GENERAL BOUNDARY CONDITIONS FOR
AN ORDINARY LINEAR DIFFERENTIAL SYSTEM

BY
RANDAL H. COLE

1. Introduction. Various types of boundary conditions have been associated
with the matrix equation

(LD 9’ = Ux,HY + B(x),

where (x,4) is a square matrix of order n. Most of these are special cases of
the general condition

b
(1.2) X BP()Y(ay, 4) + J W(x, HY(x, Adx = €(A),
h a
where the matrix I*(4) is free from x and {a,} is a finite or infinite set of
points on a fundamental interval [a, b]. Tamarkin [5] has considered the general
case, but many of his results were obtained by limiting the discussion to the
situation where MW(x,1) = O or where no boundary points exist in the interior
of the fundamental interval. In particular, he did not define the adjoint system
for the general case. Wilder [9] and Cole [1] have treated the case of a finite set
of points and no integral term. Langer [2] has developed the theory associated
with a finite set of boundary points in a complex domain. Whyburn has made
substantial contributions to the problem, including a summary [6; 8] of known
results. He has also shown [7] that the condition (1.2) is, in a certain sense,
equivalent to

b
(L.3) A)Y(a,2) + BAHY(b,4) + J 8(x, HP(x, dx = C(A).

It will be seen, however, that the condition (1.2) is distinct from (1.3) in the
sense that the two conditions lead to distinct adjoint boundary relations.
Interface conditions of the type

D(a;, 2) — BPD)Y(a,,4) = O

have been considered by Stallard [4]. Such conditions are not included in (1.2),
but similar conditions do appear in the adjoint system. In an earlier paper [1],
it is shown that interface conditions are the adjoint counterparts of that portion
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of (1.2) which applies to the discrete points {a,}. When discrete and continuous
relations are applied together, as in (1.2), it is of particular interest to observe
the distinct way in which each is reflected in the adjoint system.

The definition of the adjoint system, given in §4, is a significant feature of
the present development. It is different from the adjoint system defined by Why-
burn [7], although the Green’s matrix defined here (when m =2) is identical
with that defined by Whyburn. It is significant that Green’s matrix provides
a solution in integral form for the nonhomogeneous adjoint system as well as
for the original system. Green’s matrix is itself a formal solution of both the
given system and the adjoint system. These two properties of a Green’s function
are familiar from classical developments.

A second significant feature of this discussion is the determination of the
structure of Green’s matrix. It is patterned after the corresponding development
in the m-point case [1] and, as in that case, the analysis is vital to the develop-
ment of the expansion theory associated with the system.

2. The differential system. The system to be considered is

(2.1a) 9 = Ax, 1Y,

(2.1b) f‘, WHD)Y(a,, 4) + f’ W(x, HY(x,)dx = O,

h=1

where (x,4) is continuous in both variables, and W*(1), h = 1,2,---,m, and
W(x,A) are matrices whose components are polynomials in the parameter A.
In the case of MW(x,A) the coefficients of the polynomials are indefinitely dif-
ferentiable functions of x. The set of points a,,h=1,2,---,m, is such that
a, < ay4, With a; = a and a,, = b. The two terms on the left of (2.1b) can be
conveniently combined into one by using a Stieltjes integral. Thus, let &,(x,4)
be defined as constant on [a, b] except at the points a,,a,, -, a,,. At these points
it is such that

Filar, D) — Fi(ay , ) = W),
with

Fi(ag,A) = Fi(ay,4) =90 and F,(a,,4) = 31(0;,1)-
Let §,(x,4) be defined by
(2.2 Falx,4) = fx W, A)dt, a=<xZb.

Then, if
Fx, D) = Fix, D) + Fax, 4),

the condition (2.1b) may be written as
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b
2.3) f dFCe, )Y, 4) = O.

The symbol on the left of (2.3) represents a matrix whose component in the ith
row and jth column is

n b
5 [ ndnd.
The general vector solution of (2.1a) is given by

249 9 = P(x, e(4),

where 9(x,4) is a specific nonsingular matrix solution of (2.1a), and ¢(4) is an
arbitrary vector independent of x. This satisfies the boundary condition (2.1b)
if and only if

(2.5) DAe(4) = o,

where D(1), the characteristic matrix, is given by

b
@6) 20 = [ a9
Solutions of (2.5) exist if and only if
.7 D(A) =0,

where D(1) = |D(4)|. Values of A satisfying (2.7) are characteristic values,
and corresponding solutions of the system are characteristic solutions. If, for
a specific characteristic value, D(4) is of rank n — r, the system is compatible
to the order r, in the sense that there exist r linearly independent characteristic
solutions.

3. Green’s matrix. Whyburn [7] has obtained the Green’s matrix for system
(2.1) when m = 2. The derivation given here will therefore be brief, since the
case for a general integer m is not essentially different from the special case.
If Y(x,4) represents a specific nonsingular matrix solution of (2.1a), it is found
by the method of variation of parameters that

B(x,4) = P(x, HE + f x"D(x, DY~ 1(s, HB(s)ds

is the general solution of the nonhomogeneous equation (1.1). If this is sub-
stituted in (2.1b) and if D(4), defined by (2.6) is nonsingular, it is readily inferred
that

C=—-D1(}) J:d‘{y(r,l) f 900, D~ (s, HB(s) ds.

Hence, the solution of the nonhomogeneous boundary system is given by
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b t
Blx, ) = — j f 0, DDA DD, D s, DB s

+ f "D, D™ (s, HB(5)ds.

If the identity matrix, in the form

| DAL, D),

is inserted between 9)(x,1) and 9~ (s, A) in the second integral and if the order
of integration is reversed in the first integral, we get

B(x,4) = - f b D(x, HD™H(DdF(, HD(2, HY ~*(s, H)B(s)ds

s=a J t=s

b

+ r_ r_ D(x, HD 1 A)dFE, HD(t, HD (s, HB(s)ds.

The values of these two integrals over their common domain cancel, so that
b
B(x,A) = f ®(x,s,A)B(s)ds,

where ®(x,s, 1), the Green’s matrix, is given by
[ 9 p0 a0 990097160, s<x,
(3.1) &(x,s,4) = ‘
b
- J. D(x, YD1 ADaFE, HD(t, VD (s,4), s> x.
The properties of Green’s matrix will be listed in the form of a theorem. When
m = 2, they are consistent with those given by Whyburn [7].

THEOREM 1. Green’s matrix has the following properties:
(1) It is continuous in x and s except when x =s and

S=0a;,85,",0p.
(2) It has a unit discontinuity at x = s, that is,
G(st,s,4) — O(—,s,0)=3J.
(3) At the boundary points, the discontinuities are given by
G2 6(xai. D) - G(xa;,4) = Dx, HD DWP), h=1,2,--,m,
with the definition,
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®(x,ar,4) = 6(x,a,,2)=92.
(4) For each fixed s, ®(x,s,A) is a formal solution of system (2.1).

Proof. The first three properties follow directly from the definition of
®(x,s, A). The definition, given under property (3), of left and right hand limits
for ®(x,s,A) at a, and a,, respectively, is merely a notational convenience.

To establish property (4), we note first that G(x,s,A) is a formal solution
of (2.1a) by virtue of having ¥(x,A) as its left hand factor. It fails to be a true
solution because of the discontinuity at x = s. If ®(x,s,4) is substituted in the
left side of (2.1b) or (2.3), we have

b s b
f A, DB (x,5,1) = f ds(x,z){— f @(x,z):o"(A)dmt,a)‘z)(t,a)?r‘(s,z)}

(3.3) . ,
+ j d%(x,z){ f *D(x,mv"(A)d‘:s(u)*;)(t,ary"(s,A)}.

If the expression

b b
[ awea { [ D rarses96.0976.0),
is added to and subtracted from the right side of (3.3), we get

fbdﬁ(x, AB(x,5,4) = — DD ™!(A) f ’ dg(t,)D(t,)D " (s,4)

b
+ j dF G DD ADADD ™ (5,).

Since the right side of this relation is obviously zero, property (4) is established,
and the theorem is proved.

4. The adjoint system. The boundary system adjoint to (2.1) is defined to be

(4.1a) 3 = —3Ux, 4 + KADW(x, 1),
(4'1b) 3(0: ’ }') - 3(0;, )') = R(A')QB(")(A')’ h= 1: 29 e,m,

where 3(a;,4) and 3(a),A) are defined as symbols representing the zero
matrix. A solution of this system exists in conjunction with a parametric matrix
K(4). Because of the conditions (4.1b), any solution is of necessity a solution
in the extended sense defined by Stallard [4]. The question of the existence of
a vector solution 3(x,4) of (4.1) is clearly pertinent. Such a solution will be as-
sociated with a parametric vector ¥(1). The general vector solution of the reduced
adjoint equation,
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3, = —391(x))')3

is given by
3=DP" (%),

where 9~ (x,4) is the inverse of the matrix 9)(x,4) in relation (2.4), and ¢(4)
is an arbitrary vector. The method of variation of parameters, previously used
in developing Green’s matrix, yields a particular solution,

53 f " B, HY(, DY x, 2,

of equation (4.1a). Thus, the general solution of this equation is

3=cADY '(x,4) + 14 J ) W(t, HD(t, HdtY ~1(x,2).

The conditions (4.1b) require that ¢(A) be independently defined on each sub-
interval (ag,a,41), 9= 1,2,---,m—1. Hence, a solution of the adjoint system
has the form

3(x,4) = (DD~ (x,4) +T(4) J ) W(t, HY(t, HdtY ~!(x, 1),
“4.2) a
a,<X<0g41, g=12,---ym—1.

Substituting in (4.1b) yields the relations
()Y ay, 1) = (HWD(),
[c2(d) = c,(D]D ™ (a2, 4) = HAW(R),
4.3) : : :
[en-1(A) = tn-2(H]D ™ (ap-1,4) = HHW™~V(),
= -1 (DD Xa,,, 2) — () J; bﬂB(t, DD, A)dtD ™ (@ 4) = FAB™(R).

Multiplying the first of these relations on the right by ¥(a,, 1), the second by
V(ay,4), -+, and the last by 9(a,,, 1), and adding, we get

m b
0 =f(/1)1 T WHDY(a,,A) + J w1, 1)2)(:,1)‘1:}.
h=1 a
Hence, a necessary condition for a solution is that

DDA = o.

Conversely, if D(4) is singular, a nontrivial vector ¥(1) will exist. The use of this
vector in (4.3) provides evaluations of ¢,(4),-+,c,-1(4). These are given by
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() = i) & WODD@nD), g=1,2-m—1.
h=1

Substituting in (4.2), we get, for x on (a,,a,+1),

36 ) = f(z){ 21 WO (a,. ) + f ", H9(e, A)dt}z)"(x, 2.

This may be written as

(4.4) 3(x.2) = (2) j a1, D)D", ).

An equivalent form for the solution is

b
“.5) 3. 2) = — ) f a5, DD, DY, ).

The equivalence may be established by noting that the difference of the two
forms is zero.

On the surface, the adjoint system appears to be nonhomogeneous. Never-
theless, its solutions have the characteristic linear properties of solutions of
homogeneous systems. Thus, if 3(x,4) is any solution with parametric vector
T(A), it is easily verified that, for any scalar c, c3(x, 4) is a solution with parametric
vector cf(4). Also, if 3,(x,4) and 3,(x, 1) are two solutions with parametric vectors
(1) and £,(4), respectively, then 3,(x,4)+ 3,(x,4) is a solution with parametric
vector (1) +¥,(1).

THEOREM 2. The given boundary system and its adjoint system have the
same characteristic values and the same order of compatibility at each charac-
teristic value.

Proof. The characteristic values for both systems are the values of A for
which D(A) is singular. Also, if D(1) has rank n — r, there will be r independent
parametric vectors orthogonal to it, and the system will be compatible to the
order r.

The following theorem lists the properties of Green’s matrix relative to the
adjoint system.

THEOREM 3. Green’s matrix has the following additonal properties:
(1) For each fixed x, ®(x,s,A) is a formal solution of system (4.1).
(2) If A is not a characteristic value, a solution of the equation

(4.6) 3" = =3UG, ) + KMAW(s, 1) + B(s),
with boundary conditions (4.1b) is given by

4.7 ' 3(s,4) = — fb Bx)G(x, s, A)dx .
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Proof. By comparing the top line of (3.1) with (4.4) and the bottom line with
(4.5), we see that Green’s matrix is a formal solution of (4.1a) with 9(x, )D (1)
as the parametric matrix. Its discontinuities, exhibited in (3.2), are precisely
those required by (4.1b). Property (1) is therefore established.

Since ®B(x,s,A) is discontinuous at x = s, differentiation of (4.7) yields

b
49 36N =~ [ B 760 sDdx - BE) (B6150 - 6(s*,5.2)
In view of property (1),
3 6055, 8) = = 65,5, DA, H + KA, D,

where
K& = Y(x, HD~1(A).
Hence, recalling that G(s*,s, 1) — G(s~,s,4) =, we have

3, = Jbﬂs(x)cs(x,s, A)dxA(s, A) ~ fb B(x)Y(x, HD ™ (DdxW(s, 4) + B(s)
= —3(s, DU, 4) + K (DHTW(s, 4) + B(s),
where

R = — f "BED(x, HD (D) dx.

The matrix J(s,4) is therefore seen to be a solution of the equation (4.6) with
K,(4) as the parametric matrix.
The discontinuity of 3(s,4) at a, is given by

b
3@, ) - 3(ah) = — f B(x) {6(x,a,; A) — G(x,ay, 1)}dx

= — J‘ biB(x)‘D(x, HD W™ (Ddx

= Rl('l)%(h)(l): h= 1,2,--,m.

Hence, 3(s, 4) satisfies the boundary conditions (4.1b), and the theorem is proved.
The relation established in the next theorem will be useful in §§11 and 12.
It is, in essence, Green’s formula for the system and its adjoint.

THEOREM 5. If 3(x,4) is any solution of the adjoint system and B(x) is
any matrix with an integrable derivative, then
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49) f 36,2 {B'(x) - W, HBE}dx = — K() j A%, HB),

where (A) is a parametric matrix associated with 3(x,2).

Proof. Since it is assumed that J(x,1) satisfies (4.1a),
2 (300 ABCe) = B(x2) (B/(5) — Ak, HB()} + KATOx, HBCY).

Integrating both sides of this relation and recalling that 3(x, 4) is discontinuous
at the boundary points, we get

- b
- £ 3 - 3(ar. 9B(@) = [ 30,0 (®) - A ABN

+ K4 J l’QB(x, AB(x)dx .

Since 3(x, ) satisfies conditions (4.1b), relation (4.9) follows at once.

5. Remarks. When W(x,A) =0 and m =2, the system reduces to the
classical 2-point boundary problem. The adjoint boundary relations, in this
case, impose a parametrically defined linear condition on the values of the solu-
tion at the end points of the interval. The parametric form of the adjoint con-
ditions proves to be more convenient and less restrictive than the nonparametric
form. In particular, the familiar developments associated with an nth order
linear equation and 2-point boundary conditions are greatly simplified by re-
ducing the system to matrix form and applying the above results.

If MW(x,2) = O and m is any finite positive integer, we have the m-point case [1].
The developments contained in §§6 and 7, below, were indicated by the results
for the m-point case. It is interesting to note that the use of the Stieltjes integral
here provides a treatment of the general case which is less complicated than the
treatment given in reference [1].

If W(x,4) £ O and m = 2, we have the case discussed by Whyburn [7], with
the advantage here that the Green’s matrix is a formal solution of the adjoint
conditions, and neither IW™)(A) nor W?)(A) is required to have an inverse. The
fact that interface conditions arise in the adjoint system is of interest, since such
conditions have received a considerable amount of independent attention [4].

Finally, it is significant that the integrand of the integral part of the boundary
relation of the given system appears in the adjoint equation and not in the adjoint
boundary conditions. An intuitive appreciation of this phenomenon can be
achieved by regarding the integral conditions as a limiting case of the m-point
conditions. Thus, the condition

b
j ¥ )D(x,4) = O
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is the discrete m-point condition, if §(x,4) = F,(x,4) as defined in §2. The cor-
responding adjoint condition is

3(an, A = 3(ap, = KAOW (),

where W (A) is the saltus of F(x, 1) at a,. Clearly, the continuous counterpart
of this, when §(x, 1) is continuous and given by (2.2), is

3'(x,4) = KW(x, 4).

The addition of R(A)W(x,A) to the right side of the adjoint equation is thereby
suggested.

Whyburn has pointed out [8] that the requirements of scientific research
reveal a need for mathematical devices that will deal with an infinite number
of interface points and ‘‘carry over a limit point (critical point) into a new re-
action phase for the physical system.’’ The interrelationships exhibited here
may prove advantageous in this respect.

6. The reduction of Green’s matrix. The reduction of Green’s matrix, achieved
in this section, is suggested by a similar reduction in the m-point case [1, §4].
Its derivation here parallels the derivation given in that case.

The characteristic matrix, defined in (2.6), may also be written in the form

b
©.1) D) = J dU(x, A),

if the matrix U(x,A) is defined by
W(x,A) = FxHADx,4, x+#ay,
W}, 1) —W(a;, ) = BPD)Y(a,,A), h=1,2,-,m.

The latter relation is made complete with respect to the end points by speci-
fying that

U(a7, A) = U(a;,A) = O and U(a)) = U(a,,).
Let the matrix & (x,s,u,4) be defined by
(6.2) G (x5, 14 = D HD ' DUEHY ™' (5, D).
Since

[[asen9en - [ o,

we may replace the definition of ®(x,s,4), given in (3.1), by
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f 4,6 (x,5,m,2, s<x,
(6.3) ®(x,s,4) = a

b —
- J d,6(x,s,n,4), s>x.

In this relation the subscript p on the differential symbol indicates the variable
of integration for the Stieltjes integral.
The following lemma is pertinent to the reduction of Green’s matrix.

LemMA 6.1. If W(w) is an n x n matrix and if D = [2dW(y) is nonsingular,
there exist matrices §,(p) and $,(u,v) such that

b
DU = $1() + f 4,%:(1,7)
with
52(“’ V) = - S)z(",ﬂ)-

The matrix $,(1) has zero components except on its diagonal where each
component is the corresponding diagonal component of D~ WU(y).

Proof. This lemma is the analog of Lemma 1 in the m-point case [1, §4].
The proof given there is adapted to the present case by replacing certain summa-
tions by integrations and, correspondingly, by changing indices of summation
to variables of integration.

Let the symbol J,, represent the matrix in which all the components are zero
except for a unit component in the hth row and Ith column. Let the matrix
3™ be defined by

Shh = S - Shh .
If D is the determinant of D, then
D' =1/D (DI +J;).

Hence,

D UW=1/D (DI* +UWI;i)
(6.4 _ N
= (%‘-f| OREER) (R M I) + (1 Da”l SDS"+II(u)Sﬁ|).

Let the first matrix on the right be represented by §,(u). It is a diagonal matrix
so that we may replace the index i by j and write

65 500 = (2103 + w3, | )

Each component of D is the integral of the corresponding component of U(y).
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In particular, we may so express the components of the jth column of D in the
second term on the right of formula (6.4). That is,

The use of v as the variable of integration in the jth column of the determinant
distinguishes that column. In consequence, since the expansion of the deter-
minant may be expressed as a linear combination of the components of the
jth column, the integration symbol may be written outside the determinantal bar
and thence outside the matrix bracket. Thus,

hnd : : . b
DU =5 + (<5 [ DIV + [ M, + U,

b
DU =H:(w) + f 4,92, v),

where

(6.6) $aluy) = (1—;9'—1 | DI+ UWS,, +u(u)s,.,|).

Interchanging p and v in formula (6.6) has the effect of interchanging two
columns in the determinant. Hence,

(6.7 92(1,v) = —92(v, ).

This proves the lemma.
If ¢ and d are any two points on [a, b], it is clear from (6.7) that

d d
f duf dv52(tu9 v) =90.
Further, from (6.5),

Jabdllsjl(#) =3.

THEOREM 6. There exist matrices ®,(x,s,u,A) and ®,(x,s,u,v,A) such that

. b
(6.8) Bxi5. 00 = Gu(russpnd) + [ dGrs, v,
where
(6'9) (52(3‘,3,#,",3-) = _62(3‘;5,",#,1)-

Proof. Let the matrix U(u) of Lemma 6.1 be identified with the matrix
U(p,4), appearing in formula (6.1). The matrix D of the lemma becomes, then,
the characteristic matrix D(4). Let ®,(x, s, #,4) and ®,(x,s, u,v,4) be defined by

(6.10) G1(x,8,1,2) = D(x, DD (WY~ (s,4),
(6°11) @2(x9s9”,v’ A) = 2’)()‘»'1)52(”"’)2)—1(531)0
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Hence, recalling (6.2) and Lemma 6.1, we obtain relation (6.8). Relation (6.9)
follows from (6.7) and (6.11).

COROLLARY. Employing relation (6.9), it may be inferred that

4 pd
J d, f d,®,(x,s,u,v,4) = O,

where ¢ and d are any two points on [a, b].

THEOREM 7. The formula for Green’s matrix may be written as

s b
J d,,{(ﬁ,(x,s,y,).) + J‘ dv(ﬁz(x,s,u,v,l)}, s < x,

(6.12) B(x,s,4) =
b s
- j dp{@‘(x,s,ﬂ,l) +J dv(ﬁz(X,s,ﬂ,V,l)}, s> Xx.

s

Proof. Substituting from (6.8) in (6.3), we get

®(x,s,4) =
b b
1 - J dn{(ﬁl(xassﬂsl) + f d‘.@z(X,S,IJ,V,A)}, 5> X.

s

s b
[ fd,,l(ﬁﬁx,s,p,l)-i— J.dv(ﬁz(x,s,p,v,/l)}, s < x,

By virtue of the corollary to Theorem 6, with ¢ replaced by a and d by s, this
may be reduced to the formula (6.12).

7. The structure of Green’s matrix. In the ensuing discussion, it will be
assumed that

A(x, ) = AR(x) + Q(x),

where R(x) is the diagonal matrix (4;;7/(x))], the diagonal components of the
matrix L(x) are zeros, and the other components are indefinitely differentiable
and free from A. The functions r(x), j = 1,2, --+,n, are indefinitely differentiable
complex-valued functions which together with their differences, r(x) — r(x), i # j,
have constant arguments and are bounded from zero for every x on [a,b].

Under these assumptions, Langer [2] has obtained the following asymptotic
representation of a nonsingular solution of (2.1a).

(7.1) D(x,2) = P(x, HE(x, 1),

where

x

6 ) = G, R = [ roa

a

and P(x,4) has an asymptotic representation of the form
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k-1

(7.2) P(x,A) = I+ L APP(x) + 17"B,(x, ).
h=1

In the latter relation, k is any natural number and P*(x), h=1,2,--,k—1,
and B,(x,4) are indefinitely differentiable in x, and B,(x, 1) is analytic in 4 and
bounded for |A| large.

The matrix D(A) was represented in (6.1) in terms of the matrix U(x,4). It is
convenient here to define the matrix B(x, 1) by

B'(x,4) = W(x, HP(x,40), x#ay,
B(ay , 4 — Blay, ) = WPD)P(ay,d), h=1,2,--,m,
where
B(ag, 4 = B(a, ) =90 and B(a,, 1) = B(a,,4).

In view of this definition,
b
(7.3) D)= f dB(x, HE(x, ).

Each component of D(A) is an integral, and its value is independent of the symbol
used for the variable of integration. Consequently, we may write

(7.4 D) = ( J :em’(")dui At ,.,A)):,

so that each column of D(1) has a distinctive variable of integration.
The determinant D(A) of the matrix D(4) may be expressed as a sum in which
each term is the product of n integrals, one from each column of D(4). That is,

b b n
(15 D)= X f f exp {AZ Ra(t,)}dv,,ll(tl,z)---dvk,n(r,,z),
{kp} th=a ty=a a=1

the summation applying to all permutations of the integers 1,2,---,n, for the set
{kplﬂ = 1,2,.--,n}. The general term on the right side of (7.5) has been ex-
hibited as an iterated integral and can be so written because of the use of a distinct
variable of integration for each column of ©(1). Relation (7.5) may be repre-
sented by

(7.6) D() = f exp {/1): R,(ta), |dB|,
N a=1
where S is the n-dimensional region
a = tjé b, j=1,2,""n'

The unconventional symbol on the right side of (7.6) is to be regarded only as
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a convenient abbreviation for the right side of (7.5). The use of a similar abbrev-
iation below will facilitate the comparison of the expressions so represented.

The integration of the matrix ®,(x,s,u,4) with respect to the variable p is
effected, in view of (6.10), by integrating $,(u). Recalling (6.5) and the equi-
valence of the right sides of (6.1) and (7.3), we may write

[Faun= 3

The matrix appearing between the determinantal bars on the right side of this
formula differs from the characteristic matrix only in respect to its jth column.
Consequently, the determinant admits of a symbolic representation similar to
that given for D(4) in (7.6). That is,

[Casi= (3, ewt[ri0 + £ R} lamy).

a=1,a#j

DI 4+ f“d%(/,;,).)(ﬁ(ﬂ,ﬂ.)Sjj
1

where S; is an abbreviation for S;([x,,u,]) and represents the n-dimensional
region
aélta é ba a=1,2,--~,n, a;éj,

B S 1S po,

and B, is the matrix B used in (7.6) with its jth column replaced by the jth column
of B(u,4).

When $,(u,v) is integrated with respect to its two variables, we obtain a
matrix whose general term lends itself to the same type of symbolic represen-
tation. Thus, using (6.6), we have

w2 v2
J dn f dva(#’ V)
n=p1 vV=vy

- (5 fs,, oot R0 + RO+ E R} 142y,

a=1,a#i,j

where S;; is an abbreviation for S,([x4,p,],[vs,v;]) and represents the n-
dimensional region

ast,<bh, a=1,2,-,n, a#i,j,
B S HS ViSVSv,.

$B,; is the matrix B used in (7.6) with its ith column replaced by the jth column
of B(u,4) and its jth column replaced by the jth column of B(v,41).
Using (6.10), we get

f hdn@l(x,s,u,l) = P(x, HE(x, ) “d&(u)(f"(s,l)‘B"(s,l)-
ur B
Since
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6-l(ss 1) = (5ije_lxj(8))s
if ¢;(x,s) is defined by

@.7) 6,69 =R~ R +RW+ T R,

a=1,a#j

we may write

n2 n 1 n
09 [ a46:snn = (£ pin v exstiomotlan))]
B Jj= 7 re=1
where P(x, 1) = (p,(x,4)); and P~ (s, ) =(p" (5,4))}. The components of P~ (s,4)
are readily seen to be polynomials in 1/4 with coefficients which are indefinitely
differentiable functions of s.
In a similar fashion, with the definition

(7.9) $1(%,5) = R()—R(s) + R(W+RM+ X R(t),

a=1,a#i,j

the integration of (6.11) yields

2] v2
f dn f dv®2(x’ Ss Uy Vs )')
13} vi

(7.10) . . 1 »
= (£ pedr" 6 [ om0} |4,
1,j=1,i#j Siy re=1
The matrix ®(x,s, 1), as expressed in (6.12), is seen to be the sum of the matrices
given by formulas (7.8) and (7.10), if appropriate limits of integration are spec-
ified. Thus, each component of G(x,s, 1) is 1/D times a linear combination of
determinants. Each determinant in the linear combination is similar in form to
the determinant D. The nature of the denominator determinant, D, is clearly
significant for the ensuing discussion.

8. The chacteristic values. For the discussion of the formal aspects of the
system it was convenient to combine the discrete and continuous parts of the
boundary conditions by means of a Stieltjes integral. It is desirable here to sep-
arate these parts and write

DA = Dy(4) + DA,

where

D0 = £ BOD Y,

b
D) = jawx,z)‘y(x,z)dx.
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If o is the degree of the highest degree polynomial appearing as a component of
any of the matrices W™*(1),h = 1,2,---,m, and W(x, 1), we may define W*®(1)
and U*(x, 1) by

@.1) AP = BODP@, D, h=1,2,m,

8.2) AU*(x,2) = W(x, ) P(x,4).

(The starred symbols are used here to avoid possible confusion with the symbols
used in §6.) When defined as above, the components of U**)(1) and U*(x, 1)
are asymptotic polynomials in 1/A.

In view of (8.1),

Di(D) = 2 LU*P(D)E(ay, D),
1

h=

and the general component of D,(4) is
(8.3 dy ;;(A) = ).‘é',lu,(}"(l)e“‘ &),
Using (8.2), we get

Dy(h) = &° j b W*(x, ) E(x, 1) dx.
If this is written as

D) = A1 Jt W*(x, YR ~1(x) AR(x) €(x, A)dx,

and U,(x,4) is defined by

Mo d) = = F U AR0),
integration by parts leads to
D,(N)=4""1 [H‘(b,).)?l' L(B)E(b, 2) - U*(a, )R~ (a)E(a,2) + :u,(x,}.)@(x,).)dx] .
Repeated integration by parts, where

WD =~ e DRI@) 1=12e,

uo(x, A) = u*(x9 A) ’
yields
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D,(4) = )."“[ ) A7HULb, AR U(B)E(D, A) - Uy(a, ) R~ (a) G(a, )}
=0

(8.4)

+i7P f bl[p“(x,).)(ﬁ(x,l)dx].

where p is any non-negative integer. If 2(4) and B(4) are defined by

A = _,}ioz"u,(a,z)m‘l(a),

B() = f A (b, HR™L(D),

1=0

formula (8.4) can be written as

Do) = 47~ [QI(A)(i(a,).) + BYE(, 2) + 17 f "W, 1 DB, D) dx] :
The general component of D,(4) is therefore given by
(8.5) dyy(H=4"""1 [a, D@ 4 b (et ® 4 27P j bu,,“,i j(x,).)em"")dx],

where a,;(2) and b;;(4) are asymptotic polynomials in 1/4, and u,, ;;() is ana-
Iytic in 1 and bounded when || is large.

From the hypothesis that r(x) has a constant argument, it follows that R(x)
has a constant argument. Since r;(x) # 0 on [a, b], the relation

(8.6) z=R(x), as<xsbh,

effects a one-to-one mapping of the interval [a, b] onto the straight line segment
in the z-plane joining the points R;(a) and Rj(b). Clearly then, for any value
of 4, at least one of the following relations remains valid for every x on [a,b].
(Re{z} denotes the real part of z.)

8.7 Re{A(R)(x) — R(a))} £ 0,

(8.8) Re{A(Ry(x) — Ri(b))} £ 0.

If A is restricted to the remote part of the half-plane defined by (8.7), we may
write

(89)  dyy(H = " [ay (D@ + by (DD + A7 Pg (D],

where
b

ga(;') = J up+ 1 ,i](x’)')el(RJ(x)-R'/(a))dx .
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Since g,(4) is evidently analytic and bounded when | 1| is large, the term in which
it appears in formula (8.9) may be absorbed by the first term on the right side
of the same formula without affecting the definition of that term. Similarly,
if A is restricted to the remote part of the half-plane defined by (8.8), the integral
term will be absorbed by the second term on the right side of formula (8.9).
Thus, for | 4| large,

(8.10) dy (A = A" a; ()@ + b, (DD,

The general term of D(4) is obtained by adding (8.3) and (8.10). This results
in an exponential sum which is similar in form to the right side of (8.3). There-
fore, in general, the addition of D,(1) to D,(4) does not change the essential
character of D,(4) for large values of |A ] Some consideration, however, must
be given to the case where a,;(4) (or b;;(4)) is asymptotically equal to zero. If,
in this event, the coefficient u{;(1) in (8.3) is not zero, there is no complication.
On the other hand, if u{}’(4) =0 and if w;(x,4) =0, a £ x Z¢, the formula
(8.10) will be replaced by

dz,ij('l) =)o l[cij(,l)e).R/(c) + b‘j(l)elkj(b)] .

If ¢ is not one of the interior boundary points, the addition of this evaluation
of d, ;{(}) to d, ;(2) introduces a term into the latter exponential sum distinct
from any originally present. In order to include the above situation with a mini-
mum of notational effort, we shall restrict its occurrence to cases where the point
¢ coincides with one of the interior boundary points. This restriction can, in
fact, be made without loss of generality, since such points can be introduced
into the originally given set of interior boundary points and assigned zero co-
efficients in the boundary relation (2.1b). The general component in the matrix
D(2), therefore, has the same form as the right side of (8.3). Thus, D(A) has
the same form as the characteristic matrix arising in the case of discrete boundary
relations [1; 2].

The determinant of D(4) is the characteristic function. It is an exponential
sum given by [2, (11.3)]

(8.11) D) = X A (A,

where A,(4) is an asymptotic polynomial in 1/1 multiplied by a non-negative
power of A. The set of exponential coefficients,

ED = {Qa ' Aa(l) # 0} ’
is a subset of the set,

a=1

E = {}: R(a,,a)} ,

where each member of the index set k,, k,,--,k,, is chosen independently from
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the integers 1,2,---,m [2, p. 173]. The elements of E are complex numbers and
may be plotted on a complex z-plane. Let P represent the closed convex poly-
gonal region of minimum area which contains all the points of E, and let P,
be similarly defined relative to the points of the subset Ej,.

The characteristic values of the boundary problem are the zeros of D(4). Their
location and distribution have been described by Langer [2, §§11, 12]. Brief-
ly, they have no finite limit point and may be enumerated to form a sequence
{4;]j=1,2,---} for which |;| £ |4;+,]|. A corresponding sequence of closed
contours {I',} can be drawn in the A-plane so that I'; encloses precisely the first
k characteristic values, the index sequence {k} is a nondecreasing sequence of
positive integers, each contour encloses the origin and its predecessor in the
sequence, and the shortest distance from the origin to I', becomes large with
increasing values of k. As in [2, §11], let the coefficient 4,(4) in (8.11) be given
the representation

AR = 2= L A A7,
k=0

where A,, # 0 for each a. Further, let the non-negative integer p be the smallest
integer in the set {p,}. The significant property of D(4) in relation to the set of
contours is that the exponential sum

(8.12) A"PD(A)e 2,

where Q, is any vertex of Pp, is bounded uniformly from zero if A is restricted
to the contours of the set {I',}.

9. Regularity of the boundary problem. In all discussions of expansion problems,
regularity conditions are imposed to exclude what may be called irregular situa-
tions. Roughly speaking, it is desirable to exclude cases where the components
of Green’s matrix may become exponentially large in the remote part of the
J-plane. The form of the components of Green’s matrix is effectively revealed
in formulas (7.8) and (7.10). All the components are fractions with the charac-
teristic function D as a common denominator. The function D was analyzed in
§8 and shown to be asymptotically equivalent to an exponential sum. The numera-
tor of each fraction is an integral of an exponential sum. The relationship between
the exponents in the numerator and those in the denominator clearly determines
the nature of the fraction. The regularity conditions are designed to specify
what may be called a satisfactory relationship between the exponents of the
numerator and those of the denominator.

The functions ¢(x,s) and ¢,(x,s), defined by (7.7) and (7.9), will be repre-
sented here by ¢ (x,s,u; tala #j) and ¢;;(x,s,p,v; t,|a;éi, J), respectively. The
new notation, in the case of ¢(x,s), is designed to indicate explicitly the
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dependence of the function on the parameters p,t;,tp,- .t 1,tj41,"50,.
A similar remark applies to ¢;;(x,s). For each value of x and s, the relation

9.1 z = ¢[x,5p; t,|a#j), j=1,2,-,n,

may be used to map S;([4;,4,]), the region of integration in formula (7.8), into
a complex z-plane on which the polygonal regions P and P, (defined in §8)
have been indicated. Similarly,

(92) zZ = ¢ij(xas,u’v; tala # i;j)’ i’j, = 1’2,"°,n9i 7&]’

will map S;;([#1,#2), [V1,72]) into the same z-plane.

DerFINITION. The boundary problem will be said to be regular relative to a
specific value of x if

(1) for every s on [a,x), the images of Si([a,s]) under (9.1) and of
S;i([a,s], [s,b]) under (9.2) are both in Pp, and

(2) for every s on (x,b], the images of S;([s,b]) under (9.1) and of
S;i([s,b], [a,s]) under (9.2) are both in Pp.

The boundary problem will be said to be regular relative to any subinterval
of [a,b] if it is regular relative to every x on that subinterval.

The regions of the parameter space, mentioned in the definition of regularity,
are precisely the regions of integration determined by substituting from relations
(7.8) and (7.10) in (6.12). It is therefore clear that if the regularity conditions
are satisfied, every exponent coefficient (¢-function) appearing in G(x,s, 1) will
have values lying in P, for all values of the variable s.

The following theorem provides a sufficient condition for regularity.

THEOREM 8. If Pp coincides with P, the boundary problem is regular.

Proof. From the one-to-one mapping property of relation (8.6) and the def-
inition of P, it can be inferred that the relation

9.3) z= E R(t)

maps the n-dimensional region, a <t,<b, « =1,2,---,n, onto the region P
and that the vertices of P form a subset of the points obtained when each ¢,
in (9.3) is given independently one of the values a or b.

If each variable and parameter, except one, in ¢;(x,s, u; t,loz # j) is held fast,
any interval containing the free variable or parameter is mapped, one-to-one,
into a straight line in the z-plane. Recalling (7.7), we see that ¢ (x,x, u; ¢, | o # j)
and @ ;(x,u,u; t¢|a #j) are both points in P. Hence, since P is convex,
oi(x,s, 15 ta| a # j) is a point in P for any s between x and p. It is merely a re-
phrasing of the latter statement to say that the point is in P if y is on [a,s] when
s <x and on [s,b] when s> x. Therefore, under (9.1), the image of S;([a,s])
is in P if s < x, and the image of S)([s,b]) is in P if 5 > x.
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Similarly, for the function ¢;;(x,s,u,v; t,[oz # i,j), we infer from (7.9) that
the points ¢;;(x, 4, v; t,|a # i,j) and ¢;;(x,v, 4, v; t,|a # i,j) are in P. Hence
the point ¢;;(x,s, u,v; t,|a # i,j) is in P for any s between yu and v. That is, the
point is in P if one of the two parameters, x4 and v, is on [a,s] and the other
on [s, b]. Thisis equivalent to saying that,under (9.2),the images of S;([a,s], [s, b])
and S;([s,b], [a,s]) are both in P. The theorem follows by comparing these
results with the definition of regularity.

COROLLARY. Let x be restricted to any closed interval which is in the interior
of [a,b] and on which the boundary problem is regular. The images of
S([a,s]) and Si([s,b]), under (9.1), are bounded away from the vertices of
Pp, for s bounded away from the end points of [a,x) and (x,b], respectively.
Also, theimages of S;([a,s], [s,b]) and S;([s,b], [a,s]), under (9.2), are bounded
away from the vertices of Py for s bounded away from the end points of [a,x)
and (x,b], respectively.

This result follows from the fact that Rj(t)#0, a <t < b.

10. Residues of Green’s matrix. Since the matrix D(1) is analytic, its in-
verse is analytic except for poles at the characteristic values. As noted by Langer
[2], D(4) is not unique. It may, by a suitable choice of 9(x,1) and a nonsingular
transformation of the boundary relation (2.1b), be so adjusted that [2, (13.1)]

DA = PA) + (A - 2" D),

where
(i) the integer s is the multiplicity of the characteristic value 4,

(i) DUA(A) is analytic at A= 4,
(iii) *B(A) = (8;;p:(4)), with each p,(1) a polynomial in (4 — 45), and

1, fori<n-—r,
o=
0, fori>n—r.

Let b; be defined as the vector with 1 in the jth position and zeros elsewhere.
In general, it has not been necessary to make a notational distinction between
row and column vectors, but it will be convenient below to use b; only for a
column vector and to represent the corresponding row vector by dj. It is clear
that d;, j=n—r+1,---,n, is orthogonal to D(45) on the right. Consequently,
each vector

(10‘1) I)(m)(x) = ?J(x’ﬂ'ﬁ)bn—r#b = 112,"”"9

is a characteristic solution of (1.2), and the r vectors are linearly independent.
It is also clear that —dj, j=n—r+1,.--,n, is orthogonal to D(4z) on the
left and is a suitable choice for the parametric vector (4;) when A = ;. Thus,
using (4.4),



1964] ORDINARY LINEAR DIFFERENTIAL SYSTEM 543

(10°2) 3(lﬂ)(x) = _br‘n—r+l jxdg'(t’ )'ﬂ) ‘D(ts lﬁ)?)_l()% Ap)s I= 1a2’ Ty

is a set of r linearly independent solutions of (4.1).

The discussion, at this point, will be restricted to a characteristic value A,
whose multiplicity and index are the same. The polynomials py(1),i =n—r+1,.--,n,
have then simple zeros at Az, and D' (1) has corresponding simple poles. It can
be inferred that [2, (14.3)]

(10.3) res ' = X i,
Il=n-r+1
where the symbol res,,,:.‘)'1 represents the residue of D~(1) at Ag.
Since the poles of ®(x,s,1) are contributed by the factor D™ 1(4), it follows
that

[963) E opiage.ip90.5097 64, s<x.

ress®(x,s) =
- J :‘D(x,l,)l=é'+lb,b,‘d‘{y(t, DA)D (A, 5> x.
Hence, because of (10.1) and (10.2) and the equivalence of (4.4) and (4.5),
(10.4) res;&(x,s) = —l_il 1% (x)3%)(s) .

It should be noted that 3%P(s) is a row vector so that y®(x)3%(s) is an n x n
matrix. Also, since the matrix ®(x, s, 1) is unique, the above result is independent
of the adjustment made in the characteristic matrix. This adjustment served
solely to facilitate the derivation of result.

11. The formal expansion. A familiar procedure for developing the expan-
sion of a given vector is to determine orthogonality relations for the charac-
teristic functions and to use these to determine the formal expansion of the vector.
The terms of the expansion are then related to the residues of Green’s matrix
so that the partial sum of the series expansion can be represented by a contour
integral. The behaviour of the integral, as the contour is enlarged to include
more remote characteristic values, determines whether or not the series con-
verges. This procedure could be followed in the present case, but it is more con-
venient to obtain the expansion by evaluating a contour integral. Orthogonality
relations will be discussed briefly in §12 in order to round out the discussion.

Let © be a non-negative integer and let f(s) be a vector with a bounded and
integrable derivative of order 7 + 1 on [a,b]. Consider the integral

1
~ j e,

where
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h(x,4) = J‘ l’(!vi()c,s, D R()f(s)ds.

The consideration of this integral is motivated by the observation that it appears
in most of the existing developments which can be regarded as special cases of
the present development. In order to obtain an evaluation of B(x,4), let the
variable x in relation (4.9) be replaced by s and let the matrix B(s) be replaced
by the vector f(s). The matrix ®(x,s, ), regarded as a function of s, is only a
formal solution of (4.1). If, therefore, we replace 3(s,4) in (4.9) by G(x,s,4),
the fact that G(x,x*, 1) — G(x,x ", 1) = —J will introduce an additional term
into the relation. The net result is

b b
(1L.1) J G(x,s, ) {f'(s) — (s, ()} ds = f(x)—ﬁ(l)fdﬁ(s,l)f(S),

where, in view of Theorem 3, the parametric matrix K(4) is given by
(11.2) KW = Y, HD™().

If A(s,A) is replaced by AR(s) + Q(s), relation (11.1) may be rewritten in the
form

a

b b
[ 665030195 = 1 + 380 [ a6 0109
(11.3) a

L 6e,s DRV
+ 1 [ s o6

where
fs) = R {F'(5) — 9F(9) } -

The last term on the right of (11.3) is similar in form to the left side of the relation.
By iteration then we get

Jb(ﬁ(x,S,l)%(s)f(s)ds = — Zt‘, A7 H9D(%) + R(D) bd’i}(s,l) ‘;"’ AT9T1@s)
a a=0 A 420

+ A7t J‘ ' G(x,s, YRE)F (s)ds,

where (see [2,(15.3)])
s) = (9, 190 = ROV - Q) g =1,2,7.

Since

L[ ¥ retoma = i),

2ni Tkqg=0
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where T, is the contour defined in §8, it follows that

f(x) = si(x) + (),

where

) = - - jbﬁ( DR(Sf(s)ds + K(4) bdi?( A) il"“'lf(")( )ds |dA
s(x =5z . ) X,S, 5)f(s)ds . s, 2 s)ds |dA,
and
(11.4) B9 = —— [ 47! Jb(ﬁ(xs).)?ﬁ(s)f('“’(s)dsdl

) BT 2mi )y, . 7 )

In view of (10.4), (11.2), (10.1), and (10.3),

k rg
5(X) = q(x) + X X a,,,t)(w)(x),
B=1 1=1

where
b b T
ay = [ 3POROds +bL 1 [ a2 T KOs,
a a q=
and
b T
a(x) = Res; -oR(D) j dF¥(5,2) T 29 §0(s)ds.
a =0
The series !
00 rg
(11.5) ax) + X X am'P(x)
p=1 1=1

will be called a formal expansion of f(x). Clearly, g,(x) is a partial sum of this
series, and the series will converge to f(x) for any value of x for which b,(x) con-
verges to zero.

12. Biorthogonality relation. A formal expansion of a given vector was
obtained in the previous section without benefit of an orthogonality relation.
For the sake of completeness, however, the method of deriving such a relation
will be indicated here.

In formula (4.9) let 1 be the characteristic value 44, and let 3(x, 4) be the charac-
teristic vector solution 3?(x) with associated parametric vector ¥,(1,). Also, let
A(x, Ag) = A,R(x) + Q(x). If B(x) is replaced by the fundamental matrix solu-
tion P(x, 1), the formula can be written as

(A= Ag) Jb ZBXOR(X)Y(x,4) = — f.(4p) fbdF (x,4p) Y(x,4).

This is similar to a formula given by Langer [2, (13.7)]. By following Langer’s
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analysis, it reduces to a biorthogonality relation which differs from his relation
[2, (13.15)] only by having a Stieltjes integral instead of a summation over the
discrete boundary points.

13. Convergence of the expamsion. Convergence will be established by
showing that the vector b,(x), defined by (11.4), converges to zero. The following
two lemmas will be useful in achieving this end. These lemmas involve a set of
variables ¢,,t,,--+,,, which will be represented by the vector symbol {. Let the
domain of ¢t; be I; = [a;,B;], j=1,2,-:,n, so that the domain of t is the rect-
angular region S defined by

S=1I,xI,x--x1,.
LemMA. 13.1 If Y1) is a bounded and integrable function on S and if vi(t;)

is a function with total variation A; on I, j=1,2,---,n, then

[ [ oo doge) | s La

where L is the least upper bound of | lll(t), on S and A is the largest of the numbers
Al’ A2, "',A".

Proof (for n =2). Let y,(t,) be defined by
bt = [ oot
I,

It is clear that
|¥a(t)| = LA, .
Therefore

| [ vitioe| s waps, s L

where A is the larger of A, and A,. This proves the lemma when n =2 and in-
dicates clearly that the result is valid for any positive integral value of n.

LEmMA 13.2. If the components of the matrix B* = (v}(t;)) are of bounded
variation and A is an upper bound for the total variation of vi(t;) on I,
i,j=1,2,---,n, and if Y(t) is bounded and integrable on S, then
<n!LA",

[ wolase]

where Lis the least upper bound of Y(t) on S.

Proof. The left side of the above relation is an abbreviation for (cf. (7.5)
and (7.6))
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l {E,} fL fn W(t)dvl, (1)) - dok (t) | .

There are n! terms in the sum, and Lemma 13.1 may be applied to each term.
The required result is thereby obtained.

Let B be one of the matrices B; or B;;, i,j = 1,2,-+-,n, defined in §7, and S
be the corresponding region S; or S;; associated with it. There exists a non-
negative integer 6* and a matrix B* such that | 8| = 1°" |B*|, where each com-
ponent of B* is an asymptotic polynomial in 1/4, obtained by multiplying the
corresponding component of B by a nonpositive power of A. This representation
of |$| is not unique, but for each B; and B;; there will exist a minimum value
of @* for which the representation is possible. Let the largest of these minimum
values (for i,j = 1,2,---,n) be represented by 6, and let it be assumed that for
each B, a matrix B* associated with @ has been determined. Thus, the relation

(13.1) |B| = 4°|B*|

is valid for each B; and each B,;. The components of B* are of bounded varia-
tion when |A| = N. If, therefore, A is an upper bound for the total variation
of each component of B* and if y is restricted as in Lemma 13.2, we have

(13.2) Us.//(t)e-ﬂdm] < nlL4" |A|ZN.

THEOREM 9 (CONVERGENCE THEOREM). If f(x) is any vector with a bounded
and integrable derivative of order t + 1 and if T> 8 — p, the formal expansion
of (11.5) converges uniformly to {(x) on any subinterval of [a,b] on which the
boundary problem is regular.

Proof. Substituting in formula (11.4) from (6.12), (7.8), and (7.10), we obtain
for the rth component of the vector b,(x) (the integers p and 0 are those appear-
ing in (8.12) and (13.1), respectively):

(13.3) bi(x) = 1 J;_ fb).""’"’ltb(x,s,).)dsdl,

27
where
#(x,s,2) =j§ hP(x,s, nf(x,s,4) + ‘jz_lhff}(x, s, ni(x,5,4),

with

(13.4) B, d) = £ 2 po(e )P Dr(Of S0 (9),
c=1

@9 s =t T pen A e,
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(13.6) nfx,5,4) = L %}‘—)’”—}rﬂdm,
(137 I T I

In formulas (13.4) and (13.5), the positive or negative sign is used according as
s<x or s>x. In (13.6) and (13.7),

‘Si([a’s])’ S, = {S;j([a,s],[s,b]),
SA[s,bD), 7 sy(ls, b1, [a5]),

where the top line, in each case, applies when s < x and the bottom line when

§>x.
The two functions 5,(x,s,1) and #;;(x,s, 1) are similar and may be examined
simultaneously by letting the relation

j

(13.8) 1,5, 4) = fsi‘%((x/{;)}r"ldﬂn,

represent either (13.6) or (13.7). We may rewrite (13.8) in the form

_ [ exp{d(x,5)—Q)} -
(13.9) n(x,s,4) = J.s ﬂ-—"D(l)eXp{—,lQa}A' oldﬂgl,

where Q, is a vertex of P,. The assumption that x is a point of regularity insures
that the functional values of ¢(x,s) over the domain S lie in Pj,. Hence, for every
value of A, an appropriate choice of Q, will insure that

Re{A($(x,5) —Q)} < 0.

It was noted in §8 that A7?D(4)exp{—AQ,} is uniformly bounded from zero
for A on any contour of {I';}. Using (13.2), therefore, we infer that n(x,s, A) is
uniformly bounded in s and A on {I};}.

The h-functions, defined by (13.4) and (13.5), are obviously bounded. It fol-
lows that ¢(x,s,A) is uniformly bounded. This argument has been made for a
fixed point x, but if x is any point on an interval of regularity, it can be verified
that ¢(x,s,A) is uniformly bounded for x on that interval. Thus, if 1> 0 — p,
the integrand in formula (13.3) may be represented by O(4-2). It follows that
b, (x) converges uniformly to zero and that the formal expansion converges
uniformly to f(x). This proves the theorem.

COROLLARY 1. If the formal expansion is differentiated, term by term, to
the order p and if 1> 0 — p + p, the resulting series converges to the pth de-

rivative of {(x).
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COROLLARY 2. If ©>0—p+p and if a suitable definition is given for
alPX(x), the series

© rg
P+ X X aplf n('”’(x)
g=1 1=1

converges uniformly to §?Y(x).

COROLLARY 3. If 1=0— p and P, coincides with P, the formal expansion
converges uniformly to f(x) on any closed interval in the interior of [a,b].

Proof. By proceeding as in [1, §6, p. 476], we can show (by using the corol-
lary to Theorem 8) that
lim ¢(x,s,A) =0,
|A] =
if argl is bounded away from a finite set of rays in the A-plane. From this it
follows that b,,(x) converges uniformly to zero.

14. Remarks. It is a familiar fact that expansions associated with the clas-
sical 2-point boundary problem fail, in general, to converge to the given function
at the end points of the fundamental interval. In the present case, when the
problem is regular on [a,b] and when 7> 6 — p, the uniform convergence of
the expansion to f(x) on [a,b] is insured by Theorem 9. The boundary points
are not excluded. The following observation is pertinent to this apparent anomally.

Let (x,4) in (2.1b) be free from A and written as §(x). If the boundary integral
is applied to the formal expansion, a series is obtained which must converge to
[2dF(x)f(x). However, since each characteristic function satisfies the boundary
condition, the series reduces to the single term [dF(x)ao(x). The equality of
these two integrals implies that

b
[0 - aotn =0,

The first term in the expansion, therefore, has the effect of modlfymg f(x) so
that it satisfies the boundary condition.

The expansion of a given vector in a series of characteristic solutions of the
adjoint system has not been considered here. It may be noted, however, that
the discontinuities of these solutions at the boundary points add interest to
that expansion problem.
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