INJECTIVE STRUCTURES

BY
J.-M. MARANDA

1. Introduction. In a category %, an object Q will be said to be injective with
respect to a morphism f: A — B if for every ¢: 4 — Q there exists : B — Q such
that ¢ = yf. An injective structure B of ¥ consists of a class S of morphisms of €,
called the proper morphisms of 8B, and of a class Q of objects of ¥, called the
injectives of B, such that (1) Q is the class of all objects that are injective with
respect to the morphisms in S, (2) € is the class of all morphisms with respect to
which the objects in £ are injective and (3) for any object 4 in ¥, there exists
¢:4A— Q in S, where Q Q. An injective structure B(S,Q) of € will be called
regular if for any objects A in €, the morphism ¢: 4 — Q in &, where Q € Q, may
be chosen that if f: 4 — Q’, Q' €Q, then there is a unique ¥ :Q — Q’ such that
f =Y. (Q may then be called a B-completion of 4.) One could consider an in-
jective structure as a one-sided abelian structure with enough injectives in the
sense of Heller [7]. All questions of relative homological algebra related to this
notion of injective structure will be left for a later paper.

The author’s aim in studying these structures on a category was to set up an
abstract theory of, let us say, completions of modules, which would generalize
the notions of rational completions of modules and of topological completions
of modules defined by a set of ideals of the base ring, and the examples of injective
structures that we will study will be related tc these two processes of completion.
There are, of course, other examples of injective structures on a category of
modules, or its dual, or on other categories for that matter, but the ones we have
chosen will suffice to illustrate the principles we wish to set forth.

We now describe the different sections of this work. §2 is devoted to an ele-
mentary study of the notion of injective structure and related concepts. In §3,
we are concerned with the transfer of injective structures from one category to
another through a functor with adjoint system. The notion of adjoint system
generalizes that of an adjoint functor [9]. _

In §§4, 5, 6 and 7, we work in the category €y of all (unitary) right modules
over some ring R (with unity element).

In §4, we give a natural definition of radicals in a category € and show that
any radical is always obtained from an injective structure B(S,Q) by assigning
to each module A the kernel of any map f: 4 - Q in &, where Q eQ. We also
show that given any injective structure B, there is a coarsest regular injective
structure B* finer than B, B* defining the same radical as B.
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In §5, we show that given a regular injective structure B(S,8) of €y, it is
possible to define a ring operation on the B-completion R of R such that the
canonical map from R to R is a ring homomorphism, and then every module in Q
may be turned into a right R-module in a natural way. The section ends with a
definition of a canonical correspondence between the R-submodules of an
R-module M and the R-submodules of its B-completion M.

In §6, we start by studying a notion of torsion radical of €, which generalizes
the ordinary notion of torsion subgroup of an abelian group. Torsion radicals
are completely determined by certain sets of right ideals of R. Each torsicn radical
t of @y gives rise to two injective structures B,, which generalizes the notion of
exact injective structure, and B, which is regular and which we call the raticnal
injective structure determined by t. This work relies heavily on methods of Baer[1].
The completion R of R by B,, turned into a ring, generalizes both the notion of
ring of quotients studied in [8], [11] and [5], and the notion of ring of quotients
of a commutative ring determined by any multiplicatively closed set of elements;
we will call R the right ring of quotients determined by t. The remainder of this
section is devoted to the study of rings of quotients of R determined by multipli-
catively closed sets of ideals of R each of which is invertible in some extension
of R. It turns out that the left and right rings of quotients determined by such a set
of ideals are equivalent ring extensions of R.

§7 is a study of a generalization of the notion of pure subgroup of an abelian
group. Given a set of ideals & of R, if A is an R-submodule of B in €, then 4 is
said to be &-pure in B if BN N A = AN for all N €&, while a homomorphism
f:A - Bis said to be &-pure if kerf < ﬂ Nee AN = 14(A) and if f(A) is &-pure
in B. The class of all &-pure homomorphisms is the class of proper maps of an
injective structure B, of €.

If one assumes that & has the property ‘“N;, N, €& implies that there exists
N €& such that N = N; N\ N,,” then for any module 4 in €, {AN}ys ic a basis
of the filter of neighborhoods of O of a topology J (4. &) compatible with addition
and scalar multiplication, the closure of O in A being t,(A). Then if k, denotes
the product of the natural homomorphism of A onto A/t,(4) = A’ by the natural
injection of (4',7(A’,&)) into its completion S,(4), then there is an injective
structure B (S7,Q% ) of €y such that, for each module 4, x, €S} and
S,(A)eQ}. This injective structure B, is finer than B, and coarser than
B3. In general it is distinct from B, and probably distinct from B}, It was shown
in [10] that when & is a multiplicatively closed set of non-null ideals of a principal
ideal domain, then B, = B},

2. Definition of and elementary results concerning injective structures. In any
category € that we will consider it will be understood that the class of all
morphisms from an object 4 to an object B is a set which we denote by M(4, B).
By the direct product of a family {4,};.; of objects of &, where I is a set, we mean
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a family {o;: 4 > A;};c; such that, given any family {f;: B — A4;};;, there exists
a unique ¢:B — A such that f; = o;¢ for all iel. (We will also say that 4 is a
direct product of the A4;.) Given two morphisms f: 4 - B and g: A — C, we will
say that the triple (D, 8, ), where f: B— D and y: C — D is a direct sum of Band C
with f and g amalgamated if ff= yg and if given any triple (X,¢,¥), where
¢:B— X and y:C— X, if ¢f =g, then there exists a unique y:D — X such
that ¢ = xf and = xy. Given a morphism f: 4 —» B and an object C in the
category %, we will say that C is injective with respect to f if for any ¢: 4 - C
there exists y: B— C such that ¢ =/ f. If S is a class of morphisms of €, we will
denote by ®(S) the class of all objects of € that are injective with respect to all
morphisms in &. This class ®(S) has the following properties:

Al. If f: A > B s a retraction and if B € ®(S), then 4 € ®(S).

A2. If {¢;: A > A;}ic; is a direct product of {4,},.;, then 4 € ®(S) if and only if
all the 4, € ®(S).

If Q is a class of objects of €, we will denote by ¥(Q) the class of all morphisms
in € with respect to which the objects in Q are injective. This class W(Q) has the
following properties:

B1. Any retraction is in Y(Q).

B2. The product of two morphisms in ¥(&) is also in P(S).

B3. If gfe ¥(Q), then fe ¥(Q), and if f is an epimorphism, then ge'‘¥(Q).

B4. If f: A— Bisin W(Q) and if 4 €Q, then fis a retraction.

B5. Given two morphisms f:4— B and g: 4 — C, if (D, ,y) is a direct sum
of Band C with fand g amalgamated and if f€ ¥(Q), then y € ¥(Q).

Finally, the functions ® and ¥ have the following properties:

Cl. G < &' implies that ®(S) 2 ®(S’)and Q < Q' implies that ¥(Q) =2 Y(Q").

C2. Given families {S;},.; and {Q;};.;, we have

@(Ue,-) = NS, q)( nei)

iel iel iel

I

U o(S)),

iel

v(U) - Nren ¥ N2) = Yre.

iel

v

C3. For any &, there is a largest &’ for which ®(&’) = ®(S), namely
S’ =Y®(S), and for any Q, there is a largest Q' for which ¥(Q') = ¥(Q),
namely Q' = O¥Y(Q).

DEFINITION 1. A couple (S,R), where G is a class of morphisms and Qs a class
of objects of €, will be said to define an injective structure B = B(S,Q) of ¥ if

Dl. o(&)=Q.

D2. ¥(Q)=G.

D3. For any object 4 of €, there exists a morphism f: 4 — Q in S, where Q € Q.

We will call S and Q the class of proper morphisms and the class of injectives
of B, respectively.
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ProrosiTION 1. If B(S,Q)is an injective structure of €,then an object A of €
is in Q if and only if every morphism f: A — B in S is a retraction.

Proof. The necessity is immediate by B4. Assume that every morphism f: 4 - B
in S is a retraction. By D3, f may be chosen such that BeQ = ®(S). Then,
by A2, A€Q.

DEFINITION 2. Given an injective structure B(S,Q) of €,a subclass Q' of Q
will be called

(a) abase of injectives of B if every object in Q is a retract of an object in Q’,

(b) a subbase of injectives of B if the class of all direct products of objects in
L)' is a base of injectives of B,

(c) a generating class of injectives of B if ¥(Q') = S.

It is obvious that a base of injectives of B is a subbase of injectives of B.

LemMA 1. If Q", Q' and Q are classes of objects of €, if every object in Q'
is a direct product of objects in Q", and if every object in Q is a retract of an
object in Q', then ¥(Q") < ¥(Q') < ¥(Q).

Proof. Since Q'cO¥(Q"), by A2, Q'=OPY(R") so that ¥(Q)2YOY(Q")
=¥(Q") by CI and C3. Since Q' < O¥Y(Q'). by Al, Q < O¥(Q’) so that
Y(Q) 2 YO¥(Q')= Y(Q') by C1 and C3.

CoOROLLARY. If B(S,Q) is an injective structure of € then any subbase Q'
of injectives of B is a generating class of injectives of V.

Proof. By Lemma 1, ¥(Q') = ¥(Q). However, since Q' = Q, Y(Q') 2 Y(Q).

PROPOSITION 2. A class Q' of objects of € is a base of injectives of an injective
structure of € if and only if given any object A of €, there exists ¢:A— Q in
Y(Q'), whereQ eQ)'.

Proof. The necessity of this condition is obvious by Bl and B2. Assume the
condition holds, let Q be the class of all retracts of objectsin Q’, and let & = ¥(Q').
Obviously, Q' < Q so that ¥(Q') 2 ¥(Q) and then by Lemma 1, ¥(Q') = ¥(Q).
The proposition will then obviously be proved as soon as we can show that
®(S) = Q. Evidently, Q < 0¥ (Q)=d(S). Let 4 € ®(S). There exists ¢p: 4 - Q
in ¥(Q') = S, where Q e Q’, so that there exists ¥: Q — 4 such that y¢ =1,
i.e., ¢ is a retraction and therefore 4 Q.

PROPOSITION 3. If € has direct products then any set Q" of objects of € is a
subbase of injectives of an injective structure of €.

Proof. Let Q' be the class of all objects that are direct products of objects
in Q". If 4 is any object of %, let {¢;: A~ Q;};. 1 be the set of all morphisms
from A to objects in Q" and let (Q, {«}; ;) be a direct product of {Q;};. ;. There
exists ¢: A — Q such that ¢, = o;¢ for all i e I. That ¢ € ¥(LQ") is obvious since if
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f:A—>Q"eQ", then there exists iel such that f=¢; and Q"= Q; so that
f=0a;¢. But by Lemma 1, ¥(Q") =W¥(Q’) so that by Proposition 2, Q' is a base
of injectives of an injective structure B(S, Q) of € and Q”, is of course, a subbasis
of injectives of B.

DEFINITION 3. An injective structure B(S,Q) of € will be called regular if for
every object A of €, there exists a morphism f : 4 - Q in &, where Q € Q, such that
forany ¢: A —» Q' € Q, there exists a unique : Q — Q’ such that ¢ = yf.

PROPOSITION 4. A class Q of objects of € is the class of injectives of a regular
injective structure of € if and only if for any objects A of ¥, there exists
fa:A— Q4 where Q,€RQ, such that for any ¢:A— Q’, where Q' €RQ, there
exists a unique Y:Q, — Q' such that ¢ =y f,.

Proof. The necessity of this condition is immediate. Assume the condition holds.
Then, by Proposition 2, Q is a basis of injectives of an injective structure of €.
If Ais an injective of this structure, then there exists ¢:Q, — A suchthat 1, = ¢ f,.
Then, f ofs=f.= 1o, fq so that f,¢ =1, . This means that f, is an isomor-
phism.

DEerFINITION 4. If B(S,RQ) and B'(S’,Q")are two injective structures of €, then
we will say that B is coarser than B’ or that B’ is finer than B if S 2&’, or
equivalently, if Q < Q'.

It is obvious that the injective structures of € are partially ordered by this
relation. Also, there is a finest injective structure on € whose proper morphisms
are just the retractions and whose class of injectives is the class of all objects of €.
If € is a category of all modules and homomorphisms over some ring, then the
class of all homomorphisms is the class of proper morphisms of the coarsest
injective structure of €, the class of injectives of this structure being just the
class of all 0-modules.

PROPOSITION 5. If € is a category with direct products and if {B(S;,Q)}ic, is
a family of injective structures of €, where I is a set, then this family has a
least upper bound B(S,Q) = sup;. [B;, where S =ﬂie [S:. Furthermore, if
for eachiel, Qfis a subbase of injectives of By, then | J; Qi is a subbase of
injectives of B.

Proof. For each i€, let Q] be the class of all direct products of objects in Qf
Then, by the associativity of direct products, the class Q' of all direct products of
objects in |_J,.; Q! is also the class of all direct products of objects in Uie /9
Let A be any object of €. For each iel, there exists ¢;: 4 — Q; in S;, where
Q:€;. Let (Q,{;};cy) be a direct product of {Q,};.;. There exists ¢:4—Q
such that ¢; = «;¢p for each iel. If f: 4 — Q;<Qj, there exists g:Q;— Q; such
that f = g¢; so that f = (go;)¢. Then,wehave Qe Q' and ¢ € ‘I’(Uie 12 € YR
by Lemma 1 so that, by Proposition 2, Q' is a base of injectives, and therefore
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U,-E 1Q"; is a subbase of injectives of an injective structure B(S, Q) of €. By the
corollary cf Lemma 1, and by C2,

e=v(Ysi)- Nrs=ne

so that B is obviously a least upper bound of {8,}; ;-

Let us consider some examples. Throughout this paper, we will only consider
rings with unity element. If R is such a ring, ¥, will denote the category whose
objects are the right R-modules and whose morphisms are the R-homomorphisms.
It is well known that the class of all ordinary injective modules of % is the class
of injectives of an injective structure of €, which we will call the exact injective
structure of €, whose class of proper homomorphisms is just the class of all
monomorphisms.

Now let R be a principal ideal domain and let % be a set of primes in R. If Q" is
a complete set of representatives of the class of all R-modules of type p", where
p €< and n is a natural number or oo, or where p¢ % and n is oc, then, by Propo-
sition 3, Q' is a subbase of injectives of an injective structure B, of €y, and it was
shown in [11] that the proper homomorphisms of B are just the &-pure mono-
morphisms. If one deletes from Q' all the modules of type p®, then one has a
subbasis of injectives of an injective structure B, of %, whose proper homo-
morphisms are just the &-pure homomorphisms [12, §4]; B is just thel.u.b. of
B, with the exact injective structure of ¥ . By Proposition 5, B is thel.u.b. of all
the B, p running through the primes in &. From results in [10], one may deduce
easily that 85 is regular.

3. Adjoint systems and adjoint functors. In this section we generalize somewhat
some of the results in [9]. For any category ¥, we will denote the class of objects
of € by &. If T is a functor defined on € , then we denote the restriction of T to
€byT.

DEerFINITION 1. Given a functor T: €’ — %, a left adjoint system of T is a couple
(S,x), where S is a function from % to €', where k is a family of morphisms
{i4: A—> TS(A)} 4 .5 and where for each A<, if f: A — T(A’), then there exists
g2:S(A) = A’ such that f = T(g)x,.

TS(A) T(g)
K AT \\)

A ———f———bT(A’)

PROPOSITION 1. Given a functor T:€¢' > %, if T has a left adjoint system
(S,x) and if for each g:S(A)— B’, one sets a,p5(g) = T(g)k,:A— T(B’) then
45 is a mapping of M(S(A), B’) onto M(A, T(B')), , = {¢45-} 5 c ¢ is a natural
transformation from M(S(A),%’) to M(A,T(%"), and k =0, 54 1s))-
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Conversely, given a function S:€ >, and given, for each A €%, a natural
transformation o : M(S(A),€') > M(A,T(%")), where for each B'€¥', a,p is
surjective, then if one sets k = {4 = o4 5.4)(Ls.0))}4 e@> (S,K) is a left adjoint
system of T defining the given o, as above.

Proof. Assume first of all that (S, «) is a left adjoint system of T. Then it is
obvious that each a,p. is surjective. Let us show that each a, is a natural trans-
formation. We must show that if f': A’ — B’ in €, then the diagram

M(S(A),A") _TM(A’ T(A")
M(S(4).f") l l M(A, T(f")
M(S(4),B") —— A%, M(4,T(B"))
is commutative. But for each g’ € M(S(4),4"),
M(A, T(f" ) tuu-(8") = MA,TU'NT (x4 =T(f)T(g)x4
= T(f'g)ka=0a,p(f'8") = 045 M(S(4).f")(g")-

That each k, = a4504)(15(4)) is obvious. Conversely, assume that there exists a
function S:%—>%’ and, for each Ac%, a natural transformation «, from
M(S&A),% ) to M(A, T(%€")) where for each B'€ %', a,y. is surjective. For each
A€¥, set

Kq= aAS(A)(]S(A)): A - TS(A).

Then, if f: 4 - T(B’), there exists g': S(4) —» B’ such that a,5(g") =1, and from
the commutativity of the diagram

M(S(A), S(4)) ———————> M(A, TS(4))
A 45(4)

M(S(A),g") l l M(A,T(g")
M(S(4),B") 4B, M(A,T(B")

we deduce that
T(g)ky = T(g") aAS(A)(IS(A)) =M(A,T(g ’))aAS(A)(] S(A))

aAB’M(S(A)ag’)(IS(A)) = 0,458 154) = ap(g) =1

PROPOSITION 2. Let T:%’'—% and S:€ — %' be functors, let (S,x) be a left
adjoint system of T, and let the a, be the natural transformations described in
the preceding proposition. The following two statements are equivalent:

(1) k is a natural transformation from 14 to TS.

(2) a ={a }4c% is a natural transformation from M(S(%),€’) to M(%, T(€")).

W hen these conditions are satisfied we say that x or a deﬁnes Sasa left ad]omt
Junctor of T.



1964] INJECTIVE STRUCTURES 105

Proof. Assume first of all that x is a natural transformation, and let f: 4 —» B
in €. We must show that the diagram

M(S(4), 4) o M(4,T(4)
M(S(), 4" T I M, T(A")
M(S(B), 4") %4’ M(B,T(4")

is commutative for any A’c€’. But if g'c M(S(B), A’), we have
a q-M(S(f),A")(g") = a4u(g'S(f)) = T(g'S(f)x = T(g')NTS(f)x,)
= T(g")kpf=0p (8 )f = M(f,T(A))xps (8"

Conversely, assume that o is a natural transformation, and let f: 4 — B in €.
From the commutativity of the diagram

M(S(A4),S(B)) T M(A, TS(B))
M(S(f),S(B)) T T M(f,TS(B))
M(S(B),S(B)) —2B___, M(B, TS(B))
we deduce that

TS(f)x4

458y (S(f)) = 258y (15¢8S(f))
aAS(B)M(S(f)9 S(B) (1 sy = M(f, TS(B))eps(sy(1s(ny)
M(f, TS(B))(xp) = kpf

so that k is a natural transformation.

DErINITION 2. Given a functor T: %’ -, a left adjoint system (S,x) of T will
be called regular if, given any f:A4 — T(A’), there exists a unique g:S(4)—» A4’
such that f = T(g)k . i.e., if for each 4 €% the natural transformations « , defined
in Theorem 1 are composed of biunique and surjective maps. If S is a left adjoint
of T and if k:1,— TS is a natural transformation, then we will say that S is a
regular left adjoint of T defined by « if (S, ) is a regular left adjoint system of T.

PROPOSITION 3. Given a functor T:€'— € and a regular left adjoint system
(S,k) of T, there exists a unique left adjoint of T, which we also denote by S,
defined by k.

. Proof. If such a functor S exists, then for every f: 4 — B in €, S(f) must be
the only morphism from S(4) to S(B) for which the diagram

TS(A) 50 » TS(B)
-] I
A : ) — B
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is commutative. Let us show that this effectively defines a functor. For every
A€e¥, since k,=T(1s )4, 15u4y=S,). If f:A->B and g:B-C, since
TS(f)xq4=xpf and TS(g)kp =Kcg,

T(S(8)S(f x4 = TS((TS(f)k 4 = (TS(&)kp)f = k(gf)
so that S(g) S(f) = S(gf).

PROPOSITION 4. Given a functor T:€' — €,any two regular left adjoints S and
S’ of T are equivalent.

Proof. Let x:14— TS and «k’:1¢— TS’ be natural transformations defining
S and S’ as regular left adjoints of T. For each A€ %, there exist unique morphisms
{4:S(A) = S'(A) and n,:S’(A) - S(A) such that x/, = T'({)x, and x4 = T(n,)K .
Then

ky = TCH T (mdxy = TCmdxa,
kg = TDTCDxa = TmalIxa
so that {,n, = 1.4 and n,{, =154, i.e., {, and n, are isomorphisms and

inverses of one another. Now we show that { = {{,}, . is a natural transforma-
tion. Let f: A - B in €. Since the two diagrams

TS(A) ————Egl-———) TS(B) TS'(A) —-—-—I-‘S,—(“Q————) TS'(B)
K4 T TKB K4 T TKI'J
f f

A ————— B A > B

are commutative, we have
TS () Dra = TS (FITCDx0) =TS (N)xg=xpf=T(p)knf

T(Cp) TS(f)xa= T(LS(f))k4
so that S’(f)¢, = {sS(f). Then, n = {n,}, .7 must also be a natural transfor-
mation.

Given two functors T : €' - % and T':4" - €’. If (S,x) and (S’,x’) are left
adjoint systems of T and T’, respectively, and if, for each 4 €%, one sets
K’y = T(x'sa))k 4, then (S'S,x") is a left adjoint system of TT’ which we will
call the product of the two given systems. If 4 €% and if f : A—> TT'(A"), there
exists g: S(A) - T'(4") such that f = T(g)x, and then there exists h:S’S(4) » A"
such that g = T'(h)kg,, so that f= TT'(h)(T(ksc4))k4)-

If the o, and the ;. are the natural transformations associated with (S, x) and

(S’,x"), respectively, then it is easy to see that the a0y, are the natural trans-
formations associated with (S’S,«").

Now assume that the functors S:4€ — %’ and S’: €’ — €” are left adjoints of T
and T’ defined by the natural transformations x:14— TS and k':14 - T'S’,
respectively, and let o: M(S(%), €) > M(¥, T(¥")) and o': M(S'(¥’), ¢")
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= M(%', T'(€¢")) be the natural transformations corresponding to x and «’,
respectively.

Then, using the notation of [6, Appendix], S’S is a left adjoint functor of TT’
defined by the natural transformation (T*x’'*S)k:1,— TT’S’S to which is
associated the natural transformation

o(a'* S): M(S'S(%),€")—> M(%, TT'(‘f”)j.

It is trivially true that the product of two regular left adjoint systems or of two
regular adjoint functors is again regular.

We now notice that if Q' is a set of objects of # which is a basis of injectives of
an injective structure B(S,Q) of €, if €’ denotes the complete subcategory of €
whose objects are the objects in L', and if T denotes the natural injection of €’
in €, then T has a left adjoint system (S, ) obtained by choosing for any object A
of € any map k4: A - S(A) in S, where S(4) e Q. We will call (S, x) a description
of B. If T has a left adjoint S defined by a natural transformation x, we will say
that (S, k) is a functorial description of 8. Notice that S may just as well be con-
sidered as a functor of € into itself, that the notation T for the natural injection
of €’ in ¥ may be dropped completely, and that x is then a natural transformation
from 14 to S. This we will henceforward assume whenever we speak of a functorial
description (S, k) of an injective structure B of #. It is then clear what we mean
by a regular description of a regular injective structure B of €, and it follows
immediately from Proposition 4 that any two regular descriptions of B are
equivalent.

PROPOSITION 5. If the injective structures B(S,Q) and B'(S',Q’) of € are
described by (S,x) and (S',x’), respectively, and if for each object A of €, there
exists py:S(A) - S’(A) such that 'y = p x4, then B is finer than B'.

Proof. Let f: 4> B be in S and let ¢: 4> Q’, where Q'€ Q’. Then there
exists g: B — S(A) such that x, = gf, and there exists ¥:S’(4) > Q’ such that
¢ = Y, so that ¢ = Yu,x, = (Yu,g)f. Therefore fe ¥(Q)=GC".

A ——f—>B
Kl Z
K4
S'(A) <—M4__ S(A)
¢



108 J-M. MARANDA [January

Now let T: %’ — € be any functor and assume that T has a left adjoint system
(S, k). Then by Proposition 2 of §1,{T(4")},-.¢- is a basis of an injective struc-
ture B of ¥. We now generalize this situation. Let B'(S’,Q’) be an injective
structure of €’. As above, Q' determines a complete subcategory €” of €', and
if T’ denotes the natural injection of €” into ¢’, T’ has a left adjoint system so
that TT' has a left adjoint system which determines an injective structure
B(S,Q) of €, T(Q’') being a basis of injectives of B. We will say that B is induced
by B’ through T. We notice that & contains any f: A — B for which there exists
g:S(4) —» S(B) in &’ such that the diagram

TS(A) ——-—-—T-(—g-)——) TS(B)
KAT T Kp
A S » B

is commutative. If ¢:4 - T(Q'), Q' €eQ’, there exists Y:S(4)— Q' such that
¢ = T(Y)x,, and then there exists x: S(B) — Q' such that y = g so that

¢ = T(xgx4= T(X)(T(k,) = (T(Kp)f.

If k is a natural transformation defining a left adjoint functor S of T, then
what we have just seen is that S =2 S™!(&’). If, furthermore, S is a regular left
adjoint of T, then we have that S =S"'(&"). If f:A—> B is in S, and if
¢:S(4) > Q' €Q)’, then there exists Y: B—T(Q’) such that T(¢)x, = Y f and then
there exists x: S(B) — Q' such that y = T(y)k so that

T(®)es = T(xpf =T TS(N)xg=TUS(Nky4-

A > B

Therefore ¢ = xS(f).

It is then obvious that if S has the property that a morphism f in € is a
monomorphism if and only if S(f) is a monomorphism and if B’is the exact
injective structure of €’, i.e., if @’ consists of all the monomorphisms of €”,
then B is the exact structure of %. (Given a ring homomorphism y:R - R’, if
one applies this last statement to the functors T = Homg(R’,%%) and S, the
natural injection of €. in €, one obtains a well-known procf of the existence of
enough injectives in a category of modules (see [4, p. 31]).)

We now consider an example. A ring homomorphism :R— R’ will always
apply unity element onto unity element. Given such a ring homomorphism, any
module in €. may be turned into a right R-module in a natural way and then
any R’-homomorphism f’: A’ — B’ may be considered as an R-homomorphism
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of the corresponding right R-modules. This defines a functor T' from €. to €.
If A is any module in €, then 4 ®zR’ may be turned into a right R’-module
S(A) by defining (a ® x)y = a ® (xy) for each a € 4 and each x,yeR’. Then, if
K 4 is that map from A into S(A4) which maps each ae 4 onto a® 1, (S,x) is a
regular left adjoint system of T, as is well known. If B'(S’,Q") is an injective
structure of €., then, as we have seen above, B’ induces an injective structure
B(S, Q) of €y through T, where S is the class of all R-homomorphisms f: 4 - B
in €y such that that S(f):S(4)— S(B) is in &' and where B has a basis of
injectives consisting of all R’-modules in £’ considered as R-modules. We notice
that if N is an ideal of R and if y is the natural homomorphism of R onto R/RN,
then for each module A4 in €, x, may be identified with the natural homomor-
phism of 4 onto A/AN.

We notice that there are three possible dualizations of the preceding theory,
obtained by replacing € or €’ or both by their duals.

4. Radicals.

DEerINITION 1. A preradical rof ris a function which assigns to each module
A of € a submodule 1(A4) of A which is such that if f: 4 — B, then f maps v(4)
into 1(B).

A preradical of € may thus be considered as a functor from € to €, or, more
precisely, as a subfunctor of the identity functor of €.

One may define a partial order relation on the class of all preredicals of € in
the obvious way: if t, and r, are prereradicals of €y, r, =1, if for any module
A of €y, 1,(A) =1,(A4). Then the function t,, which assigns to each module 4 of
% its 0-submodule, is the smallest preradical of %, while the function r,, which
assigns to each module 4 of € A itself, is the largest preradical of €. Also, if
{t:}; <1 is any family of preradicals of g, the functions which assign to each
module 4 of €, nie 1t(4) and X, ;t(A), respectively, are the greatest lower
bound or intersection and the least upper bound or sum of the given preradicals,
respectively. We will denote them by ﬂ,- crtiand X 1.

Given two preradicals t; and t, of €, one can define their product r,r, and
their quotient t, : ¥, to be the functions which, respectively, assign to each module
A of €y the submodules 1,(t;(4)) and ¢~ (r,(4/r,(4))) where ¢ is the natural
homomorphism 4 — A/r;(A). That these are preradicals of % is easy to verify.

Now if 1 is a preradical of €, we define the following sequence of preradicals
of €. We first define t' =r, and then assuming that t has been defined for all
o < B, we set t? =’ 71 if B is not a limit ordinal and 1 = ("),<,r if B is a limit
ordinal. Then the intersection T of all the t%, o running through the class of all
ordinals, is a preradical of € which assigns to each module 4 of €y the largest
submodule B of A for which ¥(B) = B. It is obvious that ¥ is the largest preradical
smaller than r for which 1T =T or for which ¥2 =Tt.

Similarly, or really by duality, one may construct a smallest preradical t larger
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than t for which ¥:r =7 or for which ¥:t = r. This preradical T assigns to each
module A4 of €5 the smallest submodule B of A for which r(4/B) = 0.
DEFINITION 2. A preradical t of €5 will be called a radical if ¥ =7, i.e., if for
every module A4 of €y, v(4/1(4)) = 0.
We notice that r, and r; are both radicals of € and that T, =1, and T,=r,.

LemMA 1. If v is a radical of € and if A < ¥(B), then ¥(B/A) = v(B)/A.

Proof. The natural homomorphism of B onto B/4 maps r(B) into 1(B/A) so
that 1(B)/4 < r(B/A4). The natural homomorphism of B/A onto B/r(B) maps
1(B/A) into t(B/r(B)) = 0 so that ©v(B/A) < t(B)/A.

PRrOPOSITION 1. (a) Ift; and 1, are radicals of €, then so is 1,1, .
(b) If {r;}; <; is a family of radicals of €y, then so is nie 1%
(¢) If t is a radical of €, then so is t.

Proof. Let A be any module in €y .
(a) By Lemma 1, v,(4/r,1,(4)) = t,(4)/x,1,(A4) so that

11 12(4/1112(4)) = 11(r2(4/1,12(4))) = 11(r2(4)/11(x2(4))) = 0.
(b) Let t=|")ic % By Lemma 1, for each i € I, 1,(4/1(4)) =1,(A)/1(4) so that
w(A/(4) = () t4/x(4) = nl r(4)/x(4)

el

- ( N t,-(A))/r(A) —0.

iel
() follows from (a), (b) and the definition of T.
DEerINITION 3. If t is a preradical of € and if 4 = B, then we will say that
A is r-dense in B and write A < B if 1(B/A) = B/A. If ©(4) = 0, then we will say
that A is r-separated.

PROPOSITION 2. If t is a preradical of €y, then
AcsBcsC&A=< C=>B=sC,
and if t is a radical,
A< B&Bs,.C=> A=< .C.

Proof. To prove the first part, we need only remark that the natural homo-
morphism of C/A onto C/B maps C/A = ¥(C/A) into ¥(C/B) so that ¥(C/B)=C/B.

To prove the second part, we notice that B/4 = ¥(B/A4) < t(C/A) so that by
Lemma 1, t(C/A)/(B/A) = t((C/A)/(B/A)). However, (C/A)/(B/4) = C/|B = ¥(C/B),
so that v((C/A)/(B/A)) = (C/|A)/(B/A) and, therefore, ¥(C/4) = C/A,i.e., A £ .C.

Let B(S,Q) be an injective structure of €x. If 4 is any module in €y, there
exists ¢: A — Q in S, where Q€ Q. If y: A - Bis in S, there exists x: B — Q such
that ¢ = xy so that ker Y < ker ¢.
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¢
A —_—, 0
v | /
B X

Thus ker ¢ is the largest kernel of a homomorphism in & defined on 4. We
denote it by ry(A4) and show that the function tyg is a radical of €. If f: 4 — B,
let ¢: A— Q and y: B— Q' be homomorphisms in &, where Q and Q' are in Q.
Then there exists g: Q — Q' such that yf = g¢ so that f maps ker ¢ = 14(4) into
kery = ty(B) and therefore 1y is a preradical. Furthermore, ¢ = kh, where h is
the natural homomorphism ot 4 onto A/rg(4)and k isa monomorphism. By B3,
ke so that 1y(A/rg(A)) =0 and therefore 1y is a radical. It is obvious that
every module in Q is rg-separated. We notice the following example: by Pro-
position 3 of §1, the set of all inequivalent simple modules in %y is a subbasis
of injectives of an injective structure 8 of €, and for any module 4 in %y it is
obvious that rg(4) is the radical of 4 in the sense of Bourbaki [2].

The following three statements are easy to verify.

(1) Given two injective structures B, and B, of €y, if B, is finer than B,,
then ty, < ty,.

(2) The coarsest and finest injective structures of € respectively define the
largest and smallest radicals of €.

(3) From the proof of Proposition 4 of §1 it follows that if {8,}; . ; is a family
of injective structures of € and if B = sup; . ;B;, then 3 = n,- e 1ty

PROPOSITION 3. If v is a radical of €, then the class of all t-separated modules
is the class of injectives of a regular injective structure B of €. It is the finest
injective structure of €y defining the radical .

Proof. Let A be any module in €, and let ¢ be the natural homomorphism
of A onto A/t(A). If f: A — B, where B is t-separated, then v(4) < kerf so that
there exists one and only one g: A/¥(A4) — B such that f = g¢. From Proposition 4
of §1, we conclude immediately that the r-separated modules are the injectives of a
regular injective structure B of €, obviously defining the radical r. If B'(S’,Q") is
any injective structure of ¥ defining the radical r, then, as was stated above,
every module in Q' is r-separated so that B’ is coarser than 8.

ProrosITION 4. If B(S,Q) is an injective structure of € defining the radical
tand if ¢: A—B, then im¢ =<.B if and only if, for any two homomorphisms g
and g’ from B to some Q€Q, g¢ = g'¢ implies that g=g'.

Proof. Set D = B/im ¢ and let { denote the natural homomorphism of B onto
D.Assume first of all thatim ¢ <, B.If g, g": B— Q, where Q € Q, and if g¢ = g'¢,
i.e.,(g— g')¢ =0, then there exists h: D — Q such that g — g’ = hy. But since Q is
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t-separated, h maps D = ¥(D) into t(Q) =0 so that h =0 and therefore g = g'.
Conversely, assume that gp=g’¢p, where g,g": B—> 0,0 €Q, implies that g = g'.
Then there exists x:D— Q in S, where Q€Q, and as we know, kery = t(D).
Obviously, yy¢ = 0 so that by our hypothesis y = 0 and since y is an epimor-
phism, y =0 and therefore D = ¥(D), i.e., im¢ < B.

Notice that by Proposition 3, Q may be taken to be the class of all r-separate
modules in Proposition 4.

THEOREM 1. If B(S,Q) is an injective structure of €y, then the class Q* of
all modules A in €y for which there exists a monomorphism ¢:A—-Q in S,
where Q € Q and where f,B(Q/iqu) =0, is the class of injectives of the coarsest
regular injective structure finer than B. Furthermore ty. = ty.

Proof. Let S, be the class of all homomorphisms y:C— D in & such that
imy §%D. Given such a homomorphism s and given f:C — A4, where 4 € Q*,
we show that there exists a unique g: D — A4 such that f = gy. The uniqueness of g
follows immediately from Proposition 4. There exists ¢:4— Q in &, where
QeQ and Ty(Q/im¢) =0. Since Qe and Y e, there exists k:D — Q such
that ¢ f = ky and k induces h:D/imy — Q/im ¢.

C 7 — D > Dfimys
A |
A ¢ > Q > Q/im ¢

Then h must map D/imy = ry(D/imy) = Tx(D/imy) into ¥y(Q/im ¢) = 0 so that
h = 0, and therefore there exists g: D — A such that k = ¢g. Then ¢f = kyy = ¢gy,
and since ¢ is a monomorphism, f = gi.

Now, if A4 is any module in €, we show that there exists ¢*: 4 - 4* in G,,
where A* e Q* and where ker ¢* = r4(A4) so that, by Proposition 4 of §1, Q*
is the class of injectives of a regular injective structure B* of € defining the
radical rg. We know that there exists ¢: 4 —» Q in &, where QeQ. Let g
denote the natural homomorphism of Q onto Q/im ¢ and let 4* =y~ 1({y(Q/im ¢)).
Then, ¢ =y¢*, where y is the natural injection of A* into Q, and obviously,
ker ¢* = ry(A). By B3, ¢* € S. Furthermore,

Ty(A*[im ¢*) = T(ty(Q/im §)) = Ty(Qfimp ) = A*/im p*
so that ¢*eS,. Now we need to show that yeS. Let f: 4* > Q' eQ.

A — A* " —Q

Q
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There exists g: Q — Q' such that f¢* = g¢ = g¢*. Since ry(A/im ¢*) = Afim ¢*
and since Q' €RQ, by Proposition 4, f = gi. But also, since
5(Q/A4*) = T((Q/im ¢)/ ty(Q/im $)) = O,

we have that 4* e Q*. It is obvious that B* is finer than B.

Now, if B'(S’',Q") is a regular injective structure of €y finer than B.
and if &} is the class of all morphisms ¢’:C’ - D’ in &’ for which
ty(D’[im ¥’) = D’[imy’, since 1y &1y, by Proposition 4, G] =S, so that
obviously Q' = ®(S,) 2 H(S;) =%, i.e., B’ is finer than B*.

5. The ring homomorphism defined by a regular injective structure of €. Let
B(S,1) be a regular injective structure of € and let (S, k) be a regular functorial
description of B. If A is any module in € and if a € 4, then we will denote by ¢,
the only R-homomorphism from R to A that maps 1 onto a. This is a notation
that we will adopt throughout this paper. If Q €Q, then for each x € Q there
exists a unique homomorphism @,: S(R) —» Q such that ¢, = ¢, «g.

S(R)

T

R— 0

.

We define a product of the type Q x S(R)— Q as follows:xy = ¢,(y) for each
x € Q and each y € S(R). Then, we have the following:
(1) If xeQ and y,y’ € S(R),

Xy +y) =6y +y) =) + .(0)=xy +xy",
(2) If x, x'eQ and reR,
(@x + 6:) (1) = G(r) + P 1) = X1 + X7 = (X + %) = Pr4,(7)
so that ¢, + ¢, = ¢.+-. Therefore
(@ + PuYier = Gikg + Grkin = by + bxr = s = Prsrrir
so that ¢, + @, = P, .. Then, for any y € S(R),
(x + %)y = esxy) = @ + 6:) () = $(1) + b, () = xy + x'y.
(3) IfxeQ, yeS(R) and reR,
6:B,xr(r) = $,0,(r) = $(yr) = ($.(V)r
= (3P = Py (1) = Pryieg(r)
so that ,¢, = @,,. Then, for any y’ € S(R),
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)y’ =, =6.8,(») = b.(yy") = x(yy").

This shows that S(R) may be turned into a ring over which each module in Q
is a right module. Let us show that kg is a ring homomorphism mapping unity
element onto unity element and that each module in Q is a unitary module over
S(R).If r,r' eR,

kr(KR(r') = &,
IfQeQ and xeQ,

R(r)KR(" )= ¢.<R(r)("/) = kp(r)r’' = xg(rr’).

xKR(l) = axKR(l) = ¢).(1) =xl=x.
If reR,

kr(r) = kg(1r) = kp(Dxg(r) = &:R(l)"k(" )

50 that 1ggy = Pepc1y and then, for any y € S(R),

kp(l)y = $KR(1)(y) =Y.

We notice that for any Q €RQ, the S(R)-module structure we have just defined
on Q induces the original R-module structure on Q, forif xe Q and r e R,

XKR(r) = (-ﬁxKR(r) = ¢x(r) = Xr.

From the fact that x is a ring homomorphism, it follows, by Proposition 3 of
§3, that if r is a radical of €, then t(R) is a two-sided ideal of R.

LeMMA 1. If f:Q — Q' is an R-homomorphism, where Q,Q’ €RQ, and if one
turns Q and Q' into S(R)-modules as above, then f is an S(R)-homomorphism.

Proof. If xeQ and r<R,
¢f(x)(") =f(x) - r=f(xr)=fP(r)

s0 that ¢,y =f,, i.e., Grkr=SP.kg, and therefore @,y =sd,. Then
if yeS(R),
Fxp) =) = 5 (¥) =f(x)y.

COROLLARY. If €’ is the complete subcategory of € s, whose objects are the
modules in Q, turned into right S(R)-modules as above, then S may be considered
as a functor from € to €’ and, as such, it is a regular left adjoint of the natural
injection of €' into €x.

THEOREM 1. The class of all modules in Q turned into right S(R)-modules as
above is the class of injectives of a regular injective structure of €, whose
class of proper maps is contained in the class of all S(R)-homomorphisms
f:A - Bthat are in S when considered as R-homomorphisms.

Proof. If 4 is any S(R)-module and if f:4— Q is an S(R)-homomorphism,
then there exists a unique R-homomorphism g:S(4) — Q such that f = gk ,, and
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by Lemma 1, g is an S(R)-homomorphism. If we can show that x, is an S(R)-
homomorphism, the first part of this proposition will follow from Proposition 4
of §1. Let a € A and consider the two functions ¢ and 7 from S(R) to S(4) defined
as follows:

o(y) =xk4(ay), ©(y)=x4a)"y,

for each y e S(R). It is obvious that ¢ and t are R-homomorphisms. Then, for
each reR,

okg(r) = K4(axg(r)) =k (axg(l - 1)) = K (axg(1)r)
= Kq(ar) =k (a@)r = k ((@)kg(r) = tiR(r)

so that ¢ = 7, and therefore x, is an S(R)-homomorphism. Now let f: 4 — B be
an S(R)-homomorphism which is proper with respect to this injective structure
of €siry. Then there exists an S(R)-homomorphism g:B— S(4) such that
k4 = gf. Then, by B3, considered as an R-homomorphism, fe .

THEOREM 2. Under the conditions of Theorem 1, the following three statements
are equivalent:

(1) The functors S and €r ®gS(R) are equivalent.

(2) If A is an S(R)-module, then ¥(A4) = 0.

(3) Every S(R)-module is an R-module in Q, i.e., the regular injective struc-
ture of €sr) Whose existence is asserted in Theorem 1 is the finest injective
structure of €gx,-

Proof. That (1) implies (2) is obvious. Assume that (2) holds and let 4 be a
module in €g,. Then kerk, = t(4) = 0, and since x4 is an S(R)-homomorphism,
S(A)/x4(A) is an S(R)-module so that S(4)/ixc,(A4) = t(S(4)/k 4(A)) = 0. Therefore
K4 is an isomorphism and 4 € Q.

Finally, assume that (3) holds. Let x denote the canonical R-homomorphism
from A4 to A ®gS(R). Then A ®S(R) can be turned into an S(R)-module in a
natural way and there exists a unique S(R)-homomorphism ¢ ,: 4 ® zS(R) = S(4)

A® SR) T 5(4)

¢
. Va
\/
A

such that x, = ¢ . Then, since A @ xS(R), as an R-module, is in Q and x, € S,
there exists a unique R-homomorphism ,:S(4)— A ®zS(R) such that
u=1y,x, and by Lemma 1, y, is an S(R)-homomorphism. We then have that
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1(SA)KA =Kq= Y, PaK4

and therefore 154 = ¢ 4. We also have that

1A®RS(R)ﬂ =pu=yY P u

and therefore 1 A S(R) = V0 4. Thus € ®@xS(R) and S are equivalent.

Now we show by an example that the three equivalent statements in Theorem 2
do not always hold. Let R be the ring of ordinary integers and let p be a prime
of R. Then the set of all cyclic modules of orders p", n =1,2,3, -, is a subbasis
of injectives of a regular injective structure B(S,Q) of Fx(10), if r denotes the
radical of ¥ defined by B, for any module 4, ¥(4) = n,,=, D"A, and if (S, k) is
a functorial description of 2B, S(R) is the ring of p-adic integers. Then, if 4 isan
R-module of type p®, 1(4) = A # 0 and A4 is an S(R)-module.

THEOREM 3. If Y:R— R’ is a ring homomorphism and if R’, turned into a
right R-module in the natural way, is ty-separated and contains an R-sub-
module C €Q containing Y(R), in particular, if R' € Q, then there exists a unique
ring homomorphism y:S(R) — R’ such that = ykg.

Proof. There exists a right R-homomorphism x:S(R) — C such that y = ykp,
and since R’ is rg-separated, x is the only right R-homomorphism from S(R) to
R’ with this property. Let y be an arbitrary element of S(R) and consider the
two maps ¢ and t from S(R) to R’ defined as follows: a(y’) = x(Mx(y"),
(y’) = x(yy’) for each y’ e S(R). It is obvious that ¢ and 7 are right R-homo-
morphisms. But for any reR,

okg(r) = x(Mxxr(r) = xWY(r) = x(¥)r = x(yr) = x(yxr(r)) = TKe(r)

so that ¢ = 7, and therefore y is a ring homomorphism. If ' is any ring homo-
morphism from S(R) to R’ such that f= y'kg, then for any y € S(R) and any
reR,

2'(r) =1’ (yxr(r)) = X' W 'kr(r) = 1 ODW(r) = x'()r

so that x'is a right R-homomorphism and therefore y’ = y.

We now define, for any module A4 in %, a canonical correspondence, always
denoted by p, between the R-submodules of 4 and the S(R)-submodules of S(A4)
that generalizes the well-known correspondence between the ideals of a commu-
tative ring and the ideals of one of its rings of quotients and that also generalizes
the correspondence between the ideals of, say, the ring of ordinary integers and
the ideals of one of its p-adic completions.

If B is an R-submodule of A4 and if = denotes the natural homomorphism of
A onto A/B, then we define p(B) to be the kernel of S(r): S(A4) — S(4/B). Then by
Lemma 1, p(B) is an S(R)-submodule of S(A) obviously containing x,(B).
Furthermore, p has the following three properties:



1964] INJECTIVE STRUCTURES 117

(1) p(B) is the smallest R-submodule of S(A) containing k,(B) such that
S(R)/p(B) is ry-separated.

Proof. That S(4)/p(B) is ry-separated is immediate since S(m) is a homo-
morphism into the ry-separated module S(4/B). Let C be an R-submodule of
S(A) containing « 4(B) and such that S(A4)/C is ry-separated, and let u be the
natural homomorphism of S(4) onto S(A)/C. Since x,(B) = C, ux, is null on
B so that there exists v: A/B — S(A)/C such that ux, = vz

s(a——~=H*  sy/c

A—T 4B

Then K g4, clK 4 = Ks(ay,cV = S(V)K 457 = S(v) S (n)x 4 0 that kg 4y,cp = S(v)S(x).
Since S(A)/C is ry-separated, kg 4y,c is @ monomorphism so that

C = ker u 2 ker S(n) = p(B).

(2) x5 '(p(B)) = n~* (ty(A/B)). This is immediate since, by definition, ;' (o(B))
is the kernel of S(n)x, = x4, 7.

(3) k7 '(p(B))is the largest of those R-submodules C of A4 for which p(C) = p(B)
(1 *(p(B)) may be thought of as a generalized isolated component of B).

Proof. Let n’ denote the natural homomorphism from A onto A/x; '(p(B)).
Then there exists a unique homomorphism y:4/B— A/k; '(p(B)) such that
n’ = yn. Obviously, y is an epimorphism, and by (2), the kernel of y is 1y (4/B).
Then ye S and it is easy to verify that S(y):S(4/B)—S(A4/x,~ 1(p(B)) must also
be in S so that, since S(4/B) € Q. S(y) is a retraction and therefore a monomor-
phism (one could even show that it is an isomorphism). But since S(n") = S(y) S(n),

p(s '(p(B))) = ker S(n") = ker S(m) = p(B).

Now, if C is an R-submodule of 4 for which p(C) = p(B) and if =" denotes the
natural homomorphism of 4 onto A/C, then

C = 7"~ Y(1g(4/C)) = 4" (p(C)) = x5 (p(B)).
In §5, it will be shown by an example that p(B) is in general not necessarily gen-
erated as an S(R)-module by « ,(B).

However, if the three equivalent statements of Theorem 2 hold, then for any
module 4 in €z, S(4)=~ A ®xS(R) is generated by x,(A4) as an S(R)-module
and S is right exact. Then if B < A and if f and g denote the natural injection of B
in A and the natural projection of A onto A/B, respectively, we have a commutative
diagram

S(B) —S(A4) —> S(4/B) ——— >0

S(f) S(g)
TKB TKA TKAIB
f

0 > B Ny g 4B 50
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with exact rows. Since S(B) is generated by xyz(B) as an S(R)-module,
p(B) = ker S(g) = im S(f) is generated as an S(R)-module by S(f)xz(B) = x(B).

It would not be difficult to extend the scope of this section by studying catego-
ries of R-modules with a type of structure compatible with their R-module struc-
ture and R-homomorphisms compatible with this type of structure.

A particular case of such an extended theory would be the following: choose a
fixed topology of R, compatible with the operations, and in the category whose
objects are the topological R-modules (the scalar product is a continuous function
of two variables) and whose morphisms are the continuous R-homomorphisms,
consider the regular injective structure whose injectives are the complete and
Hausdorff topological R-modules.

6. Rational injective structures and rings of quotients. Let 4 be aright R-module,
let B be an R-submodule of A. and let C be a subset of 4. We define
B:C = {xeR|Cx < B}. B:C is a right ideal of R.

DEFINITION 1. A preradical t of € will be said to be a torsion preradical if,
for any module A4 in €5, B < r(4) implies that t(B) = B or, equivalently, B< 4
implies that r(B) = £(4) N B, or again, if r, considered as a functor of %% into
itself, is left exact.

We notice that the finest and coarsest preradicals of € are torsion preradicals.

PROPOSITION 1. If t is a torsion preradical of €, then for any module A of €,
1(4) = {ae A|(0:a) £ R}.

Proof. Let a € A. The kernel of ¢, is (0: a) and the image of ¢, is aR. But it is
obvious that a € 1(4)iff t(aR) = aR,i.e.,iff (0:a) £ .R.

PROPOSITION 2. If t is a torsion preradical of €, then the relation *“< >’ has
the following properties:

F1. Forall 4, A < A.

F2. IfA<B< C,there A< Cimpliesthat A< Band B £ C.

F3. If A< B and if ¢ is any homomorphism into B, then ¢ ' (4) <07 (B).

F4. If A< B and if for every x € B/A, (0:x) = (R, then A< B.

If furthermore t is a radical, then we have

FS. A< Band BZ,.Cimply that A £ ,C.

Proof. F1 is obvious and the second half of F2 has already been established
(Proposition 2, §3). Assume that 4 < B< C and that 4 < .C. Then, t(C/4) =
C/A 2 B/A so that t(B/A) = B/A, i.e., A £ .B.

Now assume that 4 < B and that ¢ is a homomorphism into B. Then
¢ '(B)¢ 1(4) = imp/(im¢p N A) = (im¢ + A)/A < B/A =1(B/A) so that
(o™ (B~ (A) = ¢ (B)p ™ (4), ie., ¢ (A= (B)

F4 is immediate by the definition of *‘< .’ and the preceding proposition.

That F5 holds when t is a radical was seen in Proposition 2 of §3.
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COROLLARY 1. Ift is a torsion preradical of €y,

A< B&C<B=ANCZ C.
COROLLARY 2. If t is a torsion radical of €y,

AL B&C< B=>ANCEZ B.
Proof. By Corollary 1, ANC < ,C,and by F5, ANC £ B.

ProposITION 3(%). If ““<°’ is a relation between modules of €, where ASB
implies A < B, which satisfies F1 to F4, then the set & of all right ideals A of R
such that A < R has the following properties:

Gl. Ae ¥ and A< B< R imply that Be &.

G2. Ae % and Be & imply that ANBe .

G3. IfAe &, then for any xe R, (A:x)e &.

If furthermore, the relation ““ <’ has the property F5, then & has the property

G4.IfA<B,if Be ¥, and if for eachxeB,(A:x)e &, then Ac &.

Proof. That G1 and G2 hold follows from F2 and Corollary 2 of the preceding
proposition.

If Ac¥ and xeR, then A:x = ¢;'(A4) so that by F3, (4:x) <R and G3 is
established. If the relation ‘<’ satisfies F5, under the hypotheses of G4, if ¢
denotes the natural homomorphism of R onto R/A, then A:x is the kernel of
¢¢, which maps 1 onto ¢(x),i.e., 4:x = 0: ¢(x), so that A < B by F4. Therefore,
byF5, A< R,i.e.,Ade &.

CoRrOLLARY. If G4 is satisfied, then Ac & Be ¥ = ABe &.

Proof. If x € A, then xB < AB so that B < AB:x. By G1, (4B:x)e <. There-
fore, by G4, ABe <.

We notice that if for every 4 € & there exists a two-sided ideal B € & contained
in A, in particular, if R is commutative, then 4:x 2 B:x 2 Be ¥ so that, by
Gl, A:xe¥,1i.e., G3 is a consequence of G1.

PROPOSITION 4. If & is a set of right ideals of R satisfying conditions G1 to
G3, then there exists one and only one torsion preradical t of €y for which & is
the set of all right ideals A of R such that A < .R. If, furthermore, & satisfies
G4, then t is a radical.

Proof. The uniqueness of r follows from Proposition 1. For each module A4 in
Cr- set
1(4)={acA|(0:a) e &F}.

If a,be1(A), since (0:a + b)2(0:a)N(0:b), by G1 and G2, (0:a + b)e&

(1) Added in proof. These sets of right ideals and the rational injective structures they
define have also been considered by P. Gabriel (Bull. Soc. Math. France 90 (1963), no. 3).
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so that a + b e r(A). If a e t(4) and if x € R, then since 0:ax = (0:a) : x, by G3,
0:axe &, i.e., ax € t(4). Therefore t(A4) is an R-submodule of 4. If f: 4 > B,
since for any a€ 4, 0:f(a) 2 0:4a, by G1, f maps 1(4) into ¥(B). We have thus
established that ris a preradical of €. Thatitis a torsion preradical is immediate
from its definition.

Now assume that & satisfies G4. Let A be any module in € and let ¢ be the
natural homomorphism of 4 onto A4/t(A4). If x € v(4/¥(4)), pick y € A such that
¢(y) = x. Then ¢¢, maps 1 onto x so that ¢, 1(x(A4)) = ker ¢¢p,=0:x€&. Then,
for each z eq&;‘(t(A)), since (0:):z2=0:yz=0:¢,(2)e&, by G4, (0:y)e&
so that ye r(4) and therefore x = 0. Therefore t is a radical of €.

From now on, given a torsion preradical t of €, we will denote the set of all
r-dense right ideals of R by &, we will denote by LQ, the class of all modules of
% that are injectives with respect to the natural injections of ideals in & in R,
and we will denote by Q, the class of all r-separated modules in Q..

LEMMA 1. If t is a torsion radical of €, and if A is any module in €, then
there exists an extension A of A such that

1) A< A4

(2) 4 is an essential extension of A.

) If f:C— A where Ce &, then f may be extended to g:R - A.

Furthermore, if t(A) = 0, then t(d) = 0 and A € Q,.

Proof. Let {f;}; . ; be the family of all homomorphisms from ideals in & into
A and let D be the direct sum of {R;};.;, where for each iel, R;= R. For each
iel, domf; is a submodule of R;; the sum E of these submodules in D is direct
and, obviously, D/E is the direct sum of the family {R;/domf;};.; so that
t(D/E) = (D/E). There exists f: E — A such that for each i €1, f; is the restriction
of fto domf;. Let g denote the injection of E into D and let (B, «, f) be a direct
sum of 4 and D with f and g amalgamated. We then have the commutative
diagram with exact rows

0 >A x >B —D/E >0
/1 & [
0 >E »D >D|E —0

g

so that « is a monomorphism and a(4) < _.B. We may think of Bas a true extension
of A. It is then obvious that the restriction of 8 to R; is an extension of f;. Now,
if G is a submodule of B which is maximal with respect to the property GN A=0,
then the natural homomorphism ¢ of B onto B/G = 4 induces an isomorphism
on A so that A may be considered as a true extension of 4 and A4 is an essential
extension of 4. That it also has the other two required properties is obvious.
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Now, assume that v(4) = 0. Since ¢t is a torsion radical
0=1(4) = 1(4) N 4,

and since A4 is an essential extension of A4, t(4) = 0. Then, let f:C — A where
Ce ¥, and let g be the restriction of f to f ~'(4). By F3, f~(4) £ ,C so that by
F2, f"}(A)e &,. Therefore there exists h: R - A extending g and since
f71(4) £,C and 4 is separated, by Proposition 4 of §3, h must coincide with
fon C. Therefore, 4 in this case is in Q, .

LEMMA 2. If 1 is a torsion radical of €y, then for any module A of €y, there
exists an extension Q of A such that

(1) 4=,0.

(2) Q is an essential extension of A.

3) QeQ,.

Proof. In the case where 1(4)=0, Lemma 1 already gives us a solution. How-
ever, in general, one must apply Lemma 1 a transfinite number of times. We
define a transfinite sequence of extensions of A as follows: A, = A4 and if for
each f <o, A, has been defined, then if « is not a limit ordinal we set 4, = 4,_,
while if « is a limit ordinal, we set 4, = Uﬂ<aAﬂ° It is easy to verify that for each
o, A < A4, and A, is an essential extension of 4. Now let y be the least infinite
ordinal whose cardinal is larger than the cardinal of R, let Q = 4, and let
f:C— @ where Ce . By the choice of y, there exists « < y such that f(C) < 4,.
Then there exists g:R — A4, < Q extending f, so that QeQ,.

THeoREM 1. If v is a torsion radical of @r, then Q is the class of injectives of
an injective structure %,(G,,Qt), where (5 is the class of all monomorphisms
f:A - B for which there exists an eplmorphlsm g:B - C such that gf is a mono-
morphism and gf(A) £ .C

Proof. That ¥®&(Q,) = Q, is obvious. To show that every Q eﬁ, is injective
with respect to every homomorphism in é’;, it is obviously sufficient to show that
such a module Q is injective with respect to any inclusion A < ,C. Let f: 4> Q
and let g be a maximal extension of f to a homomorphism from a submodule of C
into Q. For any x € C, since t(C/4) = C/A, A:x€ ¥, and since domg:x 2 4:x,
dom g:x €.%,. Thenif y denotes the restriction of ¢, to domg:x,y mapsdomg:x
into dom g and gy maps dom g: x into Q. Since Q €Q),, gy may be extended to
x:R— Q. Now if for each xr + ye xR + dom g, one sets

{xr +y)=ur + g(y)

where u = (1), it is easy to show that this defines an R-homomorphism
{:(xR +domg)—> Q extending g, so that by the choice of g, xedom g.
Therefore dom g = C.



122 J.-M. MARANDA [January

If A is any module of ¥, then Lemma 2 shows that there exists a homomor-
phism ¢:4A—-Q in 6 where QeD, . Finally if f:A— B is a homomorphism
with respect to which all modules in ):.),, are injective, there exists g: B— Q such
that ¢ = gf so that f is a monomorphism and if we consider g as a map from B
onto f(B) = C, gf is a monomorphism, and gf(4) < ,C

COROLLARY 1. If A is any module of S, and if Q is an extension of A whose
existence is asserted in Lemma 2, then Q is maximal with respect to the
properties (1) A < ,Q and (2) Q is an essential extension of A.

COROLLARY 2. A module A of €risin ﬁ, if and only if it hasno properessential
extension B such that A < ,B.

COROLLARY 3. If Aisany module of € and if Q and Q' are two extensions of A
with the properties given in Lemma 2, then there exists an isomorphism of Q
onto Q' which induces the identity on A.

The reader will recognize in the proofs of Lemmas 1 and 2 and of Theorem 1
arguments due to R. Baer [1].

If A is any r-separated module of €5, we will now give another method for
constructing the extension 4 of A whose existence is asserted in Lemma 1. (It is
based on the method of R. E. Johnson for constructing the extended centra-
lizer of a ring over a module [8].)

We will call the homomorphisms from right ideals in &, into A4 the r-frac-
tional homomorphisms from R to 4.

LeMMA 3. If fis an t-fractional homomorphism from R to A then f possesses
a unique maximal extension which is, of course, also an t-fractional homo-
morphism from R to A.

Proof. Let f' and f” be two maximal extensions of f and let /* and f” denote
their restrictions to domf’ N domf”. Sincedomf < R,domf < ,domf’'N dom f".
Then, since A is r-separated, ' = f”. Then if for each x’edomf’ and each
x" edomf” one sets g(x’' + x”) =f'(x") +f"(x") it is easy to verify that this defines
an R-homomorphism g:domf’ + domf” — A extending both f’ and f” and
since f’ and f” are both maximal, f' = f".

We will denote the set of all maximal r-fractional homomorphisms from R to
A by Fr(R, A). We turn Fr (R, 4) into a right R-module as follows:

If f,ge Fr, (R, A) and if f and g denote the restrictions of f and g to
domfNndomg < R, by Lemma 3, f + g possesses a unique maximal extension
which is in Fr (R, 4) and which we define to be f + g. Then if f,g,heFr(R,A)
and if f,g and h denote restrictions of f, g and h to domf NdomgNdom h < (R,
(f+ g) + h and f + (g + h) are both equal to the unique maximal extension of
(f+8 +h=f+(g +h). The 0-map from R to A is obviously a unity element
for this addition and if fe Fr(R,A), —f:domf— A4 is obviously the additive



1964] INJECTIVE STRUCTURES 123

inverse of f in Fr(R,A). Therefore Fr(R,A) is an abelian group under this
operation, obviously containing Homgz (R, 4A) =~ 4.

Now if r € R and fe Fr(R,M) and if for each x e domf:r we set f(x) = f(rx),
then f, is an R-homomorphism from (domf:r) e &, into A4 since

fx +y) = f(r(x + y) = f(rx +1ry) =f(rx) + f(ry) = £,(x) + £, (),
Slxr’) = f(r(xr)) = f((rx)r") = (f(r)r’ = (£G))r'.

Then, f, possesses a maximal extension in Fr(R,A) which we define to be fr.
To show that (f + g)r =fr + gr, it suffices to show that these two fractional
homomorphisms coincide on

(domfndomg):r=(domf:r)N(domg:r)e .
But for any x in this ideal,

((f + N

(f + &x) = (f + ) (rx) =f(rx) + g(rx)
() +(gr(x) =(fr + gr)(x).

To show that f(r + s) =fr + fs, it suffices to show that these two maps coincide
on (domf:r)N(domf:s)=domf:(r +s)e%. But for any x in this ideal,

(fr +9))(x) = f((r + 9)x) =f(rx + sx) =f(rx) + f(sx)
= (/N + () = (fr +15)(x).

To show that f(rs) = (fr)s, it suffices to show that these two maps coincide on
(domf:rs) =(domf:r):se <. But for any x in this right ideal

(f(rs)) (x) = f((rs)x) = f(r(sx)) = (fr) (sx) = ((fr)s) (x).

It is obvious that f-1 = f for any f € Fr(R, 4).

Thus, Fr (R, 4) is a right R-module obviously containing the right R-module
Homg(R,A) which is isomorphic to A. If feFr.(R,A4) and if redomf,
then domf:r=R and since domfr = dom f:r, freHomg(R, 4). There-
fore, Homg(R,4) : f 2 dom f so that Homg(R,A4) : fe &,. Therefore,
Hompg (R, A)< Fr (R, A). Now assume that fRN Homg(R, 4) = 0. If r edomf,
i.e., if 1edomf:r, then as we have just seen above, fr e Homg(R, A) so that
0=fr(1) =f.(1) =f(r1) =f(r) and therefore f=0. Therefore Fr (R, A) is an
essential extension of Homg (R, 4). If fe Fr, (R, A) and if g is the homomorphism
from R to Homg (R, A) that maps 1 onto f, for each r e dom f,

g(r) =fre Homg(R, A)

and fr is to be identified with f(r) by the canonical isomorphism between
Homg (R, A) and A. Therefore g may be considered as an extension of f.
We have thus shown that the extension Fr,(R, A) of Hompg(R, 4) = A4 satisfies
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the conditions of Lemma 1. However, it appears that Lemma 1 gives a simpler
and more direct method for constructing such an extension of A. The reason
we have given this other method here is that it permits one to compare our results
with other results in the literature [8; 11; 5].

THEOREM 2. If ¢ is a torsion radical of €y, then Q. is the class of injectives
of the coarsest regular injective structure B(S,,Qr) of €r defining the radicalx.

Proof. If A is any module in %, let ¢ denote the natural homomorphism of 4
onto A/r(A) and let Y denote the injection of A/r(A) into (A4/t(A)) € Q, (defined
in Lemma 1). If f: 4> Q, where Q €Q,, since Q is r-separated, ker f 2 r(4) so
that there exists a unique g:A/t(4)— Q such that f= g¢. Since weét and
Q Eﬁt, there exists h:(A4/*(4) — Q such that g = hy so that f = hy¢p. If f= h'Y ¢,
since imy ¢ < .(4/r(4)) and Q is r-separated, by Proposition 4 of §3, h=h'.
By Proposition 4 of §1, Q, is the class of injectives of a regular injective structure
B,(3,.Q,) obviously defining the radical r. Now let B(S, Q) be a regular injective
structure of ¥ defining the radical r and let 4 €RQ,. There exists ¢$: 4 - Qin S,
where Q €Q and since B is regular, one may choose ¢ in such a way that for
any f: A— Q’, where Q' €Q, there exists a unique g:Q — Q' such that f= g¢.
By Proposition 4 of §3, im¢ < ,Q. Since A4 is r-separated, ¢ is a monomorphism
so that (,beét. Then ¢ is a retraction so that 4 € Q. Therefore, B, is coarser
than B.

We will call B, the rational injective structure determined by r. If k:1¢, — S
is a regular functorial description of B, then for any module 4, we will call S(4)
the y-rational completion of A and, as we saw in §5, S(R) may be turned into a
ring which we will call the ring of quotients of R determined by r.

THEOREM 3. If t is a torsion radical of €y and if x:lgR—>S is a regular
description of B,, then given any ring homomorphism y:R — R’, if R, turned
into a right R-module in the natural way, is t-separated and has the property
that any right R-homomorphism from some right ideal A€ ¥, to Y(R) may
be extended to a right R-homomorphism from R to R’, then there exists a unique
ring homomorphism x:S(R) = R’ such that = ykg.

Proof. Let ¢ denote the natural homomorphism from R’ onto R’/{(R) and let
C = ¢ '(t(R’/Y(R))). Then any right R-homomorphism f:4 - y(R), where
A€ ¥, may be extended to a right R-homomorphism g: R — R’ and since 4 <R,
g maps Rinto C.If D is a submodule of C such that DN y(R) = 0, then obviously,
1(D) = D, and since R’ is r-separated, D = 0. Therefore C = ¥(R) (see Lemma 1)
and since C is r-separated, C € Q,. Our theorem then follows immediately from
Theorem 3 of §5.

ExaMPLE 1. r is the largest radical of €. In this case, A < B just means that
A < B so that ét is just the class of all monomorphisms and f&t is just the class
of all ordinary injective modules, i.e., B, is the exact injective structure of €x.
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Since 0 is the only r-separated module, B, is just the coarsest injective structure
of €x. 5

EXAMPLE 2. t is the smallest radical of €. In this case, B, and B, are both
equal to the finest injective structure of €.

ExaMPLE 3. We define A < B to mean A < B(M) in the sense of [5] where
M is an arbitrary but fixed module in €4, i.e., any partial homomorphism ¢ from
B to M for which 4 < ker ¢ must be 0. As was shown in [5], this relation satis-
fies F1, F2, F3 and F5. We show that it also satisfies F4. Assume that 4 < B and
that for each x € B/4, (0:x) < R. Let ¢ be a partial homomorphism from B to M
such that 4 < ker ¢. If b is in the domain of definition of ¢, then ¢¢, maps 1 onto
¢(b) so that ker ¢, = 0: ¢(b) < R and therefore ¢p¢, = 0. Then, ¢(b) = ¢p¢$,(1)=0,
so that ¢ =0.

With the radical r defined in this way, we see that M is r-separated and that ¢
is the largest torsion radical with respect to which M is r-separated. If M = R,
then we denote the torsion radical defined in this way and the corresponding
ring of quotients by by r; and R,, respectively; R, is the ring of quotients of R
studied in [8; 11; 5]. However, the rational completion of a module studied in [5]
is in general not the r,-rational completion of this module. Note that, in general,
given a torsion radical r, M is r-separated if and onlyif A < R(M)for each A€ <.

Consider the case where R is the ring of all countably infinite diagonal matrices
with entries in a field F, where all but a finite number of diagonal entries are
equal. As was shown in [5], the subset N of all matrices in R such that all their
entries, except for a finite number, are null is an ideal of R with the property
N =< R(R) and R, is the ring of all countably infinite diagonal matrices with
entries in F. Obviously, p(N) = R, (the correspondence p was defined at the end
of §5). However, N is obviously an ideal of R, so that NR; = N # R, = p(N).
Thus, if (S, x) is a regular description of the injective structure studied, the func-
tors S and ¥y ® gR, are not equivalent.

ExXAMPLE 4. Let & be a multiplicatively closed set of (two-sided) ideals of R,
each of which is finitely generated as a right R-module. Then. the set & of all
right ideals of R that contain some ideal in & obviously satisfies G1 to G3. We
show that it also satisfies G4. If A =B and Be &, and if for each xeB,
(4: x) e &, then given any y € R, since B € &, there exists C € & such that yC < B.
But C=x;R + -+ + x,R. Since yx;e B, (A:yx;)e ¥ so that there exists C;e&
such that yx;C; < A. Then,

yCC,C, -+ C,=y(xsR + -+ + x,R)C,C;---C,
cyx;Cy + - +yx,C, S A.
Since CC,C,---C,€ &, (A:y)e <. Therefore, A€ L.

LemMMA 4. If & is a multiplicatively closed set of ideals of R, each of which is
finitely generated as a right R-module, if t denotes the torsion radical defined
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by & and if M is an t-separated module, then M € Q, if and only if any right
R-homomorphism from an ideal in & to M may be extended to a right R-homo-
morphism from R to M.

Proof. The necessity of this condition is, of course, obvious. Let us assume
the condition holds and let f : C -~ M be an R-homomorphism, where C is a right
ideal of R containing some ideal A € &. There exists a right R-homomorphism
g:R — M extending the restriction f, of f to A. But since M is r-separated and
A < C, f must coincide with g on C.

DErINITION 2. We will say that an ideal A of R is weakly left invertible in the
extension ring R’ of R if there exists a left R-submodule B of R’ such that R < AB
and BA < R. We call B a weak left inverse of 4 in R’ and note that it is a two-
sided R-submodule of R’, for BR < BAB < RB < B.

THEOREM 4. Thefollowing conditions on an ideal A of R are equivalent.

(1) A is weakly left invertible in some extension ring of R.

(2) As a right R-module, A is projective and finitely generated and A < R(R).

(3) A< R(R) and if R’ is an extension ring of R in which every right R-
homomorphism from A to R is extendable to a right R-homomorphism from R
to R', then A is weakly left invertible in R'.

(4) A is weakly left invertible in R, .

Proof. Assume first of all that 4 has a weak left inverse B in some extension
ring R’ of R. Then there exist elements a,,--,a,€ 4 and b,,--,b, € B such that

alb1 + o0+ a”b" = 1
and for each i, ¢;: a — b;a is a right R-homomorphism from 4 to R. Foreacha € 4,
a=1la=a;bja+ - +aba=a;p,(a)+ - +a,p,(a)

so that by Proposition 3.1 of Chapter VII of [4], as a right R-module, 4 is pro-
jective and generated by ay,---,a,. Let ¢ be a partial right R-homomorphism
from R to R such that 4 < ker ¢. If x e dom ¢, ¢(x)A4 < P(xA4) < ¢(A) = 0 so that
¢(x)R < ¢(x)AB = 0 and therefore, ¢(x) = ¢(x)1 = 0. Therefore, 4 < R(R).

Now assume that (2) holds and let R’ be an extension ring of R such that every
right R-homomorphism from 4 to R is extendable to a right R-homomorphism
from R to R’. By the proof of Proposition 3.1 of Chapter VII of [4], there exists a
family of elements {a,}}-, of 4 and a family of right R-homomorphisms
{¢;: A > R}]-, such that for each ae 4

a=X a;p(a).
i=1
Each ¢; may be extended to ¥;:R — R’. Set b;=1(1). Then for each a €4,
bia = y(1)a = ¢(a) and
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(1 -X a,.b,-)a =0.
i=1
Since 4 £ R(R), we conclude that 1 = X7_, a;b;. Therefore, the left R-submodule
of R’ generated by {b;}/-, is a weak left inverse of 4in R’.
That (3) implies (4) and (4) implies (1) is immediate.
This theorem permits one to speak simply of the weakly left invertible ideals
of R.

COROLLARY. The set &, of all weakly left invertible ideals of R is closed under
multiplication.

Proof. If A and C are in &,, then they have weak left inverses B and D, re-
spectively, in R; and DB is a weak left inverse of AC in R,.

We will denote the torsion radical and the ring of quotients determined by &,
by t, and R,, respectively.

LEMMA 5. Let & be a multiplicatively closed set of weakly left invertible
ideals of R defining the torsion radical t. If y: R — R’ is a ring homomorphism
and if for every A€&, the ideal Yy(A) of Y(R) is weakly left invertible in R’,
then R’,turned into a right R-module in the natural way is t-separated.

Proof. If uA =0, where ue R’ and A €&, then if B is a weak left inverse of
Y(4)in R’,

u =ul = uy(l) eu(y(4)B) = (uA)B = 0.

LeMMA 6. If the ideal A of R has a weak left inverse in the extension ring R’
of R then every right R-homomorphism f: A— R’ may be extended to a right
R-homomorphism from R to R'.

Proof. There exist elements a,,--:,a,€ 4 and by,---,b, € R’ such that
() 1=a,b, + - +a,b,,
(2) a — b;a is a right R-homomorphism from A to R.
Set v =f(a,)b; + -+ + f(a,)b,eR’. Then, for any ae A4,
f@a) = f(1a) =f(a,b,a + -+ + a,b,a)
= f(al)bla + - +f(an)bna
= (f(apby + -+ +f(a)by)a = va
so that f is the restriction of ¢, to 4.
THEOREM 5. Let & be a multiplicatively closed set of weakly left invertible
ideals of R, let v denote the torsion radical of €y determined by & and let

k:1gp— S be a regular description of B,. Then kg is a monomorphism so that
S(R) may be considered as a true extension of R, every ideal in & has a weak left
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inverse in S(R) and if R' is an extension ring of R in which each ideal in & hasa
weak left inverse, then there exists a unique ring homomorphism y:S(R)— R’
extending 1, and x is a monomorphism.

Proof. By Theorem 4, each A €& has the property A < R(R) so that R is t-
separated and therefore S(R) may be considered as a true extension of R. That
every ideal in & has a weak left inverse in S(R) also follows from Theorem 4. Now
if R’ is an extension ring of R in which every ideal in & has a weak left inverse, then
by Lemmas 5 and 6, R’ € Q, so that the existence and uniqueness of x follow from
Theorem 3 of §5. That y is a monomorphism follows from the fact that S(R) is an
essential extension of R.

Under the conditions of Theorem 5, if M is a module in €5, such that v(M)=M,
then M = 0, for if x € M, there exists an ideal 4 € & such that xA =0andif Bisa
weak left inverse of 4 in S(R), then xR=xAB=0. Thus, by Theorem 2 of §5,
S is equivalent to ¥ ®zS(R) and every S(R)-module, considered as an R-module,
isin Q.. Also, if p is the canonical correspondence between the R-submodules of a
module M in € and the S(R)-submodules of S(M) defined at the end of §5, and
if N = M, then p(N) = kp(N) - S(R). Furthermore, we have the following pro-
position.

PROPOSITION 5. Under the hypotheses of Theorem 5, if M is a module in €y
and if N' is an S(R)-submodule of S(M), then N’ = p(x3'(N")).

Proof. If x € N’, since k(M) < S(M), there exists A € & such that x4 < x(M).
If B is a weak left inverse of A in S(R), there exist elements a,,---,a,€ A and

by,---, b, € B such that
1 = albl + o0+ a"bu

so that x = x - 1 =(xa,)b; + -+ + (xa,)b,. Since each
xa; € N' O iy (M) = iyt '(N)), X € Kp(yg" (N")) - S(R) = p(rezs ' (N")).

Therefore N’ = ip(ic3r* (N)) - S(R) = p(x3' (N")).

DEerINITION 3. An ideal A of R will be said to be left invertible in an extension
ring R’ of R if A has a weak left inverse B in R’ with the extra property BA 2 R
so that BA = R. We then call B a left inverse of 4 in R’.

PROPOSITION 6. If A is a weakly left invertible ideal of R, then the following
conditions on A are equivalent:

(1) A is left invertible in some extension ring of R.

(2) For every module M in €, M = Xf(A), the sum being taken over all
feHomg(A4,M).

(3) R = Xf(A), the sum being taken over all f€ Homg (4, R).

(4) A is left invertible in any extension ring of R in which it is weakly left
invertible.
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Proof. Assume first of all that A has a left inverse B in some extension ring R’
of R. Then there exist elements a,,---,a, € 4 and by, ---, b, € B such that

1= blal + -+ bnan.

If for each i, ¢; denotes the right R-homomorphism from 4 to R mapping each
a € A onto b,a, then for any ueM,
u=ul =ubla1 + - +ubnal;=¢u¢l(al)+"' +¢u¢n(an)e z f(A)'
I eHomR(A,M)

Now assume that (3) holds and that 4 is weakly left invertible in an extension
ring R’ of R. Then

1 =f1(a1) + - +fn(an)

where each a;e 4 and each f; € Homg (4, R).
By Lemma 6, for each i€, there exists g;: R — R’ extending f;. If we set
b; = g/1), then for all a € 4, fi(a) = b;a so that

1 = blal + -+ b,,a,,.

But the set B of all b e R’ such that bA < R is the largest weak left inverse of 4 in
R’, and we have just shown that R < BA so that B is a left inverse of Ain R’.
This proposition permits one to speak simply of the left invertible ideals of R.

COROLLARY. The set &5 of all left invertible ideals of R is closed under
multiplication.

Proof. If A, Ce &5, then A and C have left inverses B and D, respectively, in R,.
Then DB is a left inverse of AC in R,.

We will denote the torsion radical and ring of quotients of R determined by &,
by r; and R;, respectively. Obviously, by Theorem 5 and Proposition 6, R; is a
true extension of R contained in R, and every ideal in &5 is left invertible in
R;.

DErFINITION 4. If £is a set of ideals of R, then we will say that a module M in €
is&-divisible if M = M A for all Aeé.

PROPOSITION 7. If A is a left invertible ideal of R and if M is a module in €y
such that every R-homomorphism from A to M is extendable to an R-homo-
morphism from R to M, then M = M A.

Proof. If u € M, by Proposition 6, there exist maps f;, -+, f, € Homg(4, M) such
that
u=fi(a,) + - +f(a,)
where the a; are in A. Then, for each i, there exists an R-homorphism g;:R - M
extending f; so that

u=g(ay) + - +gla,)=g:(Day + -+ + g(1)a,e MA.
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COROLLARY. If & is a multiplicatively closed set of left invertible ideals of R,
defining the torsion radical x, then every module in Q, is &-divisible.

DEFINITION 5. We will say that an ideal 4 of R is invertible in an extension ring
R’ of R if A has a left inverse B in R’ such that AB = R so that AB= BA =R.
We call B an inverse of A in R’.

The set &, of all ideals of R that are invertible in some extension rings of R is
the intersection of &, with the set of all right invertible ideals of R so that it is
closed under multiplication. We will denote the torsion radical and the ring of
quotients of R determined by &, by v, and Ry, respectively. It is obvious that as an
extension of R, R, may be embedded in R; and that every ideal in &, is left inver-
tible in R,.

PrOPOSITION 8. If A is an ideal of R which is invertible in some extension
ring R’ of R and if M is a module in € such that M = M A, then every R-
homomorphism f from A to M is extendable to an R-homomorphism from R
to M.

Proof. There exist elements a,,-:-,a,€ A and b,,---, b, in the inverse B of A
in R’ such that

1=a;b; +: +a,b,.
Since M = MA, for each i,
f@@) = uydig + -+ + uzdy,

where the u;;€ M and the ;; € A. Since B is an inverse of 4 in R’, each 4;;b,eR.
Set

v=uy;(A11by) + -+ +uy, (A1aby) + oo + Uy (Aay by) + -+ + Up(Ainb,) € M.
Then, for any ae A4,
f(a) = f(la)=f(a\bsa + - + a,b,a)
= f(ay)(b1a) + - + f(a,)(b,a)
= (Uyidyy + o Fugpdi)(b10) + -0+ (Upgday + o0 + Upghi,) (bra)
= [u11(Aa1by) + -+ + ug(Aiaby) + - + g (Ay1by) + -+ + tp(Anb))]a
= va
so that f is the restriction of ¢, to 4.

COROLLARY. If € is a multiplicatively closed set of ideals of Rthat areinvertible
in some extension rings of R, defining the torsion radical v, then Q. is just the
set of all t-separated and &-divisible modules in €.
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Proof. That every module in Q, is &-divisible follows from the corollary of
Proposition 7. Conversely, if M is an r-separated and &-divisible module, then
M € Q, by the preceding proposition and Lemma 4.

THEOREM 6. If an ideal A of R is invertible and if B is a left inverse of A in the
extension ring R’ of R, then B is an inverse of A in R’.

Proof. Since B is a left inverse of 4 in R,
R’'=RR’' < ABR’' < AR’

so that R’ = AR’.

By Proposition 8, applied to the mirror image of R, every left R-homomorphism
from A to R’ is extendable to a left R-homomorphism from R to R’. Since A4 is
invertible, by Theorem 4 applied to the mirror image of R, as a left R-module,
A < R(R). Then by this same theorem, A has a weak right inverse B’ in R’. By
Proposition 6, applied to the mirror image of R, there exists a right inverse B” of
Ain R’. Then,

B"=RB" = BAB"= BR = B.

THEOREM 7. Let & be a set of invertible ideals of R which is closed under
multiplication and let t and R denote the torsion radical and ring of quotients
of R, respectively, determined by &. Then the canonical homomorphism from
R to R is a monomorphism so that R may be considered as a true extension of R,
every ideal in & is invertible in R, and if y: R > R’ is a ring homomorphism such
that for every A€ & the ideal Y(A) of Y(R) is invertible in R’, then there exists a
unique ring homomorphism from R to R’ extending .

Proof. That the canonical homomorphism from R to R is a monomorphism
and that every ideal in & is invertible in R follow from Theorem 5, Proposition 6
and Theorem 6. By Lemma 5, R’, turned into a right R-module in the natural way,
is r-separated. If A € & and if B is the inverse of y(4) in R’, then

R’ = R'Y(R) = R'BY(A) < R'Y(4) = R'A

so that R" = R'A. By the corollary of Proposition 8, R’e Q,. Then, by Theorem
3 of §5, there exists a unique ring homomorphism from R to R’ extending y.

COROLLARY. Therightring of quotients of R and the left ring of quotients of R
determined by & are equivalent ring extensions of R.

We notice of course that if R is a commutative ring, the notions of weakly left
invertible ideal and invertible ideal coincide.

7. Pure submodules. Let N be an ideal of R. Every module in ¥,y may be
turned into a right R-module in a natural way and then every R/N-homomor-
phism is also an R-homomorphism. This defines a functor T from €y to €x.
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As was stated in §3, T has a regular left adjoint S defined by a natural transfor-
mation k:1¢, — TS and for each 4 in g, k, may be identified with the natural
homomorphism of 4 onto A/AN. The exact structure of %,y then induces an
injective structure B (Sy,Qy), where Sy, is the class of all those homomorphisms
f:A - Bin % which induce a monomorphism from 4/AN to B/BN and where
the class Q'y of all modules C in ¥y such that CN =0 and C, considered as an
R/N-module, is an injective module of €y, is a basis of injectives of By .

If A eQy, then there exist R-modules C and B such that Ce Q'yand C = A®B.
Since CN =0, we have AN = BN = 0 so that 4 may be considered as an R/N-
module and as such, it is a direct summand of C and therefore also an ordinary
injective module of €g,y. Therefore, Qy = Qy.

It is obvious that if we denote the radical of ¥y determined by By by ty, then
for any module A4 in €y, ty(4) = AN. Then, Sy consists of those homomorphisms
f:A—> B, where kerf < AN and where the natural injection of f(4) into B is in
Sy. If A < B, then the kernel of the natural homomorphism ¢ of A/AN into
B/BN is (BN N A)/AN so that  is a monomorphism if and onlyif BNN A4 = AN,
i.e., the natural injection of 4 into B is in Sy, which we denote by A yyB, if and
only if BNN A= AN. Thus, a homomorphism f: 4 — B is in Sy if and only if
kerf < AN and f(A)yyB.

Now let & be any set of ideals of R and set

%;(6;,&;) = sup %N.
Neé
The radical of B,, which we denote by r,, is the intersection of all the 1y, Ne &.
Furthermore, by Proposition 5, §1, UN < Qy is a subbasis of injectives of B, and
S, = n Sy
Nee

so that the homomorphisms in S,, which we call the &-pure homomorphisms of
% r, are those homomorphisms f : A — B for which kerf < r,(4)and BNN A = AN
for all N € &. We will refer to this last condition by saying that f(A) is &-pure in B
and by writing f(4)y,B. Notice that for any module A4 in %, ;(4)is the largest
&-divisible submodule of 4. The definitions and arguments given in §2 of [10]
extend almost word for word to yield a theory of y,-essential extensions of mo-
dules.

By Theorem 1 of §3, there is a coarsest regular injective structure B} (S} ,Q3)
finer than B,, B} determines the radical t,, and S} contains the class of all homo-
morphisms f:4— B in S, for which 1,(B/f(A)) = B/f(4). We notice that if
f:A - B is such that kerf < 1,(4) and 14(B/f(4)) = B/f(A), then f is not neces-
sarilyin S} : one must also have that f(A4)y,B for fto bein S¥.

It would be interesting to know general conditions under which B, = B}, for
example, in the following particular cases:
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(1) & is the set of all maximal ideals of R (rs(R) is then the Brown and McCoy
radical of R).

(2) & is the set of annihilators of simple right R-modules (tg(R) is then the
Jacobson-Chevalley radical of R).

(3) &is the set of all prime ideals of R (r4(R) is then the lower nil radical of R).

(4) &is the set of all finite products of ideals in one of the preceding sets.

We note that when & is a multiplicatively closed set of non-null ideals of a
principal ideal ring R, then it was shown in [10] that B} = B,.

We now assume that & has the following property:

H. If N,,N, €&, then there exists N € & such that N = N; N\ N,. Then, for any
module A in% g, { AN}y ¢ is a basis of the filter of neighborhoods of 0 of a topology
T (A,8) of A compatible with addition and scalar multiplication. This topology
has the following properties:

(i) rs(A) is the closure of 0 in (4,7 (4,¢)).

(ii) If A = B and if ¢ denotes the natural homomorphism of B onto B/A, then
the closure of 4 in (B, 7 (B, ?)) is

() (4 + BN) = ¢ ~!(ts(B/A)).

Neé&
(iii) If Ay,B, then J (B, &) induces 7 (A4,8) on A.
(iv) J(4,¢&)is discrete if and only if AN = 0 for some N € &.

LemMmA 1. If J(A,&) is Hausdorff and if (B,J) is a completion of
(A,7(A,6)) then AysB.

Proof. We notice first of all that for each N e &, the closure AN of AN in
(B,7) is an R-submodule of B and that {AN}y ., is a basis of the filter of neigh-
borhoods of 0 in (B,J). Suppose that ae BNN A, where Neé&, so that
a=byn, + ---b,n, where b, € B and n; € N. There exists a neighborhood ¥ of 0 in
(B,) such that VN A = AN, and by the remark made above, we may assume
that V is an R-submodule of B. Since A is dense in (B,9), for each i = 1,2, .-, r,
there exists a; e (b; + V)N A. Set a; = b, + ¢;, where ¢, € V. Then

a=(an, +- +amn)—(cny +- +cmn,)

sothata — (a;n; + - + a,n,)e ANV = AN and therefore a € AN.

Now if 4 is any module in €, we denote by ¢, the natural homomorphism of
A onto AJt,(A) = A’. Since 1,(4") =0, T(A’,&) is Hausdorff and we may speak
of the completion (Sg(4),7 ,) of the topological R-module (4',7(A4’,6)). Let
« 4 denote the product of ¢, by the natural injection of A’ into Sg(A4).If f: A — B,
finduces a unique g: A’ — B’ and g is obviously a continuous R-homomorphism
from (4’,7(A’,8))to(B’, 7 (B',&)) so that g may be extended in a unique fashion
to a continuous R-homomorphism S,(f) from (S,(4), 7 ,) to (Sg(B).7 g). We
notice that Sg(f)x, = kpf. It is then obvious that S, is a functor from %y into
itself and that « is a natural transformation from 1, to S



134 J.-M. MARANDA [January

THEOREM 1. (Sg,x) is a functorial description of an injective structure
BE (LF, Q%) which is finer than B,. The class Qf of all modules Q in € on
which there exists a Hausdorff topology which is compatible with addition and
scalar multiplication and which is complete and coarser than I (Q,&) is a basis
of injectives of B .

Proof. For any module 4 in €, by Lemma 1, A'y,S,(A4) so that J, and
T (S¢(A),&) both induce T (A',8) on A’ and therefore by the corollary of Propo-
sition 9, Chapter II, of [3], J, is coarser than J(Sg(4),&). Thus we see that
S¢(A) Q. Now let f be an R-homomorphism from 4 to Q € Q. There exists a
Hausdorfftopology .7~ on Q which is compatible with addition and scalar multipli-
cation and which is complete and coarser than 7(Q,&). It is then obvious that
1(Q) =0 so that there exists a unique R-homomorphism g:A’— Q such that
f = g¢ 4. Itis obvious that g is a continuous R-homomorphism from (4’,7 (4',8))
to (Q,7(Q,%)) so that, a fortiori, it is a continuous R-homomorphism from
(A, T (A’,6)) to (Q,T). Since (Q,.7) is Hausdorff and complete, g may be ex-
tended uniquely to a continuous R-homomorphism k from (S,(4),7 ) to (Q,T)
(but h may not be the only R-homomorphism from S,(A4) to Q extending g so that
B, may not be regular) so that f = hi,. Then, by Proposition 2 of §1, Q} is a
basis of injectives of an injective structure of B} of € which is described by
(x,Ss). If A is any module in %, there exists ¢: 4 — Q in S,, where Q €Q, and
since, by Lemma 1, x, € S, there exists f: S,(4) - Q such that ¢ = fx,. There-
fore, B, is finer than B,, by Proposition 5 of §2.

THEOREM 2. BF is coarser than B and the following three statements are
equivalent:

(1) BE =25 .

(2) For any vs-separated module A in € g, T(Ss(A),&) = T.

(3) QF is precisely the class of all tg-separated modules A in € such that
(A,7(A,&)) is complete.

Proof. If A is any r,-separated module in %, then there exists an extension
A" of 4 such that 4" € Q}, Ay,A" and 14(4"/A) = A"|A. Then (4,7 (4,6)) is a
dense topological R-submodule of (4”,7(A4",8)) so 1, may be extended to a
continuous R-monomorphism f from (4”,7(4",8)) to (Ss(4),7 ,) (which we
consider as a true extension of 4). Since f is obviously the only R-homomorphism
from A” to S(A) extending 1 ,, from here on, we consider f as a natural injection
of A" into Sg(A). It is obvious then that A” is just the inverse image of t,(Ss(4)/A4)
by the natural homomorphism of S,(A4) onto S,(4)/A. By Proposition 5 of §2, we
conclude that B is finer than BE. Now BY = BF means that for any r,-sepa-
rated module A4, A"= S,(A4). Then 1,. is a continuous homomorphism from
(A",7(A4",6)) to (Se(A4),7 ,) so that it may be extended uniquely to a con-
tinuous homomorphism g from (Sg(A4"),7 ) to (Sg(4),7 ,) (here again we
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consider S;(A4") as a true extension of A"). But (S4(4"),7 4) is a completion of
the topological R-module (4,7(4, &)) so that g must be a bicontinuous iso-
morphism and therefore 7 (S4(A4),8) = 7 ,. Now assume that (2) holds and let
AeQyg . Then T, =7 (S4(A),6) so that r,(Sg(A)/A) = Ss,(A)/A and therefore
the natural injection of A into Sg(A) is in G%. Then 4 is a direct summand of
Sg(A), i.e., Sg(4)=ADC, and since C= Sy(A)/A, 1,(C) = C, contradicting
the fact that S,(A4) is r,-separated, unless C =0 and A = S,(A4), so that
J(A,8) is complete. That every r,-separated module A for which J(4,8)is
complete is in Q7 is obvious. Finally, if (3) holds, for any r;-separated module
A,(A",T(A",6))is a completion of (4,7 (A,&))so that (4",T (A",6))=(S,(A),T ,)
and therefore BF = B .
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