ON LIE ALGEBRAS OF RANK ONE(")

BY
RICHARD E. BLOCK

1. Introduction. Let F be an algebraically closed field of characteristic p > 3.
Aside from the 3-dimensional simple algebra, every known simple Lie algebra
over F of rank one is an Albert-Zassenhaus algebra. By an Albert-Zassenhaus
algebra (over F) we mean an algebra over F with a basis {u, ] a€ G}, where Gisa
finite additive subgroup of F, and with multiplication

¢8)) gty = {ah(B) — Bh(@) + & — Bty 2, BeG

where h is any additive mapping of G into F (see [1, p. 138]). Each of these
algebras is a simple Lie algebra, for which u, spans a one-dimensional Cartan
subalgebra, with one-dimensional root spaces spanned by the u,. We shall prove
that under certain hypotheses, these are the only Lie algebras over F of rank one.

Kaplansky in [5] has proved that any restricted simple Lie algebra over F
of rank one is either 3-dimensional or the Witt algebra. He has also obtained a
number of results on (not necessarily restricted) Lie algebras of rank one, and in
particular has proved [5, Theorem 4] that if L is a Lie algebra of dimension > 3
over F, and if L has a one-dimensional Cartan subalgebra such that multiplication
between L, and L_, is nondegenerate for every nonzero root « (i.e., no nonzero
element of a root space L, annihilates all of L_,), then all root spaces are one-
dimensional and the roots form a group under addition. The result we shall
obtain is the following:

THEOREM. Let L be a Lie algebra of dimension greater than three over an
algebraically closed field F of characteristic p > 3. Suppose L has a one-dimen-
sional Cartan subalgebra such that, for every nonzero root o, multiplication
between L, and L_, is nondegenerate. Then L is an Albert-Zassenhaus algebra.

Itis easy to see, conversely, that any Albert- Zassenhaus algebra over F satisfies
the hypotheses of the theorem. Although certain parameters are used in (1.1) in
the definition of Albert-Zassenhaus algebras, it is conceivable that there are only
finitely many nonisomorphic Albert-Zassenhaus algebras over F for each dimen-
sion p". Indeed, this has been proved by Ree [6] for the Zassenhaus algebras
(those algebras defined by (1.1) for which ah(B) — Bh(x) vanishes identically).
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Even if the 7-dimensional algebra is taken into account, our theorem does not
hold for characteristic p = 3, as may be seen by considering some of the simple
algebras of dimension p" — 2 discussed in [2].

2. Preliminary remarks and notation. The proof of the theorem will be
given in a series of lemmas. Let L satisfy the hypotheses of the theorem, and let u,,
be a nonzero element of the one-dimensional Cartan subalgebra. By identifying
any root for this Cartan subalgebra with its value on u,, we may consider the
roots to be elements of F. The scalar « representing a given ncnzero root may be
changed to 1 by changing u,; it will be convenient to make this change in the
proofs of certain lemmas. However, in the statements of all lemmas, we shall
regard u, as being fixed, and hence the scalars representing roots also remain
fixed.

By the results of Kaplansky mentioned above, the root spaces are one-dimen-
sional and the roots form a group G. For each nonzero root « let u, be a nonzero
element in the root space L,. Then {u,|a€ G} is a basis of L, and for any roots
o and B,

Uyl = Nogliy g,

where n,g € F. Obviously, for any roots a, f and y, we have
Nyo=20, Mg = — Ny,

and, by the Jacobi identity,

2.1 Naglatp,y + Ngylg sy + Myallyrap = 0.

Also, if « # 0 then n, _, #0.

Of course thescalars n,; depend on the particular basis {uz} chosen; in what
follows, it will always be clear what basis is being used to determine the n,;. Our
aim is to show that this basis may be chosen so that (1.1) holds. It may easily be
shown [1, p. 133] by using the Jacobiidentity that, in order for (1.1) to hold, it is
sufficient for there to exist a skew-symmetric biadditive mapping f from G x G
to F such that

(22) Nyg =f(d,ﬁ) +o—- ﬁ (a,ﬂ € G)

In fact, for such a mapping f, we may take h(a) = — y ~'f(a,y) for any fixed
nonzero y in G.

We shall call roots independent if they are linearly independent over the prime
field F,. Also, F:‘ will denote the set of nonzero elements of F,,.

3. Representations of the Witt algebra.

Lemma 3.1. For any root B, the elements uy, i€ Fy, may be chosen, in
one and only one way, so that
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3.1 nigig = (i — j)B, i,jeF,.

Proof. We assume without loss of generality that f=1. It follows from
Lemma 37 of [5] or [7, pp. 42-43] that L, does not annihilate L; if j # i, — 2i.
Since —2(—2i)#iif i #0, it follows that L;L; # 0 if i # j. The existence of
elements u; such that (3.1) holds then follows from [7, pp. 45-47]. The uniqueness
is trivial.

Now take a fixed nonzero root ff and suppose the elements u;; have multiplication
given by (3.1). Thus

W= X L,

ieF,

is a p-dimensional subalgebra of L isomorphic to the Witt algebra. As is well
known, the Witt algebra W also has a basis e_;, €,-:+,e,_, with multiplication

eej=(—je; if i+jsp-2,
ee; =0 if i+j>p-2,
where in fact we may take

€1 = ﬂ_lu—p, eo=B""(uo - U_g).
Let a be any root such that « and f are independent. Then

M=X Lysig
ieF,
is a p-dimensional representation space for a representation ¢ = g(a, 8, L) of W,
the transformation x” of M (x € W) being the right multiplication of x on M.
Let I denote the identity transformation of M.

LeMMA 3.2. There is a scalar ¢_,=¢_,(6) such that (el,) =¢_,l.
Let { be a given scalar, with { # (resp. =) (¢/B)? — (/ B). Then there are at
most p (resp. p— 1) inequivalent representations t of the Witt algebra for
which there is an algebra L., satisfying the hypotheses of the theorem, such
that t =o(a,f,L,) and e_,(z) =¢.

Proof. We may again assume that § = 1. Let M, be an irreducible subspace
of M. We write E, E_, E;, Uy, for the restrictions to M, of I,
e’ (=ul,),eq,ug, respectively. By Theorem 1 of [3] there exist scalars ¢_, and
&o such that

(3.2) E‘:l = 8_1E, Eg - Eo = EoE.
Since Ey = Uy, — E_,, we have [4, p.16]
p-1

EE=US—-E>, + X s,
i=1

i=
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where (p — i)s; is the coefficient of A77*~! in the (p — 1)-fold commutator
[ [Uo AUg—E_y],-,AUg — E_y].
But [Ug,E_;]=E_;,s0s;=0if i#1,and s, = — E_,. Hence
E}—E,=U5—E”, - U,.

But for any v in L,,; we have v{(ug)’ —ug} =(a’—a)p. Thus E§—E,
=@ —a—¢e_,)E, so

3.3) go=0of —o—¢_;.

In particular not both ¢_, and ¢, are zero. Chang considered all irreducible
representations of degree < p(p>3) of the Witt algebra, in Hauptsatz 2’ of [3].
He showed that for any given values of his invariants ¢_,, ¢, defined as in (3.2),
if &, # 0 (resp. g = 0,&_, # 0), then there are exactly p (resp. p — 1) inequivalent
irreducible representations of rank p of the Witt algebra, and no representations
of lower rank. Hence in our case it follows from (3.3) that M, = M and that
the lemma holds.

We shall now use the Albert-Zassenhaus algebras to exhibit explicitly all
the representations ¢ of W which may occur. If the multiplication in L were
given by (1.1), then we would have

er = B0 [[(—n+a+jp)
(3.4) ek

=B (=n+a) =B (-n+a),

where 5 denotes ah(f) — Bh(x). Now let a value of ¢_, in F be given and suppose
that  in F satisfies (3.4). Then for any i, n + if also satisfies (3.4). But for any i,
there obviously is an Albert-Zassenhaus algebra having « and f as roots such
that ah(f) — Bh(x) = n + if. This of course gives rise to an irreducible repre-
sentation of W, denoted by (17 + if), whose invariant ¢_,; has the given value
(here we are identifying W with the subalgebra spanned by the u;; in the Albert-
Zassenhaus algebra).

LEMMA 3.3. The representations a(n) and o(n + i), i #0, are equivalent
if and only if the sets {n,n + if} and {B,2B} coincide. The invariant ¢_, of
a(n) equals (/B — (a/B) if and only if n = jB for some integer j.

Proof. We may assume that f = 1. Suppose that o(n) and a(n + i), i #0,

are equivalent. For j = 0,i, let v; be a nonzero characteristic vector of u§"*”
with characteristic root . Thus v; = c;u, for some c; in F, so that

(uu_y, =M+j+a—=D(=n—j+a+2)v;.

Since the coefficients on the right must be equal for j=0,i, we have
0= —i2n +i—3), and n =(3 —i)/2, The coefficient of v; in ((v;u)uu_, is



1964] ON LIE ALGEBRAS OF RANK ONE 23
m+j+a=D+j+a)(=2n—-2j+a+4).

Again we may equate the expressions for j = 0,i. A straightforward computation
then shows that 0 = —i(i—1)(i + 1), so that i=1 or —1. But if i =1 then
n=1and n+i=2, while if i = —1 then n =2 and 5 + i = 1. This proves one
direction of the lemma’s first statement. The final statement of the lemma fol-
lows from (3.4). The other direction of the first statement then follows from
Lemma 3.2 (or may easily be proved directly).

Now by Lemmas 3.2 and 3.3, there is a scalar 5 such that the representation
o of Won M is equivalent to o(n). By Lemma 3.3, n is uniquely determined by
o exczpt in one case. Let A be the Albzrt-Zassenhaus algebra used in defining
o(n).Any u,,;5in A, bzing a characteristic vector of ug™, corresponds, under
an equivalence of ¢ and o(n), to an element of L,, ;. Thus we have proved the
following lemma.

LEMMA 3.4. Let o and B be independent roots. Then there is a scalar 1
and a choice of the basis elements ug, u, ;5 (i € F,) such that (3.1) holds and

(3.5 Narigjp = Jn + o + (i=j)B, i,jeF,

Moreover n is uniquely determined unless n has one of the values B, 28, in which
case it may also be chosen to have the other of the two values (with respect to
a suitable basis).

We now define a mapping f of pairs of roots into F. If « and § are dependent,
we set f(a,B) = 0. For any independent «, B, if the value of n in Lemma 3.4 is
neither B nor 28, we set f(«, B) = . We shall complete the definition of f in §6.
Until then, with one exception explicitly mentioned in the proof of Lemma 5.4,
we shall set f(«,8) =28 in the case in which, in Lemma 3.4, n may be taken
to be either B or 2. Thus (3.5) becomes

(36) na+iﬂ,jﬁ = Jf(a’p) + o+ (l_])ﬂ’ la] € Fp'
Obviously, for any «, 8,
(3.7 fla+iB.jB) = jf(2,B), i,jeF,

Our aim is to complete the definition of f, and to show that then f is skew-
symmetric, biadditive, and (with respect to a suitable basis) satisfies (2.2).

4. Properties of f.
LemMA 4.1. For any roots y, 6 and B, if L,Ls #0 then
fG+6,8—f(.p—f(,B) =ip

for some i in F,. For any roots a, 8, and any j in F,, there is an i in F, such that
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S, p) —if (@, ) = ip.

Proof. Suppose that L,L; # 0. Choose a basis for L such that (3.1) and (3.6)
hold for a« =y, 4, y + 6. Thus u,u; is a nonzero element of L,,,. Let D denote
the pth power of the right multiplication by u,;. By (3.6),

(u,us)D = iel;!, {fG+6,P+y++ifuyu,
= {fO+ 3.5+ + 6"~ [f(r + 8.8+ + 818" Ju,u,.
But since D is a derivation,
(uyus)D = (u,D)u; + u,(usD)
= {f@B +V" =[G B +7187"" +£(8.8)"+6"~[f(6.8) + 618" ' Juyus.

Hence f(y + 8,B) is a root of the polynomial x? — xB°~ ' —f(y,B)” +£(5,B)°
—[f(»,B) +£(5,8)]8°" . This polynomial has the p roots f(y,B)+f(5,8)+iB,
i € Fp, so the first statement of the lemma is proved. Now 0 =f(0,f) =f(«,f)
+f(—a,p)+ipf for some i in F,, and f(a,p)=f(2a,8)+ f(—a,B)+ kB for some
k in F,. It follows that the second statement of the lemma holds when j = 2.
The general case then follows from the first statement of the lemma by induction.

LEMMA 4.2. For any roots o and f, there is a j in F: such that

(2(1, B =jf((1, B.

Proof. We may assume that (3.6) holds. Formula (2.1), with « + if, « and
ip in place of «, B and y, respectively, gives

4.1) Nyvig,aM2a+ip,ip = Na+ip,ipNa+2ip,a

Suppose that for every i in F: we have f(if,a) # —ip, so that n,, ;5 , # 0. Then
we may take the product over iin F}, of both sides of (4.1) and cancel [ ], + i,
getting

I_[‘ Noa+ip,ip = H' No+ip,ip-

ieFp ieFp
By (3.6), the left side of this equals (2a)? ™' — f(2a,8)"~", while the right side
equals a? ™! — f(a, §)*~ . Thus f(2ua, )’ =f(a, )" ", so the conclusion of the
lemma holds for this case.

Now suppose that f(kf,a) = —kp for some k in F:. In particular, « and
must then be independent. By Lemma 4.1, for any i in F} there is an [ such that
S(ikp,a) = —ikB + la. Then, by (3.7), for any m # 1 in F,, we have f(ikp, ma)
= —mikp + mloa # — ikp. Therefore the case of the lemma already proved may
be applied to ma and B. Thus f(Q2"a,B) =j,f(2" 'a,B) for 2" 1 =24, ...,
(p +1)/2 (mod p), where j, € Fy. The conclusion of the lemma follows.
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LEMMA 4.3. Let « and B be independent roots. Then there may be chosen
basiselementsu,, , j; (i,j € F,),along withnonzeroscalarsc;;, wherec; o = ¢y ;= 1,
such that

Nigsjp g = Kf (i, B) + ia + (j—k)B,

4.2) _

Nig+ jaka = {KF(iB,0) + (= K)o + iB}esj ¢ijhs i,jskeFp
If (4.2) holds then
(4.3) ci{if (jou, B) + joo — iB} = —jf (iB, ) + jou — iB, i,jeF,

Proof. Using Lemma 1, we choose basis elements u;,, u;ssuch thatn;, ;,=(i—j)y
forall i, jin F, and for y = a, f. Using Lemma 2, we choose a nonzero element
Wiq+jp iN Lyy 4 ;5 for each j and nonzero i in F,, such that

(4.9 Wia+ jplhig = {kf(in, B) + i + (j—k)ﬂ}wia+(j +k)p> i,j,ke F,.

If for some i and some scalar c, each w;,, ;; is replaced by cw,, 5, then (4.4)
remains unchanged. Hence we may assume that w;, = u;, for each nonzero i and
we then set u;,, j; = w;, . j for all i, j in F}. Thus the first formula of (4.2) holds.

Now by symmetry we may choose a nonzero element v;,, jz in each Li,, j5,
where v;, = u;, and v, = u4, such that (4.4) holds with v in place of w and with
« and B interchanged. Now for any i and j, us, j, = ¢;;jUig+ j, for some nonzero
scalar c;;. In particular ¢; = ¢, ; = 1 for any i. For these values of c;;, the second
formula of (4.2) follows immediately from new version of (4.4).

Now for any i and j,

if(jo, B) + jo — i = nj = — nyp jo = — {if(iB, ) — jou + if}c;; B

which proves the last statement of the lemma.

LEmMA 4.4. If « and B are nonzero roots such that f(a,B)/p¢F,, then

JQa, B) = 2f(a, B).
Proof. By Lemma 4.1, f(2a,8) = 2f(«,p) + ip for some i in F,, and by
Lemma 4.2, f(2a,f) = jf(«, ) for some j in F,. The lemma follows from this.
It should be noted that until the definition of f is completed, the conclusion of
Lemma 4.4 will not always hold. This accounts for much of the difficulty
encountered below.

LEMMA 4.5. Let o,p be independent roots and i,j elements of F} such that
neither f(jo,B)/ B nor f(if,a)/o is in F}, and such that 0 # if(jo,pB) + jo,
Jf(iB,a) + if. Then (4.2) implies

4.5) CijC2i,2j = €24,jCi2j-

Proof. Suppose that (4.2) holds. Then (4.1), with ja in place of a, gives
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{if(ip, @) + iﬂ}c)ijci-,-zlj if 2ja, B) + 2ja}
= {if (jo, B) + jo} {if (2iB, o) + 2ip}C2i,jcz-i,12j'
Under the hypotheses of the lemma, (4.5) follows from this and Lemma 4.4.

5. Conditions for f to be skew-symmetric. In the proofs of this section we shall

always assume that the basis elements u;,, ;, and scalars c;; are chosen so that
(4.2) holds.

LEMMA 5.1. Let a,f be independent roots such that neither f(a,f)/f nor

f(B.0)/ais in F3 Then f(a,$) = — f(B,2).

Proof. By (3.7) and Lemma 4.4, it is enough to prove the lemma for some
2°¢ and 2’8 in place of @ and B. Now suppose that « and B satisfy the hypotheses.
Note that f(a,2'8) = —a for at most one value of 2, so by a change of notation
we may assume that this value is neither 1 nor 2, i.e.,

.1 fla,p)+ a#0, fQa,2p) 4+ 2a # 0.

Similarly we may also assume that
(5.2) fB,)+B#0,  f(2B,22) +2f #0,

if necessary by replacing a by 2% for some i (this change does not affect (5.1)).
Now by Lemma 4.5,

(5.3) C11€22 =C21€Cy2-

In the remainder of the proof of this lemma, { and 5 denote f(«,f) and f(f,x)
respectively. If if(ja, B) + ja — if = —jf(if,2) + ja — i for some i,j = 1,2, then
{ = —n. Hence by (4.3) we may assume that ¢;; = —(ijn — jo + if)(ij{ + jo—if)~?
for i,j =1,2. Then (5.3) is equivalent to

(n—o+ Q20— o+ (2P + a = 2) (20 + 22 -
5.4)

—-@n—a+2B)(2n—20+ Pl +a— Q2L+ a—-f)=0.

Obviously (5.4)is satisfied if = — {. Consider the left side of (5.4) as a polynomial
Pin { and n over F. A simple computation shows that the coefficient of {*pin
P vanishes, and that the coefficient of { does not vanish. Hence (5.4) becomes

(5.5) C+m@al+ay;m+as)=0,

where a|, a,, ay are in F and a; # 0. But using the second halves of (5.1) and
(5.2), we may replace a by 2¢ and B by 2f in the above argument. This change
requires also that {= f(a, ) be replaced by 4{, and n =f(B,a) by 4n. For (5.4),
these changes are equivalent to just replacing { by 2{ and 5 by 2n. Thus (5.5)
becomes
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2¢ +n)(2a,{ +2a,m + a3) = 0.

Comparing this with (5.5) we get n = —{, and the lemma is proved.
In the remainder of this section we shall determine conditions under which
the hypotheses of Lemma 5.1 hold. For any tin F, we shall write

t'=0-2)(t-1).
Thus for t,¢,in F,,t/ =t,if and only if t, =3 —t, or t, =1t,.
LEMMA 5.2. Let a and B be independent roots and suppose that for each i in
F,, f(ia,B) = r;f and f(iB,a) = s;, where r,s; are in F,. Then for each i in

* 1 r__
Fori=r_;ands;=5s",.

Proof. Under the given hypotheses we obtain from (4.2) and (2.1), with «, 8,y
replaced by ix + iff, —if, — ia respectively,

(=irB + ia + 2if)ix) + (—ir_f + i — iNNigrip —in-ip

—(—is; + 2i + if)c;;(2ip) = 0.
Hence, by (4.3),

(=r_B—a+P)(rifp+a—P)ni,tipg, —in-ip
==2ia(—rf+a+28)(rf+a—p)—2if(—sa+ 2+ B)(s;ia— o+ ).

Replacing i by —iin thisequation and noting that the left side of the new equation
is the negative of that of the old, we see that

a[Q—-r)B+a][(ri— DB +a] + BL(2—s)o + B][(si— Da + ]

equals the expression obtained from itself by replacing i by —i. Hence

rif +sio=r_,B +s"_,x, and the conclusion follows from the independence of
a and S.

LEMMA 5.3. Let the hypotheses of Lemma 5.2 hold and suppose moreover
that a*/ B4 ¢ F,. Then for any i,j in F},
(253 — d)ita* + Q("i»"—iasz'j)(i“jﬁ)z
6 807+ - (ry = D(r_g= Dj** = 0,
where Q = Q(&,,£,,&5) is a certain polynomial (not depending on i,j) in three
variables with coefficients in F,.

Proof. Foranyi,jin F), (2.1) with o,B,y replaced by ia+ jB,jB, —iux
respectively, gives

(jriB + i) (—isyjo0 + 2ix + 2jB)cy; i + (jroiB —i — jB)nisjg, —ia+ j5=0
By (4.3) this gives
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Nigsip,—ia+jp = (JriP + i) (4j%B* + 2ijoff — Sz’jizaz)
“[Li(r—i = DB — ia] =1 [2j(r; = DB + ia] 1.

If i is replaced by —i in (5.7), the left side is merely replaced by its negative.
Thusif we equate the right side of (5.7) with the negative of the expression obtained
from itself by replacing i by — i, we get an equation in « and . By an elementary
computation, omitted here, this last mentioned equation reduces to

Si; + (ri — ro)[(ri+ r_i + 1)s5; — 8]i%%B
+4(r;—r_)(rir_; = 2r; = 2r_piaj3p3 = 0,

5.7

(5.8)

where S;; denotes the left side of (5.6), with Q as described in the lemma. By
Lemma 5.2, S;;=S; _;. Hence, by replacing j by —j in (5.8) and adding, we
obtain (5.6).

LeMMA 5.4. If the hypotheses of Lemma 5.3 hold, then r;=s;=0 for all
j in F.

Proof. Suppose that the hypotheses of Lemma 5.3 hold and that r; #0
for some i. It then follows from Lemma 5.2 that r;+r_;# 0. Also 1 # r;,r_;,
since, in the (temporary) definition of f, we assumed that for any nonzero roots
y and §, f(y,08) # 6. Hence, for any j in F}, the coefficient of g4 in (5.6) does
not vanish. Now if s5; = 2 for some j, then by (5.6), */a* € F,,, a contradiction.
Therefore for any j, s; # 2, so that s; # 0,3. If f(ix, f) = 2 then by Lemma 3.4
we may change notation and instead take f(ia, ) = f, i.e., r;=1; this change
does not alter any s;. In that case (5.6) remains valid and implies that «*/B*eF,,
a contradiction. Hence r; # 1,2, so by symmetry, for any j in F}, s; #1,2.

Thus we have proved

(5.9 {s;lieF}} < {4,5,-,p—1}.

Note that the coefficient of «?f2 in (5.6) is nonzero since otherwise a4/ € F,.
Now if s3; = s3, for some j,k in Fj, then j = + k, since, otherwise, replacing j
by kin (5.6) and subtracting, we would get «*/p%€ F,. Hence the set {s},55 --,5, - 1}
has (p — 1)/2 elements. But {4',5’,---, (p — 1)’} contains fewer than (p — 1)/2
elements, since if ke{4,5,--, p— 1} then 3 — k is also in this subset of
F,,and (3—k)’ = k', while k=3—k only for one element of F,. This contra-
dicts (5.9). Therefore, under the hypotheses of Lemma 5.3, r;=0 for all j in
F;. By symmetry the same conclusion holds for all s;, and the lemma is proved.

We now define a relation R in the set of nonzero roots by writing aRp if, for
each i in F), f(ia,B)/B¢ Fy. We also write aR’f if we do not have aRpS. By
(3.7), if «Rp then (ia + jB) R(kB) for any i,j,k in F).

LeMMA 5.5. If o and B are nonzero roots such that a*/B*¢F , then
either aRp or BRa.
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Proof. If f(ia,B)/B¢ F, for some i, then, by Lemma 4.1, «Rp. Similarly,

BRa if f(if,x)/a¢ F, for some i. But if a*/B4¢ F, and if f(ia, B)/B, f(if,a)/a
are in F, for all i, then aRf and fRa by Lemma 5.4.

LEMMA 5.6. In the additive subgroup of roots generated by any two in-
dependent roots, there exist independent roots a and B for which «aRpB and BRa.

Proof. Let y,0 be any independent roots. First note that there is some
kin Fy such that (ky+0)*/6*¢ F,. Indeed if (ky + 8)*/6*e F, for k= +1, +2,
then, by replacing k by —k and subtracting, we have (k3y3d + kyd3)/64€F,
for k= 1,2, whence y/d e F,, a contradiction. Hence without loss of generality
we may assume that y4/54¢ F,, with, say, dRy. Suppose that yR’d. Pick k in F}
such that (ky + 6)*/64¢ F,. Then also (ky + 6)R’d, so by Lemma 5.5, R(ky+ 8)
and hence (—ky) R(ky + §). But (ky + 6) R(— ky) also since SRy. Hence we may
take « = —ky and B = ky + J, and the lemma is proved.

6. Determination of the multiplication.

LEMMA 6.1. Let « and B be independent roots such that «aRp and PBRa.
Then the basis element u;, , ;; may be chosen so that

(6.1) Mg+ jpka+1p = (il = jK)f (o, B) + (i — K)o + (j — DB, i,j.k,1€F,.

Proof. Suppose that « and f satisfy the hypotheses. By (3.7) and Lemma 5.1
Sf(ia, B) = if (o, ) = —if(B,0) = —f(if, ) for any i. Let the elements Uies jp DE
chosen so that (4.2) holds. By (4.3), ¢;; = 1 except possibly when 0 = ijf(«, f)
+ja—if, 0#i,j. In the latter case, if(jo,B)+jo, jf(iB,o)+ip and
klf(a,B) + lo — kB are nonzero for (k,l) = (2i,2)), (2i,j), (i,2j), and by Lemma
4.5, ¢;;=1. Hence (4.2) becomes

Nigsjpip = ikf(a,B) + ia +(j— k)B,

(6.2)

nia+jﬂ,k¢ = —]kf(a’ﬂ) + (l - k)a +.]Ba i,j,ker-
By (2.1),
6.3) Rig,ip Nig+ jgka+1p T Mjp ka+1pMka+ (j+D)p,ia

+ Mgripiai+iratip,jp = 05 i,j,k,1€F,
For a given value of f(«,B), (6.3) and (6.2) uniquely determine n;, , j5 14+ unless

(6.4) 0 = ny 5 = ijf (o, B) + io — jp.

But also ny, 45,4+ jp is uniquely determined unless
(6.5) 0 = kif(a,B) + ka —18.
Suppose that (6.4) and (6.5) hold, and that 0 # i,j,k,l. Now kl =mij(meF)),



30 R.E.BLOCK [July

whence, by (6.4) and (6.5), mia — mjf = ka — If, mi=k and mj =1, so that
m =1 and n;,4 g xe+15 = 0.

For any value of f(«,f), there is an Albert-Zassenhaus algebra A having a
and B as roots such that ah(B)—Bh(x) = f(«, B). Since all nyy4 jp x4+ are deter-
mined by f(a, ), they must coincide with the corresponding structure constants
of A, so that (6.1) holds and the lemma is proved.

We may now complete the definition of f. Let y, 6 be independent roots. By
Lemmas 5.6 and 6.1, we may choose independent roots «,f in the subgroup of
roots generated by y, J, such that (6.1) holds. Let A be the Albert-Zassenhaus
algebra used in the proof of Lemma 6.1. It follows from the definition of f that
if f(y,8)#9,25,then f(y,0)=yh(6)—5h(y).In the case in which f(y,d) could be
either & or 24, one of these two values equals yh(d) — dh(y), and we now define
f(7,6) to be this value. Then f(y,0) = — f(—7y,9), so the value of f(y,d) does
not depend on the particular a,f chosen.

We now obviously have the following result.

LEMMA 6.2. For any independent roots a and 3, the conclusion of Lemma
6.1 holds.

LeMMA 6.3. For any roots a, B and 7y,

(6.6) fla+B.y) = (27) +f(B:7) + kagy?

for some k = kyg, in F,, where k=0 if «, B,y are dependent. Moreover, f is skew-
symmetric.

Proof. By Lemmas 4.1 and 6.2, the only statement requiring proof is (6.6)
in the case in which L,L;= 0, « # B. But then, with respect to a suitable basis,
Nag2p =f(20,28) + 20 — 2 = dn,; — 2(x—B) # 0, so (6.6) holds for 2a,28 in
place of a, 8, and hence (6.6) holds for a, 8 also.

LeMMA 6.4. The mapping f is biadditive.

Proof. We must show that the k,;, appearing in (6.6) vanishes when a,f,y
are independent. Note that

f@a+B) =f(,0) + (7, B) — kap,y -
One also sees easily that
(6.7) k—u,-ﬁ.y = —kqpy kaﬂv = kyp,—y kaﬁv = kﬂw'

Now expanding f(«+ B,y +6) — f(a,y) — f(«,8) — f(B,7) — f(B,6) in two
different ways, we get

— (4 Bk, 5445 + Vhapy + Okogs = (¥ + 0)ky g y45 — 0Kysa — Bkyap-
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Taking 6 =a + B (so that k, ; ,.5= k.55 =0) and assuming (without loss of
generality) that «,f,y are independent, we find that

k

apy = Kapatpry = Kyatpa-

It follows from this and (6.7) that k_, ,_,,=k, 5 _,= —k_,,,. But also
k_yy-pa=—Ky—yipa=—Keg, Hence kg, =k_, 5 =k_, _g,=—Kkg,, so that
ks, always vanishes, and the lemma is proved.

We are now ready to complete the proof of the theorem. We choose the basis
elements u; (B a nonzero root) such that (3.1) holds for all a. By Lemma 3.1,
these basis elements are uniquely determined. We have shown that for any roots
a and B, basis elements uj,, j; (i,j € F,) may be chosen, with respect to which
(6.1) holds. But (3.1), with any ix + jf in place of B, is a special case of (6.1), so
Uies jp = Uig+ jp for all i,j. Hence (2.2) holds. Since f is skew-symmetric and bi-
additive, the proof of the theorem is complete.
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