INTEGRAL REPRESENTATIONS OF DIHEDRAL
GROUPS OF ORDER 2p

BY
MYRNA PIKE LEE(!)

Introduction. Information about the integral representations of finite groups
has been obtained to varying extents. For Z the ring of rational integers and G
the cyclic group of prime order, the ZG-modules were studied by Diederichsen
[3] and Reiner [11], who showed that there were finitely many indecomposable
ZG-modules and determined them completely. The finiteness of the number
of indecomposables in the case where G is cyclic of order p* was shown, for p =2,
by Troy [16] and for any p by Heller and Reiner [5] and by Knee [8], while
Oppenheim [10] and Knee [ 8] established the finiteness of the number of inde-
composables for G cyclic, of square free order. Heller and Reiner [5; 6] and
Jones [7] established that the number of indecomposable ZG-modules is finite
if and only if all p-Sylow subgroups of G are cyclic of order at most p. Here,
as well as throughout this paper, we shall mean by a ZG-module one which
is finitely generated and Z-free.

In this paper we shall classify all finitely-generated S-free SG-modules where
G is the dihedral group of order 2p, p an odd prime, and S is Z or Z,, the semi-
local ring formed by the intersection of Z, and Z,, respectively the rings of p-inte-
gral and 2-integral elements in Q the rational field. Z,, = {r/s€ Q: (s,2p) = 1}.
Taking 0 to be a primitive pth root of unity, we shall denote by K = Q(6) the
cyclotomic field of degree p—1 over Q and by K, = Q(6 + 0-1) the real subfield
of K. R, and R shall be the integral closures of S in K, and K, respectively.
Letting [) denote the group of automorphisms of K with fixed field K, we may
form A the twisted group ring of §) with coefficients in R.

§1 of this paper is devoted to a characterization of R-projective A-modules
of finite R-rank. The results of this section are then applied in the second section
to show that there are precisely 7h + 3 nonisomorphic, indecomposable SG-
modules where h is the ideal class number of R,. In §3 it is shown that although
a Krull-Schmidt theorem is not obtainable for SG-modules, invariants may be
obtained which determine an SG-module up to Z,,G-isomorphism. The final
section deals with projective SG-modules. Here an isomorphism is established
between the projective class gioup of SG and the ideal class group of R,.
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1. Modules of the twisted group ring. The group b of automorphisms of
K having fixed field K, is of order 2 with generator a where a6 = 61 the complex
conjugate of §. We shall henceforth denote 61 by 8. It follows that ax = % for
every x e K. The twisted group ring of h with coefficients in R is given by
A =R + Ra where a(r, + r,a) = Ffia + 7, for ry + ryaeA.

Every A-module can be regarded as an R-module. We shall call a A-module M
R-projective if M is a projective R-module.

PROPOSITION 1.1. Every R-projective A-module is A-projective.

Proof. Let M be any A-module which is R-projective. Let ¢:R — A be the
natural map. Define My, = A®zM where a(AQ m) =ai@m for AiecA, meM.
Since M is R-projective, M, is A-projective [ 1, p. 30]. Consider the exact sequence
of A-modules

(1.1) 0—>kerg—->M¢§>M—>0

where g(A® m) = Am. Take p = /(6 + 0), a unit in R such that p+p =1 and
define f:M — My by f(m)=(1® pm)+(a® pam). f is a A-homomorphism.
Forany me M, gf(m)=g(1 ® pm) + g(a ® p(am)) =pm+apam=pm+pm= m,
whence the sequence (1.1) splits. It follows that M is isomorphic as a A-module
to a direct summand of the projective A-module M and is thus A-projective.

Any ideal I in A, considered as an R-module, is a submodule of the free R-
module A. Since R is dedekind, R is an hereditary ring and I is thus R-projective.
By Proposition 1.1 I is A-projective. This establishes

PROPOSITION 1.2. A is an hereditary ring.

It follows that every submodule of a free A-module is a direct sum of modules,
each isomorphic to a left ideal in A [1, p. 13]. It remains for us to characterize
the ideals in A.

DEFINITION. An R-ideal 4 in K is said to be ambiguous if and only if A=A,
that is, if and only if whenever x € 4, X € A.

Since a is the automorphism of K given by ax = % for each xe K, an am-
biguous ideal in K can be considered as an ideal of A of R-rank one under the
action of a given by ar =7 for r e A. Conversely, any A-module I of R-rank
one is isomorphic as an R-module to an R-ideal A4 in K. Since ax €I for each
x € I, the isomorphism is an isomorphism of A-modules if and only if ar = Fe 4
for each re A. We have thus shown
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PROPOSITION 1.3. An ideal I in A has R-rank one if and only if I is A-iso-
morphic to an ambiguous R-ideal in K.

Now assume I is any ideal in A having R-rank two. Consider I* = K, @, I.
I* is a module over A* = Ky ®g,A = K + Ka, where ax = Xa for x € K. Since
K, < K is the fixed field of a, A* is the crossed product algebra of K over K,
with respect to §). It follows that A* is a simple algebra over K, and, in fact, a
simple ring with minimum condition. Thus any A*-module is isomorphic to a
direct sum of minimal left ideals of A* and all minimal left ideals of A* are iso-
morphic. In particular, if K is made a A*-module by defining (x; + x,a)x
= x;x + x,% where xe K and x; + x,a € A*, we see that K, being a field, is an
irreducible A*-module. 1t follows that any A*-module is isomorphic to a direct
sum of copies of K, that is, there exists a K-basis for I*, (e,,e,), such that
I* =~ Ke, ®Ke,. Let I, =1 nKe,. I, is invariant under the action of a and
is thus a A-submodule of I having R-rank one. By Proposition 1.3 I, is isomorphic
to an ambiguous R-ideal in K. I/I,, considered as the quotient of two A-modules,
is a A-module of R-rank one and hence is isomorphic to an ambiguous R-ideal
in K. As such it is A-projective. It follows that the exact sequence of A-modules,

0-1,-I1-1/1,-0

splits and I/I, is isomorphic to a direct summand of I. Hence I is isomorphic
to a direct sum of two ambiguous R-ideals in K. We have shown

THEOREM 1.1. Every ideal I in A is A-isomorphic to either an ambiguous
R-ideal in K or a direct sum of two ambiguous R-ideals in K, depending on
whether 1 has R-rank one or two.

Let us now characterize ambiguous R-ideals in K.

DerINITION.  Two ideals 4 and B in K will be called real-equivalent if and
only if there exists an a € K, such that 4 = Ba.

Real-equivalence is an equivalence relation on the set of ambiguous R-ideals
in K. We have immediately

LemMA 1.1. Two ambiguous ideals in K yield isomorphic ideals in A if
and only if they are real-equivalent.

Proof. Let 4 and B be ambiguous R-ideals in K which are A-modules under
the action ax = X for xe€ 4, ay = y for ye B. Let ¢ be a A-isomorphism of 4
and B. Since ¢ is an R-isomorphism, it must be given by multiplication by an
element a € K, that is, B= Aa and ¢(x) =xae B for xe A. Isomorphism as
A-modules implies o is real since a¢(x) = ¢(ax) if and only if %o = Xa, that is,
if and only if « = @ which implies « € K,. The converse is trivial.

Since for any ideal 4 « K we may find an element z € S < K, such that Az c R,
we may now restrict our attention to ambiguous ideals in R.
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LEMMA 1.2. An ideal in R is ambiguous if and only if it can be written
in the form (1 — 0)°WR where W is an ideal in Ry and ¢ =0 or 1.

Proof. Let A < R be an ambiguous ideal and consider its factorization into
prime ideals in R. If P is a prime ideal and P| 4, then P| 4, and we have the fol-
lowing two possibilities:

(i) P # P. In this case P and P occur to the same exponent in the factorization
of A, so that A has a factor (PP)° for some integer e > 0. We can write PP = VR
for some ideal V < R,.

(ii) P = P. Then since PP = VR for some ideal V< Ry, P>=VR and V
cannot have more than one type of prime ideal divisor in R,. If V is not prime
in Ry, then V= W? where W < Ry, W is a prime ideal and P = WR. If, on the
other hand, V is prime in Ry, VR = P? implies that V ramifies from K, to K.
The only prime which so ramifies is p, whence P=(1—6)R and P*= VR.

Combining (i) and (ii) establishes the lemma in one direction.

Conversely, for any Y= Ry, Y = ¥. Then YR = YR and since (1 — 6)/(1 — 0)
is a unit in R, 1 —0)YR=(1—0)YR=(1-0)-[(1 —6)/(1 —D)]YR implies
that (1 —6)YR=(1—-0)YR.

We note that (1 — 0)°YR and (1 — 0)°’XR are real-equivalent for e=0 or
e =1 if and only if X and Y are in the same ideal class of R,, and further that
XR and (1 — 0)YR are never real-equivalent for any ideals X and Y < R,. We
thus have

THEOREM 1.2. There are precisely 2h nonisomorphic, indecomposable,
A-modules of R-rank 1. These arise from the ambiguous ideals of R where h
is the ideal class number of R,.

If {U;:1<i<h}is a complete set of representatives of the h distinct ideal
classes of Ry, then {U;R, (1 — 0)U;R: 1 <i < h} is a complete set of represen-
tatives of the classes of real-equivalent ambiguous R-ideals in K. We note we
may choose the set of U; for i = 1,---, h such that U; + U; = Rqfor i #j. Further,
since (1 —0)U;R = (0 — 0)U,R, we may choose our 2h nonisomorphic, inde-
composable, A-modules to be given by U,R and (6 — O)U;R for 1 £i < h where
aru=ia for ueUR and a@@—0u= —(@—0)a for (6 —0)ue(@—0U;R.

Our above remarks have already established

ProrosiTION 1.4. If I and J are ideals in A of R-rank one, then
I=@—-0)*UR and J=(@—0)U;R, 1<, j<h, where ¢, and ¢; are each
either 0 or 1. I and J are A-isomorphic if and only if i=j.

LeMMA 1.3. If U; and U, are representatives of distinct ideal classes of Ro,
@-0*"UR+@B—0)UR=(@B—60)*R+(0—0)UU,R where ¢, and ¢; may
each be taken to be either O or 1.

Proof. U, and U; may be chosen such that U, 4 U; = R,. Then there exist
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a € U; and BeU; such that o + f = 1. The map ¢ defined by ¢(x,y) = (x + y,
Bx — ay) for (x,y) (6 — 0)*U;R + (8 — 0)°U ;R where ¢ is fixed as 0 or 1 is a
A-isomorphism of (§ — 6)°U,R + (6 — 6)°U;R and (8 — 6)°R + (6 — 6)°U,U;R. If
& # ¢&j, since @-02*U ;j is a member of the same ideal class of R, as U, we can
choose U; suchthat U; +(8— 6)*U; = R,. Then there area € U;and e (6 — 6)*U;
such that o« + = 1. The map ¢ of U;R + (8 — 0)U,R onto R + (8 — 6)U,U,R
given by ¢(x,y) =(x + y,px —ay) for xe U;R and ye(§—0)U,R is a A-iso-
morphism of the two direct sums.

We remark at this point that if S is the semilocal ring Z,,, then R, and R,
being dedekind domains with only finitely many prime ideals, are principal ideal
domains and & = 1. In light of this remark Lemma 1.3 is trivially true for the case
where S =Z,,.

Lemma 1.4, If M= X!_,(0— 0)*U,R where each &, =0 or 1 and U, is an
ideal in Ry, then the class of [[{=1U; in Ry is an invariant of M.

Proof. Considering Hom,(R,M) as an Rjy-module, we see that
Hom,(R,M) = U, ®--- @ W, where W, 1 <i < n, are ideals in R, and the class
of [[7=;%; in R, is an invariant of Hom,(R,M). On the other hand, Hom is
an additive functor so that

HomA(R, M) = Zn: HOInA(R,(g - 0)“ U"R).
i=1

If feHom,(R,(6 —0)*U;R), f is determined by f(1)e(@— 6)*U,R. Since
af(1) =f(a-1) =f(1); f(1) e K, hence Hom,(R,(8 — 0)* U,R) =(6—0)* U,RNK,
under the mapping f—f(1). But (6—60)*U,R NK, = p;R,U; where p,R, is a
principal ideal in R,. Thus Hom,(R,M) = X, p,R,U,. It follows that the
class of [J; in R, is the same as the class of [ [U; in R, and the class of [JU
in Ry is an invariant of M.

We note that if M =A, fe Hom,(R,A) is determined by f(1) =r + 7a for
re R. The mapping r—r + fa =f(1) is an isomorphism of Hom,(R,A) and R
as Ry-modules. Since af(1)=f(a'1)=f(1), Hom,(R,A)=RNK,=R,. It
follows that the class of principal ideals in R, is an invariant of A, that is,

1.2) A=z@-60)"R+@-0)*R

where each of ¢;,¢, are 0 or 1.

It is now clear that any R-projective A-module of R-rank n is isomorphic as
a A-module to a direct sum of ambiguous ideals in R of the two types U;R and
(6 — O)U;R. Note that if we choose basis elements e, and e, such that ae, = ¢,
and ae, = —e,, we may replace U;R and (6§ — 6)U;R by the modules U;Re,
and U;Re, where a acts semi-linearly on an element of U,R. The action of a
considered as a semi-linear transformation on a A-module M having v factors
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of the type U;Re, and n — v of the type U;Re, is given by the diagonal matrix
M = diag[I,, — I,-,] where I, is the v x v identity matrix and I,_, is the
n —v x n—v identity matrix. We must determine when the two R-projective
A-modules M and N are isomorphic. Clearly, since isomorphism as A-modules
implies isomorphism as R-modules, M and N must have the same R-rank n.
Lemma 1.4 tells us the class of [[U;, in R, is the same for M and N. Now let v
and u be the numbers of summands of type U;Re, in M and N, respectively.
Let M =diag[I,,—I,_,] and N=diag[l,,—1,_,] and suppose u#v. M is
A-isomorphic to N if and only if there exists a unimodular matrix C over R such
that CMC™'= N where C =[4,;] if C=[y,]. Let P be the maximal prime
ideal in the local ring Rp, the integral closure of Z, in K. (8 —0) is not a
unit in Rp, whence @ = § mod P, and C = C mod P. If C is unimodular
over R, C is unimodular over R, and CMC-! = N mod P where C is
unimodular over Rp/P. But Rp/P is a field of characteristic p # 2 and such
a C cannot exist. Hence, M is not A-isomorphic to N. It follows that the number
of summands of M of type U;R is an invariant.
Consolidating the results of this section we see that we have established

TueoreM 1.3. If M is any R-projective A-module of R-rank n,
M= X UR+ X@-0U,R,
v=1 u=1

where U;,U,, are ideals in R, and the action of a is given by conjugation.

M isdetermined up to A-isomorphism by n,v, and the ideal class of (H,U,v)(H,‘U,n)
in R,.

2. Indecomposable SG-modules. Let G be the dihedral group generated by
a and b under the defining relations a®> = b?=1 and ab = b?"~ ‘4. We note that
SG is the twisted group ring S[b] + S[b]a. Taking ®,(X) to be the cyclotomic
polynomial of degree p — 1 and R = S[0], we see that the correspondence b— 6
induces an SG-isomorphism between SG/®,(b)SG and R + Ra =A, where b
acts on A as multiplication by 0 and al = la for AeA.

Let M be any finitely generated, S-torsion free, SG-module. Define
Mo ={meM:®,(b)m =0}. M, is a pure SG-submodule of M annihilated by
®,(b) and we can therefore consider M as a A-module. Being a finitely generated,
R-torsion free A-module, M, is A-projective. It follows from §1 that M, is A-iso-
morphic, a}nd hence SG-isomorphic, to a direct sum of ambiguous ideals in R,
Mo~ A + -+ A, where A;=(0—0)°U,R for e=0 or 1 and q and b act on
A; by conjugation and multiplication by 6, respectively. M, is determined up
to SG-isomorphism by the number of ideals of each of the two types U;R and
(90— 0)U,R, and the ideal class of []-, ZI, in R,.

On the other hand, since (b — 1) annihilates M/M,, M/M, is an S[a]-module.
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It follows from [11] that M/M, = S 4 §'® + L%, where S, S’ and Lare de-
fined as SG-modules by

S: ax=x, xe8S,
S': {xeS} with ax= —x for xe§’,
L: {(x,e; + x;¢e;): x;€S} with ax,e; = xe,, ax,e, = x,e,,

the action of b being trivial. M/M,, is determined up to SG-isomorphism by the
numbers (r), (s) and (¢) of each type of summand.

It is readily seen that the problem of classifying SG-modules reduces to one
of determining the extensions of S® 4 S'@+4+L" by 4,4+ - + 4,.

For any pair of SG-modules X and Y, we can obtain from the S-module X + Y,
an SG-module denoted by (X,Y;F) by choosing a pair of homomorphisms
F,e Homg(Y,X) such that g(x,y) = (gx + Fy(»),gy) where g =a,b. The pair
(F,,F,) determine a map F e Homg(SG,Homg(Y,X)) which will be called a
binding homomorphism of X and Y. Clearly, due to the defining relations of G,
an F e Homy(SG,Homg(Y, X)) is a binding homomorphism if and only if

@ aFy) + F,(ay) =0,
(2.1) (i) ,)::1 bP~1TF(bYy) =0,
(iii) aFy(y) + F,(by) = b*7'F (y) — b* " 'Fy(b" " 'ay),

for ye Y. The totality of all binding homomorphisms of X and Y B(Y,X) is
an additive subgroup of Homy(SG,Hom(Y, X)).

DerFiNITION. If X and Y are SG-modules and F, F'e B(Y,X), we shall say F
and F' are strongly equivalent,denoted by F x F', if there exists an E € Hom (Y, X)
such that F,(y) — Fg(y) = gE(y) — Eg(y) for all yeY, and ge G. We will say
F and F’' are equivalent, denoted by F ~ F' if (X, Y;F) = s4(X,Y; F’).

Clearly, F ~ F' implies F ~ F’. We remark further that if (X,Y;F) is an SG-
module with F 20, then (X,Y;F)=~ X + Y (SG-direct sum).

We refer the reader to [13] for the proof of the following

PRrOPOSITION 2.1. Let X and Y be arbitrary SG-modules and F,F’ € B(Y, X).
If there exist SG-isomorphisms a of X onto X and B of Y onto Y such that
oF ~ F'B, then F ~ F'. Further, if Homg(X,Y) =0, the converse is also true.

Strong equivalence is an equivalence relation under which B(Y,X) may be
partitioned into classes of strongly equivalent binding homomorphisms. These
classes form an S-module customarily denoted by Ext}s(Y,X). In order to
determine the extensions of M/M, by M, we shall first consider separately the
extensions of S, S’, and L by A4;. We shall adopt the notation Hom and Ext for
Homgg and Extsg. Further, since in considering 4, = (§ — 0)°U;R, the class
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of U; in R, is of no consequence, we shall merely write 4, or A;, depending
on whether ¢ =0 or ¢ = 1. Note that for x € 4;, ax = %, whilefor xe 4/, ax = — %.
Treating SG as a left SG-module we obtain the exact sequences

) 01 %56 % S0,
(2.2) (ii) 0-1rI ¥ SG LY S =0,
Gi) 0 S6b-1) ¥s6 %L 0.

(i) is obtained by taking ¢, :SG — S to be defined by ¢,(a) =¢(b)=1. It is
easily verified that I = SG(b —1) + S(a —1). Taking ¢,(a) =—1, ¢,(b) =1, we
see that I'=SG(b— 1)+ S(a+1). To obtain (iii) we observe that if
Y = S®,(b) + Sad,(b), then 7(®,(b)) =e,,7(a®,(b))=e, is an SG-isomorphism of
Y and L. Taking #:SG—Y given by 7(z) = z®,(b) for zeSG, we see that
SG(b — 1) is the kernel of  and

0560 —1)% 56% ¥>0
is exact. We need only take ¢5 = 1 to obtain (iii).

LEMMA 2.1. There exist S-isomorphisms

(i) Ext(S,4;) ~(0) = Ext(S’, 4)),

(i) Ext(L,4;)) = A/(0—-1A4; =~ Ext(S,4),
(iii) Ext(L,A4;) =~ Ai/(0—1)A; = Ext(S, 4)).

Proof. (We shall prove the lemma only for Ext(S, 4;) and Ext(S,4;’). The
proofs of the other results are similar.) Since SG is a free SG-module, we obtain
from (2.2) the exact sequences

*
@) -+ - Hom(SG,4,) ™2 Hom(l,4;) - Ext(S,4,) — 0,

%*
@) - — Hom(SG, 47) ¥ Hom(l, 4) - Ext(S, 4)) — 0,

where ¥ arises from the inclusion map ¥, in (2.2) by (Y #f)x =f(¥,(x)) for
xel and fe Hom(SG, 4,) or Hom(SG, 4;), as the case may be. It follows that
Ext(S, 4;) = Hom(l, 4;)/image of Y in (i) and Ext(S, 4)) = Hom(l, 4;) [image of
Y{in (i’). An fe Hom(l, 4;) is determined by its action on (a — 1) and (b —1).
If fla—1)=x and f(b—1)=y where x,yeA;, then (b-—1)(f(a—1))
=f((b —1)(a—1))and (b— 1)(a—1)=[a(b® " *+ b* "3 +...+ 1)—1](b — 1) imply
that (0 — 1)x =05 — y. It follows that x depends wholly on the choice of y,
enabling us to specify f by specifying f(b— 1) =y. Further, since y = ymod(1 — 6)4;,
we have y(0 —1) = Omod(1 — 0)4; and we see that our choice of y may
be arbitrary in A;. By associating f with f(b — 1) = y we obtain Hom(I, 4}) = A4;.
Now consider Y} (Hom(SG, 4})). Certainly Hom(SG, 4;) = A;. If he Hom(SG, 4)),
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WTh)(b—1) = h(b — 1) = (b — 1) h(1) and the image of y*in (i’) is isomorphic
to (b—1)4;. Since b acts as multiplication by 6, Ext(S,A]))=~ A4;/(6 — 1) A/

Replacing A; by A4, and again using the relationship (b — 1)(f(a — 1))
=f((b—1(a—1)) for feHom(l,A,), we obtain (0— 1)x = —05 — y. Then
y(1 + 6) = Omod (6 — 1)4; from which it follows that ye(f — 1)4; and
Hom(I, 4;) = (0 — 1)A4;. Thus Ext(S,4;) = (0— 1)4,/(0 —1)4; =(0).

Since 4;/(0 — 1) A/~ A;/(0 —1)A,~S/pS, we see that the number of ex-
tensions of S, S” or Lby A, or A; is, in all cases, either 1 or p. If there is only one
extension we have a decomposable SG-module. In the case where the number
of extensions is p, taking representatives of A;/(0 — 1)4; to be given by
{jng: 0=j=p—1, ngedny¢ (60— 1)A4;}, we shall denote the representatives
of the p inequivalent classes of binding homomorphisms so obtained by
FY, j=0,-,p—1. We now consider (4},S;FY) for j=0,--,p—1. An
F € B(S, A}) is determined by the action of the pair (F,,F,) on 1 € S. From (2.1(iii))
and the defined actions of a and b on S and A4;, we have — F,(1) +0F,(1)
=(0 — 1)F,(1). It follows that F,(1) and hence F, is determined by F,(1). We
shall choose F{)(1)=jn, for j=0,-,p—1 and show that F¥ ~ F® for
0=<j = p— 1. Both S and 4/ are irreducible SG-modules, hence Hom(S, 4;) =0
and, by Proposition 2.1, we need only find SG-automorphisms « and f of 4;and
S such that aF" ~ FU'8, This will be the case if and only if
(«F " — FY9B)(1) € (0 — 1)A;. Take B to be the identity automorphism of S and
a to be left multiplication by the u=(x%)!/2 with x=(8'—1)/(6—1) so that uis a
unit of R, and hence of R. Then aF{(1) — F{B(1) = (u — j)n, which, since
u = mod (60— 1) implies that (u—j)n, e (0—1)4; for 0 <j < p—1. 1t follows that
there exists up to isomorphism at most one indecomposable module arising
from an extension of S by A4;.

To establish that (4;,S; F*) is indeed indecomposable we note that by Pro-
position 2.1 if F®) ~ F® there would exist SG-automorphisms « and f of 4}
and S such that (aF{"— F{”B)(1)e(0 — 1) A, But F'® ~(0) implies that
a(ny) € (60 — 1) A;. Since « must be multiplication by a unit of R, noe(6 — 1) A;
a contradiction of our original choice of F(1), We have shown

PROPOSITION 2.2. There exists one indecomposable SG-module arising from
an extension of S by A;. This module, denoted by (A.,S;F), is defined by
{(x,y):x € Aj,y € S} where the action of G is given by a(x,y) = (% + F.y),y),
b(x,y) = (6x + Fy(»), ).

Fy(y) = yno, F(y) = y(—#g + 0n,)/ (8 — 1) for ny e A}, no ¢ (60— 1)4;

In a similar manner, employing the same automorphisms o and B, we can
show the existence of precisely one indecomposable SG-module of each of the
types (4;,S’;F), (4;,L; F) and (4, L; F). In the case of the last two types we
need only note the class of FP 0<j< p—1, in B(L,A,) or B(L,A;) under
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strong equivalence is uniquely determined by (F$e,), F\(e,)) = (jng,jno) Where
no € A;, noé¢ (0 — 1)A; and ny¢ P; for any prime ideal factor P; of 2R. In view
of the existence of only one indecomposable module for each extension of S,S’
or L by A; or A;, we shall hereafter drop the F and refer to the nontrivial extension
only by the pair of modules involved.

We shall now determine the extensions of M/M, by M, which
yield indecomposable SG-modules M. Note that if M is any finitely
generated Z-free ZG-module, we can form the associated Z,,G-module
M,,=2Z,,®,M. When S = Z,,, the class number h of R, is one and
A;=R, A]=(@—0)R=R'for1<iZ h.In this case M, simplifies to the form
R™ 4 R’™, Since a theorem due to Reiner [14] tells us that M is a decomposable
ZG-module if and only if M, is decomposable as a Z,,G-module, we shall for the
remainder of this section, except where it is expressly stated to the contrary,
assume S =7,,.

Let M be an indecomposable SG-module. M is the extension of
S®@ LML ™ by R® 1 R'®, Since M is indecomposable, we cannot have
all of (s), (¢), and (w) equal to 0 unless one of (1) and (v) is 0 and the other is 1.
Similarly if (v) = (u) = 0 one and only one of (s), () and (w) is equal to 1 and
the other two are 0. Assuming now that neither all of (s), (t) and (w) nor all of
(u) and (v) are 0, we have

Case 1. w#0. There are two subcases: (i) s =t =0 and (ii) either one or
both of s and ¢ are nonzero.

(i) If s=t=0, M arises from the extension of L™ by R™ 4 R'®, Letting
2. 1SGx; be a free SG-module with basis {x,,---,x,}, and adding w copies of
the exact sequence (2.2.(iii)), we obtain the exact sequence
Lx; — 0.

0 - Z SG(b — 1)x; - gw

i=1

_'_[M:

Then Ext(I*, R® + R'®) = Hom( XSG(b — 1)x;, R* + R'®)/image of t*. Let
{a;,---,a,} and {by,---,b,} be bases for R™® and R’ respectively such that
R® =Ra, ® - ®Ra, and R®=R'b;® - ®R'b,. An

FeHom(X SG(b—1)x;, R® + R'®)
is given by

F(b—1x) = X ria; + 2 b 1sisw, reR, r'yeR’
j=1 k=1

The class of F in Ext(L,R™ + R'™) corresponds to a pair of matrices
F,=(p;;) and F,=(p;;) where the entries p; and p; are in Ext(L,R) and
Ext(L,R’), respectively. In particular, since there is, up to isomorphism, only
one indecomposable module arising from each extension, p;; and p;; can be
taken to be either 0 or 1.

A change of basis of R™, leaving a; fixed for some j s 1 and replacing a,
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by a, — Aa;, will replace p;; by (p;; — 4py;), 1 £ i £ w. On the other hand, since,
a change of basis of L™ leaving x,,x3,-,x,, unchanged, but replacing x, by
X, — Ax,, replaces (b — 1)x, by (b — 1)x, — (b — 1)x, and hence p;, and p,,
by pj2 — Apj1 and p, — Apy,, respectively. We will identify F with its class in
Ext(I™,R™ + R'®) and speak of F(x,) rather than F((b — 1)x,).

Consider first the (u x w) matrix F, = (p;;). There must be a nonzero element
p1; =1 in the first row of F,, since otherwise a factor of Ra,; would split off and
M would be decomposable. Renumber the basis elements of I™ if necessary,
to place this element in the (1,1) position. We may assume hereafter p,; = 1. A
change of basis of R™ which results in replacing p;, by p;,—Ap,, where
A=pj, is either 1 or 0 for 2<j<u can be performed. F, now
will have all entries in its first column, with the exception of p,, equal to 0. By
changing the basis of L) we may now make the (1,2),---,(1,w) entries 0. Re-
peating this process we may diagonalize F, to obtain F, = diag[I,,0]. If m <u,
a factor Ra,,,; ® - ®Ra, would be a direct summand of M, contradicting
the indecomposability of M. Therefore, we may assume m = u, and

F(x) = a;+ X pub 1figu,
2.3) k=1

F(x) = X pibs, ut+l=sisw
k=1

We note that although the diagonalization process will change the values o
coefficients of the b,’s, these coefficients are elements of Ext(L, R’)and, as such,
may be taken to be 0 and 1; thus we retain the notation py; for these coefficients

Now consider F,. If v=0 (23) tells us that M=(R, L @L"™"
contradicting the indecomposability of M. Thus assume v # 0. There exists a
nonzero entry in the last column of F, since otherwise L or (R, L) would be a
direct summand of M, depending on whether u < w or u = w. We may renumber
the basis elements b,,---,b, such that p,’, = 1. A change of basis of R'®), re-
placing b, by b, — Ab, where A = p;,, 2 < k <v will reduce the entries of
the last column of F,. to 0 for 2 <k <v, that is, F(x,)=é,,a,+ b; where
8,y =0 if u<w, §,,=1 if u=w. A change of basis of I[!*), replacing x;
by (x; — piwX.w) for 1 <i<w—1 will give us

F(x) = a;— 8,upti0y + X piibis 1figu,
k=2

(2.4) F(x) = 8upii@s + 2 puby u+1Sisw-—1.
k=2

F(x,) = 6,,a,+by.
If u#w,$,,=0 and (2.4) becomes



224 M. P. LEE [February

F(x) = a, + X pubs 1figuy,
k=2

F(x) = X pubs ut+lgisw—1,
k=2
F(xw)= b19

whence a factor (R’,L) is a direct summand of M. If u =w, §,,=1 and (2.4)
is given by

F(x) = a;—pya, + X pub, 1Sisw-—1,
k=2

F(x,)= aw+ b;,.

Replacing a; by a; = a; — pj;a, for 1 £i <n —1 and taking a, = a, we finally
obtain

I

F(x)) a; + ) Pxibis Isisw-—1,
k=2

F(xw) = a; + bl

whence (L,R + R’)is a direct factor of M. In either case M is now decomposable.
Thus if M is an indecomposable module obtained by an extension of L™ by
R™ £ R’®) we have max (u,v,w)=1. We have already seen M is indecomposable
if w =1 and one or both of u, v are equal to 0; or if w =0 and one of u and v
is 0. That M is indecomposable when u = v = w =1 follows from the indecom-
posability of the group ring (cf. [15]) and the fact that SG has S-rank 2p.

(ii) If w # 0 and one or both of s and ¢ is nonzero, then M is an extension of
S® 4L 801 1™ by R®4 R'™, Noting that by Lemma 2.1 Ext(S, R) =
Ext(S’,R’) = 0, we see that the class of an F e Ext(S® + §'® 4+ [ R® {1 R'®)
is determined by the four matrices

Ft = (Tij)(uxt)’

Ft' = (T:j)(vxs)a

(2.5)
Fp = (pij)(ux w)?

Fp' = (pl{j)(vxw)

with entries in Ext(S’,R), Ext(S,R’), Ext(L,R) and Ext(L,R’), respectively.
In particular, these entries may be taken to be O or 1.

We suppose first that M is the indecomposable module arising from an ex-
tension of S @ Lby R’. The matrix representation of M has the form
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R’ 1 17
S 0
= L

But Lis the extension of S’ by S [11] whence, noting that Ext (S’, R") = 0,
it follows after suitable manipulation of bases that M is determined by the two
matrices F = (1;;),i = 1,j = 1,2and E = (p,;) with nonzero entries in Exts5(S,R")
and Extgp, (S, S), respectively; that is, M now has a representation of the form

—R’ 1 1 0=
S 0 0
S 1

- S'_|

and F is the matrix corresponding to an extension of S® by R'. If
S® =Sz, ®Sz, and R’ = R’b,, F(z,) = b, and F(z,) = b,. A change of bases
to z; where zj =z, and z), =z, —z, makes F=(1 0) whence M becomes
(R’,S) @ L. A similar argument will show that the extension of S'@L by R
cannot be indecomposable. To return to the more general situation we suppose
we have the four matrices indicated in (2.5). Let the bases for R®, R’® and L™
be as in (i) and take S® = Sy, @ --- @ Sy,. Then identifying maps with matrices

v

F(y) = X by, 1<I<s,

(2.6) k=

u v
F(xp = ;:1 pija + kz_:l Pieibe  1Zj=w.

There exists a nonzero element 7;; = 1 in the first column of F,. since otherwise
Sy, would be a direct summand of M. Renumbering the b, such that 77; = 1
and using the same process as in (i), we may diagonalize F, to obtain,
Fiy)=bfor1<I<m.Ifm<s,Sy,.1 ® - @Sy, would be a direct summand
of M. We may therefore assume m =s. (2.6) becomes

F) =b, 1=Iss, s<v,
F(x) = X pib + X pijas Isjsw
k=1 i=1
We note as in (i) that although p;; may change under the diagonalization the

values remain 0 or 1. Now consider F,.. Again the absence of a nonzero element
p1x =1 in the first row would cause (R’b;;Sy,) to be a direct summand of M.
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Renumbering the x;, if necessary, we place pj, in the (1,w) position. Fixing
x,, and replacing x; by x; — p,;x,, for 1 £j < w— 1, we obtain

F(yl) = bb

F(x)) = k}gzp;jbk + El pya;,  1<jsw-—1,

F(xw)= bl + Z pkwbk + Z Piw4i-
k=2 i=1

Thus an extension of S@ L by R’ appears in M. As we have already seen,
we may then split off (R’,S), making M decomposable.

Case 2, w=0. Then M is an extension of S® 4 §'® by R™ 4+ R'®,

The class of an FeExt(S® + '™, R™ £ R'™) is seen to be given by a pair
of matrices F, =(t;;) and F, =(t;;) where 7;;€ Ext(S,R’) and 7i; € Ext(S’, R).
Use of the methods in Case 1 quickly results in the diagonalization of both of
these matrices to obtain the result that M is decomposable.

Allowing S to be Z or Z,, and returning to the notation A4;= (- 6)U,R
A; = U;R where U, is a representative of an ideal class of R,, we see we have
established the existence of five types of indecomposable SG-modules arising
from nontrivial extensions of M/M, by M,:

(2.7) (UR,S"), (UR,L), (8 - O)U,R,S), (8 - O)UR,L), (R + (8 - O)U,R, L).
We can now state the following

PROPOSITION 2.3. There exist h nonisomorphic, indecomposable, SG-modules
of each of the five types listed in (2.7). These are obtained by allowing U, to
range through the complete set of representatives of the h ideal classes of R,.

Proof. The existence of isomorphisms (U;R,S’) = (U;R,S’), (8 — O)UR,S)
~(@—0U,R,S) or (0—06)°UR,L)=((0 —0)°U,R,L) for e=0 or 1 would
imply by Proposition 2.1 the existence of SG-isomorphisms and hence of A-iso-
morphisms of (6 — 6)*°U;R and (6 — 6)°U,;R for ¢=0 or 1. We have noted in
§1 that such isomorphisms will exist if and only if U; and Uj; are in the same
ideal class of R,. Similarly, if (R + (8 — 6)U;R,L) = (R + (8 — 6)U;R, L) where
U; and U; are in distinct ideal classes of Ry, we have a A-isomorphism of
R+ (@—060)UR and R + (8 — 6)U;R. Lemma 1.4 tells us that this is impossible.
We now have

THEOREM 2.1. There exist precisely Th + 3 nonisomorphic, indecomposable,
SG-modules where h is the ideal class number of Ry. If {U;:i=1,---,h} is a
full set of representatives of ideal classes of Ry, h of these indecomposables
come from each of the following types of modules: U,R, (6 — 0)U,R, (U,R,S"),
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((@ - OUR,S), (UR,L), (0 —60)UR,L) and (R+ (80— 0)U,R,L), by taking
i=1,---,h. The additional three modules are S, S’ and L.

3. Nonuniqueness of decomposition. The decomposition of an SG-module,
into indecomposables is certainly nonunique in the case where S=2Z and h# 1
since here we already have by Lemma 1.3

UR+UR=R+UUR.

Let us therefore consider the situation which occurs when S = Z,,. Since h =1,
there exists only one ideal class of R, so that nonuniqueness is not immediate.

If M is any SG-module, we may form the associated Z,G and Z,G-modules
M,=Z,®sM and M, =2Z,®sM, respectively. For any two SG-modules M
and M’, M = M’ if and only if M, =~ M, and M, = M).

Under extension of the ground ring from S to Z,, L decomposes into the direct
sum Z, @ Z, and it follows that (R,L), = (R,,Z,)®Z,, (R’,L),=(R,,Z,)DZ,
and (R+R',L),=(R,,Z,) ®(R,,Z;). In extending S to Z,, we find that although
Z,, Z, L,, R, and R, remain indecomposable, in each case our extensions of
Z,, Z, and L, by R, and R;, split into direct sums of the modules involved. Thus
if M is an SG-module which has the decomposition M =~ (R,L) ®(R’,L) and M’
is an SG-module having the decomposition M’ =~ L@®(R + R’,L),

M, = (R,,Z;)@Z,@(R,’,,Z,)@ZLEM;
and
M,=2R,®L,®R,®L, = M;,

whence M =~ M’ as SG-modules.

Although the decomposition of SG-modules into sums of indecomposables
does not even preserve the S-rank of the summands, we may still obtain certain
invariants for a direct sum decomposition. We shall make use of

THEOREM 3.1 (KRULL-SCHMIDT). In any decomposition of a Z,G-module M,
into a direct sum of indecomposables, the indecomposable summands are
uniquely determined by M, up to Z,G-isomorphism and order of occurrence.

Proof. Let Q* denote the p-adic completion of Q and Z* the ring of integral
elements in Q*. For any Z,G-module M ,, we may form the associated Z*G-module
M;=Z*®, M, We have (Maranda [9]; see also [2]).

(3.1) M;=M*as Z*G-modules if and only if M, > M, as Z,G-modules.

Further, since QR,, QZ,, QR,and QZ, are irreducible QG-modules which re-
main irreducible under extension to Q*G-modules, a theorem due to Heller [4]
tells us that M, is decomposable if and only if M} is decomposable as a Z*G-
module, The Krull-Schmidt theorem holds for Z*G-modules (see [12]). The
result now follows from (3.1).
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Now consider the following chart, which shall represent a direct sum decom-
position of M. The left-hand column gives the number of summands of each
type of indecomposable SG-module appearing in the decomposition. The two
columns on the right are corresponding decompositions for M, and M,.

Number of

Summands M M, M,
55 S Z, zZ,
Sz S’ zZ, zZ,
l L Z,®Z, L,
r R R, R,
rs R’ R, R;
U (R,S") Ry, Z,) R, ®Z;
u, (R',S) (R»Z,) R;®Z,
vy (R, L) (R,,Z,) ®Z, R,®L,
v, (R, L) (Rp,Z)DZ, 0L,
t (R+R',L) (R,,Z,)) ®(R},Z,) R,®R;®L,

Theorem 3.1 tells us that the number of various types of indecomposable
summands in a decomposition of M, is invariant. We thus have as invariants for
M, and hence for M

Si+14vg, s+ 140y, 1y, 1y Uy +v,+t, uy+v, + 1.

From the structure of M/M, as an S[a]-module, we see that the total number
each of S, S’ and L appearing in summands of M is also an invariant of M, whence
we have the additional invariants s; + u, and s, + u,. It is a simple exercise to
verify that these eight invariants determine M up to SG-isomorphism if S = Z,,.
We can now easily show, taking S to be either Z or Z,,,

THEOREM 3.2. Any finitely generated, S-free, SG-module M can be written

Mz S(sl) + S'(sz) + L(l)_i_ (UiéR)(") + ((0 — O)Ug'gR(”) + (Ui‘R,S') (u1)
F (@-OUR ™ & (UR D+ (@~ OULR D™
+ R+@-0)U,R,L,

where 1-<i<h, and the invariants: s; +1+v,, s, +1+v,, u; +v,+1¢,
u, +v,+t, S, +uy, Sy +uy, ¥y, vy, and the ideal class of
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(l;[ Ui‘,) (H Uia) (H U.) (n Ui;) (’l;[ U; ,.) (H Ui, (H U;)
e n I3 [ v
in R, determine M up to Z,,G-isomorphism.

4. The group ring and projective modules. SG considered as aleft SG-module
is indecomposable [15] of S rank 2p and hence must be a module of the
form (R + (8 — O)U;R, L). It is necessary only to determine the class of U, in R,.
Since SG/®,(b)SG = A, we see that A= R + (6 — O)U,R.

In §1 (1.2) we remarked that the class of ideals in R, which is an invariant
of A is the class of principal ideals in R,. It follows immediately that
SG = (R+ (0 —0)R,L).

To simplify the notation throughout the rest of this section, we shall denote
R+ (@ —0)UR by M, for 1=<i=h, having renumbered the U,, if necessary,
such that the ideal class of U,, [U;]=[R,] the class of principal ideals in R,.
Thus R + (8 — 6)R = M;. We shall denote (R 4 (6 — 0)U,,L), that is, (M, L),
by X; for 1<i<h. M;; will be used to indicate R+ (8 —0)U,U;R and
X;;=(M;,L).

Let & denote the class of all finitely generated, free SG-modules and let 2
be the class of all finitely generated, projective SG-modules. Then & < 2, and
we may define an equivalence relation on £ as follows:

DEFINITION. P, and P, in & are equivalent if and only if there exist F, and
F, in & such that P, + F, = P, + F,, as SG-modules.

We shall denote the equivalence class of P in 2 by {P}. By {0} we shall mean
the set of all Pe# such that P+ Fe % for some Fe #; and by —{P}, the
class of all P'e 2, such that P 4 P'e &. The set of classes of 2 under this
relation form a group called the projective class group. We have

THEOREM 4.1.  (Swan [15]; see also [2].) If P is a projective SG-module,
P can be written P = Py + F where F is a free SG-module and P, is a projective
ideal of SG.

If P, is a projective ideal of SG, QP, =~ QG. Then P, must have S-rank 2p.
The h nonisomorphic left ideals of SG, X;, 1 <i < h, constitute a complete set
of indecomposable SG-modules having S-rank 2p. We shall show each X, to
be a projective ideal of SG.

X, is projective if and only if Ext(X;,4)=0 for each SG-module A.
Ext(X;,4) =0 if and only if Z, ® sExt(X;,4)=0 for each prime g|[G:1].

But Z,®sX, = Z,G and Ext; (Z,G,Z,A4) =0 whence, since Z, @ sExt(X;, 4)
= Ext; 6(Z,®5X;,Z,®5A), it follows that X; is projective.

LemMA 4.1. X+ X; =X, + X,; for 15i, j<h.

Proof. If X;=(M, L; F®) and X, =(M,,L; FY) where F ¢ B(L,M,) and
FYWeB(L,M)), then
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X;#XIQ(M,:I-Mj, L+ L;F)

where F,(I;,1,) = (F&(1,),FYX1,)) defines an Fe B(L+ L,M; + M;). The map
¢ of M, + M, onto M, + M,; given by

&((ri,m),(ry,mp) = ((ry, m; + my), (ry,am; — fmy)),

where (ry,m;) € M; and (r,,m;)€ M; and o and B are elements of U; and U;,
respectively, chosen so that « + =1, is an SG-isomorphism. It follows that
the map ¢ of (M;4+ M ,L+L;F) onto (M, + M;;,L+L; F’) given by
Y(M;+ M;,L+ L; F)=(¢(M, + M)),L+ L; ¢F) is also an SG-isomorphism,
F', of course, being ¢F e B(L+ L,M, + M,)). Since (M, 4+ M,;,L+ L;F’) is
decomposable, it may be written as a direct sum of indecomposables involving
only R, (8 —6)R, (0 —0)U,U;R and L, or S and S’. Since it is isomorphic to a
direct sum of projective modules, we must have (M, + M;;, L+ L) ~(M,,L)
+ (M, L) implying that X, + X; >~ X, + X;;.

LFMMA 4.2. X,-i-XjQX,,-i-X, ifand only lf [Ui][Uj]= [Uk][Ul]°

Proof. By Lemma 4.1, X, + X;~ X, + X;; (M, + M;;,L+ L). Thus if
X, + X; = X, + X,, there exists an SG-isomorphism of M, + M,; onto M, + M,,.
By Lemma 1.4, [U,]J[U;]=[U,J[U,]. The converse is an immediate conse-
quence of Lemma 4.1.

If P is any projective SG-module, by Theorem 4.1 P = X,;+ F for some
1Sigh and {X;}, the projective class of X, is the same as {P}. If
X, +X,2X,+X;, by Lemma 4.2 [U]=[U;]. Then by Proposition 2.3
X, = X;. Since X, = SG and {0} = {X,}, it follows that

ProposITION 4.1. X, 4 F, = X; + F;, where F,,F; are free SG-modules of
equal SG-rank, if and only if X;=X;.

Further, X; € {0} if and only if X, 4+ F = F'. But this is the case if and only if
X;+F=X,+F" and by Proposition 4.1 X;=~ X, and conversely, that is,

PROPOSITION 4.2. X;€{0} if and only if X, is a free SG-module.
We are now able to establish the main result of this section.

THEOREM 4.2. There are h projective classes of SG-modules given by {X,}
for i=1,---,h. In particular, the projective class group of SG is isomorphic
to the ideal class group of R,.

Proof. Let p be a mapping of the projective class group of SG into the ideal
class group of R, given by p:{X;} - [U,]. By Proposition 4.1 X, + F; =~ X, + F,
implies [U]=[U;], so p is well defined. Since X;+ X;=X, + X,; and
{X,} = {0}, wehave p: {X, + X;} » [U]J[U,]. Butp({X.})-p({X ;) =[U][U,];
hence p is a homomorphism. p is obviously onto. That it is 1-1 follows from
Proposition 4.1; thus p is the desired isomorphism.
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