OKA’S HEFTUNGSLEMMA
AND THE LEVI PROBLEM FOR COMPLEX SPACES

BY
ALDO ANDREOTTI AND RAGHAVAN NARASIMHAN

Introduction. This paper has its origin in an analysis of K. Oka’s solution
of the Levi problem for unramified domains over C" [11]. It consists of two
parts. The first part contains a new proof of the following theorem [9].

THEOREM 1. Let X be a complex space and p a continuous strongly
pseudoconvex function on X such that for any o> 0 the set

{xeX|p(x)<a}
is relatively compact in X. Then X is a Stein space.

The proof given here is based on a refined version of the Heftungslemma
of Oka [11] which we give in §2, and avoids the consideration of completely
continuous mappings between Fréchet spaces [4]. It also avoids a detour through
the following result, which was required in the older proof.

A holomorph-convex K-complete, space is a Stein space.

In the second part, we consider the question of the extent to which the assump-
tion of strong convexity can be dropped. Theorem 1 becomes false if we merely
drop the assumption of strong convexity as shown by an example of H. Grauert
(see [10a] where this example is given). In this direction we prove.

THEOREM 2. On a K-complete space, any relatively compact open set which
is pseudoconvex with a globally defined boundary is a Stein space.

We next turn to Stein spaces and prove (Theorem 4, Corollary 1) that on a
Stein space with isolated singularities, an open set which is locally a Stein
space is also globally a Stein space.

This we obtain as a special case of a theorem on Stein spaces whose singu-
larities are not necessarily isolated. The particular case when X has no singu-
larities has already been treated by Docquier-Grauert. We have used in the
proof the following result (Theorem 5).

A complex space all of whose irreducible components are Stein spaces is
itself a Stein space.
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This is a special case of a theorem [10] which asserts that a complex space
whose normalisation is a Stein space is itself a Stein space. However, we have
given a direct proof for the case which we need.

In the final section (§6) we have collected together some observations. We
show that for complex manifolds, the statement that a holomorph-convex,
K-complete manifold is a Stein manifold can be deduced from a ‘‘vanishing
theorem”” on noncompact kihler manifolds [2] proved by Andreotti and Ve-
sentini. Finally, we apply Theorem 1 to the proof of the following two facts
[14; 15].

An unramified covering manifold of a Stein open set in C" is a Stein manifold.

A holomorphic vector bundle over a Stein manifold is itself a Stein manifold.

1. Preliminaries. All complex spaces considered are supposed countable
at infinity.

Let X be a complex space. We say X is holomorph-convex if for any infinite
discrete set E < X, there is a holomorphic function f on X for which f(E) is
unbounded. A holomorph-convex space X for which the following two proper-
ties hold is called a Stein space: (i) if x # y are points of X, there is a holomorphic
function f on X with f(x) # f(y); (ii) for any x € X, there exist f,---,f; holo-
morphic on X which map a neighborhood of x isomorphically onto an analytic
set in an open set in C.

A complex space X is called K-complete if for every x,€ X there is a holo-
morphic map f of X into C*, p = p(x,), such that x, is an isolated point of
f 1 (xo)

It is known [Grauert, Math. Ann. 129 (1955), 233-259] that a pure dimen-
sional space X of dimension n is K-complete if and only if X can be realised
as a ramified domain over C", but we will not require this theorem.

We refer to [9, §81, 2] for the definition and elementary properties of Runge
domains on Stein spaces and pseudoconvex and strongly pseudoconvex functions
on complex spaces (called there convex and strongly convex functions respec-
tively). We will use frequently the following result without explicit mention
(see [15]).

(1.1) The union of an increasing sequence of Stein spaces, each of which
is a Runge open subset of the succeeding one, is itself a Stein space.

The following theorem is proved in [9, p. 211].

(1.2) Let X be a Stein space and p a continuous pseudoconvex function

on X. Then the set
Xo={xeX | p(x) <0}

is Runge in X. (In particular X, is a Stein space.)
We remark that the proof of (1.2) was based on an argument, which gives

the following result without any change whatsoever.
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(1.3) Let X be a Stein space and K a compact subset of X. Let K be the set
{xeX| If(X)| £ sup, .k |f(»)| for all f holomorphic on X}. Let xo€ K — K.
Let U be a neighborhood of x, in X and f(x,t) a continuous function for
xe€U,0 =t £1which is holomorphic in U for any t. Seto,= {xe U lf(x, t) =0},
C= Uog:gt Oy

Suppose that there exists a neighborhood V of K such that CN\V is closed
in V while KN C = and xye0,. Then there exist arbitrarily small t > 0 such
that 6, K# J (V).

From this result we deduce the following one.

(1.4) Let D be an open subset of the Stein space X. Suppose that 0D (= D — D)
has a neighborhood U in which there exists a holomorphic function g such that
C={uecU|Reg(u) =0} is a closed subset of X such that D = C,C nD=.
Then D is a Runge domain in X (in particular, D is a Stein space).

Proof of (1.4). lLet K be a compact subset of D and K its envelope in X
(i.e., the set of xe X where |f(x)| < sup, .x|f(y)] for all f holomorphic on X).
We assert that KN C = (J. Suppose that, on the contrary, C;, = KNC # &
and let s=sup, ., Img(x). Put f(x,)=g(x)—is—it in U, 0=5t=<1,
o,={xe U|f(x,t) = 0}. Then ¢, < C, so that Ua, is a closed subset of C (hence
of X) which does not meet K = D. Moreover, ¢, K= for t>0. Hence,
by (1.3), we have 6, K= @ which is false.

Thus KNaD = (. Since every connected component of K meets K [8, p.
919], it follows that K< D. q.e.d.

We will need the following result (see proof of statement (2) on p. 334 in
Grauert [5]).

(1.5) Let p be a C™ strongly pseudoconvex function in an open set
G cC", K< G a compact set. Then there exist numbers r, 6 >0 such that,
for ze K, the ball H of radius 2r about z lies in G, while there exists in H a
holomorphic function f such that

{xeH|Re f(x)=0} N {yeG|p(y) £ p(2)} = {2}
and, if x e H satisfies Re f(x) =0, |x — z| =r, then we have p(x) 2 p(z) + 0.

We may suppose also that Re f(y) <0’ if p(y) < p(z2).

2. “Heftungslemmata.”

(2.1) First Heftungslemma. Let X be a complex space, let hy,---, h, be
holomorphic functions on X and g a holomorphic function on X which is no-
where zero. We consider the sets:

Y={xeX| |h(x)| <1 for 1Si=<k}
and, for every 6 > 0,

(1) Essentially (1.3) is proved by G. Stolzenberg [16]for compact sets in C”. Stolzenberg also
remarked that the proof of (1.3) becomes much simpler if f(x, t) is supposed, in addition, to be
analytic in x and ¢. This case is sufficient for the results that we need in this paper.
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Y,(0) = {xe Y| [g()| < ¢},

Yx0) = {xe Y| [g(x)| > e}
We have
Y = Y,(d) v Y,(9).
We put
Y3(0) = Y,(6) N Y,(9).

LeMMA 1. Let us assume that for a suitable 6 >0

(1) Y5(0) is relatively compact in X;

(ii) the functions hy,---,h,,g give local coordinates and separate points of
Y3(9).

Then for every holomorphic function f on Y;(8) there exist holomorphic
Sfunctions f, on Y,(8) and f, on Y,(8) such that on Y(0) we have:

f=f 1~ fa
Proof. Consider the map ¢ :X — C**' given by
X = (g(X), hl(x)s MY hk(x))
Consider the polyhedron in C**' =C x C*:
k| -5 T3
P={(z,weCxC" e’<|z| <& |w| <1}
Then ¢ maps Y;(3) on a subset A of P. By conditions (i), (ii) the map ¢ |y,
is proper. Hence A is an analytic subset of P isomorphic to Y;(d).
The function f defines therefore a holomorphic function f on A. Since P is
a product of k + 1 open sets in the complex plane, it is a domain of holomorphy.

Therefore we can find a holomorphic function F on P such that F|, =f.
Let (z,w) € P. Then for every 0 < ¢ < &(z,w) (sufficiently small) we can write

1 d¢ dn, f F(,n)
F(Z,W)—W—l J {—z J Ny —w M — Wi e
lLl=ed—2 Ind=1-¢ Im1=1-¢
_ 1 f d f _dm f FEm 4
(2miy+1 {—z N — Wy le— Wi
[=e d+e Inl=1-¢ Ingl=1-¢

The first of these integrals defines a holomorphic function F,(z,w,e) on the set
|z| <e’—e ||w] <1—e If & <e" the corresponding functions F,(z,w,&’) and
F(z,w,£") coincide in the common region of definition. Therefore we obtain
a holomorphic function F,(z,w) defined on the set

Py = {(z,weC x C*| |z| <&, |w] <1}

Analogously from the second of the above integrals, we obtain a holomorphic
function F,(z,w) on the set
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P, = {(z;zweCxC*| e’ < |z, |w] <1}
and by the above expression of F we have on P=P, NP,
F = Fl—FZ‘

Since Y,(8)=¢-1(P,), Y,(8)=¢-1(P,) it is enough to take f,=F,o0¢,
f2=F, 0¢ on Y,(5), Y,(0) respectively to get the result.

COROLLARY. If Y,(8) and Y,(5) are Stein spaces we then have: H'(Y,0)=0
where O is the sheaf of germs of holomorphic functions on X, and, for any co-
herent sheaf & on Y, H(Y,#)=0 if i =2.

(2.2) Second Heftungslemma. This is our version of the central idea of
Oka [11]. The essential point is to replace the assumption that g, h; are globally
defined in Lemma 1 above by more geometric conditions.

Let g be a continuous function nowhere zero on the complex space X. We
suppose that g is holomorphic in the set

Xy(0) ={xeX| e7?< |g(x)| <"’}
for some 6 > 0. For any p <4, we set

Xi(p) = {xeX| |gx)| <™}, X,(p) = {xeX| |gx)|>e*}

We suppose that
(i) X,(8), X,(0) are Stein spaces such that X3(6) is Runge in each of them.
Let hy,---, h, be holomorphic in X;(6’) (where 6’ > §) such that
(ii) there is o> 0 such that |h(x)| <1 — ¢ if |g(x)| = e*°
For 0<¢<g¢, 0<p<d, we set

Yi(e,p) = [X1(0) — X39)]V {xe X3(5)| lhi(x)l <l-g|gx)| < e+p}

and similarly, replacing X,(6) by X,(8) and {|g| <e*’} by {|g|> e "}, we
define the set Y,(e, p). Clearly, because of (ii), Yj(¢, p) is an open set for j = 1,2.
Set Yi(g, p) = Yi(g, p) N Y,(g,p) and Y(e) = Y (¢, p)V Y, (¢, p). We suppose now
that

(iii) for some pgy, 0 < py <0, the set Y,(0,p,) is relatively compact in X
and the functions g, h,---, h, separate points and give local coordinates on it.

LEMMA 2. Under the assumptions (i), (ii), (iii) made above, if f is a holo-
morphic function in X4(5), then for any p < p,, and 0 < ¢ < gy, there exist
holomorphic functions f, in Y(e,p) (r =1,2) such that

fi—fa=fin Yy(e,p).

Moreover, for any compact sets K, < Y,(¢,p) (r =1,2), there exist constants
M, > 0, independent of f such that

"f, K, = Mr"f " Yi(e,p)
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Proof. Let ¢ :X3(8)— C**! be defined by ¢(x) = (g(x), h;(x), -, h(x)). Be-
cause of (iii), ¢ maps Y3(0, p,) isomorphically onto an analytic set 4 of the poly-
hedron P, ,,, where, for 0 S e <gj, 0 <p <6, we set

P,,={zwelC" e’ <]|z|<e’, |w,|<1—¢for 1Sv=<k}

By assumption (iii), the set Y;(e, p), p < po, is relatively compact in X 3(5), )
that

I f [l ¥se.0r = sup |[f(»)| for y e Ys(e,p)

is finite.

Since P, , is a domain of holomorphy, for ¢ <¢’, p’ < p there exists [6, §8]
a constant M = M(¢’, p’) > 0 independent of f, and a holomorphic function F
in P, ,, such that Fo¢ =f on Y;(¢, p), with

(1 VF e, < M| Sy sceuny

Let (z,w)e P, ,. Then we have

e |+ [ [ [ = [ Joeiitesy i

Inv]=1-¢ [l =e? =€’
Hence if we set
1, Cm) = Qui)™* N - g(x)) 7 T Oy = B,
I, = {meC*™| (| = ¢, |n,|=1-¢ for 1<v<k),
I, = {¢{meC**| ] = ¢, |n,| =1-¢, for 1Sv<k},

we have f(x) = ( [r, = [r,)x(x,{,m) F({,m) dldn, for xe Ys(¢', p").
Let V; be the open set in X defined by

i

Vi={xeX|e"’—a<|gx)|<e*’+a, |h(x)|]<1—g for 1<v=<k}

Analogously, replacing e*? by e~ ° we define an open set V,. Weset V=V, U V,.
For x € V and ({,7) satisfying e*”' — a < |{]| <e*” + a,1 —&'—a< |n,|1—¢ +a,
if o is sufficiently small the function x(x,{,#) is holomorphic because of assump-
tion (ii). Thus there exist Stein neighborhoods N; of T; such that y is holo-
morphic in Vx (N, UN,).

Consider the meromorphic function y in X;(6) x Nj, 0 in T; x N, where T;
is the open set X ;(0) — (X3(8)—V) (j = 1,2). By the above remark, y is holo-
morphic in (X;3(6) N T;) x N;. Hence, since X;(6) x N; is a Stein space, there
exists a meromorphic function x; in X () x N; holomorphic in T; x N, such
that x; — x is holomorphic in X;(6) x N;. Now, by assumption (i), for any
B >0, there is a holomorphic function ¢; on X 6) x N; such that
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@) |¢, -(x— Xj)l < B on Y3(0,pp) x I';.
Let CD] =)y— Xj b ¢j' Then,

J; xFdl{dn = J;_ (xj + ¢)Fdldn + fr w;Fd{dy.

Since y; + ¢; is holomorphic on Y,(¢’,p’) for any ({,n)eT;, we see that the
first integral defines a holomorphic function f{"’ on Y(e’,p’). Moreover, if
¥;= [r,o;Fd{dy, ¥; is holomorphic on X(5) and

3 for xe Y30, po), [¥(0)] SBMQD* "' (1 — &) ||y, (em-

If 0 = BM(2n)** e (1 — ¢'), we may suppose, by suitable choice of B, that
0’ < 1. Now, we have, for x e Y5(¢’, p’),

) =£P(x) = () + £ Ax)
where f(x) = y}(x) — Y¥5(x). Moreover,
4 1 P vs0.00 £ Oflvsens 0=20"<1.

We now proceed with f*) as we did with f to construct F) on P, , such that
FMo¢ =f" on Yy(e,p), while |F©V SM|f?P|lyyepy Then, if

Pa"l"

P = [ o+ 8)raan
J

(this being holomorphic on Yj(¢’,p")), we have

R R

where f® is holomorphic in X ;() and

1f Plrs00 = O1F Vlvs0.00 S 1S [vscenr

Continuing this process, we obtain sequences of holomorphic functions f in
X5(8) and F® in P, ,, such that

1f P les0.000 S O [ ¥acenrs
[FP e £ M 0°f |y yem)
while if f{P = [1.(x; + ¢,) FPd(dn, we have, in Ys(¢',p"),

7= g -p s
q=1
As p— o0, fP 0 in Y50, p,), and if

fi= | u+¢) L FPddy,
l', p-—-l
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we have the following properties:

f=fi—fs in Y3(¢',p").

f; is holomorphic in Yje’,p’). For any compact set K; < Yi(¢’,p’), we have
1/, < supx, | x; + ;1 - (MO/(L=0) |f | vsie.p) S M, || f | vse.r say. This com-
pletes the proof of Lemma 2.

(2.3) Third Heftungslemma. Let X be a complex space and g a holomorphic
function on X which is nowhere zero. For any 0 > 0 we define

X,0)={xeX| |gx)| <¢},
X.0) ={xeX| |gx)| > %}

so that
X = X,(0) U X,(9).

LEMMA 3. Suppose that for 8 =90, there exists a C® strongly pseudo-
convex function p; on any relatively compact set Y;cc X(d,),i=1,2. Then on
any relatively compact set Yo c X there exists a C* strongly pseudoconvex
function on Y.

Proof. Let U be an open subset of X such that
Ycc U cc X.

Since U N X (cdy) =< X(8,) there exists a C™ strongly pseudoconvex function
p; on UNX(cdy), 1/2 <c< 1. Consider the function

—d9/2

‘11=|g|_l—e + &py

on the set U N X,(cd,). Since g~ ' is holomorphic on X, q, is a C* strongly
pseudoconvex function for every ¢ > 0. If ¢ is sufficiently small, the set

Wy={xeU hXl(cao)l q,(x) > 0}
contains the set YN X,(6,/3), since on this set
|g|'l — e %/ gm003 _ %/2 and YN X ,(80/3) = < U N X((84/2).

Moreover on the boundary of W, NYin Y, q, is defined and equal to zero,
since, if ¢ is sufficiently small, g, is negative on the set {xe X | |g| = e~ 9%}NU.
Consider for any constant A > 0 the function ¢, on Y defined by

() = e M1 for xeW, NY,
70 for xeY— (W, NY).

This is a C® function on Y which is pseudoconvex and also strongly pseudo-
convex on YN X,(6,/3), if 1> 2sup{q,(x), xe YN X,(60/3)}.
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Using the functions g, p, instead of g”!, p, we construct similarly a C*® func-
tion ¢,(x) on Y which is pseudoconvex and also strongly pseudoconvex on
YN X,(80/3). Then the function ¢, + ¢, is C * and strongly pseudoconvex
on Y.

3. Levi problem. The object of this section is a proof of the following
theorem [9].

THEOREM 1. Let X be a complex space and p a continuous strongly pseudo-
convex function on X such that for any o > 0 the set

X,={xeX| p(x) <o}
is relatively compact in X. Then X is a Stein space.

Because of [9, Lemma 5], we may suppose that p is locally the maximum of
finitely many C ® strongly pseudoconvex functions. We assume this in what
follows. The proof then consists of two parts.

(3.1) If X, is a Stein space for some a, then there is &' > o such that X,
is a Stein space.

32) Ifa,<a,a,-aas v—> 0 and X, is a Stein space for each v, then X,
is also a Stein space.

For the proof of (3.1) we need the following lemma.

LeMMA 4. Let X be a complex space and p a function with the properties
given above. Suppose in addition there is a continuous complex-valued func-
tion f on X such that for some p > 0 the sets

X,(p)={xeX| Re f< +p}, Xy(p)={xeX| Re f> —p}

are Stein spaces, while f is holomorphic in X4(p) = X,(p) N X,(p). Then X
itself is a Stein space.

Proof. For any a > 0, consider the set
{xeX| p(x) <a} = X,.

It follows from (1.5) that there exists 8 > o such that for any x, € X, there is
an analytic set A4, in X; and a holomorphic function f, in a neighborhood
U,, of A4, in X, satisfying the conditions

Ay N X, = {Xo}, Aqy={x€U| frs(x)=0}.
For 0 <6 < p, let Qy(3) = X;(0) N Xy, and let Qf=Q(p) N X,. Since Q;(p)
is Stein, there is, for x, in Q3(cp) N3X,, 1/3<c<1/2, a meromorphic function
V1, in Q3(p), holomorphicin Q4(p) — A,,, for which ., — 1/f, is holomorphicin

U,, NQ3(p). Now, y,, is bounded on the set Q3 N{xe X4(p)| |¢/| = e**'?}
and on any compact subset of Q3, while ]lﬁxo(x)|—> 00 as x - Xg,x € X,. It fol-
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lows that given any compact subset K of X,, we can construct finitely many
holomorphic functions h,,---,h, on Q3 having the following properties. Put
g = e’ in X;(p). Then

(a) Thereisan g, > Osuch that

|h(x)| <1 - forxeQi N{ve Xy(p)||2(v)] =e*"}.
(b) If 0<e<sg,, the set
Y(e)=(X,— Q) U{xeQ}| |h(x)|<l—¢ v=1,-,k}

contains K.

(c) The set Q;(p/3) N Y(0) is relatively compact in X and the functions
h,,---, h, separate points and give local coordinates on it.

We can apply now the second Heftungslemma to the space X, since by (1.2)
and (1.4), the open sets Qf,Q3 are Stein and Q3 is Runge in each of them.
Hence,

(*) for any compact sets C; = Qj, there exists a compact subset C of Q3 such
that the following result holds: there exist constants M >0 and é > 0 such
that for any holomorphic function h in Q5, there exist holomorphic functions
h; (j=1,2) in Y(e) NQ;0), such that h, —h,=h on Y(e) NQ3(6), while
[hyle, < M|kl

We assert now that for any y > 0, the set X, is Stein. To prove this, let o« >y
be so chosen that for any x, € X, there exists an analytic set B, in X,, a neigh-
borhood U,, of B,, in X, and a holomorphic function g, in U,  such that
B,,NX, = {xo} and B, = {xe U, |g,,(x) = 0}. Let y; be meromorphic in
QF and such that y; is holomorphic in Q] — B, , ¥; — 1/g,, is holomorphic in
U,, NQj; finally let h =y, — ¥, in Q3. Clearly h is holomorphic in Q3.

We now place ourselves in the situation of the Heftungslemma in such a way
that Y(¢) o X, and find functions h; in Q;(8) N Y(e) with h; — h, = h. Then
the function y in Y(e) defined to be y; — h; in Y(e) N Q;(6) is meromorphic in
Y(e), holomorphic in Y(¢) — B,,, and ¢ — 1/g,, is holomorphic in U,, N Y(e).
Clearly the restriction of  to X, is a holomorphic function and |n//(x) | - o as
X = xo. Since x,€0X, is arbitrary, X, is holomorph-convex.

Let x, # x, be two points of X, and suppose first that both are points of Q3.
Let ¢ be holomorphic in Qf and ¢(x,) # ¢(x,). Take C, = {x,}U{x,} and
let C < Q3 be as in (*) above. Let ¢’ be holomorphic in Q5 and, with h = ¢ —¢’,
let | A c< &(such a ¢’ exists since QF is Runge in Q3). As above, there are holo-
morphic functions h; on Y(e)NQF with |hy|c, <Me, hy—h,=h in
Y(g) N Q4(8). The function y defined to be ¢ — hy in Y(e) NQ,(J), ¢’ — h, in
Y(e) N Q,(3) is holomorphic in Y(¢) (2X,) and ||y — ¢ | ¢, < Me. Since >0
is arbitrary, we can choose it such that y(x,) # ¥(x,). In the case x, € Qf,
x,€Q5, we take C, = {x,}, C, ={x,} and the compact set C = Q3 as in (¥)
above. We then find a holomorphic function ¢; in Qf such that | ¢,(x,) — #(x,)]
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=1 and such that || ¢, — ¢, ¢ <e. Then, as above, we can find a holomorphic
functiony on Y(¢)suchthat | y(x) — ¢ (x,) | < Me.Clearlyifs < 1/M,y(x,) # y(x,).
A similar argument applies when x,, x, € Q3. Thus we conclude that holomorphic
functions separate points of X,.

The proof that holomorphic functions on X, give local coordinates at each
point is similar and so is omitted.

This completes the proof that X, is a Stein space for any y > 0.

By (1.1) and (1.2), we conclude that X is a Stein space, which proves Lemma 4.

We now go to the proof of (3.1).

Let o be such that X, is a Stein space. Now, by (1.5), there is f > « such that
if p(x,) = a, there exists a Stein neighborhood U, and a holomorphic function
¢ in U, such that

(i) B={xeU,|Red(x)=0} is closed in X,;

(i) BN Y, = {xo} where Y,={xe X|p(x) < «}.

We may further suppose that if xeU, NY,, then Red(x) <0. Let now
B, a < B’ < f be fixed.

If ¢ < 0 is sufficiently near to zero, then we have

(@) B,={xeU,| Re ¢(x)=c} is closed in X,.;

(b) V.= {xeU,| Re¢(x)> c} is a neighborhood of x, such that Re (x) = ¢
if xedV.NXg.

Let ¢ <d <0; the set V, is also a neighborhood of x,,.

We now find points xo,--,x,e{xeX | p(x) =a} and corresponding sets
V... Va, as above (the corresponding functions being ¢,) such that the ¥, form
a covering of {x€ X |p(x) = a}. We find C* function /, with compact support
contained in V,;, N Xy, such that p + [ is strongly convex in X,, I being any
finite sum of the I,, while X?_,1(x)> 0 for any x with p(x) = a.

Consider the space

D, = {xeX| p(x) <a+ lo(x) + - + I,(x)},

q=—1,--,p. Suppose that D, is a Stein space. We assert that then D, is
also a Stein space. To prove this we proceed as follows. We define the function
fe+1 in Dyyy in the following way: Re f . ((x) = ¢4, for x in Dyyy— U, s
Ref,+1(x) = max(c;+ 1, Re Py, 4(x)) for xeU, ,,, while Imf,,, is any con-
tinuous extension to D, of the restriction of Im¢,,, to D,yy NV, . . Then
fq+1 is holomorphic on the set {x€D ;| ¢4, < Re f 41 <d,+1}. Now, since
D, is a Stein space the set {x €D, |Ref,4; <dgy;} ={xeD,|Re f 4, <d,4}
is a Stein space (by (1.4)) while, since U, , is a Stein space, the set
{xeD,.i|Re fre1>cpe1} ={xeU, , |Refrss>cy4y} is a Stein space (again
by (1.4)). Moreover, in D,,,, there is a strongly pseudoconvex function
P with {xeD,4,|P(x)<r}ccD,,, for any r>0 (in fact, we may take
P(x) = (a — p(x) + lo(x) + -+ + I,+1(x))™"). Hence, by Lemma 4, D ,, is Stein.
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Since by supposition, D_, = X, is Stein, it follows that D, is Stein. Since D,
is a neighborhood of Y,, we may choose &’ > a so that X,. = D,. Then, by (1.2),
X,, is Stein. This completes the proof of (3.1).

Proof of (3.2). This is a simple consequence of the Runge theorem (1.2) and
(1.1). :

Proof of Theorem 1. Let E be the set of real a for which X, is Stein (E
is nonempty since it contains all a for which X, = &¥). Clearly, if ae E and y < a,
then ye E. By (3.1), E is open. By (3.2), E is closed. Hence E is the whole real
line. Hence, for any o, X, is Stein. Again by the Runge theorem, X itself is Stein.

4. Pseudoconvex domains in K-complete spaces. Let D be a relatively com-
pact open set on the complex space X. D is called pseudoconvex if to any
xo€0D, there is a neighborhood U,, in X and a continuous pseudoconvex
function p,  in U,  with

DNU, = {xeU,|p,(x) <0}

It is called a pseudoconvex domain with globally defined boundary if there is a
neighborhood U of 4D and a continuous pseudoconvex function p in U such
that DN U = {x e U|p(x) < 0}. The object of this section is to prove the fol-
lowing

THEOREM 2. A relatively compact open set D on the K-complete complex
space X which is pseudoconvex with globally defined boundary is a Stein space.

Before giving the proof of Theorem 2, we prove the following lemma, which
is of independent interest.

LEMMA 5. Lei X be a K-complete space and D —« < X an open subset.
Then, there exists a C* strongly pseudoconvex function in D.

The proof is based on

LEMMA 6. Let X,Y be two locally compact spaces and ¢ : X - Y a con-
tinuous map with discrete fibres. Let K be a compact set in X and Wy,---, W,
a finite open covering of K in X. Then there exists a finite open covering Vy,---, ¥,
of ¢(K) in Y such that every connected component of ¢~ '(V,) which meets K
is contained in some W,.

Proof. It is enough to prove that for any y e ¢(K), there is an open neigh-
borhood ¥, of y such that any connected component of ¢~ '(V,) which meets
K is contained in some W,. Let x,, ---,x, be the points of K with ¢(x;) = y and
let K’ be a compact neighborhood of K containing no other point of ¢~ (y). Let
U, be an open neighborhood of x; with U; = W, "K'’ for some u, U; N U ;.=
if j#j. Now C=¢@K") Up(K’'— | J;s,U,) is a compact subset of Y not
containing y. Let V, be an open neighborhood of y not meeting C. Then
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¢"(V,)nK’ch§qu, and ¢~ '(V,) N0K'=¢. Hence any connected com-
ponent of ¢~'(V,) meeting K (or K’) is contained in | JU;, and since the U;
are disjoint, in one of them. Since each U; is contained in some W,, Lemma 6
is proved.

Proof of Lemma 5. We may suppose that there is a holomorphic map
¢ :X —» C" with discrete fibres. Let {W,,---,W,} be a finite covering of D by
open sets in each of which there exists a C® strongly convex function. Let
Vi,++,V, be an open covering of ¢(D) in CV such that each connected com-
ponent of ¢~ '(V,) = W, for some p. We divide C" into closed cubes of side
e>0: if z;=x;+ ixy,;, consider the cube (1) K,,= {en; < x; < &(n; + 1)},
n=(ny,--,n,y),n; integers. For sufficiently small ¢, if K, , N¢(D) # &, then
K, .cV, for some r.

Let U be a neighborhood of D contained in UW,, Let K,. be the union of
the K, , with fixed n’=(n,,---,n,y), which meet ¢(D). Then, by successive
applications of the Heftungslemma Lemma 3, we see that there is a neighbor-
hood V,. of K, such that any relatively compact subset of ¢~ '(¥,.) N U carries
a C® strongly convex function. If K,. is the union of the sets K, with fixed
n" = (ns,---,n,y), We see, in the same way that there is a neighborhood V,. of
K, such that any relatively compact subset of ¢ *(V,,)NU carries a C*
strongly convex function. Repeating this process, there is a neighborhood V of
¢(D) for which any relatively compact subset of ¢ ~}(V¥)N U (in particular D)
carries a C® strongly pseudoconvex function, which gives Lemma 5.

It is now simple to give the proof of Theorem 2.

Proof of Theorem 2. Let X be K complete, Dc = X and U a neighborhood
of 0D in which there exists a continuous pseudoconvex function p with
UND= {xe U| p(x) <0}. We assert that there is a neighborhood ¥V ot D and
a continuous convex function p’ in ¥ with D ={x eV |p'(x)<0}. In fact let
D'’ccDand dD' cU; let —6 = Sup p(x) for x e d D' NU. Then clearly
—0<0. Let p'(x)= —din D', p'(x) = max(p(x), — ) for xe U—D’. We may take
V=DUU. Because of Lemma 5, there is a strongly pseudoconvex function q in
D. Let

P(x)= — 'p—’(li—)— + '™ for xeD.
Then P(x) is strongly convex and for any r, the set {xe D| P(x) <r} cc= D. By
Theorem 1, D is Stein.
From Theorem 2 and the Runge theorem (1.2) we deduce

THEOREM 3. Let X be a K-complete complex space. If there exists a
continuous pseudoconvex function p on X such that for any a >0 the set
{xeX Ip(x) < a} is relatively compact, then X is Stein.

5. Pseudoconvex domains in Stein spaces. In Theorem 1, we had to sup-
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pose that the boundary of the domain D in X was globally defined. For do-
mains spread over C", the method of Oka provides a method to reduce the case
of arbitrary pseudoconvex domains to this. Since we shall require his result for
our next theorem, we state it as a separate lemma. The proof is contained in

[11]; see also [3].

LeMMA 7. Let X be a complex space of pure dimension n and ¢ : X - C" a
holomorphic map. Let U be the set of points of X where ¢ is a local isomorphism,
and let D = = X, be an open set contained in U. Suppose that every point of 6D
has a neighborhood W in X such that WN D is Stein. Then, if for x € D, d(x)
denotes the “‘radius’ of the largest connected open subset of D which is iso-
morphic, by ¢, to a polycylinder about ¢(x), then —logd(x) is a pseudoconvex
function in D.

(Here ‘‘polycylinder” means a set of the form |z,—z{”|<r, r not de-
pending on i.)

THEOREM 4. Let X be a Stein space, S the set of its singular points. Let D
be an open subset of X such that every point of 0D has a neighborhood W in
X for which W N D is Stein. Moreover, suppose that there is a neighborhood U

of S NaD such that D NU is a Stein space.
Then D itself is a Stein space.

Proof. We will first prove the theorem under the additional assumption that
X is irreducible; suppose that dimc X = n.

We may suppose D to be relatively compact in X. In fact if A is any Runge
domain in X, A c c X, it is enough to prove that D’=A N D is Stein. But D’
satisfies the same conditions as D.

We assert that for any U’ with D « U’ < < X, there are finitely many ho-
lomorphic maps

fO:XC" v=1,k

and holomorphic functions g, on X such that if we set A, = {xe X|g,(x) =0},
the following conditions are fulfilled: (i) each f ™ has discrete fibres in X,
(ii) /™ :U’ = 4,~ C" is a local isomorphism and (iii) (s-14,"U'=SNU".

Since each analytic set in X is the set of common zeros of finitely many holo-
morphic functions, it is sufficient to find holomorphic mappings #® and analytic
sets A, satistying (i), (ii), (iii).

To do this, we note first the following:

Given finitely many points x,,---,x,€ X — S, there is a holomorphic map
f:X - C" with discrete fibies in X such that the jacobian determinant j, of f
at x,is #0, v=1,---,p. This is an immediate consequence of the fact that the
holomorphic maps of X into C" with discrete fibres in X are dense in the space
of all holomorphic maps of X into C"
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To complete the construction of f), 4,, suppose that these are already con-
structed for v < | — 1 and choose one point x,,r = 1,---, p, from each irreducible
component of A; N+ N A,_, which meets U’ — S; and construct f’: X - C"
so that it has discrete fibres, while j,)(x,) # 0; and define 4, to be the closure
in X of the set of points x € X — S where j,u(x) =0. 4; is an analytic set by
[10, Satz 16], and since

dim(4, N - N A4,-,N(U'=S)) < dim(4, N --N4,N (U’ = §)) - 1,

the mappings f?, v < n + 1, satisfy our requirements.

We define U,={xeU’|g,(x)#0}, D,=DNU, Now, the pair (U,,f")
is an unramified domain over C", and we denote by d,(x) the polycylindrical
distance of x from the boundary of U, (see statement of Lemma 7). Let 5,(x),
x e D,, denote the distance of x trom the boundary of D,. Then we have

(@ 6,(x) =d/(x) for xeD,,

(b) —logd,(x) is pseudoconvex in D, (Lemma 7).

We now assert that the following two results hold.

(5.1) There is a neighborhood V, of A, N\ D such that for xe V,N\D,, we

have
0,(x) = d\(x).

(5.2) There is an integer h >0 and a constant C >0 such that for any
xeD,, we have

lg®)| < € {d,x)}'"™

Proof of (5.1). We have only to show that for any x,e 4, N D, there is a
neighborhood W such that for xe W— A,, we have 4,(x) = d,(x). Now choose
a connected neighborhood W, < D which is a ramified covering, by means of f”,
of a polycylinder of radius r about z, = f")(x,) and which contains no other
point x, with f®(x,) = z,. Let W be the inverse image in W, of the polycylinder
of radius 4r about z,. If xe W— 4, the ‘“‘maximal polycylinder about x in U,”’
cannot contain x,, so has radius < 4r and so is contained in W, = D. Hence,
for xe W— A,, we have d,(x) = d,(x).

Proof of (5.2). For x,e A,ND, let W= W(x,) be a connected, relatively
compact open set, containing no other point of x, with f™(x,) =f"(x,)
and such that /| W is a ramified covering of a polycylinder Z of radius r in
C" about z, = f)(x,). For the sake of simplicity, we drop the indices v in the
rest of the proof of (5.2). We denote by Z, the polycylinder of radius 4r about z,,.

Let W’ be the inverse image in W of the polycylinder Z’ about z, of radius }r,
and let S(x), for xe W’ — A, be the maximal polycylinder (of radius d(x)) about
x in X — A. Then dS(x) N A# &, and f(S(x)) is contained in the polycylinder Z,.

For xe W and z = f(x), w = g(x) (= g,(x)) satisfies an equation

) WP+ a,(Z)wPT o +a(2) =0,
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where the a; are bounded holomorphic functions on Z. Moreover for z',z" € Z,,
we have an inequality

Iai(z’) —a;(z")

Suppose now that xe W' — 4 and £e S(x), f(x) =z, f(§)={. Then z,{eZ,,
and from the equation (1) satisfied by g in S(x) it follows that (%)

|g(x) - g(®)] = C, ey |az) — a1z + (1 = )O)|''?

=< C1|z'—z"

.

< G|z =M £ CLdx)]"".

If we let £ tend to a point of dS(x) N A, then g(¢) tends to zero and we obtain,
for xeW'— A,
|g()| = C4[d(x)]".

The proof of (5.2) follows immediately from this.
Consider on D, the function
p(x) = —logd,(x) + hlog|g,(x)| — logC,

where C, h satisfy (5.2). Now, because of remark (b) before (5.1) pi(x) is pseudo-
convex in D,. By (5.1) and (5.2), there is a neighborhood V, of 4, N D such that
if xeV, nD,, we have p;(x) < 0. Hence the function

max(py(x),0) for xeD,,

pv(x) =
0 for xeV,

is a pseudoconvex function in D, and if x,€0D — A,, then p(x)— o0 as
x € D, x— x,. Hence, if p(x) = maxp,x), then p is pseudoconvex in D and
p(x)—> o if x > xo ¢()4, N 3D = S ND. Also, if xe S N D, we have p(x) = 0.
To complete the proof of Theorem-4 in the special case, we have only to show
that for any « > 0, the set ’

D, ={xeD| p(x)<a}

is a Stein space.

Suppose that U is a neighborhood of dD N S such that V= U N D is Stein. Let
s(x) be a pseudoconvex function in V such that for any r>0, the set
{xeV|s(x)<r}ccV. Let QccU be a neighborbood of dD NS. Now
D,NndD cdDN S since p(x) — oo if x - x,€ 8D, xo¢S. Hence s(x) is bounded
for xedQ N D,, say s(x) < M. Consider the function s’ on D, defined to be

(2) We have, in fact the following lemma (see, e.g., Lokasiewicz [7]). Let B be a connected
open set in R™ and f a continuous function on B satisfying f(x) + Xi<:<,a(x)f*” ‘(x) =0
where the a,(x) are bounded continuous functions on B, | ai(x)l < T. Then, there is a constant
M = M(T)such that if x, x’ € B and y is a curve joining x and x’ in B, we have

lf(x) "f(x')l é M(T) supyey,i=l,'".p|al(y) - a‘(x')llll'.
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s'x)=M+1if xeD, - Q, s'(x) = max(s(x), M + 1) if xeD,NQ. Then, s’ is
pseudoconvex in D, and, for any r > 0, the set {x € D,|s'(x) <r} has a closure
in D, which does not meet dD N S. Hence, the function P(x) = (¢ — p(x))~* + s'(x)
is pseudoconvex in D, and, for any r >0, we have {xeD,|P(x) <r} =< D,.
Hence, by Theorem 3, D, is Stein, which proves Theorem 4 in the special case
when X is irreducible.

To complete the proof of Theorem 4 in the general case, we have only to
use the following theoiem.

THEOREM 5. A complex space, all of whose irreducible components are Stein
spaces is itself a Stein space.

This theorem is a special case of the theorem in [10], but since this is simpler
to prove directly, we give a proof.

Proof of Theorem 5. Theorem 5 follows from the following result:

(5.3) Suppose that a complex space X is the union of two closed analytic
subsets X,X,. If X,X, are Stein spaces, so is X.

In fact, suppose this proved and let X be a complex space with the irreducible
components { Y.}, if ¥, = Uvé « Yy, then V, is a Stein space. Let f be a holomorphic
function on V, and E a discrete subset of ¥, ,, E NV,=¢, and let ¢ be a holo-
morphic function on E (i.e., to every point x £ E is assigned a complex number
¢(x)). Since V4, is Stein and V;, UE an analytic set in V,,,, there is a holo-
morphic function g in V.., such that g|V,=f, g|E = ¢. Theorem 5 follows
from this remark.

To prove (3.3), it is enough to show that for any coherent sheaf J of ideals
on X, we have H'(X, ) = 0. Let @ be the sheaf of germs of holomorphic func-
tions on X and a,c O the subsheaf of germs of functions which vanish on X,.
Let 0,=0/a, and J,=7 ®0,, the tensor product being over 0. If e, is the
image in O, of the section 1 of 0, then any element of (), can be represented
in the form a ® (e,), where ae J,. Let n:9 -7, @7, be the homomorphism
defined by n(e) = a ® e; @« ® e,. Then 7 is injective and if 5 is the cokernel
of n, we have the exact sequence

*) 0-Ih 7, 07,5 #-o0.

We assert that # has support contained in Y= X, NX, and that J# is a co-
herent 0, sheaf (v =1,2). To prove the first statement, if x¢X,, then (¢,), =0
so that # is surjective at x, which shows that 5, = 0. To prove the second state-
ment, it suffices to prove that a, annihilates # for v = 1,2, i.e., that a,"(7; ®7,)
cn(J). Now, a,°Z, =0and a, * J,,v # y, considered as a subsheaf of 7; @ 7,,
is contained in ("), which proves that a, annihilates 3¢

Consider now the mapping

p* : H(X,7) @ HY(X, 7)) » HYX, #)
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induced by p. Now, HYX,Z))=H%X,,7,), and HYX,#)= H%X,,*).
Moreover the composition p’ of the injection of J, into J, @7, with p is a
surjective mapping of J, onto , so that, since X, is Stein, p’ induces a sur-
jective mapping ot H(X,, Z,) onto HO(X,,5¢). Hence the map p* is surjective.

Consider now the exact cohomology sequence associated to (*). We have
the exact sequence

*
> HYX, 7)) ® HAX, 7;) & HOX o) - H\(X,T) > 0

since, the X, being Stein, we have H!(X, Z,) = H'(X,,J,) = 0. But since p*
is surjective, we deduce that H'(X,7) =0, which proves (5.3).

CoROLLARY 1 TO THEOREM 4. If X is a Stein space with isolated singularities
and D an open set on X which is locally Stein (i.e., any point of 0D has a neigh-
borhood in X whose intersection with D is Stein), then D itself is a Stein space.

COROLLARY 2. If X is any Stein space and D is a locally Stein open subset
of X such that D is strongly pseudoconvex at any point of S, the singular locus
of X, then D is a Stein space.

This follows fiom Theorem 4 since D N S has then a strongly convex neigh-
borhood, and any strongly convex domain on a Stein space is Stein (see [9]).

The hypotheses of Corollary 2 are fulfilled in particular if 6D NS = .

ReMARKS. (1) We can deduce from Corollary 1 that if X is any two (complex)
dimensional Stein space and D a locally Stein open subset of X, then D is Stein.
In fact, it follows from Corollary 1 that if n: Y— X is the normalization of X,
then n~!(D) is Stein. But 7 :n (D) — D is the normalization of D, so that, by
[10, Theorem 1], D is Stein.

(2) We have not used the full force of our supposition that X is a Stein space,
and our proof gives for example the following theorem.

Let X be a complex manifold on which global holomorphic functions give
local coordinates at any point and suppose that any analytic subset of X of
codimensicn 1 can be defined by global equations. Then if D is a relatively
compact open subse: of X which is locally Stein, then D is Stein.

6. K-complete manifolds: application of a vanishing theorem. Let X be a
complex manifold and F a (holomorphic) line bundle on X. Suppose that F is
given by a covering {U;} and transition functions f;; : U;n U;—C*. A (hermitian)
metric on the fibres of F is given locally by a form

h(&, n) = h(x) &

where &,,n; are the fibre coordinates of the vectors &,n over U,, hy(x) > 0 being
C%in U,. In U; N Uj, we have h; = |f;;|*h;.

F is called positive, if h(£,n) can be so chosen that the hermitian form on X
associated to the alternate form
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X = — -2;—i6'6logh, in U;
is positive definite. Then y defines a kihler metric on X. If h(,n) can be so
chosen that the kihler metric defined by y is complete, we say that F is positive
complete. (Note that the trivial bundle on X is positive if and only if there exists
a C® strongly pseudoconvex function on X.)

The following lemma is merely Proposition 11 of [2] formulated for the trivial
bundle F.

Lemma 8. Suppose that X is a complex manifold on which there exists a
strongly pseudoconvex function. If K is the canonical bundle of X, suppose
that K™! is positive complete. Then holomorphic functions on X separate
points and give local coordinates at each point of X.

To apply this, we make use of the following

LeMMA 9. Let X be a complex manifold and ds2 = Xh,dz,dz, be a her-
mitian form on X such that the coefficients are ‘‘bounded’ on any compact
sel. Suppose that p is a C° strongly pseudoconvex function on X such that the
sets {xe X|p(x) <a} are compact. Then ihere is a C® function ¢:R—R
such that if u= ¢ o p, we have

L(u) > ds2.
Here, L(u) denotes the Lervi form
o*u )
z _——-—62, a5, dz,dz,.

Proof. We may suppose that p>0. Let ¢,>0 be a constant such that
¢,L(p) > ds* on the set of x with v < p(x) v+ 1. Let h(f) be a C* function
on 0<t<o such that h(t)>c, for v=St<v+1, h'(t)>0. Define
¢(t) = [sh(r)dr, and put u(x) = ¢(p(x)). We have

L(u) = ¢"(p) L(p) + ¢"(p) | dp|?

= h(p) L(p) + h'(p)|dp|* = h(p) L(p) > ds*.

The next lemma is a part of Theorem 1. However, we will use it for a proof
of Theorem 5 below which is independent of the Heftungslemma.

LemMMA 8'. Let X be a complex manifold and p a C* strongly convex
Junction on X such that for any a >0, the set {x e X|p(X) <a} cc X. Then,
holomorphic functions on X separate points and give local coordinates.

This follows at once from Lemma 8 and Lemma 9.

THEOREM 5. A holomorph-convex, K-complete manifold X is a Stein
manifold.
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Proof. Since X is holomorph-convex, there is a sequence {A,} of open sets
in X, and holomorphic functions f,; (i<k,) such that if we put
Pix)= Xj<i|fr ;|5 then A, ={xeA, ., |pi(x)<1}; moreover A,c c A, ,, | JA,=X.
Let g be a C* strongly pseudoconvex function on A,,, (this exists by Lemma
5). Then the function p,(x) =1/(1—p,(x)) + q(x) is a C* strongly pseudoconvex
function in A, and, for any o >0, we have {xeA,|p/(x) <a}< cA,. By Lemma
8’, holomorphic functions separate points and give local coordinates on A,.
Clearly A, is holomorph-convex, so that it is Stein. But now it is seen that A,
is A, ;-convex, so that holomorphic functions on A, can be approximated by
those on A, . It follows that holomorphic functions on A, can be approximated
by those on X. Hence holomorphic functions on X separate points and give
local coordinates. Hence X is Stein.

We give two applications of Theorem 1. The proof that we give for the next
theorem is very similar to that of Oka’s theorem given in [9], but it is more
natural in the context of covering manifolds.

THEOREM 6. Let D be an open subset of C" which is Stein, and let D bea
covering manifold of D. Then D is Stein.

Proof. Let 7:D— D be the projection map; let p be a C* strongly pseudo-
convex function on D such that for any « > 0, we have

D,={xeD|p(x)<a} cc D.
Let = pon and D=n"'(D,). Since 5 is strongly convex and D,={yeD|
P(y) <a}, we have only to prove that D, is Stein.
Let ds® be a C* complete riemannian metric on D and d§? = n*(ds?) the in-
duced metric on D. Then d§? is complete in D (see [13, p. 208]). Let y,€ D,

and p(y) the distance of ye D from y, with respect to ds*. Let |dz|2 be the
Euclidean metric on C". There is a constant M > 0 so that

j‘ldldzl2 <ds* <M|dz|? on D ;.

This implies that if y,y’ € D, belong to an open connected set which is mapped
isomorphically onto a convex set in D,;, by =, then

(1 |p(») = p(W)| £ M| 7(y) — =(y")].

Let y 20 be a C* function with compact support in the open ball By, of
radius /2 about 0 e C"; we suppose that y(0) > 0. If § is sufficiently small, for
ye D, we can consider the open set By(y) which is mapped isomorphically
onto the ball of radius & about 7(y). Then y defines a C* function y, in B4(y)
if we put y,(y) = y(n(y) — n(y")). Define

p(y) = J 7,0 p(y")dv,.,
Bs(»)
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where dv,. is the volume element induced on D by the Euclidean volume do.
Clearly Ipl(y) p(y)] M IB.; ,7(x)dv = C. Moreover p, is a C* function in
D, and
Ppy _ [ o a0y,

By

.09, £

D,p, = :
wh (») ayu ayv ’

has absolute value <M | ,6/2|ay/ax |dv,, because of (1). Hence |D,,p,| is
bounded on D Hence there is a constant K > 0 such that

a(y) = p1(») + K| n(y) |?

is strongly pseudoconvex in D, and q(y) = p(y) — C. Since d§? is complete, if
B < a, for any r > 0 we have

{y€5¢|q(y)<r} cc D,

Hence u(y) = (¢« — p(y))"' + q(y) is a C*® strongly pseudoconvex function on
D, such that for r>0, {yeD,|u(v) <r} = = D,. By Theorem 1, B, is Stein.

REMARK. A method of K. Stein [15] enables one to deduce from Theorem 6
the theorem that any covering space of a Stein space is itself Stein. As a final
application we prove

THEOREM 7. A holomorphic vector bundle E over a Stein manifold X is
itself a Stein manifold.

Proof. Let n:E— X be the projection and g;;:U,NU;— GL(q,C) trans-
ition functions with respect to a covering {U,} defining E. Let h; be a C® map
of Uj into the space of positive definite hermitian matrices such that, on U; N\ U s
we have

h; = 'guhtgn

Let () be fibre coordmates on n~'(U; ). Define the C*° functlon ¢,, on E by
D = TORILO i (xDen\(U).

Let G)_, be the hermitian form associated to the alternate form
(1/2ni)d(h; ' hy). For differentials dx,d% at x € U,, define

Fy(dx,dx,0) = "Thy(x) ©,(dx,d%){ .
It is easy to verify (see e.g. [1, p. 257]) that if this hermitian form in dx, d% is
positive definite for all { #0, then ¢, is sirongly pseudoconvex outside the
zero section of E.

We now consider a strongly pseudoconvex function p on X such that all sets
{xeX|p(x) <a} are relatively compact and consider the function

¢ = ¢h' With h:= ep'h‘ in Ui‘

We have
Fi = (L) TR + TOh 0,0,
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Now, since h; is positive definite, there is a constan ¢; > 0 corresponding to any
U, = c U; such that for T@ =1, T@h, (P = ¢, By Lemma 8, we can choose
p such that F, is positive definite for any ("’ # 0.The function ¢ is then strongly
pseudoconvex for { # 0 and pseudoconvex everywhere in E. Consider now the
function

P(x,0) = p01l'+¢

on E. Clearly P is strongly pseudoconvex everywhere on E and, if r > 0, we have
{e€E| P(e) <r} = = E. By Theorem 1, E is Stein.

REeMARK. We can prove in the same way that any holomorphic vector bundle
on any Stein space is Stein.
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