SOME UNCOMPLEMENTED FUNCTION ALGEBRAS

BY
I. GLICKSBERG(!)

1. Let X be the unit circle |z| =1, and 4 the “‘disc algebra’ of functions
on X having continuous extensions to |z| £ 1 analytic for |z| <1. Then it is
known [12] that there is no bounded projection of C(X) onto A; alternatively,
A is uncomplemented in C(X).

To what extent is this a general occurrence? Specifically, if A4 is a closed nonself-
adjoint(*) subalgebra of C(X), X compact, is A uncomplemented in C(X)?

Only some partial results will emerge here. From recent results of Bishop [1],
extended to the nonmetric case by Bishop and deLeeuw in [2], we obtain the
curious fact that if X is the Silov boundary of 4, and T is any bounded operator
on C(X) acting as the identity on 4, then | T —I|| = | T| — 1, where I is the
identity operator; alternatively, any operator S (= I — T) annihilating A4 has
[I+S]|=1+]|S|.As a consequence of this fact one can apply the technique
of [12] to show that if X is a compact group and our nonselfadjoint subalgebra
A of C(X) is translation invariant, A is uncomplemented; in fact any closed sub-
space lying between two invariant algebras A, = A4,, with the set of conjugates
A, & A,, is uncomplemented (§3). And this applies equally well to invariant
subalgebras 4,, 4,0f (}) Co(X), where X is a locally compact abelian group (§4);
but both proofs are technically complicated, and shed no light on the situation
in general.

In what follows we shall consider a slightly more general setting in which Aisa
subalgebra of Cy(X), X locally compact; since we shall be concerned with esti-
mating the norms of projections, the usual adjunction of an identity does not lead
easily to a reduction to the compact case.

The author is indebted to K. deLeeuw for several helpful comments and, in
particular, Theorem 4.1 is due to deLeeuw.

2. Let X be locally compact and the Silov boundary of 4, a closed subalgebra
of Cy(X), so A separates the points of X. We shall denote by £ the set of all x
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in X for which, for every neighborhood V of x, there is an f,, in 4 which isiden-
tically 1 on a subset of V containing x, and elsewhere has modulus < 1, i.e.,
xef, '(1)c Vand |f,| <1 off f;'(1). It is a consequence of results of Bishop
and deLeeuw [2, 6.5] (more directly obtainable from the earlier arguments of
Bishop [1], as in [11, 3.3.15]) that every element of A assumes its maximum
modulus over X on 2 ( = the set of Condition II points of [2], or strong boundary
points of [11]), whence 2~ contains the Silov boundary of 4, and(4)Z is dense in
the Silov boundary X of A.

Now suppose B is a closed subspace of Co(X) which is also an A-module
(AB < B). Then for any (finite complex regular Borel) measure p on X orthog-
onal to B

p{x}=0

for any x in P which is not a common zero of B. For with V any neighborhood
of X and f=f, in A4 as above, f"u, the usual product of function and measure, is
orthogonal to Bsince AB < B;thus (by dominated convergence) for b in B we have

0=fbf"du —»f bdy,
IR ¢Y!

and, by the regularity of y and continuity of b, b(x) u {x} = 0, whence the assertion.
Now these two properties of # yield the following fact, which is fundamental
to our considerations.

LeMMA 2.1. Let X be the Silov boundary of the closed subalgebra A of
Co(X), and let B< Cy(X) be a closed A-module whose common zeroes form a
nowhere dense subset of X. Let F be a closed subspace of Co(X) containing B,
and T :F - Cy(X) a bounded linear transformation. If

Tb=b,all binB,
then
|T-1]=|T|-1,

where I is the identity operator.

(Here | T —I| is computed over the domain F of T —I.) In particular, if
F # B, any bounded projection T of F onto B has norm = 2; for T cannot be
invertible in the algebra of bounded operatorson F,so 1< |[T— 1| | T[] - 1.

(4) Actually the results of [2; 11] are given only for an algebra (containing the constants)
on a compact space. But the results extend by the standard procedure: imbed our 4 as a maximal
ideal in such a subalgebra 4, of C(X ), X« the one point compactification of X. Then for any
Condition II point [2] or strong boundary point [11] x of 4, in X and for any neighborhood
Vofx,withoo ¢ ¥, wehavean fin A, withx € f~1(1)c V, | f] < 1off f~1(1),s0] f(0) | <1.
If ¢ is a conformal self map of | z | < 1 onto itself with ¢(f(0))=0, $p(1)=1, then ¢ o f € A
(since ¢ is analytic near the spectrum of f) and ¢ of(x0) =0. Thus ¢ o f€ 4, and x € Z.
Since such x (along with o) are dense in X [2; 11], & is dense in X.
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Proof of 2.1. Let xe X. Then f— Tf(x) is a linear functional on F of norm
< ][ T || By the Hahn-Banach theorem and the Riesz representation theorem we
have a measure A, on X of norm < || T || with

Tf(x) = f fdi,,  feF.

Let p, be the unit point mass at x, and set v, = u, — 4, so

2.1) f(x) = Tf(x)= jfdvx, feF.

Since T acts as the identity on B, v, is orthogonal to B, and so v,{y} =0if ye2?
and B(y) # 0. In particular if xe# and B(x) #0, v,{x} =0 and v, and u, are
mutually singular; hence

Pl +1=]v ]l + ] =14 =T,
and ||v.| £ || T|| - 1. By (2.1) we thus have
(2.2) | T/x) —f®| < AT =D

for each x in 2 which is not a common zero of B. But 2 is dense in X while the
common zeroes of B are nowhere dense, so (2.2) holds for a dense subset of X, and

|7/ =71 < 7ldT) -0, |T-1] < |T]-1.
The reverse inequality is trivial, and 2.1 is proved.

One situation (which we shall meet again) in which 2.1 yields quite simply the
nonexistence of certain bounded projections is that of the following:

COROLLARY 2.2. Let A;, A, be closed subalgebras of Co(X) having X as their
Silov boundaries, and let B; = Cy(X) be a closed A;-module whose common
zeroes are nowhere dense in X, i =1,2, with BN\ B, =0. Then no bounded
operator T can act as the identity on B, and also annihilate B,.

For otherwise T, acting as the identity on B,, satisfies | T —I|=|T| -1,
while I — T acts as the identity on B,, so that

ITl=la-D-1]=]1-T|-1=]T] -2

Note that 2.2 says that although (by hypothesis) the sum B, + B, is direct
we cannot enlarge each B; to a closed subspace C; so that the sum C, + C, is
direct and closed in Cy(X).

ReMARK 2.3. If fe Co(X)\B and F =Cf + B, C = complexes, then it is well
known (and easily proved) that for every ¢ > 0 there is a projection of F onto
B of norm < 2 + ¢. The fact that all such projections are of norm = 2 for our B
of 2.1 represents a curious geometric aspect of the imbedding of B into Cy(X),
which can easily be rephrased as follows, where ball Cy(X) is the unit ball in
Co(X): The subset
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BN (Cf + ball Cy(X))

of Co(X) has diameter = 4 for each f outside B.

REMARK 2.4. There can, of course, be subspaces F = B and projections T of F
onto B of norm precisely 2; for example if F is the ‘‘disc algebra,”” and 4 =B
is the subalgebra of elements f whose analytic extensions to | z| < 1 have
f'(0) = 0, then the projection which we might write as

f(2)= Z a,z" > X a,z"
n#1
is of norm 2 since |a,| < | f]| = sup|f(e”)|. However, this is not the case if
F=C(X) (5.1).

REMARK 2.5. Finally, note that X being the Silov boundary of 4 is essential
to 2.1 and not just to our proof. Indeed let X be the disc |z| <1, A the “disc
algebra’’ viewed as a subset of C(X): the subalgebra of all f analytic on |z| < 1.
Let F be the closed subspace of C(X) formed by all fin C(X) with f|T' € A| T*,
T'={z:|z| =1}. Alternatively F = F,@® A, where F, = {fe C(X):f(T") =0},
and the natural projection f, + a — a is clearly of norm 1, since

Ifo +a >sup|f0(z) +a(z)| = supla(z)l supla(z)| =|al.

Nevertheless there is no bounded projection of all of C(X) onto A. Indeed for
a fairly wide class of algebras once it is known that A is uncomplemented in
C(X) for X the Silov boundary of A, then A4 is uncomplemented in any C(X)
into which it can be imbedded. Specifically this holds whenever each multiplicative
linear functional on 4 has a unique (non-negative) representing measure carried
by the Silov boundary X (as in the case of the disc algebra).

For suppose P is a bounded projection of C(Y) onto 4 (so that A is closed in
C(Y)) and B is the subalgebra of C(Y) of functions constant on the sets of
constancy of 4; then B = C(Z), where Z is a factor space of Y, and we may view
A as a closed (separating) subalgebra of C(Z), while P projects C(Z) boundedly
onto A. We can now view Z as a subspace of the maximal ideal space of 4, and Z
contains the Silov boundary X of A since A4 is closed in C(Z). Thus for each
z € Z we have a unique representing measure y, carried by X (so f(z) = [x fdp,,
fe A). From the uniqueness of u, we conclude that z — y, is weak* continuous
into the space of measures on X, the dual of C(X), or more precisely, into the
weak* compact set £ of normalized non-negative measures on X (for if z; - z
then any weak* cluster point u €X of {u,d} satisfies f(z) = [x fdu, fe A, so
u=pu,and It;, = it by the compactness of X).

Consequently for g e C(X), setting

1) = f edn,  zeZ,
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defines an element f of C(Z), so the subspace E = {feC(Z):f(z) = [yfdu,,
zeZ} of C(2) is (isometrically) isomorphic to C(X). Since P provides a bounded
projection of E onto A, there must be one of C(X) onto A, despite our hypothesis
that nome exist.

3. Let X again be the unit circle, and A the ‘‘disc algebra’’. The fact that there
is no bounded projection of C(X) onto 4 was found by W. Rudin [12] and,
independently, by R. Arens and P. C. Curtis, with both proofs following the lines
of [12], and utilizing the group structure of X and the rotation invariance of 4
(to produce from a bounded projection another commuting with translations).
The approach is as follows:

Let R, denote the translation operator: R,f(y) =f(yx), fe C(X). Then the
existence of P implies that

3.1 Tf = fo_lPRxfa'x, feC(X),

where integration is with respect to normalized Haar measure, defines a bounded
linear operator T on C(X). (Since x - R,-:PR,f is easily seen to be strongly
continuous, the integral can be viewed as strongly convergent.) Moreover one
clearly has TR, =R, T and Tf=f for f in A: thus for a character y of X,
Ty(x) = R,Tx(1) = TR x(1) = Tx(x)x(1) = x(x) Tx(1), and Ty=(Tx(1))x. So
Ty=y,x€A, Ty=0, x ¢ A. Consequently T coincides with the natural ‘‘pro-
jection’’ sending a Fourier series into its ‘‘non-negative half’’ which one knows
(by elementary means or, in fact, by 2.2) to be unbounded (or not into A) yielding
the desired contradiction.

This final step is of course the only point at which X need be the circle group,
rather than any compact abelian group, with 4 any translation invariant nonself-
adjoint subalgebra of C(X) (where one might apply deeper results, as indicated
in [12]). But in fact for such algebras and groups the same result holds as an easy
consequence of the introduction of T and the special case, or, rather the final
step of its proof; and in fact something more follows:

(3.2) Let G be a compact abelian group. A a closed translation invariant
subalgebra of C(G), and B = C(G) a closed invariant A-module containing A
but not A (so A is not selfadjoint). Then any closed subspace of C(G) lying
between A and B is uncomplemented in C(G).

For suppose P is a bounded projection onto such a subspace, and we form T
as in (3.1); we so obtain a bounded operator commuting with translations, acting
astheidentity on 4, and with range in B (since this was true of P and Bis invariant).
Let G” be the character group of G. As before Tg =(Tg(1)) g, §€G, so
Tg=g,8€A, Tg=0, g¢B.

As an invariant subspace, A is spanned by the set of characters it contains,
S=ANG", a subsemigroup of G”. Since B in an A-module, SB = B. From
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A4 B there is some g€ A with ¢ '=g¢B, and since §™ !¢ SB c B,
g7'ST'NnB=¢. Thus §"€ A4, n=0 and g"¢ B, n<0, whence Tg"=g",
n=0, T8"=0,n<0,and 6 :n—> g" is 1-1.

Dual to the homomorphism ¢ we have another, p : G - X (the circle group),
which has dense range since o is 1-1, hence is onto since the range is compact.
So X is isomorphic to a factor group G/H of G, H the kernel of p, and pC(X), the
range of the induced isometry p:f — fop of C(X) into C(G), consists of just
those f in C(G) constant on cosets mod H. Because T commutes with translations
we thus have TpC(X) c pC(X), whence § ~'Tp is a bounded operator on C(X).
But the character n of X has pn=ncp =on = g", and since Tg"is §" forn =0
and 0 for n <0, p~'Tp preserves (resp., annihilates) the characters of X corre-
sponding to non-negative (resp., negative) integers; we know no bounded operator
on C(X) does this, whence the assertion.

The preceding argument is of course restricted to abelian G, but the result,
or almost all of it, continues to hold for G nonabelian, with 2.2 providing the
means for the final step.

THEOREM 3.1. Let G be a compact group, A, = A, a pair of translation
invariant(®) closed subalgebras of C(G) with A; & A,. Then any closed subspace
B of C(G) lying between A, and A, is uncomplemented in C(G).

Proof. Suppose P is a bounded projection of C(G) onto B, and form

T.f = f R,-\PR.fdx, feC(G),

so obtaining a bounded operator on C(G) which commutes with right transla-
tions, acts as the identity on A; < B, and has range in A4, as before. Again form

Tf = fo-lTlefdx, fe C(G);

since L,R, = R,L, we now have an operator T with all the cited properties of T;
which commutes with right and left translations. We shall use this operator to
obtain our contradiction.

Now if A, separates the points of G, so that G can be viewed as a subspace of
the maximal ideal space of 4,, then G coincides with the Silov boundary of 4,
(for G contains the Silov boundary, which thus is a nonvoid subset invariant
under translations since 4, is). Consequently we shall proceed by first reducing
our considerations to the case in which A4, separates, and then showing there is
a nonzero invariant 4;-module M which T annihilates. This will essentially
complete our proof, since then 4; and M will be, respectively, 4,-and 4,-modules,
each without common zeroes on G (since the set of common zeroes, being in-

(®) Thatis, R.f and L, f are in A4 for fin A, where L.f(y) = f(x~1y).
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variant, is either void or all of G), while G is the Silov boundary of 4, and 4,;
thus 2.2 will apply to yield our contradiction.

Suppose then that 4; does not separate the points of G, and partition G into
the (closed, disjoint) sets of constancy of A4,. Since A, is invariant any one of
these maps, under a (right or left) translation, into, hence onto, another, and all
may be obtained as translates of the set of constancy H containing the identity
1 of G. Indeed if x € H then for the same reason 1€ x “*H implies x 'H = H,
sox 'eH,H 'cH,and H"'H=H. Thus H is a (closed) subgroup of G.
And since xH and Hx must each be the set of constancy containing x, for any x in
G, xH = Hx,x € G, and H is normal.

Let p:G— G/H be the canonical homomorphism, § the induced isometry
f—=fep of C(G/H) into C(G). Since T commutes with translations, T maps
PC(G/H) (the functions constant on cosets mod H) into itself: if R,f =f, he H,
then Tf(xh) = R,Tf(x) = TR,f(x) = Tf(x). Thus T induces a bounded operator
T’ =p ~' Tp on C(G/H), which obviously acts as the identity on 4] = jA4,, an
invariant separating subalgebra of C(G/H). And T' commutes with translations
and has range in A, = 5~ '(4, N fC(G/H)), an invariant subalgebra of C(G/H)
containing A; but not A;. So clearly it will suffice to obtain a contradiction from
the existence of an operator T commuting with translations, acting as the identity
on A, and with range in A,, just in the case that 4, separates our group, and
we shall henceforth assume A4, separates G so that, as we observed, G is the
Silov boundary of 4,.

Now the 4;, as invariant subspaces of C(G), are spanned by minimal finite
dimensional invariant subspaces L, and each L has as a basis the entries in a
finite dimensional unitary matricial representation U of G. Moreover for any
such U either every entry of U lies in 4; or all lie outside A; (since the corre-
sponding L has LN A; = L or {0}). Consequently we shall speak of U being
“in’* A4; or ““outside’” A;. (If U is reducible we may still use these terms, though
of course we have no dichotomy.)

Let us write TU for the matrix (Tu;;) of functions (U = (u;;)). Clearly,
for any constant matrix V, we have TVU =VTU, TUV =(TU)V. Since
T commutes with translations, TU(x) = R,TU(1) = TR, U(1) = T(UU,)(1)
=[(TU)U,](1)=(TUQ))U,, and similarly TU(x)=L,-:TU(1)=U(TU(1)),so

TU=VU=UV, V=TUQ).

With U irreducible, V must be a scalar multiple of the identity, so TU = AU,
A complex. Hence

3.3) TU=U for U in A,
since T acts as the identity on 4,, while

3.9 TU =0 for U outside A,
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since the range of T is contained in A,. (Of course (3.3) and (3.4) remain valid
if U is reducible, but we do not need this.)

We shall next produce a nonzero invariant 4;-module M with TM = 0. In
order to do so we shall apply a generalized Stone-Weierstrass theorem obtained
recently by Bishop [3, 6]. Call K = G a set of antisymmetry for A4, if fe A, and
f | K real-valued imply f | K is constant. Then [6] the maximal sets of antisymmetry
K for A, form a closed pairwise disjoint covering £~ of G for which

3.5 feC(G)and f|K € 4, | K for all K in & imply fe€ 4,.

Now since the elements of 2 are maximal sets of antisymmetry, any trans-
lation maps an element of " onto another. Thus, as in our earlier consideration
of sets of constancy, o consists of the cosets of a (closed, normal) subgroup
(again called H) of G.

Now let M be the closed span of the entries in all conjugates U of irreducible
finite dimensional unitary (matrical) representations U in 4, with U outside 4,.
Of course M is invariant, and nonzero since A4; § 4,, while TM = 0 by (3.4).

In all that follows let U, U’ be irreducible and in A,. In order to show M an
A;-module it will suffice to show that for such U, U’ in A, if U is outside 4, then
the conjugate U ® U’ of the tensor product U ® U’ is outside A, as well. For 4,
is spanned by just the entries of such U’, and the entries of U® U’ are just the
products u;;uy,.

Recall that the maximal antisymmetric sets for 4, are the cosets mod H. If
U I H contains the trivial representation then replacing U by an equivalent repre-
sentation we have

10
U,,—(O Vh), heH,

SO u,, is constant on each coset of H. Since the same is then true of @, #t;, € 4,
by (3.5), whence U is in 4,. On the other hand if U is in 4, then U | H is constant
since H is a set of antisymmetry of 4,. So

(3.6) Uisin A, if and only if U| H contains the trivial representation.

Now let U, U’ bein A4,, U outside A,, and suppose U ® U’ is not outside A4,.
Then some irreducible subrepresentation V of U® U’ isin A,;since U® U’ is in
A, c A,and His a set of antisymmetry for 4,, V | H is constant. Let

UH=ZXV, U|H=XV;

represent the decomposition of U|H and U’|H into irreducible unitary rep-
resentations of H, so we may write (U ® U’)| H=2XV,® Vi, and V,, V; are in
A2|H . Then for some i, j, some irreducible subrepresentation of V;® V}'is con-
stant, so V;® V; contains the trivial representation. Consequently [9, p. 438]
¥ is unitarily equivalent to ¥V}, so ¥; and ¥, are in A, | H. hence constant. Thus
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U|H contains the trivial representation and U is in 4, by (3.6), contradicting
the fact that U is outside A,, so our proof that M is an 4;-module is complete.

We now have the following situation: G is the Silov boundary of each of the
algebras A, A;; A, is an A;-module without common zeroes on which the
bounded operator T acts as the identity, while M is a nonzero 4,-module with
TM = 0 and no common zeroes (since the set of common zeroes, being invariant,
is either all of G or void). This is precisely the situation excluded by 2.2, so we
have the desired contradiction and 3.1 is proved.

For A, = A, = A nonselfadjoint and invariant, we thus have 4 uncomple-
mented. On the other hand if A4 is selfadjoint, the sets of constancy of A are the
cosets modulo a closed normal subgroup H, so A consists of all functions con-
stant on cosets mod H (by Stone-Weierstrass). Consequently convolution with
the normalized Haar measure of H projects C(G) onto A, and we have

COROLLARY 3.2. Let A be a closed invariant subalgebra of C(G), G compact.
Then A is complemented in C(G) if and only if A is selfadjoint.

It should be noted that to obtain our contradiction in the argument of 3.1
P only had to be defined on an invariant subspace of C(G) containing 4, and 4,.
A consequence of thisis the following.

COROLLARY 3.3. Let A be a closed invariant nonselfadjoint subalgebra of
C(G), with maximal ideal space #. Let A~ denote the set of Gelfand represen-
tatives of A in C(#). Then A” is uncomplemented in C(A).

(Cf. the last part of 2.4; note that here the representing measures for elements
of A need not be unique.)

Proof. Let E be the subspace of C(«#) formed by all f having f(m)= [fdu
for all non-negative measures g (on the Silov boundary of A) representing m, for
each m in . Then E contains A~ and is selfadjoint.

As before the sets of constancy of A are cosets mod H, for some normal sub-
group H of G, and we can identify G/H as the Silov boundary of A. Each trans-
lation (as an automorphism on A) induces a self homeomorphism of .# which
of course appears on the boundary G/H as a translation by an element of G,
and one easily sees that E is invariant under these homeomorphisms. Since by
definition

|f(m)| <sup|f(G/H)|, feE,
E is isometrically isomorphic to a closed subspace E, =(E|(G/H)) o p of C(G),
where p : G — G/H is the canonical map; and E, is a closed selfadjoint invariant
subspace of C(G) containing 4, hence 4.

Consequently, a bounded projection of C(#) onto A (or just one of E onto 47)
induces a bounded projection of E; onto 4; by our earlier observation the argu-
ment of 3.1 now applies (with A; = A = A4,) to yield a contradiction.
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The proof of 3.1 makes essential use of the hypothesis that 4, is an algebra,
rather than just an 4,-module. The fact that A, can be just an A;-module when
G is compact abelian yields a corresponding strengthening in that case of the
following corollary(®), which contains Newman’s result [10, 12, 8] that the
Hardy class H, is uncomplemented in L, of the circle.

COROLLARY 3.4. Let G be a compact group, and let A, = A, be invariant
subalgebras of C(G) with A, & A,. Then any closed subspace F of L,(G) lying
between the L,-closures of A, and A, is uncomplemented in L(G).

Let P be a bounded projection of L;(G) onto F. Since elements of L,(G) trans-
late continuously, exactly as in 3.1 we may form the strongly convergent integrals

T,f = f R,-.PR_ fdx,

Tf = jo'lTlefdxa f€ LI(G)9

obtaining a bounded operator T on L;(G) commuting with translations, acting
as the identity on the L,-closure of 4, and with range in the L,-closure of A4,.

Now the adjoint T* on L.(G) also commutes with translations, and, as a
consequence, T* leaves the subspace (formed by equivalence classes of elements
of) C(G) of L (G) invariant; for this subspace consists of just the elements f of
L (G) for which x —» R, f is a strongly continuous map into L,(G) (as appears
from (4.3) below, for example). For fe C(G) then T*f(1) is well defined, and
f— T*f(1) is a bounded linear functional on C(G); so we have a finite measure
pon G for which T*f(1) = [ f(x) u(dx), f€ C(G).

But T*f(y) = R,T*(1) = T*R,f(1) = [f(xy)u(dx), and thus for
heL(G), fe C(G), we have [h(y)T* (y)dy = [[h(y)f(xy)dyu(dx)
= JC SR y) (dx) f(3)dy, s0

3.7) Th(y) = f hx ™ ty) u(dx)

since C(G) is weak* dense in L, (G). In particular (3.7) shows that the subspace
C(G) of L,(G) is invariant, and that the restriction T, of T to C(G) defines a
bounded operator on C(G).

Now if Ty f¢ A, for some f € C(G) we have (T,f)*h¢ A, for some continuous
function h taken from an approximate identity; thus for some finite measure
v on G orthogonal to A, we have

0# [ (oo hxyv(an) = [ (Tof trapax = [ ey,

(6) The author is indebted to the referee for this version of the result, which is considerably
stronger than the original.
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and since h*v is an element of L,(G) orthogonal to A4,, hence to the range of T,
we have a contradiction. Consequently, T, has range in 4,.

Trivially T, f = f for fin A,, cince this equality holds in L,(G), and so Ty, is a
bounded operator on C(G) acting as the identity on A, with range in A4,, and
commuting with translations; since this is precisely the situation precluded by
the proof of 3.1 (with T = T,), we have the desired contradiction.

CoOROLLARY 3.5. Let G be a compact group, A an invariant subalgebra of
C(G). Then the Li-closure of A is complemented in L,(G) if and only if A is
selfadjoint.

(““If>” follows as in 3.2.)

4. Let G now be a locally compact abelian group. The present section is
devoted to a characterization (implicit in [12] for G compact) of the comple-
mented invariant subspaces of Cy(G) due to K. deLeeuw, and to an analogue
of 3.1 which follows from the same approach.

deLeeuw observed that an invariant mean on the space m(G) of all bounded
functions(”) on G could be used in place of the Haar integral in (3.1), and had the
following consequence.

THEOREM 4.1 (DELEEUW). A translation invariant subspace A of Cy(G) is
complemented in Cy(G) if and only if A = ux Cy(G) for some idempotent measure
p=p*p on G. Consequently if G has a connected dual G~, then no proper
nonzero invariant subspace of Co(G) is complemented.

Proof. If A= uxCy(G), p = px*pu then f— puxf provides a bounded projection
of Cy(G) onto A. Conversely let P be a bounded projection onto 4, and let us use
f— M, f(x) to denote our invariant mean on m(G). Let -, -> denote the usual
pairing between L.(G) and L,(G):{f, h) = [¢fhdx, feL(G), heL,(G).
For fe Cy(G), view R_,PR_f as an element of L (G) and form

(4.1) M_(R_.PR.f, h> for heL,(G).

Trivially (4.1) is bounded by | PR.f|o | h|ls < | P||| /]| 2|1, so we have an
element Tf of L(G) satisfying

(4°2) {Tf, h)= Mx<R—xPRxf> h>a he L(G),

and T appears as a bounded map of C,(G) into L(G).
Now by virtue of the invariance of our mean one easily obtains TR, = R, T;
and this implies Tf translates continuously in L.(G):

IRTS = Tf o= | TR =N < | T || RS ~f]
which tends to zero as y approaches the identity 0 of G.

(7) That is, a non-negative functional (of norm 1) which is 1 at 1 and assumes the same
value at R.f and f, x € G, f € m(G). Such a mean always exists if G is abelian.
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As a consequence Tf is (the equivalence class of) an element of C(G). For Tf
can be approximated (in the norm of L) by elements

4.3) L v()R_,Tfdy = v+ Tf

of L,(G), where v runs over an approximate identity in L,(G); since (4.3) is in
fact in C(G) the convergence of {v* Tf} in the essential supremum norm shows
{v* Tf} is a Cauchy net in C(G), whence our assertion.

So now we may view T as a bounded map of Cy(G) into C(G), and f — Tf(0)
is a well-defined bounded linear functional on Cy(G). Hence Tf(0)= [fdp,
fe Cy(G),for some finite measure 4 on G; and since Tf(x) = R, Tf(0) = TR.f(0)
= [R.fdu=pxf(x),

(4.4) Tf = uxf,  feCy(G).

uis finite, so this shows T has its range in Cy(G),. In fact Tf =f, fe A, while T has
its range in A, as we shall now verify.

For the first assertion, suppose feA and heL,(G). Then since R feA,
PR.f=R.f, so that

(T, by = M(R_PR.f, by = M Lf, by =</, b,

and Tf=f in L,(G), hence in Cy(G). For the second assertion, note that if
feCy(G) and Tf¢A there is a finite measure v orthogonal to A for which
0# [Tfdv= Tf*v(0), whence [R,Tfdv 0 for x near 0 in G. Thus for some
heLy(G), 0 # Tf, v« h) = [[ Tf(y + x) v(dy) h(x)dx, so that

0% M,(R_,PR.f, v+h)

despite the fact that v+ h is an element of L,(G) orthogonal to A (since 4 is in-
variant) and R_,PR,fe A for each x in G, whence

Mx<R—xPRxf9 V*h> =0,
our contradiction.

Now since Tf € A for all f in Cy(G) while Tf = f for fin A, T is a projection
onto A. Clearly T?> = T implies pu*pu = p by (4.4), and since A4 is the range of
T, A= pu*CyG) by (4.4).

For the final assertion of 4.1, recall that when G ~ is connected the only idem-
potents x on G are the zero measure and the unit mass at O (for the Fourier-
Stieltjes transform fi=fi* is identically zero or identically one). Thus Cy(G) and
{0} are the only complemented invariant subspaces of Cy(G).

The same approach, along with some facts from the spectral theory of bounded
functions (see [7]), leads to our analogue of 3.1. For a closed subset E of G
let kE be theideal of L,(G)consisting of all f with Fourier transform f vanishing
on E, and let JE be the closure of theideal of f in L;(G) with f having compact
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support disjoint from E; thus kE and JE are, respectively, the largest and smallest
closed ideals in L,(G) having E as hull. Now let C(G); denote the space of bounded
continuous functions on G endowed with the strict topology [4]; C(G), is a
locally convex space whose dual can be identified with the space of finite measures
on G, i.e., with Co(G)* (as a vector space). (kE)* and (JE)* will denote the
closed [7] subspaces of C(G), orthogonal to kE and JE, respectively; (KE)*
is the (strictly) closed span of the elements of E in C(G),, while (JE)* consists of
all bounded continuous f with spectrum spf < E.

We shall need one consequence of the fact that the set of continuous func-
tionals on C(G), coincides with those on Co(G) : if B is a closed subspace of Co(G)
then B is a relatively closed subset of Cy(G) in C(G),. For B is weakly closed in
Co(G), hence relatively closed in Co(G) in the weak topology of C(G)g, and trivially
this implies our assertion.

THEOREM 4.2. Let G be a locally compact abelian group, A a closed invariant
subalgebra of Co(G), and B an invariant A-module in Co(G) with A< B, A & B.
Then any closed subspace of Co(G) lying between A and B is uncomplemented
in Cy(G).

Proof. Again let P be a bounded projection onto the subspace, and form T
asin (4.3). Exactly as before (i) R, T = TR,, and we obtain (ii) Tf = uxf, fe Cy(G),
and also the fact that (iii) Tf = f for f in A. Moreover a simple adaptation of the
argument showing T in (4.3) had its range in A shows that here (iv) T has its
range in B.

Now it suffices to obtain a contradiction from (i)-(iv) assuming A4 separates G.
For in general the sets of constancy of A are cosets modulo a closed subgroup H
of G, as in 3.1, and H is necessarily compact since A = Cy(G). Hence if p is the
canonical map of G onto G/H, and g the induced map of Cyo(G/H) into Cy(G),
one easily obtains (i)—(iv) for T, =5 "'Tp, A, =5 '4 and B, = ~'B (with
(i) replaced by its easy consequence g~ 'Tpf= (5" u)+f, fe Co(G/H); thus
our contradiction for the separating case will apply. Consequently we shall hence-
forth assume that A separates G, hence that G is the Silov boundary of 4.

With spf the spectrum of fe Cy(G) and E = Cy(G), let spE =(UfeE spf)~.
By [5, Theorem 4.7] sp 4 is a subsemigroup of G~, and by just the proof of that
result one hassp A + sp B = sp B (since AB = B and A4 and B are invariant).

Now we assert that — sp A & sp B. For suppose not, so that

spA—spAcspA+spBcspB,

and sp B contains the closure g of the group spA —sp A. Since spA is a semi-
group, spA c g and —spA4 < g; thus among the elements of (Jg)* (those f in
C(G)g with spf < g) we have all fin A4, and all fin A (since spf = — spf). Because
spfif2 = (spfi +spf,)” [5, §3] while g is a group, (Jg)* contains the separating
subalgebra of Cy(G) generated by A and 4, which is dense in Co(G) by Stone-
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Weierstrass. The injection of Co(G) into C(G), is (obviously) continuous, so (Jg)™*
contains a subset of Cy(G) which is dense in Cy(G) in the strict topology, and
since Co(G) is dense in C(G), while (Jg)* is closed in C(G);, we thus have
(Jg)* = C(G)s. This of course implies g=G”~, whence spB=G", and
Uyes spf is densein G ",

But each element of the dense subset U res sPf of G lies in the strictly closed
span F of B [7, Theorem 1.2], and (since the injection of G~ into C(G), is con-
tinuous) we thus have its closure G~ < F. So F contains the closed span of G~
in C(G), i.e., F o C(G)y. As we have noted, B is relatively closed in Co(G) in the
strict topology, so B = F N Cy(G) = Cy(G), contradicting the fact that 4 & B.
Hence —sp A & sp B as asserted, or spA ¢ spB.

Now let f; be an element of A with spf; & sp B. Choosing an h in L,(G) with
Fourier transform / nonzero at some point of spf;, yet having compact support
disjoint from sp B, we have f, = f;*h a nonzero element of the (closed invariant)
space A, while K =spf, is a compact set disjoint from spB. Consequently
f2 is anonzero element of 4 with spectrum contained in K — sp 4, and thus

M=AN(JK -spA) ={f:fed,spfcK—spA}+{0}.

Clearly M is a relatively (strictly) closed subspace of 4 in C(G),, hence a closed
subspace of Co(G) since the injection of Cy(G) into C(G); is continuous. Trivially
M is invariant, and, since spfg = (spf +spg)” [5, §3], for fin M and g in 4
we have

spfgcK—spA—spA=K—spA

since sp A4 is a closed semigroup and K — sp 4 is closed. Thus fge M, and M is a
(nonzero invariant) 4-module.

Now sp M(< K —sp A)and sp B are disjoint; for otherwise J # (K —sp A)Nsp B,
and @ # KN (spA+spB) «c KNspB = (. Recalling that Tf = uxf, fe Co(G),
we have sp Tf c spf, and thus if fe M, spTf <« K—sp A. Since TfeB,spTf =,
and Tf =0, for fe M.

So we have precisely the situation encountered in 3.1: 4 and A4 have G as their
Silov boundaries, A (resp., M) is an A-(resp., A-) module with no common zeroes
on G, while T acts as the identity on 4 and annihilates M, contradicting 2.2.
Our proof of 4.2 is complete.

Exactly as in the compact case we have

CoROLLARY 4.3. If A is a closed invariant subalgebra of Cy(G),G locally
compact abelian, then A is complemented in Co(G) if and only is A is selfadjoint.

5. There is a slight strengthening of 2.1 in the case that T is a projection and
F = Co(X).

TueOREM S.1. Let X be the Silov boundary of the closed subalgebra A of
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Co(X) and let B = Co(X) be a proper closed A-module without common zeroes
on X. Then any projection P of Co(X) onto B has norm > 2.

Proof. Weshallassume || P | < 2and obtain a contradiction. Take F = Cy(X),
T=P in 2.1. Then by (2.1)

5.1) F(x) = Pf(x) = f fdv,, feCo(X)

and by (2.2) (which holds for a dense set of x, hence by continuity for all x)
[f) =P [ £ PI=D=Z|S], feCo(X),

so that || v, || <1 for all x in X. Consequently x — v, is a weak* continuous
(by (5.1)) map of X into the unit ball of measures on X, in fact into the set B*
of measures orthogonal to B.

Now

Pfe B, all fin Cy(X),
is equivalent to the fact that
0= [ Pfan secun,  ueB,

hence by (5.1) to

(5.2) 0= j /) —vi(f)lu(dx),  feCoX), meB,

where v, (f) = jf dv,. Consequently for u in B*,

53 [rau=[nipuan,  recun,
and we have the representation

(549 u= [ vt

of uin B* as a weak* convergent integral.

Let & be the set of extreme points of ball B* = {u:pin B*, | p| < 1}, which
is nonvoid by the Krein-Milman theorem (since B * # ¢ inasmuch as B # Co(X)).
Let pe &, so || u| =1, andlet K be any Borel set for which | u|(K) # 0, where
| 1| is the total variation measure associated with . Then(®)

1
(5.5) K= T f V().

(8) Clearly (5.5) must imply v, is a (complex) multiple of ue & for each x in the carrier of u,
but the proof of this fact will take some argument.
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(Here, of course, the integral is the measure corresponding to the well-defined
continuous functional f — [¢v,(f) u(dx) on Co(X).) Indeed, we have

u= [ vaatan) + [ vaatax)
K K
where each summand lies in B* since every v, does; since || v, | £ 1,
I vaan)| 41 [ vaatan)]
K K’

< |10 + |ul(Ky =[] =1
so that equality holds throughout (5.6), and

5.6 n

IIA

l@ =1 [ vu@l. |ul&) =1 [ vauianl.

Consequently (5.5) follows from the extremity of p.

Now let pu = |u| where p is a Borel function of modulus 1. By Lusin’s theorem
for n > 0 there is a compact set K for which the restriction p|K is continuous,
while |u|(K) > 1 —n. Let uy denote the restriction of u to K, and carr ug the
(closed) carrier of ug, a subset of K. Then for fe Co(X) and x, € carr ug we have

_ px)
vo(f) eN) Veo(f) | <

for x in VN K, where V is some neighborhood of x,; since x,ecarrp,
|ug| (V) = || (KN V) #0. So by (5.5)

Vao(f)

|u(f ) — 205

= —‘——‘1 1 vxo(f)
- | [R[K AP fw D) = Ay f o PO PEIHE@) |

since [xoy PYR(AN) = [goy| 1] (dx) = | 1| (K N V), and

’ u(f) — Vxolf) p(x)

1
p(xo) I = [u|(KNV) fw "x(f)"m"xo(f)’ | 1] (dx) <.

Hence v, = p(xo)u for x, in carr pg, with K as above.
Now the set of all such x, is necessarily dense in carr u. For if xecarr u has
a neighborhood ¥V for which V N carr ux = & for all such K then

el = lul = 1ul) =1 =]u|®),

while [ px|| can be chosen arbitrarily close to 1 and |u|(V) > 0. Thus
v,€ T'u, T! the unimodular complex numbers, for a dense set of x in carr y,
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hence for all x in carr u since x — v, is weak* continuous and T'u is weak*
closed.

Consequently if u, and p, are in &, and their carriers meet, then u, € T'y,
since 1,4, = v, = t,u, for some x.

Now fix ue& and let E = {v : veball B*, carr v < carr u}, a weak* compact
convex set. Then if visextremein E (so | v || = 1), ve & : forif

v=al+ (1 —a)d’, L, A’ eballB*, O0<a<l
and pv = | v |, where p is a unimodular Borel function, then
1= v(p) = apA(1) + (1L — a) pA'(1)

whence 1 = pA(1) = pA'(1) = | pA|, ||pA’[, and pA, pA’ are non-negative.
Trivially then carr A = carr pA and carr A’ = carr pA’ are contained in carr p,
whence A, A’ arein E, so that v = 4 = A’ since v is extreme in E.

From the fact that each extreme point v of E lies in & and has its carrier con-
tained in carr p, we thus have ve T'u for each such v, so that E = Dy, where
D ={z:|z| = 1}. But since B has no common zeroes, no element of B* (in
particular u) is a point mass, so we have an element f of 4 which is nonconstant
on carru. So fu#0 and fu /| fu| €E, despite the fact that fu/|fu| eDu
implies f is constant on carr u; thus we have the desired contradiction, completing
our proof.
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