COORDINATE SYSTEMS OF SOME SEMI-TRANSLATION
PLANES(Y)

BY
D. L. MORGAN AND T. G. OSTROM

In [6], one of the authors gave a construction for a new class of finite affine
planes. These new planes are all of order g2 (where g is a prime power) and each
has the property of admitting a translation group of order g2 which is transitive
on the points of a subplane of order g. At least one other class of planes(the
Hughes planes) has this same property. Hence the term ‘‘semi-translation plane”’
was introduced. (See [7] for precise definitions.)

Our main purpose is to investigate circumstances under which the planes
in [6] may (1) be self dual or (2) admit collineations displacing the line at infinity.
A properly chosen coordinate system must be what we call ‘‘automorphic’’ (see
the definition immediately preceding Corollary 1) if either (1) or (2) is to hold.
We are thus led to the more general question of automorphic algebraic systems
and the planes coordinatised by them.

In Theorem 2, multiplication for automorphic algebras is given a relatively
explicit form. In Theorem 5, we show that there are severe restrictions on the
associativity of multiplication. In Theorem 7, we show that the right distributive
law cannot hold and, in Theorem 8, that the corresponding semi-translation planes
are ‘‘strict,”’ characteristic two being an exception.

The dual of a semi-translation plane coordinatised by an automorphicsystem is
also a semi-translation plane coordinated by an automorphic system. The relation
between the two coordinate systems is given quite simply in Lemma 1.

Our last theorem does not deal directly with automorphic coordinate systems
as such. It shows that, in Ostrom’s construction, strict semi-translation planes
derived from nonisomorphic planes must themselves be nonisomorphic.

1. Summary of background information. For further details and definitions, see [7].
Whenever we use small Greek letters (excepting p, g, t) in this paper, it is to be
understood that we are dealing with an algebraic system I of order g2 which
contains a subfield § of order q. The small Greek letters are to be understood as
denoting elements of §. In all cases, the elements of T constitute an abelian group
under the operation of addition.
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The following remarks pertain to the known semi-translation planes and their
coordinate systems, provided that the coordinate system is appropriately chosen:

Lines are represented by equations of the form y = (x —oa)m+ B, y=xy + b
and x =c. If the plane is self dual or admits a collineation displacing
the line at infinity, then the following ‘‘partial left distributive law’’ holds:
a(b + a) = ab + axforalla, beT and all x € F.

Those planes that are strict semi-translation planes can be obtained from other
planes related to them in the following way:

Let 7 be an affine plane of order g2 and let YR be a set of ¢ + 1 points on the line
atinfinity. Suppose that every two affine points of 7 which are collinear with a point
of I can be embedded in an affine subplane of order ¢ whose extension to a
projective plane contains 0. Then there is an affine plane n” whose affine points
are the affine points of n. The affine lines of n’ are (1) the lines of z which do not
intersect 9 and (2) the proper subplanes of = which contain Jt.

In thiscase =’ is said to be derived from =. The process of deriving is of order
two, i.e., m is also derived from n’. Each collineation of = which carries IR into
itself is also a collineation of n’ (in the sense that a collineation may be considered
to be a permutation of the points which carries lines into lines). If all of the affine
points of some line intersecting I in 7 are in a single transitive class under the
translation group of x, then =’ is a semi-translation plane.

The original plane = is coordinatised by a system T which is a right vector space
of dimension two over . I is the set of points at infinity of the subplane coordi-
natised by §. Using 1, ¢ as basis elements, elements of T may be written in the
form ta + B. Let T’ be the coordinate system for n’. The elements of I’ are the
same as the elements of T. Addition is the same in both systems; T’ is a right
vector space over §. If the point (x, y) of 7 has coordinates (t&;, + &,, 7y + n,)in
%, then this same point has coordinates (x', y') = (t&; + 1y, 1¢, + 1) in T,
Let o denote multiplication in T'. For 4, # 0, (1€, + 1,)o (1A, + 4,) = 1€, + 1, is
equivalentto (t&; + &,) (tuy + py) = tny + n,in I, where A,(tuy + p,) =t + A,.
If the partial left distributive law holds in I(Z’), then T'(T) admits a group of
automorphisms of order g such that §§ is elementwise fixed. If T and I’ both
admit the partial distributive law, then both I and T’ are ‘‘automorphic,’’ as
defined in §II. The relation between T and T’ is given in [7], but was originally
developed by Albert [1].

In the case of the planes constructed by Ostrom [6], 7 is a dual translation plane
and n’ is a semi-translation plane. If 7’ is self dual or admits collineations moving
the line at infinity, the coordinate systems can be chosen so that ¥ and T’ are
automorphic.

II. Automorphic algebras. In this part, the argument makes no direct use
of the fact that the systems under consideration are coordinate systems for
planes.
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Let T be a set of g2 elements (where g is a power of a prime p) with the opera-
tions of addition and multiplication defined in I that:

(1) Addition is an abelian group.

(2) Nonzero elements of T form a loop under multiplication.

(3) T contains a subsystem § which is a field of order g with respect to addition
and multiplication.

(4) Theadditive group of T is a right vector space of dimension two over §
with respect to multiplication on the right by elements of {.

(5) a(b + «) = ab + axforalla, beT and all a e J.

In the rest of this paper we shall consider systems which satisfy properties
(1)(5). We shall take 1, ¢ as basis elements so that every element of I may be
written in the form ta + B.

THEOREM 1. Under the conditions (1)—(5), let ¢ be an automorphism of addi-
tion and multiplication in I such that (i) each element of § is fixed by o, (ii)
the order of ¢ divides q, (iii) te = ta + . Then o = 1.

Proof. If toc =ta +f and o is of order k, then by induction
t =to* = tod* + («* '+ -~ + & + 1)p. Hence, «* = 1, and since k is a power of
the prime p, we have o = 1.

DErFINITION. We shall say that a system T satisfying conditions (1)~(5) is auto-
morphicif T admits a group T of automorphisms such that (i) X is of order q; and
(ii) each element of § is left fixed by each element of X.

COROLLARY 1. T is automorphic if and only if for each 6 € § there is an
automorphism o in X such that toc =t + 4.

THEOREM 2. If T is automorphic and if (to,)(ta,) = th(xy, ay) + k(oy, ay)
where oy # 0, h(ay, ;) and k(a,, a,) are in §, then

(tay + By) (1o, + B5)
=t[h(ey, #3) — Bty + %y B5] + Brog 'h(oy, 0) + k(e atz)
— Blagtay + BB
Proof. By the partial distributive law we have
(tay + By) (tay + B2) = (toay + By) tay + (tay + By) B,
= (ta; + fy)ta, + tayf, + B1f,.
Now let us consider the automorphism ¢ in X such that te = t — a; '8;.
[t + p) (oo = (12,) (10 = 0" o)
= (tay) (tog) — 1By,
= t[h(oy, a3) = Byo;] + k(ay, a)).
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Now 1!

=t + oy 'f,. Hence

(ty + By) (tory) [(tay + BtayJoo ™!

= {i[h(ay, ) — Bioy] + k(oy, ay)}o ™!

= (t +ay By) [y, ;) — ayB1] + k(ay, o)

= t[h(ay, ;) — afy] + ﬁlal_lh(“u ay) + k(og, ay)— ﬁf“l-laz'

Hence
(tay + By) (1o + B5)
= t[h(xy, #3) — 2By + ay B2l + Brog thlay, a5) + k(ay, ax)— Biog tay + BB,
THEOREM 3. Let y(ta + f)= tP(y,®) + By + R(y, «) where P(y, ) and R(y, &)
are in §, then under the hypothesis of Theorem 2, P(y, &) = ay.

Proof. Consider y(ta + ) = tP(y, «) + By + R(y, o) where f # 0 and consider
the automorphism o such that t¢ =t — o« 'f. Apply ¢ and we have
[y(te« + B)] 6 = yta = tP(y,2) + R(y, ®). On the other hand, y(ta + f)
= tP(y,a) + By + R(y, ). Hence,

[v(ta + B)lo = tP(y, @) — o " BP(y, @) + Py + R(y, ),
and on equating the two expressions for [y(ta + §)]o, we get that P(y, a) = ay.
COROLLARY. y(ta + fB) = tay + By + R(y, a).

THEOREM 4. T he full left distributive law holds in X if and only if for each
fixed oy # 0, h(ety, @), and k(oy, o0,) are additive on a,.

Proof. By calculation.

THEOREM 5. If T is automorphic and if the elements of § associate and
commute with elements of T, then q < 3.

Proof. Let 2 = ta+ B. Under the hypotheses, (ta,)(ta,) = tdx 0, + Pa,a,.
Thus, h(x,, ;) = oo, and k(o ;) = Boya,.

Here we make use of the condition that multiplication must be a loop.
Consider the equation

(*) (tay + By) (to, + B2) = (tyy + 72)-

Let us fix ta, + B, with a, # 0. Then each ty; + y, must determine a unique
ta; + B, such that (%) is satisfied. We shall see, however, that ty, + y, can deter-
mine tx; + B, uniquely only in a limited number of cases.

First of all, there are at most g choices of ty, + y, which can lead to a; = 0,
corresponding to the g possible values for §,. If a; # 0, (x) is equivalent to the
pair of equations
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Goga, — opfyl+ ay By = vy,
_ 2 -1
Bidx, + By, — Biog 'y + BB,

Eliminating f§,, we get the quadratic in a, :

Y2

&) “3512 + ay(dy, + Broy 13’1 —72) = ')’f"‘z—l = 0.

Now (1) is (partially) equivalent to (x) in the sense that, for giventy, + y,, each
nonzero solution of () for «, leads to a determination of §,, such that ta, +§, is
a solution of ().

There are, at most, three ways in which ta; + f; can be uniquely determined:

(1) «y = 0 in (*) and () does not apply.

(2) (1) has two solutions but one of them is zero. In this case, the nonzero
solution of ( 1) might possibly correspond to a unique solution of ().

(3) (1) has a unique solution for aj.

In case (2), we must have y; = 0. The case where ty; +y, = 0 comes under
case (1); hence, there are at most g — 1 values of ty, +y, which correspond to
case (2).

In case (3), the discriminant A = (&, + B,a; 'y; — 7,)*+ 4yp must be zero.
This cannot ever happen unless — B is a square. If — B is a square, then the
equation A = 0 determines y, in terms of y;.

72 = 71(& + .32“;1 + 2'\/ - p).

If y, = 0, then y, = 0 and we are back to case (1). Otherwise, there are at most
2(q — 1) values of ty; + y, such that A = 0.

Thus the total number of values of ty; + y, such that ta, + f, is uniquely
determined is at most g + (¢ — 1) + 2(q — 1) = 4q9°— 3. But there are g2 values
for ty, + y, and q2 > 49 — 3 if ¢ > 3. That is, we get a contradiction unless
q=3.

DeriNiTION. If T is automorphic and if for each § # O there exists an auto-
morphism ¢ fixing § elementwise such that t¢ = tJ, then we shall say that I is
strongly automorphic.

Note that, for each a # 0, § a strongly automorphic system admits an auto-
morphism which carries ¢ into ta + f. Thus, a strongly automorphic system
admits all possible automorphisms which fix §.

THEOREM 6. If T is strongly automorphic and if the elements of & associate
on the right with elements of T, then X is a left Hall-Veblen-Wedderburn system.

Proof. Let t(t& + n) = tf (€, n) + g(&, n). If the elements of § associate on the
right, then f(&6, n6) = f(& n)d and g(&d, nd) = g(&, n)d. In particular,
f(&,0) = &f(1,0) and g(£, 0) = £g(1, 0).
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If a # 0, there is an automorphism carrying ¢t into ta + B. Hence,

(ta + B) [(tx + B + n] = (ta + B)S (&, m) + g(&, n). But also,
(te + B [(te + PE + 1] = (ta + B) [(tx + B)E] + (to + B)n
= (tx + PES(L,0) + £g(1,0) + tan + Bn.
Hence,
af (€, m) = a&f (1,0) + an
and
Bf (&, n) + 8(& m = BEF(1,0) + £g(1,0) + Bn.

Solving for f and g, we obtain

(toa + B) [(te + B¢ + ] = (ta + B)[&F(1,0) + n] + £g(1,0).
Except for the interchange of right and left multiplication, this is precisely of the
form given in Theorem 20.2.7 in Hall’s book [4], with f (1, 0) and g(1, 0) replaced
by r and s, respectively.
The restrictions on r and s necessary in order that multiplication be a loop
are precisely those given by Hall.
Now let us consider the possibility of a right distributive law in I:

THEOREM 7. Suppose that (toa; + By) (tay) = (tay) (to;) + By(ta;) for some
particular a,, By, o, all distinct from zero. Then & must have characteristic 2.

Proof.
(tey + By) (tarz)

It

(tary) (toz) + By(tarz)

= th(xy, a;) + k(ay, @) + tay By + R(By, a3)

= t[h(ay, 0)) — 22,1 + Byoiy! h(ay, ag) + k(ay, a5) — Blog M os;
hence, t(—a,B;) = ta,By, or 20,8, = 0 so I is of characteristic 2.

COROLLARY. Except possibly at characteristic 2, the right distributive law
does not hold in T.

II1. Applications to the geometry. In this part we shall be concerned with
planes coordinatised by automorphic systems. Whenever we refer to a semi-
translation plane coordinatised by such systems, it is to be understood that the
equations of lines take the form mentioned in §I unless indications are given to
the contrary:

DEFINITION. A semi-translation plane is said to be a strict semi-translation
plane if the translation group is exactly of order ¢°.

THEOREM 8. Let n be a semi-translation plane coordinatised by an auto-
morphic system. Then n is a strict semi-translation plane unless q is even.
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Proof. The mappings (x,y)—(x + @,y + f) constitute a group of trans-
lations of order g2. Hence, if = is not strict, there exist some &,  not both zero
such that (x, y) = (x + t&, y + tn) is a translation.

Consider the line y = xt. Its image must be y=(x —a)t + f, where
(o — t&, B — tn) is a point on y = x1. That is, § — tn = (o — té)t.

Since the image of each point (c, ct) must be on y = (x — a)t + f, we have the
identity

ct+tn=(c+tE—a) +f for all c.
This is equivalent to
ct = (cl+ t&€ — a)t + (ax — té).

Takingc =0,(ax — t&)t = — (€ —a)t. If £ #0, « # 0, take ¢ = a and we
get (1€ — oa)t= (t&)t — at. By a slight modification of the argument in Theorem 7,
T must have characteristic 2. Similarly, if € # 0 but « = 0, take ¢ = y# 0 and
apply the same argument. If £ = 0, a # 0 we get ¢t = (¢ — o)t + af and again T
is of characteristic 2. If £ and a are both zero, then # = 0 contrary to the condition
that £ and # are not both zero.

REMARK. See [7] for an example of a semi-translation plane of even order
which is coordinatised by an automorphic system but is not a strict semi-trans-
lation plane.

DEFINITION. The coordinate system ¥ will be said to be linear with respect
to Fif, foryin Fand bin T, y = xy + b is the equation of a line.

As mentioned in §I, T is linear with respect to & in the known cases. However,
the situation arises in the following lemma where the coordinate system might
possibly not be linear with respect to . See Theorem 3 for the definition of R.

LEMMA 1. Let © be a semi-translation plane coordinatised by an auto-
morphic coordinate system I. Let n’' be the dual of . Then =’ can be coordi-
natised by a coordinate system I’ where

(@) The elements of T’ are the same as the elements of I.

(b) If T is linear with respect to §, then R' = 0inI'.

(c) T is linear with respect to § and addition in I’ is the same as addition
in T if and only if R = 0.

(d) The general rule for multiplication in X' differs from multiplication
in T only in that h(a,, o,) and k(ay, a,) are replaced by h'(ay, a;) = — h(at,, o)
and k'(ay, ay) = k(a,, o), respectively.

Proof. Since n’ is the dual of =, there exists a 1-1 mapping from the lines of
n onto the points of n’, such that the image of the set of lines through a point
of 7 is the set of points on a line of =’. Let us assign coordinates (x’, y’) in accor-
dance with the following scheme:
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loy = (00),
x=c - (0,

y=x—-—oc+p - (c,ca — p)=(x",y),
y=xa+b - (a0, — b) =(x',y").

Consider the set of points (x’, y) of n” which are collinear with (y) and (0, 0).
These points are the images of the lines of n through the intersection of x = y
and y = 0. The lines of n which go through (y, 0) are of the form y = (x — y)c
and correspond to (x’, y') = (¢, ¢y). Thus y’ = x'y is the equation of a line of
7', i.e., multiplication on the right by elements of & is the same in I’ asin I.

Now consider the set of points (x’, y) collinear with (y) and (0, b) in n’. These
points are the images of the lines of = which go through (x, y) = (y, — b). The
case where x’ € § offers little trouble and we shall not go through the details.
The line y = (x — «)c + f contains (y, — b) if and only if (y — a)c + p = — b.
Thus the points of =’ collinear with (y) and (0,b) are of the form
(x', ") =(c,ca — B) where (y — a)c + B = — b. Letc = t& + n, then

G—)e=0 +mM@y—o) +Ry—a,&) =cy—cx+ Ry —a,b).

Putting ¢y — ca + R(y — a, &)+ f = — b we get that ca — B =cy+b+R(y—a, &)
which corresponds to y' = x'y + b + R, where R depends upon x’. Taking
y = 1, we see that addition in T’ is identical with addition in T if and only if
R is identically zero.

If R = 0 we then have that ¥ is linear with respect to . This establishes part (c).

Now for each «, there is a group of elations of # with center (o) and axis
x = a. Each of these groups is of order g; (o) is also the center of a group of
elations with axis l,. Thus, 7 is a dual semi-translation plane with respect to
() and 7’ is a semi-translation plane with respect to I,. Thus if *+ denotes mul-
tiplication in ' and m ¢ §, then y’ = (x’ — a) * m + B is the equation of a line
in n’. To determine the operation *, consider the set of points (x’, y’) collinear
with (x’, y") = (0,0) and (x', y") = (1, tuy + v,).

These points correspond to the lines of 7 through the intersection of y = 0 and
y=Xx—1u, — vy, ie., the point (x,y) = (tu, + v,,0). Note that the line
X = tu, + v, corresponds to the point at infinity (tu, + v,)in n'.

If y=(x—a)c +p contains (tu, + v,,0), then (tu, + v, —a)c + f = 0.
Thus we are concerned with the points (x',y’) = (c,ca — B) such that
(tuy + v, — a)ec + B = 0. Taking ¢ = tu; + v,, the equation

(tps + v, =) (ty +v)) + =0

can be solved for a, § by using the rule for multiplication in T. Note that, if
cé¢F, u, # 0, we obtain '
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a = v, — h(u,, 111)141-l — HaVily l,
B

Using these values of a and fin x" = ¢ = tu; + vy, y' = ca — f we get that

— k(pz, ).

Vo= (g +v)*(tpy +v2)
= t[— h(uy, 1) — Havy + Vaiy]
+ [— h(u,, #1)/11—1"1 + k(ua py) — viug g + Viva].

This establishes part (d) of the lemma. We have yet, however, to con-
sider multiplication of the type «* (tu, + v,). Here we are concerned with
points (x’,y') = (x, — b) which are images of lines y = xa + b such that
(tu, + vy)a + b = 0. We have:

ax(tu, +vy) = — b = tuo + vy

This establishes part (b) of the lemma. We have already shown that multipli-
cation on the right by elements of § is the same in T and I'.

LeMMA 2. If q is odd and n' of Lemma 1 is isomorphic to n and T is linear
with respect to §, then R = 0in .

Proof. We have pointed out that n’ is a semi-translation plane; the centers
of the translations are the points (o0) and (y) (y varies over §) in I'. If n’ is iso-
morphic to =, then I’ is (in effect) another coordinate system for n. We must
consider the possibility that T’ might correspond to another choice for the line
at infinity. However, if a projective plane is a semi-translation plane with respect
to two lines I, and l,, there is a collineation carrying [/, into /,. This implies that
we can, without loss of generality, identify the lines at infinity of ¥ and I'.

If q is odd, = is a strict semi-translation plane. The set 9 of centers of trans-
lations has coordinates chosen from (o) and elements of & in both ¥ and T'.

Now consider the partial affine plane consisting of the affine points of = and
the lines of # which intersect Y. Consider also the following properties of I :

(a) Addition is associative.

(b) T is linear with respect to §.

(c) Elements of § distribute on the right.

(d) Fis a field.

These properties of T imply that for each a in T and each § in §, the mappings
(x,y) > (x +a,y + ad) and (x, y) > (x, y + a) are translations of the partial
plane. The group of translations with center (6) is isomorphic to the additive
group of I.

This implies that if T’ is a new coordinate system for = with the new choices
for (), (0), and (1) all in M, then T’ also has properties (a), (b), and (c). More-
over, addition in ¥’ will be isomorphic to addition in ¥. By Lemma 1, R = 0.
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THEOREM 9. Let © be a semi-translation plane coordinatised by an auto-
morphic system I which is linear with respect to §. Then a necessary condition
that n be self dual is that R = 0. It is sufficient that the above conditions be
met and h(xy, o) = — h(ay, o)) and k(ay, ay) = k(ay, ay).

Proof. The requirement that R must be zero follows immediately from the
previous two lemmas. If T is linear with respect to &, R=0, h(x;,0,) = — h(a;,01)
and k(a;, ;) = k(a, &), then 7 and its dual have isomorphic coordinate systems
Hence, = is self dual.

DErINITION. Let I be the coordinate system for a semi-translation plane . We
shall say that I is regular if the following conditions are satisfied :

(a) I is automorphic.

(b) R=0.

(¢) Zislinear with respect to & .

(d) Lines of n whose slopes are not in § are given by equations of the type
y =(x — o)m + B where m ¢ .

Note that the condition that R = 0 implies that elements of & commute with
elements of T; moreover, T is both a right and left vector space over §. It is well
known that if some point at infinity is the center of a group of translations of
order g2, then the plane admits a coordinate system in which addition is associative
and the coordinate system is linear. Such planes will be called linear planes.

THEOREM 10. For each semi-translation plane n which is coordinatised by a
regular coordinate system I there is a plane T coordinatised by a system I
such that:

(@) The elements of T are the same as the elements of .

(b) If * denotes multiplication in I, then

(toy + By) * (tay + B3) = t[H(xy, #3) + a3y + af1] + [K(ag, @) + B1B2]

where H and K are in §.
(c) T is linear, i.e., lines of n’ are given by equations y’ = x'*m + b.

Proof. The plane 7 will be obtained from = by a chain of constructions. We
shall be considering several different planes and several different coordinate
systems. We shall find it convenient not to introduce new symbols for multipli-
cations in these various systems.

First of all, we obtain the plane derived from 7. The coordinate system can be
obtained from ¥ by the process given in §I. The set of points in the subplane
of n coordinatised by § will be the set of points on x’.= 0 in the new coordinate
system. This set of points is in a single transitive class under the translations of =
and of the derived plane. Thus lines of the derived plane will be represented by
linear equations.

In T we have:
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(toey + By) (tay + B2)
=t[h(ay, ap) + a B, — axfy] + Brag *h(ay, ay) + k(ay, ;) — piag Yo, + B1fB,
when a; # 0 and
Bi(tay + B5) = tayfy + BB,

We find that multiplication in the coordinate system of the derived plane takes
the form:

(tay + By) (tay + B,)
=1[h(ay, 05" Yoy + 03 By — By ] +h(ey, a)efrort +k(ay, a3 ') = Biay 'y + By B
when a,, a;, # 0 and

(to + Byyi= y(tal+ P)i= tayl+ fy.

If we now interchange right and left multiplications, we obtain the coordinate
system of a plane dual to the plane derived from =.
If we derive again, we get a plane with a linear coordinate system in which:

(tay + By) (tay + B2)
t[ = haz ', 0 Dogay + Byt + 0y Bo] + k(o2 art) + By
= t[H(a;, 05) + B10; + a1 f,] + K(2y,05) + By1f,.

As obtained, the rule for multiplication in the last case does not hold if «,, or
o, is zero. However, the rule

Bi(tay + B3) = (ta, + Br)By = tayfy + By,
holds in each of the four coordinate systems. Furthermore,

(tay) (tary) = tH(oy, ap) + K(0t, 25).

We can remove the exceptions by agreeing that H and K are both zero when
either a; or a, are zero.
Note that the additive group is the same in each of the four coordinate systems.
Now this whole process is reversible. That is, if we start with a plane coordi-
natised by a ‘“‘partial division ring’’ (we have the right and left partial distributive
law) in which multiplication takes the form:

t(a; + By) (tay + B2) = t[H(xy, ap) + 0y By + a3B1] + K(ay, a3) + B1fs,

we end up with a semi-translation plane having a regular coordinate system.

It is an interesting question as to whether there are partial division rings which
are not division rings. If H and K are appropriate constant multiples of a;a,,
we will have a field. (Moreover, at the second and third stages, we will have a
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Hall-Veblen-Wedderburn system.) The only other system of this type known to
us is a slight generalization of Dickson’s commutative division rings [3]. Here
we take H(ay, ;) = 0, K(ay, ®y) = dajas where 8 is a non-square in ; p and ¢
are automorphisms of . In the case where p = o, the semi-translation plane with
h(ay, o) = 0, k(oy, ot;) = da; %, °is self dual by Theorem 9.

THEOREM 11. Let m be a semi-translation plane coordinatised by a regular
coordinate system. Suppose further that ( — 1)(ab) = ( — a)b. Then if n*
admits collineations moving 1., T satisfies the left inverse law.

Proof. It was established in [7] that, under the hypothesis, the subplane
coordinatised by  is an invariant subplane. Furthermore, since n* admits a group
of elations of order g with center (o) and axis x = 0, if l, is carried into any line
other than x = 0 by some collineation, then there is some collineation which
carries I, into x = 0. This, in turn, implies the existence of a group of elations
with center (0, 0) and axis x = 0. In particular, we will have an elation ¢ with
axis x = 0, center 0 which carries [, into x = 1.

Thus the lines y=xm and the points on x = 0 are all fixed by ¢. Furthermore,
since (o) is fixed, each line x = c is carried into another line through (o). For
some value of ¢, x = ¢ —» l,,. We may, in general, write x = ¢ —» x = c* if it be
understood that ¢* = oo indicates that the image line is I,,. We shall denote
the line through two given points by the symbol ““U’’. We now indicate the
images of various points and lines under the mapping o:

(m) - (1, m),
y=>b - (1,00U(0,b),ie,y=b-o>y=(x—1)(-b),
(e, b) = (c*,(c* = 1) (— b)).

Since y = — x is fixed, this implies that (¢* — 1) (¢) = — ¢*. This, in turn, implies
that ( — 1)* = o0,ie., x = — 1 - [ .
Hence,

(= 1L,0) > lp,N(y=0), ie.,(—1,0)—(0),
y=@Ex+1m > (1A,muU@©), ie,,y=x+1Dm->y=m.

Thus the image of (¢, (¢ + 1)m) must lie on y = m. That s,

(¢* = D{(-Dlc + Dm]} = m.

With m = 1, we get that (¢* — 1)(— ¢ — 1) =1, i.e., (¢* — 1) is the left inverse
of — (¢ + 1). If — 1 associates, this implies that

(mc—=D7'[(=c=1m]=m forc# — 1.

REMARK. One can now apply Theorem 10 to the planes obtained (by the chain
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of constructions of Theorem 9) from the generalizations of Dickson’s division
rings. The left inverse law is not satisfied by the coordinate system of the semi-
translation planes; these planes do not admit collineations moving /.

Next, we wish to point out some of the geometric implications of Theorem 5.
Consider the left nearfields of order g2 which satisfy conditions (1)—~(5) of § II with
the additional condition that the elements of §§ commute with elements of I.
By Theorem 5, these nearfields are not automorphic for g # 3.

Each of these nearfields can be used to coordinatise two distinct planes:

(a) adualtranslation plane with lines represented by linear equations,

(b) a semi-translation plane which is a Hughes plane.

Both of these planes are derivable. From (a) we obtain a semi-translation plane;
from (b) we obtain a linear plane. These two planes are again coordinatised by a
common algebraic system obtainable from the nearfield by the process described
in §I. The absence of the group X of automorphisms in the nearfields implies the
absence of the partial left distributive law in the derived algebra. It was pointed
out in [7] that the planes derived from the Hughes planes [5] formed a new
class of planes except in those cases where the nearfields might admit the group =
of automorphisms.

Furthermore, dualizing a result of André [2], if = is a dual translation plane
coordinatised by a nearfield, then the collineation group of = either fixes or inter-
changes the two lines I, and x = 0. Suppose that 7 admits a collineation (whose
order divides q) which fixes some subplane n, of order g. If n; contains [/, it must
also contain x = 0. If m; contains the points at infinity of the subplane r, co-
ordinatised by &, then 7; can be carried into 7, by a collineation of 7. This implies
the existence of collineations fixing 7, pointwise and automorphisms of the
nearfield, contrary to Theorem 5.

If the plane derived from n should admit a group of elations of order g with
some finite line as axis, center on the line at infinity, then # would admit a corre-
sponding group of collineations fixing a subplane pointwise. Since this cannot be
the case, the derived plane admits no such elations. This implies that the derived
semi-translation planes are not self dual and admit no collineations displacing the
line at infinity.

THEOREM 12. Let 7, and =, be strict semi-translation planes which are derived
from the linear planes ©, and 7,, respectively. Suppose that there exists an
isomorphism ¢ such that 06 = n,. Then,06 = 7,.

Proof. Let 7, and 7, be derived from 7,, and 7, with respect to M, and m,,
respectively. Then @, and 7, can be derived from =, and 7, with respect to the
sets M, and IM,, where M, and M, are the respective sets of centers of trans-
lations. If m; and =, are strict semi-translation planes, then ;6 =M,. Let /; be
a line of %, which does not intersect M,. Then I, is also a line of 7; which does
not intersect M. Hence, /, 0 is a line of n, which does notintersect M, i.e.,a line
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of 7, which does not intersect It,. Let /7, be a line of 7, which does not intersect
9M,. Then 7, is a subplane of 7, which contains M,. Hence, 17,0 is a subplane of
7, which contains 9t,. It follows that /7,0 is a line of 7, which intersects I,.
Thus, in any case, ¢ carries lines of 7, into lines of 7,.

COROLLARY. Let n, and m, be isomorphic strict semi-translation planes derived
from the linear plane @ with respect to the sets IR, and M,. Then T admits a
collineation which carries IR, into IMN,.

CORRECTION ADDED IN PROOF. In Lemma 1, the condition R = 0is needed from
the start to insure that y’ = constant is the equation of a line in ©! The proof
of Lemma 2 thus becomes invalid; Lemma 2 is probably false. The conclusion
to Theorem 9 should read, “Then = is self dualif R =0, h (o, @,) = —h (3, @y)
and k(aq, ;) = k(a,, a).”
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