THE BILINEAR RELATION
ON OPEN RIEMANN SURFACES(*)

BY
ALBERT MARDEN

1. Introduction. The dependence of harmonic differentials on an open
Riemann surface of infinite genus on their periods and indeed the properties of
their periods near the ideal boundary seem to be quite difficult problems. Yet
upon making the transition from the study of compact surfaces to the study of
open surfaces these are natural questions to consider.

On a compact surface, a harmonic differential is uniquely determined by its
periods, and any pair w,,®, of harmonic differentials satisfy the bilinear relation
of Riemann [8],

P
(0,03) =X f wlj 0, — f @2f g,
i=1 Ay B; Ay B;

where p is the genus of the surface and {4,,B;} is a canonical homology basis.
These facts so easily derived for compact surfaces are natural starting points for
excursions into the colder climate of surfaces of infinite genus. It was the bilinear
relation that was first found to be amenable to investigation on (parabolic)
surfaces of infinite genus (Ahlfors [2]).

Most recently Kusunoki [5] and Accola [1] have made important contributions
to the study of the bilinear relation. Their results have led the present author to
some rather general sufficient conditions for the bilinear relation. These are
presented in Theorems 1-3 of §4. §5 contains a specialized result concerning
parabolic surfaces. This paper concludes with several examples illustrating the
theorems. ’

The author wishes to acknowledge the generous advice and encouragement
he received from Professor Ahlfors.

2. Preliminary results. We briefly review the results we will use; for details,
see [3]. Suppose Wis an open Riemann surface. The inner product and Dirichlet
norm defined as

(w,0) = ffww&*, o |?=(0,)
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make the class I', of harmonic differentials into a Hilbert space. Here
o* = bdx — ady denotes the conjugate differential of ¢ =adx + bdy, G is
the complex conjugate of o.

Let {Q,} be an exhaustion of W. That is, Q, are (relatively) compact subsurfaces
of W bounded by analytic curves with Q, = Q,,; and limQ, = W. The class
[,0(Q,) is the class of harmonic differentials in , that vanish along the boundary,
0Q,, of Q,. We can define the closed subspace I',, of I', by the requirement that
w € Ty if and only if there exist differentials w, € I',o(Q,) withlim | w—w, ||q, =0.
Thus weTl,, has zero boundary behavior in the sense that w =0 along any
smooth piece that can be realized on the ideal boundary. We have the orthogonal
decomposition T, = Tyo + I, Tyo L T, where I, is the class of harmonic
exact differentials and I'}, is the class of differentials conjugate to those in T,.

A 1-chain ¢ on a finite polyhedron P is a relative cycle if dc lies on the border
of P. The relative cycle ¢ will be called weakly homologous to zero, written
¢ ~ 0, if and only if ¢ is the boundary, modulo the border of P, of a 2-chain. We
can define weak homology on an infinite polyhedron P by the condition that a
(possibly infinite) 1-chain ¢ is weakly homologous to zero (¢ ~ 0) if and only if
¢ NP, is a relative cycle weakly homologous to zero in P, for all n and any
exhaustion {P,} of P. With this definition we can form the weak homology group
H(K) for the polyhedron K associated with the surface W. The weak singular
homology group H(W) can be defined analogously, and the method of simplicial
approximation determines an isomorphism between H(K)and H(W); we willalways
identify these two groups. The group H(K) contains the homology group H(K).
A canonical homology basis of K is a set {4;,B;} of cycles that generate H(K)
modulo the dividing cycles with 4;x A;=B;x B;=0, A, x B;=46;;. (The
symbol x refers to the intersection number. A dividing cycle is a cycle homol-
ogous to a cycle lying outside of any finite subcomplex.) It will be clear in the
context whether by ‘‘cycle’” we refer to the whole homology class (or weak
homology class), or to a specific member of the class. In the latter case when we
have chosen a rectifiable member of the class we will usually refer to the cycle as
a ‘“‘curve.”

If yis a cycle, [, is a bounded linear functional on I, (dependent only on the
homology class of y) and hence there is a unique real differential a(y) € I';q, called
the reproducing differential for y, such that [,0 =(w,0(y)*) for all weT,.
In particular, if § is another cycle, (a(f), o(y)*) = B x .

Let T be a class of rectifiable ‘‘curves’ on W. Traditionally, when referring to
an extremal length problem, this means that each y € I" is the sum of countably
many rectifiable arcs. A linear density p on Wis a collection of invariant forms
p| dz | with p = 0 and p lower semi-continuous. If y € T and {Q,} is an exhaustion
of W, [, ,,Q"p| dz | is a nondecreasing function of n with co admitted as a possible
value. Therefore [,p|dz|=1lim,.q [,nq, p| dz | is independent of the exhaustlon
chosen and is well defined. ' :
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The extremal length A(T") of I' is defined as

L(p,7)*
AT) St:p Ap)
where A(p) = [y p*dx dy and p ranges over all linear densities not identically
zero. The extremal length A(T") is a conformal invariant and depends only on the
class I' and not on the region which contains I'. The following are the prop-
erties of extremal length that we will use.

1. The extremal length of the class of curves connecting the opposite sides of
length b of a rectangle with sides of length a and b is a/b. The extremal length
of the class of curves separating the contours of the annulus r; < | z | <r,is
2nflogr,/r ] ",

2. IfI'y, T'; are two classes of curves such that every y; eI'; containsa y,€TI’,,
then A(T'y) = A(T,).

3. (Hersch [4].) If "' =T, UT, in the sense that every curvein I'; and I', is a
curvein I'and converselyify e I', theny e T"; and /or y € ", then

1 1 1

m) =S4Ty T

Loy =inf [ pldz],
7 Y

4. fI'oT', UT', and Ty and T, are contained in disjoint open sets,

1 1 1
2 + .
AT) ~ M) AT)

In particular, if T'=T, U T, from 3,

S S
AD) ATy AT

5. Suppose I' = X.'_,T; in the sense that every yeI is a sum y= Xy, of
curves y; € I'; and conversely, every such sum is in I. Assume the classes I'; are
contained in disjoint open sets R;. Then

AT) = n max AT').
i

Proof. Set a’ = Ag(p) and assume Ag(p)= X Ag(p)=1 where R=|JR.
Then inf,.r, [,p|dz| S AT)"%a; and inf,.; [,p|dz|*=(Xinf,.r, [,p|dz]|)>?
S (XZAT)?a)? < n maxA(T).

If w €T, the notation | w | is to mean the linear density | @ | = | gradu | | dz|,
where w = du in the z-parameter neighborhood.

6. If A') =0, then for any w,,w, €T, there is a sequence of curves y,€I’
such that
limf | 0y | = lim | @y =04

n—o© n-©Jy,
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Proof. Consider the linear density p = | @, | + | », | with @, and @, normalized
so that A(| w; |) = | @; | =1, i = 1,2. By the Schwarz inequality,

40 = [[Qon ] +l@a) o] + o 2 =4

Because

1, 2
A = mf_z(—) p|dz|2_2_—sz(J;|wl|+J;|w2|),

the result follows immediately.

7. Suppose E, E, each consist of a finite number of arcs or full contours on
the boundary of a compact bordered Riemann surface. Let u be the harmonic
function which is 0 on E,, 1 on E, and whose normal derivative vanishes on the
rest of the boundary. Then the extremal length of the class of curves connecting
E, and E, is || du | ~? while the extremal length of the class of curves separating
E, and E, is | du |

3. The bilinear relation. Suppose W is an arbitrary open Riemann surface.
Given any two differentials w,,w, €I, the bilinear relation is said to be valid
on Wif there exists an exhaustion {Q,} with

N(n)
(0;,03) = lim X J W, f Wy — f Wy j (o7
n—-o00 i=1 i B; B; A

where {4;,B;}Y"] is a canonical homology basis for Q,. If the exhaustions {Q,},
{Q,} corresponding to any two pairs of differentials may be taken so that Q, and
Q! have the same basis {4;,B;}') for all n, then the sequence {4;,B;}}") is
independent of the choice of differentials w;,w,. In this case the strong form of
the bilinear relation is said to be valid.

The following lemma forms the basis for our investigations.

LemMA 1. IfQisa compact region in W with canonical basis {A;,B;}}-, and
w,,w, €T, such that w, and w, have no period over any component of 0Q, then

(g, 03)q = Z W, f Wy — f le @, + f uw,,
i=1 Aq B; B; Ai o

ool s [ [

}f u@zléz J‘uﬁzléz lel I(Uz',
e i i i ¥i i

where y; are the components of ¢Q and u(p) is a function defined on 0Q, on vy,
having the form u(p) = [ w;, p; fixed on y;.

Proof. The proof is an application of Green’s theorem to the differential
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Tyw; = ig:l (Liwi)a(A,-) - (J‘A‘wi)a(B,-).

This lemma shows that the bilinear relation is valid on a bordered surface if,
for example, w, €',y and w; has no periods over any border cycle (w, € T',,,).
However in the general case it is difficult tc obtain information on the behavior
of w, € 'y, near the ideal boundary; therefore we assume w, € I',q < [,,.

Accola [1] observed that if we are interested in the strong form of the bilinear
relation for a sequence {4;, B;};"?, then (w,, Tyw?), for a fixed w, and N, may
be regarded as a bounded linear functional on I',o. Consequently the convergence
of the sequence of linear functionals {(w,, Tyw})} can be treated by Hilbert
space methods.

LeMMA 2 (AccoLa [1]). Necessary and sufficient that the strong form
of the bilinear relation hoid with respect to the sequence {A;,B}}"™) is
that there exists M < oo independent of N such that |(w,, Tyw3) | £ M| o, || |o,||

for all w,,w, in T,.

4. The sufficient conditions. Assume that W is an open Riemann surface
and let W be the compactification of W that associates a point with each ideal
boundary component. If y is a curve in W, y can be completed in W ; denote the
completion by §. Thus if y is an arc in W with ‘‘end points”’ on the ideal boundary,
7 is an arc or closed curve in W.

Let € be the class of curves y which satisfy the following conditions (see
Figure 1).

1. y has a finite number of components all of which are rectifiable curves.

2. y is the relative boundary of a subsurface Q of finite, positive genus, which
contains a point p, fixed in advance.

3. Every component ¢ of 7 in W is weakly homologous to zero when restricted
to W.

-——
-~ -,

FIGURE 1
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4. If ¢, is any closed curve in W which is contained in some ¢ of 7, then ¢, re-
stricted to W is not weakly homologous to a sum of cycles in Q.

THEOREM 1. If A(%) =0, the bilinear relation is valid.

Proof. Let w,,w, be two differentials in I',. There exists a sequence of curves
7, in € such that lim [, | ;| =0, i =1, 2. Because the curves y, cannot shrink
to a pointand each compact set s of positive | w; | distance from the ideal boundary,
it follows that y, must tend to the ideal boundary. Denote by Q, the possibly,
noncompact subsurface determined by y,. We may assume all components of
W — Q, are of infinite genus.

At most a finite number of the curves y, can intersect any given compact set;
therefore by condition 2 the subsurfaces Q, exhaust W. Hence by choosing a
subsequence of y, if necessary, we may assume Q, has canonical homology basis
{A4;,B;}}") where {4;,B;} is a canonical basis of W and N(n) is an increasing
function of n.

Fix n and let j,= X3, be the decomposition of j, into its components 7,
in . Choose a compact subsurface K, with all components of 0K dividing cycles,
so large that the following conditions are satisfied. (A cycle is a dividing cycle
if it is homologous to a cycle outside any given compact set.)

(a) K NQ, has only one component of positive genus and this has the same
canonical homology basis as €,.

(b) The components of 0K separate the ideal points on j,; from those on
Tnj» all 1,7, # j.

(c) Each component of dK intersects y,; for at most one i. (Hence each com-
ponent of W — K contains pieces of ,; for at most one i.)

Let {K,}, K = K,,, be an exhaustion of W by (relatively) compact subsurfaces
with each component of 0K, a dividing cycle. We will now show that each com-
ponent of d(K,, NQ,) is a dividing cycle for all m, except perhaps for a finite
number.

Suppose ¢, is a component of d(K,, N Q,) which is not a dividing cycle. Using
the notation ¢, = ¢,, N K,,, we see from condition (c) that ¢, contains pieces of
7,: for exactly one i. Furthermore, since ¢,, is a boundary component of K,, N Q,,
¢, is homologous to a cycle in Q,, necessarily a nondividing cycle. Hence c,, is
weakly homologous in K,, to cycles of the canonical homology basis of Q,, in
fact, to cycles in K N Q,.

We can regard ¢, together with these cycles in K N Q, as bounding a connected
subregion of K,, N Q,. Butalso if p < m, c,, N K, and these cycles bound a region
(not necessarily connected) in K, N Q,. Therefore we can write ¢,, N K, = X,
plus cycles weakly homologous to zero in K, where ¢,; is a component of
(K, NQ,) which is not a dividing cycle. For short, we write ¢,, N K, = Xy

Suppose we can find a c,, for aninfinite sequence {m}. Then thereisa subsequence
of {m} such that the corresponding c,, have the following properties.
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(a) c,, is contained in },; for some i and all m.

(b) The decomposition ¢,, NK = Xco; = s is the same for all m.

Part (b) is possible because there are only a finite number of possible cycles
co;in KNQ, (K, =K).

The condition (b) implies ¢, ., contains c,, for all m. For ¢, ,, N K,, contains
at least one possible ¢, say c,,, and also contains s. On the other hand there is a
nondividing component of d(K,, N Q,) which contains s, namely ¢,,, and hence no
other nondividing component of d(K,, N Q,) can contain s or part of s. Consequently
Cp = Cpye

Because of (a) and the fact ¢, is contained in ¢, 4, for all m, lim ¢, exists as a
closed curve ¢ in j,;. Furthermore for any m and j < m, c,, N K is weakly ho-
mologous in K; to cycles in K N Q, which do not depend on j or m (they are in
fact the same cycles s is weakly homologous to in K). Hence ¢ = ¢ N\ Wis weakly
homologous to cycles in K N Q,. This contradicts our assumptions on the curves
$:» and we conclude that each component of d(K,, N Q,) is a dividing cycle. (We
remark that simple examples show the necessity of condition 4 on € for the
argument just advanced.)

The differentials w;eT,y, i =1,2, are limits of differentials w;, € I'1o(K,,),
; = lim w;,. It follows from Lemma 1 that

N(n)
*
(wlm’me)ﬂ,.nKm - J‘A wlmj w2m J‘ c02mf @1m
i

gf lowm| [ ],
n OKm In 0Km

since w;, vanishes along dK,, and all the components of d(K,, NQ,) are dividing
cycles. Allow m— oo to obtain
<[ Joul [ Jas)

@ |@poda, —Nﬁ) [o | @- [ @] e

That the bound on the right is valid will be proven below. Assuming (2) then,
allow n— oo and the truth of the theorem is established.

The only difficulty in proceeding from (1) to (2) is near the ‘‘end points’’ of y,.
This can be overcome by avoiding the end points by tiny smooth curves ¢ on which
{ tako| @im | = [:| @i | and then allowing  to shrink in such a way that [,| w;| - 0.
Specifically we can construct an approximation ¢, € % to y, which bounds a
subsurface with the same basis as Q, and coincides with y, except near the end
points of y,, and for which

3) lim |w,,,,|=f | @], Iimf |w,|=f|w,|
m=0 Jepk NKm Cnk k=00 Jenk ¥n

Using relations (3), the above proof shows (1) holds for c,, in place of y,; letting
m— oo and then k — oo, (2) immediately follows.

(M
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To obtain ¢, follow the following procedure. For some sufficiently large
p, Q, —Q, N K, is the union of rectangular regions R; with one pair of opposite
sides consisting of pieces of y, and the third side a piece of 0K,. Each region R;
can be mapped on a rectangle (or triangle) R} and w; is harmonic on and vanishes
along the side I corresponding to the ideal boundary, except perhaps at the cr.d
points (see [3]). We can modify K,,, m > p, so that 0K,,NR; is a straight line
parallelto I. For all large m, extend w,, to I in R/ (and beyond) by the reflection
principle. Then w,, converges to w; on I (except perhaps at the end points). The
equalities (3) can now be easily verified.

We will give two variations of Theorem 1 which apply to the strong form of
the bilinear relation.

Let {4;, B;} be a canonical basis of Wand let N(n) be an increasing function of n.
Define the class €, of curves as follows:

¢,={ye®| if y=0Q then Q has canonical basis {4;,B]}")}.
The following theorem is proven exactly as Theorem 1, making use of Lemma 2.

THEOREM 2. If A(¥,) £ M < © for all m, the strong form of the bilinear
relation is valid.

The question of whether the hypothesis of Theorem 2 implies that of Theorem 1
will be discussed in a forthcoming paper. However, we observe here that if the
classes %, can be chosen to be contained in mutually disjoint open sets, then by
the Hersch inequality, the hypothesis of Theorem 1 will be satisfied.

Suppose €2 < €, is a class of curves such that €°= X™" &9 in the sense
that every y,e €y can be written y,= Xm"y,; with y,,€ €% and §,, "W < 0.
Assume furthermore that the classes #2; are contained in open regions R,; with
R,NR,;=¢, i#j. If R,= L"") R, then for a suitable choice of y,e &?
(see §2.6),

m(n)
2 [ Joul [ |l
i=1 Yni Ini

by the Schwarz inequality. Again using Lemma 2 the following theorem is imme-
diate.

I\

m(n) 0
2 X 2AED |01 el @2 |n.

IIA

Ral| @2

2 max (%y)| o, R,
i

THEOREM 3. If).(%,?i) <M < o forallnandi,thestrong form of the bilinear
relation is valid.

Ifin addition to the above assumptions, R,; NR,,; = & for m # n, then

1 1
AER) ~ A
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so that if m(n) = O(n) it can be asserted that the hypothesis of Theorem 3 implies
that of Theorem 1. It does not necessarily imply that of Theorem 2 either (see
example 3 of §6).

Theorem 3 includes the sufficient condition of Accola [1].

With the help of an estimate derived in the proof of Theorem 1, a general
approximation theorem for the strong form of the bilinear relation can be proved.
This theorem may be regarded as a generalization of Theorem 2.

THEOREM 2*. If A(%,) =0 > 0 for all n, then

N(Il)
lim @) wn) [“""“’3) Lf‘" f n j .“’zf “"] =0

for all w,w,eTl,,.

Proof. Given w, eI’ define the I, differential Tyw, as

o~ . ([ ) ([ )0,

It follows from what we have shown above ((2) and §2.6) that for any w, € ',

| (@1,03)q, — (@1, Tyo3) | S 24(€,)| o, || | @, |
or
| (4, Tyw}) | < " g “ " w3 " (1 +24(%,)).
Let 7y denote the projection of Tyw} into T'yo. Then (w,, Tyw}) = (@4, 7y). Set-
ting w, = Ty we obtain

C) | tn || £ 1 w2 (1 +24(%,)).
Consider the sequence of differentials py = (0¥ —15)A(%,)”". Using (4) we find
that there exists an M < oo such that
low | S @s] + ] ov DA SM < o, all n,
Hence fo1 at least some subsequence of {n}, lim, , PNy = p € T'yo. Furthermore,
for any cycle C,
(6(C),p) = lim (6(C), 0% — Tyo3)A(%,) ' =0.

n—

Therefore p e Ty = I}, and (w,,p) = 0 for any w, € T;o. In other words,
lim l(%n)—l[(wlaw:) - (wl, TN(O;)] = hm (wla pN) =0.
n— 0 n— o
This holds for some subsequence of {n} but actually it is independent of the
subsequence chosen. Theorem 2* is now established.
5. Parabolic surfaces. Assume W is a parabolic surface and let K be a
parametric disk. Consider the class I' of curves
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I'= {yly cW-K,y~0K,yisthe union of afinite number of analytic Jordan curves}.

The extremal length A(T") = 0; in fact this condition is necessary and sufficient
that W be parabolic (Ohtsuka [6]).

In spite of the ‘‘smallness’’ of the ideal boundary of W, the only sufficient
conditions known for the bilinear relation are those given by Theorems 1-3.
(These theorems contain the sufficient conditions given by Kusunoki [5].) In
this section we present a result which is valid in some cases in which Theorems
1-3 do not apply. We will show a weaker form of the bilinear relation is valid if W
satisfies some additional geometric conditions.

It is no restriction to assume every curve y €I is the relative boundary of a
compact region Q. Writing y as the sum of its components y = X ,7;, define the
harmonic functions w;,®; on Q — K by the boundary conditions

{1 on y;, Lony,
w; =
0 on 0K, @; = < 0on 0K,
Ww‘=00nyj,j;éi, Oonvy;,j#i.
For y=0Q in T define
v ldo 5
M@ = X =Xy
S 7

Note that M,(Q) depends on y and k, the radius of K. The terms | dd; ||, | do; ||?
are respectively the extremal length of the class of curves separating y; from y;
and 0K, j # i, and the extremal length of the class of curves separating y; from K.
Hence | dd;||* > || do; |*. Therefore, if lim supaq.rM,(Q) < oo, then m must
be uniformly bounded and W can have only a finite number of boundary compo-
nents. In fact it can be shown that if {y’ = dQ’} is the class of curves in T N €,
then limg. M (Q') = n, the number of boundary components.

THEOREM 4. Suppose there exists a class I'y ¢ ' for which A(I'y) =0 and
lim supyor, My(Q) < My < . Then given any w,,w,€T’, there exists an
exhaustion {Q,} with basis {4;,B;}}? and numbers a;,(k), b;,(k) such that

N(n)
(0% = lim lim X [a— a,(K)] f @, ~ [ buk)] L &y,

k=0 n=o i=1

Where ai= IA'O)I, b"—- IB‘(OI.

Proof. Choose a sequence y,€I'y such that lim [, |@;| =0, i=1, 2. The
sequence {y,} can intersect any compact set for only a finite number of n and
hence {y,} can be chosen so that 0Q, =y, — 0K with {Q, U K} an exhaustion of W.
Choosea canonical basis { 4;,B;} of W in such a way that {4;, B;}{*} is a basis for Q,.
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Writing y, as the sum of its components, y, = Xr<Jy,, define the harmonic
functions w,,, ®;, as above. These functions satisfy the relations

| doyy ||? = do}l, = f do},
oK

Yin
(w0,dd}) = f o, any weT,.
Vi
Consequently the differential 7, € I',(Q,), defined as

N(n)
Tn = [0)1 -X a;0,(B;) — bio'n(Ai)]
i=1

m N(n)
- [ E cjndw;n - 2 ainan(Bi) -b inan(Ai)] s
j=1 i=1

where o, is the reproducing differential in Q, and c;,, a;,, b;, are suitably defined,
is exact in Q,. Furthermore, we find

e | < Lol d0a]
" ] doy, |2
and

la,| < f" Lo | | 40

I
P P | 04 || dojn | < MYQ) | 0(4) ||| @, |-

A similar expression holds for | bis | Here the norms are taken over the relevant
subsurfaces of W.

Now if the functions uy(p), 0 < i < m(n), are defined on y,,(1 £ i £ m(n)) and
0K (i=0)by u(p)= [0, 0, — Xj~y cj,dw},, p; fixed on v, p, fixed on 0K,
then

m
(103 = X f U, — f UoW,
i=1 Yin oK

and we find

Guodl<2 [ ol [ Jasls [ Joil [ Joal+ [ Josl[ Joul
n n oK 0K oK n

On the other hand since W is parabolic, I', = I, = I'f, and w, can be approxi-
mated w, =lim w,, by differentials w,,e}(Q, UK). In fact o, =w,, +dv,
in Q, UK where dv,eT,(Q, UK) and hence [,0;,= [,,055 [p02m= [p0,
for i = N(n). We find

| (T do?) | £ (MUQ) + D) | @y || do |-

Putting our estimates together in the right-hand side of the inequality
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|t 03 | £ | (tod) | +| (1, dod)],

we easily obtain the desired result.

This theorem has interest because we can give an example of a surface which
satisfies the conditions of Theorem 4 but not of Theorems 1-3. The example is in
the next section.

6. Examples. We will illustrate each of our sufficient conditions by an ex-
ample.

1. Consider the half disk | z | <1, y > 0, with a sequence of slits s;, svmmetric
about the y-axis, approaching an interval ( — a, a) on the base. Let A(R) be the
class of curves {y,} where y, is the pair of semi-circles |z + a | =rwithR<r<l1
and r small enough so that these semi-circles do not intersect. Then
limg_,oA(A(R)) = 0.

Form a two sheeted surface by taking a replica of this slit region and either
(1) identify the corresponding edges of the slits, or (2) cross identify across the
slits and identify the sheets along | z | = 1. With method (2), each curve y, of A(R)
together with its partner on the second sheet form an admissible curve of €.
With method (1), we must use curves y, contained in {y,} which connect the
base to a slit s; without intersecting any other slit. In either case we see A(%)=0.
(If a =0, simple modifications must be made in this argument. Without the
identification along | z| =1 in (2), or if this is done in (1), the hypothesis of
Theorem 1 may not be satisfied.)

2. To obtain a surface for which Theorem 2 is applicable, we consider the half
disk as above with horizontal slits s; tending towards an interval (a,b) on the
base. If z;,z;, are the endpoints of s;, we assume that there is an angle « > 0 such
that « <arg (z; — a) <n — o, a <arg (z; — b) < n — o for all i. Furthermore, if w;
is the distance between s;_; and s; and d; is the distance from s; to the base, we
assume w;/d; = (sin «) ~! for all i. A two sheeted surface may be constructed by
either method (1) or (2) above. The class %, can be taken to include circular arcs
lying in four suitable half-annuli (or two, if b = a) with outer radii d, + w, and
inner radii d,(sin «)~*. It follows that A(%,) is bounded for all n.

These surfaces also satisfy the hypothesis of Theorem 1.

3. Consider a series of half-annuliin |z | <1, y>0, the radii of the inner
contours being one half that of the outer contours. The first generation consists
of one half-annulus, outer radius 1. The second generation is two nonintersecting
half-annuli, outer radii 1/4, lying between the first half-annulus and y = 0. The
ith generation is 2'~! half-annuli lying in the regions bounded by the half-annuli
of the (i — 1)th generation and y = 0. The ith generation of slits s; is any finite
number of arcs in the region bounded by the annuli of the (i — 1)th generation
and the ith generation. Construct a two sheeted surface with respect to the slits by
method (2) above. It is clear that the hypothesis of Theorem 3 is satisfied.
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4. The final example is of a small class of parabolic surfaces which do not
satisfy the conditions of Theorems 1-3 but on which Theorem 4 is applicable.
Consider the region R shown in Figure 2 which is obtained from a rectangle by
cutting out an infinite number of smaller rectangles R; in such a way that
limy,, ,a;/b; = lim;_, a!/ b, = 0.

A Riemann surface Wis constructed from R and a duplicate of R by identifying
all the corresponding edges except the sides I and B. The edges B are to be regarded
as the boundary of a parametric disk on W. It follows from §5 that W is parabolic.
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,—'—' _____ 3 b R
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Assume furthermore that the numbers b; are chosen in such a way that
Y2 .b;/d,= 0. Then W cannot satisfy the hypothesis of Theorem 1. To prove
this it is enough to consider the classes C; and C, of arcs y in R,

C, = {y| y separates some R; from allR;, ;, 1 S m £ j < o0, for some m},
C, = {v|y connects R; with P for some i}.

Obviously A(C,) =Z min [;/max d;>0 where i; is the height of R,. But also
A(C,) = o as the following reasoning shows. Consider the subregion R’ of R
constructed within the dotted lines as shown in Figure 2 and the linear density
p=1/|z]| in R’ where P is the point r = 0. Since a;/b; >0, A(p) < 0. On the
other hand if y is any arc in C,,

0
J‘ pldz| 2z X log (1 +—%;) = w, for some i.
ynR’ j=i N Jj

It follows that A(C, N R’) = o and hence A(C,) = oo. Therefore A(C, UC,)>0
by Hersch’s inequality. With a little more argument, we easily see that indeed
W does not satisfy the hypothesis of Theorem 2 or 3 either.

Finally it will be shown that for a suitable choice of a;, W satisfies the
hypothesis of Theorem 4. The class of admissible exhaustions {Q;} of W are those
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for which Q; N R is bounded by vertical straight lines y,;,7,;,8 of which y,;,7,;
lie in the two rectangles, height a;,a;, width b;/2, bounded by the dotted lines
shown in Figure 2. Using the notation of §5, a; is to be chosen so small that
| dd,; || /] ddy; || < 1/2 first for all admissible regions Q; for fixed i, and then
for every i. This is possible because |dd,; | — 0 as a, > 0, whereas
| d&,; | = k > 0 for all small a;.

The ratio (| d@, | + | d®, |))/]| dw, ||, p=1,2, will now be shown to be
uniformly bounded for all admissible regions Q. The class of curves C which
separate y, from B(0Q =7y, +y, — f) can be written as the union C=C, UC,
of the class C, of curves which separate both y, and y, from B and the class C,
consisting of those curves of C which meet y,. According to Hersch’s inequality

1 B 1 + 1
" dwl !IZ = " d@l + d@z "2 /1(C2)

since @, + @, is the harmonic function which is 0 on f and 1 on y, + y,.
By assumption then,

[ do | +] do | _|doy ]| + [ do, | [ do] +]do, | _, 3|doi]
ldonl  =ld6 [~ [do,| © &Gy = Biicym
In addition A(C;) Z 2b,/2a;. Since || dd, | — 0 as Q— W, the above ratio is indeed

uniformly bounded. Similarly (|| d®, || + | d®, |)/| do. || is uniformly bounded
and therefore W fulfills the requirements of Theorem 4.

7. Conclusion. We first note that a medium form of the bilinear relation,
stronger than the bilinear relation defined in §3, but weaker than the strong
form, is usually valid when the hypothesis of Theorem 1 is satisfied (see, for
instance, example 1).

The general situation in which our method is applicable is essentially the
following. Suppose D is a subclass of the class of curves satisfying conditions
1,2,3 of §4. Let ' I';o be the class of differentials which have no period over
any component of 0Q (assuming 0Q can be realized) for all (6Q2) N W=y contained
in D. Then under suitable assumptions on A(D) the bilinear relation is valid for
all pairs of differentials in I". Theorems 1-3 are, we feel, the most important
realizations of this idea, namely for I" = I',,.

By obtaining additional knowledge of the differentials in I';, it is possible to
relax the topological restrictions on . For example, Pfluger [7] has shown the
bilinear relation valid on a small class of symmetric transcendental hyperelliptic
(parabolic) surfaces which are not all included under Theorem 1. In this case the
additional knowledge comes from the symmetry of the surface.

Kobori and Sainouchi [9] have recently used a somewhat different metric
condition than extremal length to give sufficient conditions for the bilinear relation
similar to those in [1] and [5].
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It remains to learn the limitations of the methods used here. That is, how
close are our theorems to necessary conditions? No surface is known on which
the bilinear relation does not hold. No necessary conditions, given in terms of
the geometry of the surface, are known for the bilinear relation.
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