x)
12 h()dé¢ = ———"=€B,.
(12) [[mere = L5 80e,
But h(x) € 2kB, for all x € [x, x,]. Thus, since f(x) — g(x) vanishes on [0,x,],
we have the equation

£(xs) — g(x) = o(xa) f ChOdE = a(xs) f " WOE e alx;)(x; — x,)2KkB,.
0 x1

But x; — x; < 1/2k and this contradicts the definition of a(x;). Thus x, = a,
and f(x) = g(x) for all xeE,.

It should be noted that the above proof is clearly valid if, instead of (6) we
only assume (9).

As an example of the existence theorem, we take E, = [0,1], F = 2
and in the notation of [10], Fo = V({m,}, {&}) with my =1, g = 1. Let
K :E; x R x E; - R be a function such that if x, ¢ is fixed, then K(x,t,0), as
a function of ¢, is an element of 2 and as x, ¢ run through E,, these elements
of 2 form a bounded subset of 2. Further, we assume that each partial of K
with respect to ¢ is continuous in x,o, uniformly with respect to ¢, and that
K(x,t,0) =0 for all xeE,, teR. More specifically, we might take

( 1
Kooy = 1 07 (” - [C+ 9+ i
0 if [Q+x)Q2+0)]21.

) if |[Q+x)Q2+o)t|=1,

Then we define T :E, x F,— F by the equation

TN = [ Kty @
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The conditions of Theorem 8 are satisfied, a, = 1 and we may assert the existence
of a function f:E, x R— R such that
0
Z—{;(x, 1) = j—w K(x,t, g(x,f)) dé&.

The two-dimensional case. Because of the construction which we shall use
in proving the main theorem of this section, it is necessary to have slight general-
izations of some of the results of §2. The proofs in most cases are similar and
will only be sketched. A function defined on an interval is said to be continuous
except for jumps on a set S, where S is a finite subset of the interval, if the func-
tion is continuous on each interval whose interior is disjoint from S. We define
the integral of such a function to be the sum of the integrals over the intervals
of continuity. If the function is defined over a two-dimensional square, we per-
mit the set of discontinuities to be of the form

(13) S={tx)/t=y,i=1,,mor tx=x;j=1,---,m}

and continuity and integration are defined in the same way. We take I to be
the unit interval in R.

In the usual way, one can differentiate the integral by differentiating each
term of a finite sum to obtain the following result.

LeEMMA 3. Let the function f:1—> F be continuous except for jumps on S
and define the function g :1 > F by g(x) = [5f(t)dt. Then g’ exists and is con-
tinuous except for jumps on S, and if x¢S, then g'=f.

Next, the classical result, along with the Hahn-Banach theorem leads to

LemMmA 4. If f' exists on I ~ S and vanishes thereon, then f is constant
on each interval whose interior is disjoint from S.

If f' has jumps and we integrate the derivative of f, we do not necessarily get
f because we must jump at each element of S. However, if we assume that f is
continuous, then there are no jumps. The result is,

LemMA 5. If f is continuous and f' is continuous except for jumps on S,
then

F0) = + f :f Wt.

Now we consider the case in which f is defined on I x I and the partials of f
have jumps. We integrate with respect to one variable and differentiate with
respect to the other. Here we must pay close attention to the jumps.

LeMMA 6. Let f:I1 x I—-F be a continuous function whose partials are
continuous except for jumps on S as defined by (13). Let the function, g :1 > F,
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be defined by g(x) = féf(t,x)dt. Then g is continuous and g’ is continuous
except for jumps on the set So = {x,-,X,}, and if x¢S,,

Lo
g'kx) = | a(t,x)dt-

Proof. For each x el we let t(x) =y, or if x€[0,x;], then we let ¢t,(x) =1,
or if xe[x;,1], t(x) = x;/x. Thus v runs through a set of integers which is at
most m + n + 1 (duplicates are dropped). For each v, we define the function
g,:I-F by

t.+1(x)
g = | s

(%)

Using the previous lemmas one can compute the derivative of g,. These com-
putations are lengthy but straightforward and will not be reproduced here.
The result is that if x ¢ S,, then

ty+ 1(x)

g0 = [ 00+ 1110010000 = KRS,
t,(x)
However, by definition, g(x) = X, g,(x) so,

1
g6 = i = [ Lo

because the remaining terms telescope, the first and last being zero.
Next we have two more lemmas which generalize results of §2. The proofs

are trivial.

LemMMA 7. If f:I—> F is a function whose derivative is continuous, except
for jumps on S and o.:1 -1 is a function whose derivative is continuous, then
f oa and af have derivatives which are continuous except for jumps on S and

(Fod' ) =f(@@®a'(®); (@) (®)=o'Of @)+ a)f ().

LEMMA 8. If f:I—f and a:1—1 are two functions such that f' is con-
tinuous except for jumps on S,, and a is continuous except for jumps on S,, then

f:a(t)f ®dt = ( J: a(t)dt ) fQ - J: j ;a(f)f'(t)d‘tdt.

The next lemma may now be proven as was Theorem 7, replacing an equality
with an inequality.

LeMMA 9. Let S={(x,y)elxI/x=x;, i=1,,nor y=y; j=1,--,n}.
Let P,Q:1 x I > F be two functions which are continuous except for jumps
on S. Let f:1 x I>F be defined by
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1
Fy) = f (xP(tx, 1y) + yO(tx, 17)}.
0

For each x,y, let A, , be a closed, convex, equilibrant subset of F with the prop-
erty that for all t such that (tx,ty) ¢S,

0Q opP
A ) - AT ) Ax .
7 (tx,ty) 3 (tx,ty)e A, ,
Then f is continuous, f' is continuous except for jumps on S and

of : y
3(x,y) P(x,y)e 2 Ay

of x
5(36,)’) - P(x,J’)G iAx,y‘

We are now ready for the main theorem.

THEOREM 10. Let E=R xR, I.,=[0,a], I,=[0,b], E,=I,x1I,
T:E, x Fo— Z(E,F) such that T,T' are continuous and if xel,, yel,, z€F,,
heE, keE, then

O o KR + o (x,9,2) (TCx, 3, () B

is symmetric in h, k. Assume further that T(E, x F,) is simply-bounded
and for each (x,y)eE,, the function T, 6 :1x Fy,—Z%(R,F) defined by
T, (t,2)(s) = T(tx,ty,z)(sx,sy) satisfies the conditions of Theorem 9. Then
there exists an interval, I,=[0,a0]<1,NI, and a wunique funciion
f:1y x I¢—=Fy such that £(0,0)=0, and

f'(x,)’) = T(x, y,f(x,)’))

Proof. For convenience, we define the functions P,Q:E; x Fo— F by
setting P(x,y,z) = T(x,y,z)(1,0) and Q(x,y,z) = T(x,y,2)(0,1). Then from
the symmetry condition which is assumed, along with the results on partial
differentation it follows that

19 S+ G 0w.0) = 52w ) + 2w 00 P 1,2

Since the range of T'is simply-bounded and E is tonnelé, the range of T is equi-
continuous so there exists a number, M > 0, such that if |s|,|t| < M, then
T(E, x Fo)(s,t) = Fy. We define a, = min(3 M, a,b). We take a tonneau, V,
in F and proceed as in Theorem 8. The square E, = I x I, is partitioned into
sufficiently small subsquares. We call the partition = = n(V), and the vertices
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(xiy) where i,j=0,1,--,n+1. If (x,y)€E,, we define [x]=x;, [y]=ys
when x € [x;,x;+,) and y €[ y;, ¥;+1)- Then we define f, on E, by setting f,(0,0) =0
and

J2 ) =f[x1. DD + T(x1, ] /(%] [yD) (x = [x], y — [¥D.

Using the same arguments as in Theorem 8 we see that f, : E, —» Fo N B, where
B (a bounded set), is the convex and topological closure of T(E, x F,)(E,),
and we obtain the following relationships,

(15) fu(x’ y) —fn(X*’ y*) E(I X = X*l + | y = y* I)B’ for all (x’y)’(x*$y*) eEO'
(16) fax,9)(s,8) = P(x,y,f2(x, )s + Q(x, y,fo(x, Y))t + APs + AQt,

where AP, AQ €}V and x,y is not one of the mesh points of the partition. Now
we define the functions B, §, f, :E,— F by

P(x,y) = P, p.fo%,))s  O(x,¥) = O(x, y.fo(x, ),

fxy) = f {xP(tx,ty) + yO(tx, ty)}dt.

0

We may then compute, if (¢x,ty) is not one of the mesh points, from (16), (14)

oP oP oP of,
W(tx, ty) t-a;(tx, ty. fo(tx,ty)) +t a—F(tx, ty.fa(tx,ty)) (—a?(”" ty))

= 1L 09+ SR 5, N9, (509)

+ t%f:(tx, ty,£(t%, 7)) (AQ)

= 1 {2ty iy + G2 Cray St Pty ey

1D (15, 19,05, 1) (AQ)

= g—g—(tx, ty)+t —66?'}: (tx,ty,f(tx, ty)) (AQ)

- g—%(tx, ty,f(tx,1y)) (AP)

Y

1
€ E(tx, ty) + "2‘V.
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The last equation imposes an additional condition on the mesh size. This can
be obtained from the uniform continuity of T on E, x B.

Hence, by Lemma 9, f, is continuous, f; is continuous except for jumps at
the mesh points, and

a” Ve =P € 3%, Yreen) - 0o e 1y
From (16), (17) it follows that
af’( ) = ﬁ'(x»J’)!e sV and g—{?(x,y) - %(x,y)e §1V.

Hence, by Lemma 5, f,(x,y) — f.(x,y) € V. Thus,

1
fuxy) - f T(tx, 9, (8%, 1)) (%, Y)dt € V.
0

It then follows from Ascoli’s theorem and (15) that there exists a function
f:Eqo— F such that f(0,0) =0 and,

1
(18) fCey) = f Tl 19, 9) (5, 9)dr

Unfortunately, (18) cannot be differentiated directly since both sides contain
f whose derivative is not known to exist. We proceed as follows. Fix yeI, and
define the function fy : 1o — B by fo(x) =fu(x,[¥]). Then the family {£,} is, by
(15), equicontinuous in the space of continuous functions from I, — B. Further,
if x is not a. mesh point, from (16), it follows that f.(x) € P(x,[y],/u(x))+31V,
so, by Lemma 5, we see that

ft(x) - J:Pu, [.V:I’fx(t))dt € % V.

Now we apply Ascoli’s theorem to the family {/,}, to get a function f: I, - F with
the property that f(x) = [5P(t,y,f())dt so that

19 J(x) = P(x,y,f(x)).

Now, applying Ascoli’s theorem to the families {f,} and {/,} gives us two neigh-
borhood bases in F on which we have convergence. The intersection of these two
bases is again a base and we take the following limits on the filter induced by this
new base.

f(x) =limf,(x) = limf,(x, [y]) = limfo(x, y) + lim(fo(x, [y]) — fo(x,5))
=lim f,(x, y) =f(x, ).
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This result, along with (19) implies that (df/ dx)(x, y) = P(x, y,f(x)). In a similar
manner, we show that (3f/dy)(x,y) = Q(x, y,f(x)). Then, Theorem 7 gives the
desired result.
For the uniqueness we merely apply Theorem 9 to (18). |
The nondimensional case. We can now prove the main result of this paper.
E is again an arbitrary Montel space.

THEOREM 11. Let T:E, X Fy—» Z(E,F) be a continuous and differentiable
function whose range is a simply bounded subset of #(E,F) and such that for
allxeE,, yeFy, h, ke E the partials of T are such that the expression,

I DR + I (6, ) (T )R

is symmetric in h, k. Assume further that for each xe E,, the function T, :
I x F— Z(R,F) defined by T, (t,2)(s) = T(tx,z)(sx) satisfies the conditions of
Theorem 9.

Then there exists a tonneau E, < E; and a unique function f:E,— F such
that f(0) = 0 and f'(x) = T(x,f(x)) for all x € E,.

Proof. The initial procedure is similar to that of the previous two theorems. Let

Eo=[E; N . U (TG, ) (Fo)l.

1% Fo

Since T(E, x F,) is an equicontinuous subset of Z(E,F) then E, is a tonneau.
Let {( B,V) be a tonneau in Z(E,F) where B c E,. Then the closure, Tp, of
T(E, x F,)(B) is a convex, bounded subset of F,. We construct, on the compact
set B x T, an approximate solution f(p ,,. We choose a partition t,,---,t, of
[0,1] and for each x on the boundary of E, we define, by induction, f(0) = 0, and

(20) Fx) =f(tx) + T(tx, f(t))(tx — t,x),  te[titieq]-

We have temporarily dropped the subscript { B, V) for convenience. By suitably
choosing the norm, §, of the partition and a tonneau, U x W, in E x F, we can
obtain the following results:

X, —x,€U, y;—y,eW, x,x,€B, y,y,€Tg and heB
= T(x1,y1) (B) — T(x2, ) (W) € V;

B U, 6Tz W;

fx)—f(tx) € (¢t —1)Tp;

@D

f(x)— fl T(tx,f(1x))(x)dte V for all x € B.

0

It also follows from (20) that f is continuous.
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Since E, is not compact, we cannot apply Ascoli’s theorem directly. Instead,
for each x € E, we define the functions gy, .1 — F, by gy (t) =f (5, v,(tx). Here,
I=[0,1] and we take for B the intersection of E, and the ray through x. Using
(21), we can meet the demands of Ascoli’s theorem relative to the family of
functions {g, ,}, with x fixed, to assert the existence of a function g,:I—F,
such that

22) g:(t) = j Tz, g.(D)dx.

0
If «€[0,1], then ax and x are collinear so the same set B will be used. Thus we
have,
8v o) =f 8 v, (tax) = gy (at).
Hence, in the limit, g,.(¢) = g,(af). This permits us to define the function f : E, - F,
by f(x) = g,(1) and we conclude, from (22), that
1

@) f) = f

0

T (7, g (D))dr = f l T (z.f(rx))dr = J“ T(zx,f(1x)) (x)dz.

0 0

Thus we have solved the integral equation and it remains only for us to differen-
tiate. To do this we must reduce the domain to 3E,. If x,,x, € 1E,, we define
the function, T, ,:1 x I x Fo— Z(R x R,F), by

Ty 2(s, 1, ¥) (u,0) = T(sxy + tx2, y) (ux; + vX5).

The assumptions we have made regarding T imply that T, , satisfies the assump-
tions made in Theorem 10, and we may assert the existence of I, =[0,a,],
ag <1, and h:Iy x I, > F, such that 4(0,0) =0 and %'(s,t) = T, ,(s,t, h(s, ).
In fact, from the proof of Theorem 10, we can actually determine that
ao =1, so I, = 1. On the other hand, if we define the function h:I x I - F, by
h(s,t) = f(sx4 + tx,), it follows from (23) that

h(s,t) = Jd Ty (18,7, h(ts, Tt)) (s, t)dx.

But 4 also satisfies this equation, so by the uniqueness (see note at the end of
Theorem 9), h = h. Therefore, h’ exists and h'(s,t) = T, ,2(s, 1, h(s, t)). Therefore,
if s4,8,,t;,1, €I, then

1
f Ty o(s1 + 0053 — 50,13 + 0tz — 1), h(sy + 053 — 820,11 + 0tz — 1))
0

(s, — 81,1, — ty)do

24 1

=j h'(sy + 0(sy — 51),t; + 0(t, — 1)) (s; — 54,1, — t;)do
0

= h(s2,t2)— h(s1,1y).
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Translating back to T and applying (24) three times with appropriate values of
$1, 83,15, 15, We see that

1 1
f T(ox1,f(9%)) (x;)do — f T(0%3.f (0%,)) (x;)do

o o

1
25) + j T(xy + 0(x; — x0).f (51 + 003 — %)) (% — x1)do
0

= h(1,0) — h(0,0) — h(0,1) + h(0,0) + h(0,1) — h(1,0) = 0.

Equation (25) states that the integral of T around any triangle is zero. We may
then compute, with x, = x, x, = x + Ah, from (23),

fGx+ M;) =S _ e, 00 ()

1
- f [T(x + ohh, f(x + cAR) () — T(x, f(x))(h)]do
0

1
= J; J;IT’(x + taAh,f(x) + t[f(x + gAh)— f(x)])

. (azlh, J lT(x + paAh,f(x+ paih)) (a).h)dp) (h)drdoe.
(V]

From the continuity of T’ and the equicontinuity of T(E, x F,), the limit as 4
goes to 0 of this last expression is 0, uniformly w.r.t. h in a bounded set .Hence,
f'(x) = T(x,f(x)) and the existence has been proved. The uniqueness follows
easily from Theorem 9. |

We close this section with an example of Theorem 11. Let E = F = H, the set
of all complex functions which are analytic on the interior and continuous on the
circumference of the unit circle. We equip H with a topology by taking, as neigh-
borhoods of 0, thesets V(n,7), n >0, re(0,1), and V(n,r) ={peH/|¢(2)| =,
|¢'(z)| < n, for all z such that |z| £ r}. Now we let E; = Fo=V(1,1/2) and
define the function T: E, x Fo,— Z(E,F) by the equation,

[ n@@ == (5) 7 (5)(3) -

The continuity of T, T’ is easily verified. Further, if ze H, x€ E;, y€ F, | 4!
then

[TeN@I@O S5 sup [220)+ 2@
KRis1/2
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This shows that T(E, x F,) is simply-bounded. Finally,

[Fenmm] ©=15)(5)«(5)
and

oT _ (¢ ¢ ¢ ¢ ¢
[SFenaenm® [@=x(5) x(5) »(3) (%) n(5)-
Since both these expressions are symmetric in h, k, we have satisfied all the condi-
tions of Theorem 11. We can compute 1/4 E,=1/6 E,=V(1/6,1/2) and we

may assert the existence and uniqueness of a function f:V(1/6,1/2)— V(1,1/2)
such that f(0) = 0 and

[F @1 = x (%) [F ()] (é) 2 (é) .
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