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1. Introduction.   Various types of boundary conditions have been associated

with the matrix equation

(l.i) W = Wx,W + »to.

where %(x,X) is a square matrix of order n. Most of these are special cases of

the general condition

(1.2) l%ßw(XMah,X) +   f   mx,XMx,X)dx = G(A),
h Ja

where the matrix 2B(A)(A) is free from x and {ah} is a finite or infinite set of

points on a fundamental interval [a, b~\. Tamarkin [5] has considered the general

case, but many of his results were obtained by limiting the discussion to the

situation where $B(x, X) = O or where no boundary points exist in the interior

of the fundamental interval. In particular, he did not define the adjoint system

for the general case. Wilder [9] and Cole [1] have treated the case of a finite set

of points and no integral term. Langer [2] has developed the theory associated

with a finite set of boundary points in a complex domain. Whyburn has made

substantial contributions to the problem, including a summary [6; 8] of known

results. He has also shown [7] that the condition (1.2) is, in a certain sense,

equivalent to

(1.3) W)W,X) + ®W2KM) + f %(x,W(x,X)dx = (£(A).

It will be seen, however, that the condition (1.2) is distinct from (1.3) in the

sense that the two conditions lead to distinct adjoint boundary relations.

Interface conditions of the type

3)(aA+,A)-B(«a)?)K~,A) = 0

have been considered by Stallard [4]. Such conditions are not included in (1.2),

but similar conditions do appear in the adjoint system. In an earlier paper [1],

it is shown that interface conditions are the adjoint counterparts of that portion
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of (1.2) which applies to the discrete points {ah}. When discrete and continuous

relations are applied together, as in (1.2), it is of particular interest to observe

the distinct way in which each is reflected in the adjoint system.

The definition of the adjoint system, given in §4, is a significant feature of

the present development. It is different from the adjoint system defined by Why-

burn [7], although the Green's matrix defined here (when m = 2) is identical

with that defined by Whyburn. It is significant that Green's matrix provides

a solution in integral form for the nonhomogeneous adjoint system as well as

for the original system. Green's matrix is itself a formal solution of both the

given system and the adjoint system. These two properties of a Green's function

are familiar from classical developments.

A second significant feature of this discussion is the determination of the

structure of Green's matrix. It is patterned after the corresponding development

in the m-point case [1] and, as in that case, the analysis is vital to the develop-

ment of the expansion theory associated with the system.

2. The differential system. The system to be considered is

(2.1a) 3)' = K(x,X)VJ,

(2.1b) Z <mw(XMah,X) + f  W(x,XMx,X)dx = D,
h = l Ja

where ?I(x,A) is continuous in both variables, and 3BW(X), h = 1,2,•••,m, and

2B(x,/l) are matrices whose components are polynomials in the parameter X.

In the case of 2B(x, X) the coefficients of the polynomials are indefinitely dif-

ferentiable functions of x. The set of points ah,h = \,2,---,m, is such that

ah < ah+i, with a± = a and am = b. The two terms on the left of (2.1b) can be

conveniently combined into one by using a Stieltjes integral. Thus, let Sr^x,-!)

be defined as constant on [a, b] except at the points aua2, •■-,am. At these points

it is such that

5iK+,A)-51(aA-,A) = 2B(',)(A
with

8fi(ai,A) = gf1(a1-,A)=0 and Mam,X) = ^(a+m,X).

Let i$2(x,X) De defined by

(2.2) Mx,X) =   Í m(t,X)dt,      a = x = b.

Then, if

$(x, A) = 2fi(x,A) + gf2(x,A),

the condition (2.1b) may be written as



1964] ORDINARY LINEAR DIFFERENTIAL SYSTEM 523

j mx,xmx,.(2.3) J dg(x,A)3)(x,A) = 0.

The symbol on the left of (2.3) represents a matrix whose component in the ith

row and j'th column is

n       r'b

2        yk)(x,X)dfik(x,X).
k=l   Ja

The general vector solution of (2.1a) is given by

(2.4) n - "0(x,k)c(X),

where 3)(x,A) is a specific nonsingular matrix solution of (2.1a), and c(A) is an

arbitrary vector independent of x. This satisfies the boundary condition (2.1b)

if and only if

(2.5) D(A)c(A) = o,

where 35(A), the characteristic matrix, is given by

(2.6) 35(A) =   Í d%(x,XMx,X).

Solutions of (2.5) exist if and only if

(2.7) D(X) = 0,

where D(A) = 135(A)j. Values of A satisfying (2.7) are characteristic values,

and corresponding solutions of the system are characteristic solutions. If, for

a specific characteristic value, 35(A) is of rank n — r, the system is compatible

to the order r, in the sense that there exist r linearly independent characteristic

solutions.

3. Green's matrix. Whyburn [7] has obtained the Green's matrix for system

(2.1) when m = 2. The derivation given here will therefore be brief, since the

case for a general integer m is not essentially different from the special case.

If 3)(x,A) represents a specific nonsingular matrix solution of (2.1a), it is found

by the method of variation of parameters that

33(x, A) = 3)(x, A)G +   f?)(x, A)3)- \s, A)23(s)ds

is the general solution of the nonhomogeneous equation (1.1). If this is sub-

stituted in (2.1b) and if 35(A), defined by (2.6) is nonsingular, it is readily inferred

that

(£=-35-1(A)   fdg(i,A)   p5Kr,A)3)-1(S,A)93(s)rfS.
Ja Ja

Hence, the solution of the nonhomogeneous boundary system is given by
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33(x,A) = -   í      Í    ,!9(x,X)li-i(X)dm^)W,m''i(s,X)iB(s)ds
Jt—a Js=a

+    ry(x,X)V)-l(s,X)%(s)ds.

If the identity matrix, in the form

Í.
b

-1
t>-\X)dW,X)V(t,X),

is inserted between ?)(x, X) and Î)  1(s,X) in the second integral and if the order

of integration is reversed in the first integral, we get

23(x,A) = -   f      f    3)(x,A)D"1(A)dg(i,A)?)«,A)?)-1(s,A)»(s)dS
J S =fl   J t =3

+    f     Í     ̂ (x,X)7>-1(X)d^(t,XMt,XW1(s,X)iB(s)ds.
Js—a Jt=a

The values of these two integrals over their common domain cancel, so that

93(x,A) =   Í ®(x, s, A)23 (s)ds,

where ®(x,s,A), the Green's matrix, is given by

j\j(x,X)'D-i(X)dm,XW(t,m~\s,X),     s<x,

- j yxxaw-'wdm^Muxw-1^,*),   « > x.

(3.1) <5(x,s,X) =

The properties of Green's matrix will be listed in the form of a theorem. When

m = 2, they are consistent with those given by Whyburn [7].

Theorem 1.   Green's matrix has the following properties:

(1) It is continuous in x and s except when x = s and

s = aua2,---,am.

(2) It has a unit discontinuity at x = s, that is,

®(i+,s,A)-©(s-,s,A) = 3.

(3) At the boundary points, the discontinuities are given by

(3.2)     <5(x,aA+,A) - ®(x,a;,X) = ^.A^OT^ÍA), h = l,2,-,m,

with the definition,
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(3.3)
+

®(x, a i", A) = (5(x, a *, A) = £>.

(4)   For each fixed s, (5(x,s,A) is a formal solution of system (2.1).

Proof. The first three properties follow directly from the definition of

®(x,s,A). The definition, given under property (3), of left and right hand limits

for (5(x,s,A) at ax and am, respectively, is merely a notational convenience.

To establish property (4), we note first that (S(x,s,X) is a formal solution

of (2.1a) by virtue of having ?)(x, A) as its left hand factor. It fails to be a true

solution because of the discontinuity at x = s. If (5(x,s,A) is substituted in the

left side of (2.1b) or (2.3), we have

j'd%(x,X)®(x,s,X) =  pg(x,A){- |?)(x,A)35-1(A)dg(í,A)í)(í,A)?)-1(s,A)j

j'd%(x,X) {£?)(x,A)35- 1(A)dg(/,A)?)(i,A)3) " *M)).

If the expression

J" dg(x.A) [j ?)(x,A)35-1(A)d3f(i,A)?)0,A)r1(s^)},

is added to and subtracted from the right side of (3.3), we get

|dg(x,A)©(x,s,A)=-D(A)35-1(A) j dg(t,A)S)(í,A)?r'(M)

+   j dg(x,A)9(x,A)35- 1(A)35(A)?)-1 (s,A).

Since the right side of this relation is obviously zero, property (4) is established,

and the theorem is proved.

4. The adjoint system. The boundary system adjoint to (2.1) is defined to be

(4. la) 3 ' =  - 32Ito X) + ft(A)2B(x, A),

(4.1b) 3K+>A)-3(a»".A) - fl(A)2Bw(A),     h = l,2,-,m,

where 3(ar>^) and 3(am>^) are defined as symbols representing the zero

matrix. A solution of this system exists in conjunction with a parametric matrix

${(X). Because of the conditions (4.1b), any solution is of necessity a solution

in the extended sense defined by Stallard [4]. The question of the existence of

a vector solution 3(x,A) of (4.1) is clearly pertinent. Such a solution will be as-

sociated with a parametric vector 1(A). The general vector solution of the reduced

adjoint equation,
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3' = -39í(x,A),

is given by

3 = c(A)3)-1(x,A),

where $)-1(x,A) is the inverse of the matrix 3)(x,A) in relation (2.4), and c(A)

is an arbitrary vector. The method of variation of parameters, previously used

in developing Green's matrix, yields a particular solution,

1(A)  f2B(í,A)3)(í,A)dí2)-1(x,A),

of equation (4.1a). Thus, the general solution of this equation is

3 = c(X)Y-\x,X) + t(X)   Ta[B(í,A)3)(í,A)dí3)-1(x,A).

The conditions (4.1b) require that c(A) be independently defined on each sub-

interval (aq,aq+1), q = 1,2,■•■,m — 1. Hence, a solution of the adjoint system

has the form

3(x,A) = cq(X)T\x,X) + i(X)   [* mt,lWt.l)dty-\x,X),

(4.2) J "
aq<x<aq+1, q = l,2,—,m-l.

Substituting in (4.1b) yields the relations

Ct(.W\ai.X) - t(ma\X),

[c2(A) - c^W'i^X) = Ï(A)2B(2>(A),

(4.3) ! i !

[cm_!(A) - cm_2(A)]?r Wi.A) =i(A)2B(m-1)(A),

- C-iWO^A)-^) J W.A^Íí.Aíd^-^a^A) = í(A)2B(m)(A).

Multiplying the first of these relations on the right by "ï)(auX), the second by

?)(a2,A), •■•, and the last by 3)(am,A), and adding, we get

m pi) \

o=i(A)|Z  2Bw(A)3)(ah,A) +   I 9B(t,A)9)(í,A)dí .

Hence, a necessary condition for a solution is that

Ï(A)D(A) = o.

Conversely, if T)(X) is singular, a nontrivial vector i(X) will exist. The use of this

vector in (4.3) provides evaluations of ct(A),•••,cm_1(A). These are given by
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Cq(X) = i(A) I  2Bw(A)?)(aA, A),     q = 1,2, -, m - 1.
A = l

Substituting in (4.2), we get, for x on (aq,aq+1),

3(x,A)=I(A){Z 2B(Ä)(A)?)(aÄ,A) +JX2B(í,A)?)(í,A)díJ3)-1(x,A).

This may be written as

(4.4) 3(x, A) = Í(A) fd^r, A)?)(í, A)3)- '(x, A).
Ja

An equivalent form for the solution is

(4.5) 3(x, A) - - 1(A) J dg(t, A)2)(í, A)?)-\x,A).

The equivalence may be established by noting that the difference of the two

forms is zero.

On the surface, the adjoint system appears to be nonhomogeneous. Never-

theless, its solutions have the characteristic linear properties of solutions of

homogeneous systems. Thus, if 3(x,A) is any solution with parametric vector

f(A), it is easily verified that, for any scalar c, C3(x, A) is a solution with parametric

vector ct(A). Also, if 3!(x, A) and 32(x, A) are two solutions with parametric vectors

ït(A) and ï2(A), respectively, then 31(x,A)+ 32(x,A) is a solution with parametric

vector ï^A) + ï2(A).

Theorem 2. The given boundary system and its adjoint system have the

same characteristic values and the same order of compatibility at each charac-

teristic value.

Proof. The characteristic values for both systems are the values of A for

which 35(A) is singular. Also, if 35(A) has rank n — r, there will be r independent

parametric vectors orthogonal to it, and the system will be compatible to the

order r.

The following theorem lists the properties of Green's matrix relative to the

adjoint system.

Theorem 3.   Green's matrix has the following additonal properties:

(1) For each fixed x, (5(x,s,X) is a formal solution of system (4.1).

(2) If X is not a characteristic value, a solution of the equation

(4.6) 3' - -3%(s,X) + #(A)2B(s,A) + S3(s),

with boundary conditions (4.1b) is given by

(4.7) 3(S,X)=-   f 93(x)<5(x,s,A)dx.
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Proof. By comparing the top line of (3.1) with (4.4) and the bottom line with

(4.5), we see that Green's matrix is a formal solutionof(4.1a)with?)(x,A)î>-1(A)

as the parametric matrix. Its discontinuities, exhibited in (3.2), are precisely

those required by (4.1b). Property (1) is therefore established.

Since (5(x,s,A) is discontinuous at x = s, differentiation of (4.7) yields

(4.8)      3'(s,A)=-   Í 33(x)^©(x,s,A)dx-93(s){(5(s-,s,A)-(5(s+,s,A)}.

In view of property (1),

^©(x,s,X)= - ®(x,s, A) <tt(s, A) + Ä(A)$B(s, A),

where

fl(A) = SXx.AiD-^A).

Hence, recalling that ®(s+,s,X) — ®(s~,s, A) = 3, we have

3'(s,X)=   f 23(x)©(x,s,A)dx2t(s,A) -   f   ÍB(x)'í)(x,X)'^-1(X)dxíaKs,X) + í8(s)
Ja Ja

= - 3(s> Ws, X) + ^(A», A) + 83(s),

where

Si,(X) = -   Í 23(x)?)(x, A)D-\X)dx.

The matrix 3(5>A) is therefore seen to be a solution of the equation (4.6) with

Ri(X) as the parametric matrix.

The discontinuity of 3(s, X) at ah is given by

3«^)-3(a-h,X) - - J* 8(x){<5(x,a¿A)-<5(x,a;, A)}dx

= - f»(x)D(x,A)D-1(A)aB(*)(A)dx

= ÍWOSB^A), Ä = l,2,-,m.

Hence, 3(s, A) satisfies the boundary conditions (4.1b), and the theorem is proved.

The relation established in the next theorem will be useful in §§11 and 12.

It is, in essence, Green's formula for the system and its adjoint.

Theorem 5. If 3(x,X) is any solution of the adjoint system and 93(x) is

any matrix with an integrable derivative, then
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(4.9)     f 3(x,X){%'(x)-%(x,X)<B(x)}dx = - $i(X)   f dS(x,A)»(x),
Ja Ja

where R(X) is a parametric matrix associated with $(x,X).

Proof.   Since it is assumed that 3(X>A) satisfies (4.1a),

¿(3(x,A)8(x)) = 3(*. A) {»'(*)- fl(x,A)93(x)} +Ä(A)2ß(x,A)93(x).

Integrating both sides of this relation and recalling that 3(X>A) is discontinuous

at the boundary points, we get

- 2 (3(fl*+. A)-3(fl»'.A))»(a*)=     3(^.A){SB'to-5l(x,A)S8(x)}dx
A = l Ja

+ R(X)   faB(x,A)SB(x)dx.

Since 3(X>A) satisfies conditions (4.1b), relation (4.9) follows at once.

5. Remarks. When 2B(x,A)=£) and m = 2, the system reduces to the

classical 2-point boundary problem. The adjoint boundary relations, in this

case, impose a parametrically defined linear condition on the values of the solu-

tion at the end points of the interval. The parametric form of the adjoint con-

ditions proves to be more convenient and less restrictive than the nonparametric

form. In particular, the familiar developments associated with an nth order

linear equation and 2-point boundary conditions are greatly simplified by re-

ducing the system to matrix form and applying the above results.

If 3B(x, A) = O and m is any finite positive integer, we have the m-point case [1].

The developments contained in §§6 and 7, below, were indicated by the results

for the m-point case. It is interesting to note that the use of the Stieltjes integral

here provides a treatment of the general case which is less complicated than the

treatment given in reference [1].

If 3B(x,A)^0 and m = 2, we have the case discussed by Whyburn [7], with

the advantage here that the Green's matrix is a formal solution of the adjoint

conditions, and neither 3B(1)(A) nor 2B(2)(A) is required to have an inverse. The

fact that interface conditions arise in the adjoint system is of interest, since such

conditions have received a considerable amount of independent attention [4].

Finally, it is significant that the integrand of the integral part of the boundary

relation of the given system appears in the adjoint equation and not in the adjoint

boundary conditions. An intuitive appreciation of this phenomenon can be

achieved by regarding the integral conditions as a limiting case of the m-point

conditions. Thus, the condition

dg(x,A)5Kx,A) = O
.
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is the discrete m-point condition, if 3(x,A) = SiCx.A) as defined in §2. The cor-

responding adjoint condition is

3« X)-3(a~k, A)=Ä(A)2B(*>(A),

where çSiw(X) is the saltus of 5(x,A) at ah. Clearly, the continuous counterpart

of this, when ^(x,X) is continuous and given by (2.2), is

3'(x,X) = #(A)2B(x,A).

The addition of ft(A)2B(x,A) to the right side of the adjoint equation is thereby

suggested.

Whyburn has pointed out [8] that the requirements of scientific research

reveal a need for mathematical devices that will deal with an infinite number

of interface points and "carry over a limit point (critical point) into a new re-

action phase for the physical system." The interrelationships exhibited here

may prove advantageous in this respect.

6. The reduction of Green's matrix. The reduction of Green's matrix, achieved

in this section, is suggested by a similar reduction in the m-point case [1,§4].

Its derivation here parallels the derivation given in that case.

The characteristic matrix, defined in (2.6), may also be written in the form

(6.1) £(A) =   f dlï(x,A),

if the matrix VL(x,X) is defined by

U'Oc.A) = g'(x,A)?)(x,A),       x#flA)

U(a* X) - U(aA- A) = mw(XMah, X),      h = 1,2, • • •, m.

The latter relation is made complete with respect to the end points by speci-

fying that

U(aï, X) = U(ai,X) = O and U(a+) = U(am).

Let the matrix ($>(x,s,p,X) be defined by

(6.2) ^(x,s,p,X) = ^(x^D-^UOa)?)-1^).

Since

¡Sd%(t,W(t,V =   ¡SdU(p,X),
Ja Ja

we may replace the definition of ®(x,s,A), given in (3.1), by
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(6.3) <5(x,s,A) =

I

d^(x,s,p,X),

-      d,ß(x,s,p,X),

S < X,

S > X.

In this relation the subscript p on the differential symbol indicates the variable

of integration for the Stieltjes integral.

The following lemma is pertinent to the reduction of Green's matrix.

Lemma 6.1.   IfU(p) is an nxn matrix and if X) = $*dU(p) is nonsingular,

there exist matrices §>i(p) and %>2(p,v) such that

35-1U(/0 = MrÖ + j d&2(p,v)

with

§2(/i>V)= -$>2(V,P)-

The matrix §>i(p) has zero components except on its diagonal where each

component is the corresponding diagonal component o/35-1U(/¿).

Proof. This lemma is the analog of Lemma 1 in the m-point case [1, §4].

The proof given there is adapted to the present case by replacing certain summa-

tions by integrations and, correspondingly, by changing indices of summation

to variables of integration.

Let the symbol 3W represent the matrix in which all the components are zero

except for a unit component in the hth row and Ith column. Let the matrix

3"* be defined by

— O     oAA.

If D is the determinant of 35, then

35-1 = Í/D  (|353^+3^1).
Hence,

35-1U(/x)= Í/D   (\mli+U(p)3Ji\)

(6.4) . \     n-x \
= ^|D3"+UO)3y,|) + (i-öfy|3»" + Uto3,,|).

Let the first matrix on the right be represented by $x(/i). It is a diagonal matrix

so that we may replace the index i by j and write

(6.5) Mri) = (^ I 353" + VKßßjj | ).

Each component of 35 is the integral of the corresponding component of U(p).
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In particular, we may so express the components of the ;'th column of D in the

second term on the right of formula (6.4). That is,

ST1H00-$,G«) + (~- | £3"3" + fdMftu+Wii&ji |)-

The use of v as the variable of integration in the jth column of the determinant

distinguishes that column. In consequence, since the expansion of the deter-

minant may be expressed as a linear combination of the components of the

jth column, the integration symbol may be written outside the determinantal bar

and thence outside the matrix bracket. Thus,

V-1U(n) = Mn)+ fd&2(p.,v),

where

(6.6) S2(u,v) = (i^ | ¡BSftf« + U(v)3„ + U(m)3,,|).

Interchanging u and v in formula (6.6) has the effect of interchanging two

columns in the determinant. Hence,

(6.7) S20,v) = -$2(v,/i).

This proves the lemma.

If c and d are any two points on [a, £>], it is clear from (6.7) that

>d I'd

d£2(p,v) =D.J>J.
Further, from (6.5),

•t

1d„£i(«) = 3.

Theorem 6.    There exist matrices ©¿(x.s^A) and (52(x,s,p.,v,X) such that

(6.8) ©(x,s,w,A) = ©1(x,s,/i,A)+       dv©2(x,s,«,v,A),

where

(6.9) (52(x,s,p,v,X) = -®2(x,s,v,«,A).

Proof. Let the matrix U(p) of Lemma 6.1 be identified with the matrix

U(fi,X), appearing in formula (6.1). The matrix Î) of the lemma becomes, then,

the characteristic matrix D(A). Let ®i(x,s,p.,X) and ©2(x,s,u,v,A) be defined by

(6.10) ©iix^/U) = ^.A^iGOSrW),

(6.11) ©2(x,s,u,v,A) = ^(x,X)M^)Ti(s,X).
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Hence, recalling (6.2) and Lemma 6.1, we obtain relation (6.8). Relation (6.9)

follows from (6.7) and (6.11).

Corollary. Employing relation (6.9), it may be inferred that

dv(S2(x,s,p,v,X) = O,im:
where c and d are any two points on [a, b~\.

Theorem 7.    The formula for Green's matrix may be written as

(6.12)©(x,s,A):
d/t|©1(x,s,/i,A)+     dv(52(x,s,/i,v,A)l,

-     dA&1(x,s,p,X)+      dJS2(x,s,p,v,X) ,

Proof.   Substituting from (6.8) in (6.3), we get

dJ©i(x,s,|i,A)+     dv©2(x,s,/z,v,A) ,

<Ü©i(x,s,¿i,A)+     dv©2(x,s,/i,v,A)|,

s < x,

s > x.

s < x,

®(x,s,A) =
f*    ( Cb

s > x.

By virtue of the corollary to Theorem 6, with c replaced by a and d by s, this

may be reduced to the formula (6.12).

7. The structure of Green's matrix.   In the ensuing discussion, it will be

assumed that

?t(x,A) = A«(x) + Q(x),

where 9î(x) is the diagonal matrix (¿¡/jto)", the diagonal components of the

matrix Q(x) are zeros, and the other components are indefinitely differentiable

and free from A. The functions rj(x),j = 1,2, •••,«, are indefinitely differentiable

complex-valued functions which together with their differences, r,(x) — r;(x), / # j,

have constant arguments and are bounded from zero for every x on [a, b~\.

Under these assumptions, Langer [2] has obtained the following asymptotic

representation of a nonsingular solution of (2.1a).

(7.1) 3)(x,A) = ^(x,A)g(x,A),

where

Œ(x,A) = (5,/*'°%   Rj(x) m  j' rj(t)dt,

and ^B(x, A) has an asymptotic representation of the form
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(7.2) «p(x, A) = 3 + Z A~*<pw(x) + A-HBtix, A).

In the latter relation, fc is any natural number and $(,,)(x), /i = 1,2, ••-,&—1,

and 33t(x, A) are indefinitely differentiable in x, and 23fc(x, A) is analytic in A and

bounded for \X\ large.

The matrix D(A) was represented in (6.1) in terms of the matrix U(x,X). It is

convenient here to define the matrix 93(x, A) by

3J'0e,A) = 3B(x,A)<P(x,A),   x * a„,

$B(a+,A) - SB(fl¡T, A) = 2BW(A)«P(«„A),   h = 1,2,-,m ,

where

33(ar, A) = »(ai.A) = © and 5B(am+, A) = 93(am,A).

In view of this definition,

Í(7.3) $(A)l=      d33(x,A)(£(x,A).

Each component of 35(A) is an integral, and its value is independent of the symbol

used for the variable of integration. Consequently, we may write

(7.4) D(X)=(jeis^dvir(tj,X)Ji,

so that each column of £>(A) has a distinctive variable of integration.

The determinant D(X) of the matrix Î>(A) may be expressed as a sum in which

each term is the product of n integrals, one from each column of 35(A). That is,

(7.5) D(A)=Z     Í       ••• f explxî Rx(0\dvkil(t1,X)-dvkJtn,X),
{*s}     Jt„=a Jti=a I   a = 1 I

the summation applying to all permutations of the integers 1,2, ••-,«, for the set

{kß\ß = 1,2,•••,«}. The general term on the right side of (7.5) has been ex-

hibited as an iterated integral and can be so written because of the use of a distinct

variable of integration for each column of T)(X). Relation (7.5) may be repre-

sented by

(7.6) D(A)=   f exp JaZ^o) |d33|,

where S is the n-dimensional region

a ^ tj ^ b, j = \,2,-,n.

The unconventional symbol on the right side of (7.6) is to be regarded only as
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a convenient abbreviation for the right side of (7.5). The use of a similar abbrev-

iation below will facilitate the comparison of the expressions so represented.

The integration of the matrix (5i(x,s,p,X) with respect to the variable p is

effected, in view of (6.10), by integrating ^(/i). Recalling (6.5) and the equi-

valence of the right sides of (6.1) and (7.3), we may write

pdUß) = (§-J | £3jJ' + pd%(p,XMp,X)3jj |).

The matrix appearing between the determinantal bars on the right side of this

formula differs from the characteristic matrix only in respect to its jth column.

Consequently, the determinant admits of a symbolic representation similar to

that given for D(X) in (7.6). That is,

¡"d&W) = (^js expJA[R» +    ̂  .*.&)]) |d»j|),

where Sj is an abbreviation for S,([/¿i,/í2]) and represents then-dimensional

region

a últ* ú b, a = l,2,--,n,    cc^j,

Pi UP Ú Pz,

and 93; is the matrix 93 used in (7.6) with its/th column replaced by the jth column

of »Oí, A).
When $)2(p, v) is integrated with respect to its two variables, we obtain a

matrix whose general term lends itself to the same type of symbolic represen-

tation. Thus, using (6.6), we have

J       d"
J /l=(ll J   V=Vl

d£2(p,v)

where Si} is an abbreviation for S,/[/i1,/i2],[v1,v2]) and represents the  n-

dimensional region

a^ta^b, a = 1,2, ••-,«,    a^ij,

PiûPÛPn        Vj<;v^v2.

23y is the matrix 95 used in (7.6) with its ¿th column replaced by the jth column

of 93(/i,A) and its jth column replaced by the jth column of 93(v,A).

Using (6.10), we get

r</,®i(x,s, M) = $0c,A)(£(x, X)r d^(pW\s,XrTl(s,X).
J m Jpi

Since
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<&-\s,x) = (V"**j(i)).

if <j)j(x,s) is defined by

(7.7) (¡>j(x,s) = Rf(x)-RJ(s) + RJ(p)+      Z     Ra(ta),

we may write

(7.8) rd^x.s^A) = ( Z prj.(x,A)^c(s,A) f  1 exp{A<¿>/x,S)} |d93,|Y      ,
J Hi V/ = l JSj   u /r,c = l

where <B(x, A) = (prc(x, X))\ and $ " \s, A)=(p,c (s,A))î. The components of <B " ^s.A)

are readily seen to be polynomials in 1/A with coefficients which are indefinitely

differentiable functions of s.

In a similar fashion, with the definition

(7.9) <f>if(x,s) = Rl(x)-Rj(s) + Rj(ii) + Rj(v)+      Z      Ra(Q,

the integration of (6.11) yields

dM       dv©2(x,s,«,v,A)
•//»l J Vl

= (     Z   pr¡(x,AV'e(s,A) f   lexp{A<k,(x,s)}|d!¡B0.|í       .
(7.10)

The matrix ®(x,s, A), as expressed in (6.12), is seen to be the sum of the matrices

given by formulas (7.8) and (7.10), if appropriate limits of integration are spec-

ified. Thus, each component of (5(x,s,X) is Í/D times a linear combination of

determinants. Each determinant in the linear combination is similar in form to

the determinant D. The nature of the denominator determinant, D, is clearly

significant for the ensuing discussion.

8. The chacteristic values. For the discussion of the formal aspects of the

system it was convenient to combine the discrete and continuous parts of the

boundary conditions by means of a Stieltjes integral. It is desirable here to sep-

arate these parts and write

3XA) = 3>i(A) + 3)2(A),

where

35X(A)= Z2B(/,)(A)?)(aA,A),
Ä = l

352(A)=   [ 2B(x,A)?)(x,A)d>
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If a is the degree of the highest degree polynomial appearing as a component of

any of the matrices 9BW(A), ft = 1,2,—,m, and 9B(x,A), we may define U*W(A)

and VL*(x,X) by

(8.1) X"U*W(X) = W\X)^(ah,X),    h = \,2,-,m,

(8.2) X'U*(x,X) = SB(x,A)93(x,A).

(The starred symbols are used here to avoid possible confusion with the symbols

used in §6.)   When defined as above, the components of VL*W(X) and U*(x,A)

are asymptotic polynomials in 1/A.

In view of (8.1),

351(A) = A'fu*(,,)(A)fi(ah,A),
n = l

and the general component of 35t(A) is

m

(8.3) dUiJ(X) = Xa I u\f(X)ekR ('»>.
A = l

Using (8.2), we get

352(A) = A" f VL*(x,X)(£(x,X)dx.

If this is written as

352(A) = A"-1 f H*(x,A)5R-1(x)A9l(x)(£(x,A)dx,

and U^x.A) is defined by

U1(x,A)=-^{U*(x,A)«-1(x)},

integration by parts leads to

S)2(A)=Xa-l ¡U*(b,XW l(bMb, A) -U*(a,A)9T l(d)Rt(a¿) +j U^x.A^x.A)^].

Repeated integration by parts, where

U¿x,X) = -^{^-lix.A)«"1«},     / = 1,2,-,

lío(x.A) = U*íx,A),

yields
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352(A) = A*_1[ Z X-l{Ul(b,X)SR-í(b)<S(b,X)-Ul(a,X)'iíÍ-1(a)(e(a,X)}
Li=o

(8-4) „
+ X~P     ltp+1(x,A)(£(x,A)dx .

where p is any non-negative integer. If 51(A) and 58(A) are defined by

51(A) =  - Z X-%(a,XW\a),

23(A) =   Z X-%(b,XW\b),
1=0

formula (8.4) can be written as

352(A) = A"-1 Í5I(A)(£(a,A) + 23(A)(£(¿>,A) + A"p f Up+1(x,A)©(x,A)dxl .

The general component of 352(A) is therefore given by

(8.5) d2Jj(X) = A""1 L/Ay^(fl) + b^XyW + X~pj up+Uij(x,X)eXRjMdx\,

where al}(X) and ¿¡/A) are asymptotic polynomials in 1/A, and up+liJ(X) is ana-

lytic in A and bounded when | A | is large.

From the hypothesis that rj(x) has a constant argument, it follows that R¡(x)

has a constant argument. Since r,(x) # 0 on [a,è], the relation

(8.6) z = Rj(x),   a = x = b,

effects a one-to-one mapping of the interval [a,b~\ onto the straight line segment

in the z-plane joining the points Rj(a) and Rj(b). Clearly then, for any value

of A, at least one of the following relations remains valid for every x on [a,b].

(Re{z} denotes the real part of z.)

(8.7) Re{A(R/x) - Rj(a))} = 0,

(8.8) Re{A(R/x) - Rj(b))} ̂  0.

If A is restricted to the remote part of the half-plane defined by (8.7), we may

write

(8.9) d2>iß) = X°-liair(X)eXRjW + bir(X)ekR'w + X-pga(X)eXR^2 ,

where

ga(X) = [ up+UiJ(x,X)eW>-R*°»dx.
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Since ga(X) is evidently analytic and bounded when | A | is large, the term in which

it appears in formula (8.9) may be absorbed by the first term on the right side

of the same formula without affecting the definition of that term. Similarly,

if A is restricted to the remote part of the half-plane defined by (8.8), the integral

term will be absorbed by the second term on the right side of formula (8.9).

Thus, for | A | large,

(8.10) d2>i,(A) = X'-'MXyw + bu(X)eXR^-].

The general term of 35(A) is obtained by adding (8.3) and (8.10). This results

in an exponential sum which is similar in form to the right side of (8.3). There-

fore, in general, the addition of 352(A) to 35t(A) does not change the essential

character of 35t(A) for large values of |A|. Some consideration, however, must

be given to the case where atj{X) (or í>¡/A)) is asymptotically equal to zero. If,

in this event, the coefficient u(tj\X) in (8.3) is not zero, there is no complication.

On the other hand, if u¡j\X) = 0 and if wi;(x,A) s 0, a ^ x ^ c, the formula

(8.10) will be replaced by

d»j¿X> = A<-1[ciJ.(Ay*^>+ b¿XtfW].

If c is not one of the interior boundary points, the addition of this evaluation

of d2iJ(X) to dlyij(X) introduces a term into the latter exponential sum distinct

from any originally present. In order to include the above situation with a mini-

mum of notational effort, we shall restrict its occurrence to cases where the point

c coincides with one of the interior boundary points. This restriction can, in

fact, be made without loss of generality, since such points can be introduced

into the originally given set of interior boundary points and assigned zero co-

efficients in the boundary relation (2.1b). The general component in the matrix

35(A), therefore, has the same form as the right side of (8.3). Thus, 35(A) has

the same form as the characteristic matrix arising in the case of discrete boundary

relations [1; 2].

The determinant of 35(A) is the characteristic function. It is an exponential

sum given by [2, (11.3)]

(8.11) D(X)= I^(Ayn",
a

where AX(X) is an asymptotic polynomial in 1/A multiplied by a non-negative

power of A. The set of exponential coefficients,

ED = {a|4,(A)#0},
is a subset of the set,

E =  [lÄfoj) .

where each member of the index set kl,k2,---,k„, is chosen independently from
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the integers 1,2, .-.m [2, p. 173]. The elements of E are complex numbers and

may be plotted on a complex z-plane. Let P represent the closed convex poly-

gonal region of minimum area which contains all the points of E, and let PD

be similarly defined relative to the points of the subset ED.

The characteristic values of the boundary problem are the zeros of D(X). Their

location and distribution have been described by Langer [2, §§11, 12]. Brief-

ly, they have no finite limit point and may be enumerated to form a sequence

{Xj\j = 1,2,•••} for which \Xj\ _ |AJ + 1|. A corresponding sequence of closed

contours {Tk} can be drawn in the A-plane so that Fk encloses precisely the first

k characteristic values, the index sequence {k} is a nondecreasing sequence of

positive integers, each contour encloses the origin and its predecessor in the

sequence, and the shortest distance from the origin to Tk becomes large with

increasing values of k. As in [2, §11], let the coefficient Aa(X) in (8.11) be given

the representation

Aa(X) = X"- Z AakX~k,

where Ax0 ̂  0 for each a. Further, let the non-negative integer p be the smallest

integer in the set {px}. The significant property of D(X) in relation to the set of

contours is that the exponential sum

(8.12) X-"D(X)e-ia',

where ÍL. is any vertex of PD, is bounded uniformly from zero if A is restricted

to the contours of the set {Tk}.

9. Regularity of the boundary problem. In all discussions of expansion problems,

regularity conditions are imposed to exclude what may be called irregular situa-

tions. Roughly speaking, it is desirable to exclude cases where the components

of Green's matrix may become exponentially large in the remote part of the

A-plane. The form of the components of Green's matrix is effectively revealed

in formulas (7.8) and (7.10). All the components are fractions with the charac-

teristic function D as a common denominator. The function D was analyzed in

§8 and shown to be asymptotically equivalent to an exponential sum. The numera-

tor of each fraction is an integral of an exponential sum. The relationship between

the exponents in the numerator and those in the denominator clearly determines

the nature of the fraction. The regularity conditions are designed to specify

what may be called a satisfactory relationship between the exponents of the

numerator and those of the denominator.

The functions </>/x,s) and </»0(x,s), defined by (7.7) and (7.9), will be repre-

sented here by <¡>j(x,s,p; tx\a^j) and <f>ij(x,s,u,v; ta\a=^i,j), respectively. The

new notation, in the case of (j>j(x,s), is designed to indicate explicitly the
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dependence of the function on the parameters p,ti,t2,---,tJ-1,tj+l,---,tn.

A similar remark applies to 0fj(x,s). For each value of x and s, the relation

(9.1) z = <pj(x,s,p; i„|a#j),   j = l,2,— ,n,

may be used to map Sj([^pi,p2]), the region of integration in formula (7.8), into

a complex z-plane on which the polygonal regions P and PD (defined in §8)

have been indicated. Similarly,

(9.2) z = <f>ij(x,s,p,v; ta\a=£ i,j),   i,j, = 1,2, —,n,i ¥= j,

will map S¡/[/íi,/í2], [vji,v2]) into the same z-plane.

Definition. The boundary problem will be said to be regular relative to a

specific value of x if

(1) for every s on \a,x), the images of S/[a,s]) under (9.1) and of

Sij(\a,s'\, [s,b]) under (9.2) are both in PD, and

(2) for every s on (x,b~\, the images of S/[s,¿]) under (9.1) and of

Sy([s,6], [a,s]) under (9.2) are both in PD.

The boundary problem will be said to be regular relative to any subinterval

of [a,£>] if it is regular relative to every x on that subinterval.

The regions of the parameter space, mentioned in the definition of regularity,

are precisely the regions of integration determined by substituting from relations

(7.8) and (7.10) in (6.12). It is therefore clear that if the regularity conditions

are satisfied, every exponent coefficient (^-function) appearing in Qj(x,s,X) will

have values lying in PD for all values of the variable s.

The following theorem provides a sufficient condition for regularity.

Theorem 8.   // PD coincides with P, the boundary problem is regular.

Proof. From the one-to-one mapping property of relation (8.6) and the def-

inition of P, it can be inferred that the relation

(9.3) z =  £ Rx(ttt)
(1=1

maps the n-dimensional region, a^tx^b, a = 1,2, •••,«, onto the region P

and that the vertices of P form a subset of the points obtained when each tx

in (9.3) is given independently one of the values a or b.

If each variable and parameter, except one, in (pj(x,s,p; tx\a ^ j) is held fast,

any interval containing the free variable or parameter is mapped, one-to-one,

into a straight line in the z-plane. Recalling (7.7), we see that (pj(x,x,p; tx |a # j)

and <p}(x,p,p; f[[|a#j) are both points in P. Hence, since P is convex,

<pj(x,s,p; tx\a ^ j) is a point in P for any s between x and p. It is merely a re-

phrasing of the latter statement to say that the point is in P if p is on [a,s] when

s < x and on [s,b~\ when s > x. Therefore, under (9.1), the image of Sj([a,s])

is in P if s < x, and the image of Sj(\_s, b~\) is in P if s > x.
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Similarly, for the function (¡>i}(x,s,p,v; ta\a^i,j), we infer from (7.9) that

the points (¡>i}(x,p,,p,v; tx\a^ i,j) and <]>¡j(x,v,p,v, ta\a^ i,j) are in P. Hence

the point 4>ij(x,s,p,v; tx\a # i,j) is in P for any s between p and v. That is, the

point is in P if one of the two parameters, p and v, is on [a,s~] and the other

on [s, b]. This is equivalent to saying that, under (9.2),the images of S;j([a,s], [s, bj)

and S¡/[s, £>], [a,s]) are both in P. The theorem follows by comparing these

results with the definition of regularity.

Corollary. Let x be restricted to any closed interval which is in the interior

of [a,fr] and on which the boundary problem is regular. The images of

Sj([a,s]) and S/[s,i>]), under (9.1), are bounded away from the vertices of

PDfor s bounded away from the end points of \_a,x) and (x,b~[, respectively.

Also, the images ofSij(\_a,s\, [s, £>]) and Su(fs, b], [a,s]), under (9.2), are bounded

away from the vertices of PDfor s bounded away from the end points of [a,x)

and (x,b~\, respectively.

This result follows from the fact that R'j(t) ¿0, a = t = b.

10. Residues of Green's matrix. Since the matrix 35(A) is analytic, its in-

verse is analytic except for poles at the characteristic values. As noted by Langer

[2], 35(A) is not unique. It may, by a suitable choice of 3)(x, A) and a nonsingular

transformation of the boundary relation (2.1b), be so adjusted that [2, (13.1)]

35(A) = iB(A) + (A-A/î)s+135(1)(A),

where

(i)   the integer s is the multiplicity of the characteristic value Xß,

(ii)  35(1)(A) is analytic at X = Xß,

(iii) ^P(A) = (5ijPi(X)), with each p¡(X) a polynomial in (A — Xß), and

/ 1, for ifLn — r,

10, for i> n — r.

Let 0j be defined as the vector with 1 in the ith position and zeros elsewhere.

In general, it has not been necessary to make a notational distinction between

row and column vectors, but it will be convenient below to use bj only for a

column vector and to represent the corresponding row vector by bj. It is clear

that bj, j = n — r + l,---,n, is orthogonal to 35(A^) on the right. Consequently,

each vector

(10.1) t)(W(x) = y}(x,Xß)Qn_r+l,     I = 1,2,- -,r,

is a characteristic solution of (1.2), and the r vectors are linearly independent.

It is also clear that — b), j = n — r + 1,- --,n, is orthogonal to 35(A^) on the

left and is a suitable choice for the parametric vector t(Xß) when A = Xß. Thus,

using (4.4),
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resß(5(x,s) =

(10.2) 3(W(x) = -b¡_r+,   ¡"m.tyW.W^ix,*,,),     i = l,2,-,r,
Ja

is a set of r linearly independent solutions of (4.1).

The discussion, at this point, will be restricted to a characteristic value Xß

whose multiplicity and index are the same. The polynomials pt(X), i =n — r+l,---,n,

have then simple zeros at Xß, and 35-1(A) has corresponding simple poles. It can

be inferred that [2, (14.3)]

(10.3) reS/135-1 =       £    b,bj,
l=n-r+l

where the symbol res^35-1 represents the residue of 35-1(A) at Xß.

Since the poles of ©(x,s,A) are contributed by the factor 35-1(A), it follows

that

r?)(*.A,)  i b^ca^sxM/OsrWp), *<*,
Ja I=B-r+l

- ¡ y(x,X„)    £    b,bI'd5(<,A,)?)(i,Afl)?)-1(5,A,),   s>x.
Js l=n-r+l

Hence, because of (10.1) and (10.2) and the equivalence of (4.4) and (4.5),

(10.4) res,©(x,s) = - £ X)m(x)fß)(s).
i = i

It should be noted that 3(W(s) is a row vector so that n(W(x)3(W(s) is an n x n

matrix. Also, since the matrix (5(x,s,X) is unique, the above result is independent

of the adjustment made in the characteristic matrix. This adjustment served

solely to facilitate the derivation of result.

11. The formal expansion. A familiar procedure for developing the expan-

sion of a given vector is to determine orthogonality relations for the charac-

teristic functions and to use these to determine the formal expansion of the vector.

The terms of the expansion are then related to the residues of Green's matrix

so that the partial sum of the series expansion can be represented by a contour

integral. The behaviour of the integral, as the contour is enlarged to include

more remote characteristic values, determines whether or not the series con-

verges. This procedure could be followed in the present case, but it is more con-

venient to obtain the expansion by evaluating a contour integral. Orthogonality

relations will be discussed briefly in §12 in order to round out the discussion.

Let T be a non-negative integer and let f(s) be a vector with a bounded and

integrable derivative of order x + 1 on [a,b]. Consider the integral

¿Jj,(x,A)dA,

where
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*b

h(x,A)=   f ©(x,s,A)$R(s)f(s)ds.

The consideration of this integral is motivated by the observation that it appears

in most of the existing developments which can be regarded as special cases of

the present development. In order to obtain an evaluation of b(x,A), let the

variable x in relation (4.9) be replaced by s and let the matrix 23(s) be replaced

by the vector f(s). The matrix ®(x,s,A), regarded as a function of s, is only a

formal solution of (4.1). If, therefore, we replace 3(s>%) in (4.9) by ®(x,s,A),

the fact that ®(x,x+,A) - ®(x,x~,A) = -3 will introduce an additional term

into the relation. The net result is

(11.1) f ®(x,s,A){f'(s) - %(s, A)f(s)} ds  = f(x) - tf(A) f d%(s, A)f(s),
Ja Ja

where, in view of Theorem 3, the parametric matrix R(X) is given by

(11.2) R(X) = 5J(x,A)35_1(A).

If $I(s,A) is replaced by X${(s) + Q(s), relation (11.1) may be rewritten in the

form

f ®(x,S,A)$R(s)f(s)ds= -]f(x) + -MX) f dg(5,A)f(s)
(11.3) Ja Ja

+ H®(x,s,A)«R(s)f(1)(s)ds,

where

fi)(s) = 9l-1(s){f'(s)-Ci(s)f(s)}.

The last term on the right of (11.3) is similar in form to the left side of the relation.

By iteration then we get

f ©(x,s,A)5R(s)f(s)ds = - Z A-^f^to + ̂ A)  f d%(s,X) Z X^'f^s)
J a q—0 Ja q=0

+ A"*"1   f  ©(x,s,A)5t(s)f+1)(s)ds,

where (see [2,(15.3)])

f(0)(s)  s f(s), f('+1)(s) = ft-W4)Xs)-£(s)f(?)(s)},    q = l,2,-,x.

Since

-L f    ¿A-«-1f*)(x)dA = f(x),
2711 Jrv^o
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where Tk is the contour defined in §8, it follows that

fto = 5k(x) + bk(x),

where

Si(x) = ~ f   í- Í ®(x,s,A)«(s)f(s)ds + ft(A) f dg(s,A> £ A-9-1f(?)(s)dsldA,

and

(11.4) btW = ¿í   T'1    Í ®(x,s,A)9î(s)f(t+1)(s)d5dA.
2711 Jrk Ja

In view of (10.4), (11.2), (10.1), and (10.3),

k rß

Sjtto = a0(x) + S   É  a;/!t)(Wto,
p=i ¡=i

where

% = Í fß)(sMs)Ks)ds + K-rß + i \ d%(s,Xß) £ A,-3-1f4)(S)ds,
Ja Ja q=0

and

doto = Res^oíKA)  f d%(s,X) £ X-q-lfq)(s)ds.
Ja q=0

The series

oo rß

(11.5) Oo(x) +11 alßx)m(x)
ß=i i=i

will be called a formal expansion of f(x). Clearly, sk(x) is a partial sum of this

series, and the series will converge to f(x) for any value of x for which hk(x) con-

verges to zero.

12. Biorthogonality relation. A formal expansion of a given vector was

obtained in the previous section without benefit of an orthogonality relation.

For the sake of completeness, however, the method of deriving such a relation

will be indicated here.

In formula (4.9) let A be the characteristic value A«, and let 3to A) be the charac-

teristic vector solution 3<w(x) with associated parametric vector tt(Xß). Also, let

%(x,Xß) = A^9î(x) + Q(x). If 93(x) is replaced by the fundamental matrix solu-

tion 9J(x,A), the formula can be written as

(X-Xß)   f z(W(x)R(x)y(x,A)=-ï,(A/))  f dF(x,A,)Y(x,A).
Ja Ja

This is similar to a formula given by Langer [2, (13.7)]. By following Langer's
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analysis, it reduces to a biorthogonality relation which differs from his relation

[2, (13.15)] only by having a Stieltjes integral instead of a summation over the

discrete boundary points.

13. Convergence of the expansion. Convergence will be established by

showing that the vector bk(x), defined by (11.4), converges to zero. The following

two lemmas will be useful in achieving this end. These lemmas involve a set of

variables t1,t2,---,t„, which will be represented by the vector symbol t. Let the

domain of tj be I¡ = \ßj,ßj\, j = 1,2, •■-,«, so that the domain oft is the rect-

angular region S defined by

S — Ix x I2 x ■■■ x In.

Lemma. 13.1 If i/r(t) is a bounded and integrable function on S and if Vj(tj)

is a function with total variation A¡ on I¡, j = \,2,---,n, then

Ji„     Jii
iKt)dvl(t1)-dv¿Q Ú LA",

where L is the least upper bound of \i¡/(t)¡ on S and A is the largest of the numbers

Ai, A2, ■■■ ,A„.

Proof (for n = 2). Let i¡/2(t2) be defined by

Ma)= f   n)dv,(h).

It is clear that

Therefore
\4,2(t2)\ ÚLA,.

Lil/2(t2)dv2(t2) = (LAX)A2 ̂  LA2,

where A is the larger of Al and A2. This proves the lemma when n = 2 and in-

dicates clearly that the result is valid for any positive integral value of n.

Lemma 13.2. If the components of the matrix 23* = (vfj(tj)) are of bounded

variation and A is an upper bound for the total variation of v*(tj) on Ij,

i,j = 1,2,••-,«, and if i//(t) is bounded and integrable on S, then

J   W)\d%*\

where L is the least upper bound of i/r(f) on S.

<n\LA"

Proof.   The left side of the above relation is an abbreviation for (cf. (7.5)

and (7.6))
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I   f -.   f
{kß}   Jl„ Jit

m)dvti(h)-dv*knn(tn)
{kß}  Ji..        Jn

There are n! terms in the sum, and Lemma 13.1 may be applied to each term.

The required result is thereby obtained.

Let 93 be one of the matrices 93j or 93^-, i,j = 1,2, •••,«, defined in §7, and S

he the corresponding region Sj or S¡j associated with it. There exists a non-

negative integer 9* and a matrix 93* such that 1931 = Xe* 193* |, where each com-

ponent of 93* is an asymptotic polynomial in 1/A, obtained by multiplying the

corresponding component of 93 by a nonpositive power of A. This representation

of 1931 is not unique, but for each 93¡ and 93y there will exist a minimum value

of 0* for which the representation is possible. Let the largest of these minimum

values (for i,j = 1,2, ■■■,n) be represented by 6, and let it be assumed that for

each 93, a matrix 93* associated with 9 has been determined. Thus, the relation

(13.1) 1931 = A9|93*|

is valid for each 93,- and each 93iy. The components of 93* are of bounded varia-

tion when | A | _■ N. If, therefore, A is an upper bound for the total variation

of each component of 93* and if \¡/ is restricted as in Lemma 13.2, we have

(13.2) I f .Kt)e-e|d93|    = n\LA",   ¡A| = N.
I J s

Theorem 9 (Convergence Theorem). // f(x) is any vector with a bounded

and integrable derivative of order x + 1 and if x > 9 — p, the formal expansion

o/(11.5) converges uniformly to f(x) on any subinterval of [a,b] on which the

boundary problem is regular.

Proof. Substituting in formula (11.4) from (6.12), (7.8), and (7.10), we obtain

for the rth component of the vector hk(x) (the integers p and 9 are those appear-

ing in (8.12) and (13.1), respectively) :

(13.3) bkr(x) = ¿ Í      f Xe-p-t-1<p(x,s,X)dsdX,

where

n n

<p(x,s,X)= £ ft^fx.s.Ato/x.s.A) +   Z ft$(x,s,A)ij¡/x,s,A),
j = i ij~i

with

(13.4) Kj\x,s,X) =  ± £prj(x,A)pns,A)rc(s)/(;+1)(s).
c = l

(13.5) h<-2](x,s,X) =   ± £ pri(x,X)pJc(s,X)rc(s)frl\s),
c = l
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(13.6) ,,.(x,S,A)  =   Js;XP^S)}rflld23;|,

(13.7) ,,(x,s,A)   =   f    2g^llA,|.ti fx s A)   -   f     "P^'^l^x)SjA)   - j^       A_pD(A)      A

In formulas (13.4) and (13.5), the positive or negative sign is used according as

s < x or s > x. In (13.6) and (13.7),

(S/[a,s]), fS0.([a,s],[s,i>]),
O ;     —

J
Is/rs.^i). IS/[s,b]), lSi;([s,b],[a,s]),

where the top line, in each case, applies when s < x and the bottom line when

s > x.

The two functions t]j(x,s,X) and r¡¡^x,s,X) are similar and may be examined

simultaneously by letting the relation

(13.8) n(x,s,X) =   ffiffi;)}nd»|.

represent either (13.6) or (13.7). We may rewrite (13.8) in the form

moA „ÍT c n f   exp{A((/»(x,s)-Og)},_fl|^|
(13.9) ^(x,s,A)=   Js A-pD(A)exp{_Ana^    |d®|.

where ii„ is a vertex of Pfl. The assumption that x is a point of regularity insures

that the functional values of (j>(x,s) over the domain S lie in PD. Hence, for every

value of A, an appropriate choice of íí^ will insure that

Re{A(<Kx,s)-í2a)} áO.

It was noted in §8 that A-pD(A)exp{ — XS1X} is uniformly bounded from zero

for A on any contour of {rk}. Using (13.2), therefore, we infer that n(x,s,X) is

uniformly bounded in s and A on {Tk}.

The /i-functions, defined by (13.4) and (13.5), are obviously bounded. It fol-

lows that (¡)(x,s,X) is uniformly bounded. This argument has been made for a

fixed point x, but if x is any point on an interval of regularity, it can be verified

that 4>(x,s,X) is uniformly bounded for x on that interval. Thus, if x> 6 — p,

the integrand in formula (13.3) may be represented by 0(X~2). It follows that

bkr(x) converges uniformly to zero and that the formal expansion converges

uniformly to f(x). This proves the theorem.

Corollary 1. If the formal expansion is differentiated, term by term, to

the order p and if x > 6 — p + p, the resulting series converges to the pth de-

rivative of f(x).
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Corollary 2. If x> 9 — p + p and if a suitable definition is given for

ûêP,to, the series

a(0p)to + £    I alßXpßxfm(x)
ß=i i=i

converges uniformly to f<p)(x).

Corollary 3. If x — 9 — p and PD coincides with P, the formal expansion

converges uniformly to f(x) on any closed interval in the interior of [a,b].

Proof. By proceeding as in [1, §6, p. 476], we can show (by using the corol-

lary to Theorem 8) that

lim (p(x,s,X) = 0,

if arg A is bounded away from a finite set of rays in the A-plane. From this it

follows that hkr(x) converges uniformly to zero.

14. Remarks. It is a familiar fact that expansions associated with the clas-

sical 2-point boundary problem fail, in general, to converge to the given function

at the end points of the fundamental interval. In the present case, when the

problem is regular on [a,fc] and when x> 9 — p, the uniform convergence of

the expansion to f(x) on [a, b] is insured by Theorem 9. The boundary points

are not excluded. The following observation is pertinent to this apparent anomally.

Let $(x, A) in (2.1b) be free from A and written as 3to- If the boundary integral

is applied to the formal expansion, a series is obtained which must converge to

Jjd^tofto. However, since each characteristic function satisfies the boundary

condition, the series reduces to the single term ^d^(x)a0(x). The equality of

these two integrals implies that

f dft(x)(f(x) - a0to) = 0.
Ja

The first term in the expansion, therefore, has the effect of modifying f(x) so

that it satisfies the boundary condition.

The expansion of a given vector in a series of characteristic solutions of the

adjoint system has not been considered here. It may be noted, however, that

the discontinuities of these solutions at the boundary points add interest to

that expansion problem.
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