TWO NEW CLASSES OF SIMPLE LIE ALGEBRAS()

BY
MARGUERITE FRANK

0. Introduction. In this paper we define a Lie algebra R of dimension
p?"*! over a field F of characteristic p > 2, which we show to be central simple
if n + 2 is not divisible by p. From the fact that all derivations of R are inner we
conclude that R is not isomorphic to known algebras of identical dimension
(except, possibly, if n=3(p*" +2r—1), r=1). If n+2=0 (mod p), it is
shown that the algebra R?, of dimension p*"*'—1 over F, is central simple and
also new. We finally perform a Cartan decomposition of both algebras.

As R is a subalgebra of the Jacobson-Witt algebra(?), we start with a brief
description of the latter: If F is an arbitrary field of characteristic p > 0, let B,
be the algebra of all polynomials in x,,---,X, subject to the condition that
x¥ = ... = xP=0. Then the space W, of all derivations over F of B, is the set of
all transformations

a:f=f(xls"'axn) —)fa = ai){lal + -+ %am
for a,,--+,a, in B,. Thus every derivation of B, may be represented by an n-tuple
a =(ay,--+,a,) with coordinates in B,. The space W, becomes a Lie algebra over F
with respect to the product f(ab)=(fa)b — (fb)a. It may be verified by elementary
computation that (ay,---,a,)(by, -, b,) = (cy,,c,) With

" [da, b, ,
(1) ¢; = j2=l [a—ij-’ - a—x.’ aj ] (l = 1,”',").

We shall in particular denote the partial differential operators
(03 ""05];30, "',0)
i

by A,.

Let F, denote the Lie algebra over F of all n-rowed square matrices with
elements in F, with respect to the product [4,4,] = A4, — A,A,, where 4,4,
stands for the associative product of the two matrices. If M is a subalgebra of F,,
the direct product M x B, will denote the Lie algebra over F of sums of n-rowed
square matrices A¢ = (a;;¢), where A = (a;;) € M, ¢ € B,, and the product of two
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matrices is given by [A,¢,, A,¢,]=[4,4,]¢,¢,. The construction leading to
the definition of the new algebras is based on the following easily proved result(3).

THEOREM 0.1. Let M be a Lie subalgebra of F,. Then the subspace L of all
derivations a = (a,,-,a,) in W, whose ‘‘associated matrix”’

aai )
2 94;
S (3"1 Li=1,n

belongs to M x B,, is a Lie algebra.

Proof. If a=(ay,--,a,), b=(by,,b,) are in L with associated matrices

da; ob; \ _
(a) e («%?;) =B

in M x B,, let ab=c= (¢;,-:*,c,) where c; is given by (1), and define the
matrix
(%) =C
0x;
in F, x B,. Compute

oo _ 4 [6ai ob, ob, aa,,]+£ F (6ai)b
% _ 0a; 0by _ 0b: %41 ) p,

k=1 0xx \0x;
" 9 (ob
RN AN
k=1 axk 6x j
Writing this relation in matrix notation, we have

3) C =[A4B] + (A)b — (B)a,

where (4)b denotes the matrix in F, x B, whose elements are those of 4 operated
on by the derivation b, and hence belongs to M x B, since 4 does; similarly (B)a is
in M x B,. Finally, since [4B] belongs to the Lie algebra M x B,, so does the
matrix C; cisin L and L is a Lie algebra. This completes the proof of the theorem.

In the following, we shall specify the algebra M to be the normalizer of the
algebra of matrices which represent B, in the regular representation with respect
to a natural basis. We characterize this algebra—as a linear subspace of F,~—by
linear equations over F. Owing to Theorem 0.1, these in turn yield a set of linear
first order differential equations which cut out a subalgebra of W,.—the new
algebra R alluded to in the first paragraph.

(3) A generalized version of this result is at the center of another paper in preparation. It
provides a common framework for all known simple Lie algebras of characteristic p > 0 not
analogous to algebras of characteristic zero (namely, all those of [1], [2], [3], [4], [7], [8], [9],
[12]). A first incomplete draft of both papers is to be found in [5].
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1. Characterization of M. We assume from now on that p > 2. We proceed
to construct first of all a regular representation in F . of the associative com-
mutative p"-dimensional algebra B, = F[x,,---,x,]. We call the integer i, satis-
fying the constraints 1 < i < p", an index. Using p-adic notation we can denote

the index
i=(o+ip+- +i,-p"" )+1  (0S5i<p),

in a unique way by its n digits—which we consider as ordinary integers, not as
elements of the prime field, unless they belong explicitly to relations over F-
and we write

i= [io, PPRTIN A 1]'
Similarly, we shall write

xPxy e xin-1 = x[io, iy, s ip=q] = x[i]

(0§ ikép_ 1, k=0,1>"°,n-1)’
for all basis monomials in B,, and order those in a natural way by the relation
x[i]<x[j]ei<j.

In these first sections, we will work with pairs of indices i and i + m’. The
following convention is used throughout: If m' 20, let m=m’ + 1; if m’ <0,
let m = — m’. In either case, m or /4 is an index.

The next two lemmas, which clarify certain properties of p-adic notation, will
be stated without proof, as they are easily established by elementary computation.

LeMMA 1.1. Letiandj=i+ m’ be two indices with m’ = 0. Then
@i, +m=Sp-1@uskej,=i,+m, (usk)=i, <j, (k).
®) i, Sj(p<k)=>:iy=j+1lemy=p—1,i, #0.

LEMMA 1.2. Let i and j=1i + m’' be two indices with m' <0. Then
lyéjn(l‘#")a ik_1§jk=>jk=ik_1’ Iﬁ“=0 (ﬂgk)

In order to simplify the notation, we introduce for a pair of arbitrary indices i
and j the constraint symbols i Yj and i Y*j, for k=0,1,--,n — 1, as follows:

iYj < i,2j, (all p).
4 i, <j (n# k),
4 1;‘\{"1'@{“ Ju )
L k=jr+ L

It follows from part (a) of Lemma 1.1 that if i and m are indices, the product
x[i]x[m]is given by x[j]forj=i + m’, m’ = m — 1, if and only if j is an index
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and i Yj; otherwise the product vanishes. Thus a regular representation of B,
with respect to its ordered basis is given by the mapping:

x[m]-> Ay €Fpn (m=1,--,p"),

where m’ =m — 1, and

Ay = (@55, m")
with

(&)

:a,-j;m,=1 if j=i+m’ and iY},
Ajj.m =0 otherwise.

Denote by B, the associative algebra of matrices A”%. over F, and let M be the
normalizer of B, in F,.. That is, M is the Lie algebra over F generated by all
matrices 4 in F . such that

[AX]e B, (allXeB).
Then M contains at least the subspace B,. Moreover if A is a derivation of B,,
(b1b5)A — (byA)b, = b,(b,A) (all b;€B,),

and it follows that the matrix in F,. determined by the mapping A:beB,— bA
belongs to M also.

Denote by v,[r] the derivation vector (a,,--,a,) in W, with a,=0, i # k, and
a, = x[r]. Let i and m’+ p*~'+1 be a pair of indices. It then follows easily
from Lemmas 1.1 and 1.2 that, for 1 £ k < n,

(6) x[i]om’ + P 4+ 1] = iy x[i + m']

if i + m’is an index, and if either i Vi + m’, or iY*"!i + m’. If these conditions
are not fulfilled, the left side of (6) vanishes. The matrices in M corresponding
to the derivations v,[m’ + p*~! + 1]in W,, for k = 1, ---,n, are thus given by

A:l—'l = (a:j_;tln') (m' == Pk_l, - pk—l"' 1,"'aP"" p,‘—l— 1),

with components in F

- C e i, =] (n#k-1)
ak7t =i, ifj=i+m' and {l" Ju
@ { i -t B k-1 Shk-1 +1,

af s =0  otherwise.

Now if A € M, the mapping X € B, » [AX] is a derivation of B, which vanishes
if and only if [AX] = O for all X in B,, that is, if and only if 4 € B,(4). Considering
now B, as an abelian ideal of M, we can thus write

M-B,=W,

(4) Since B, is commutative, B, is its own Fpn-commutator.
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Hence M is spanned exactly by all matrices corresponding to the multiplications
and derivations of B,, and we have proved

THEOREM 1.1. The algebra M has as basis the (n + 1)p" matrices given
by (5) and (7).

2. Defining equations of M. In this section we shall consistently use the
following notation:

N;=p"-p'=[p-1-p-1, p=2p=lop=1]
(8) (j=0,1a'"an—l)’
Nn = pn= [p_ 1,"'317" ]]
We note that if j and k are distinct from n, N; < N, if j > k. Denote
by {i, t} the (i, t)-component of matrices in F,. For every fixed

m’, —(p"—1)Sm’ £ p" — 1, we single out in particular—whenever these are
defined—the components

® 0,(m’)={N;—m',N;} (j=0,1,--,n).
We observe that 0, (m') is defined if and only if 0 <m’ < p"—1, and that
0,(m’) is defined for indices k < n such that
(10 —-pFEm SN, -1
We characterize these conditions further by

LeMMA 2.1. If 6,(m’) is not defined for some k < n, and if for a pair of indices
i, i+m', i,S({+m'), for all p#k, then (i+m'),=p—1 if m" 20;
(i+m)<ip—1ifm' <O.

Proof. Let m’ 2 0. If 6,(m’) is not defined, by (10), m' > N, — 1, m > N, so
that m, = p — 1 for p= k. Since i + m’ < p", i) necessarily has value zero, and
by Lemma 1.1, (i + m"), =i, + m,foru<k,(i+m'), =iy +my=p—1.

Let m’ <O0. If 6,(m’) is not defined, by (10), p"— p*—m’ > p", m' < — r*,

i = —m’ > p*so that /%; = 1 for some j = k. But then by Lemma 1.2, we must
have (i + m'), <i,—1.

Define further
11) 0i(m’)

as the component 6;(m’) of the matrix A¥, for k =0,1,-..,n. Then the value of
these components is exhibited in the following two lemmas, the first of which is
derived from (5) and (7) by elementary computation.

LeMma 22. If 0Sm' Sp"—1,0/(m") =1, 0¥(m")= — (m, + 1) for k#n.
While if 0 < m’ £ N, — 1 for r < n maximal, then for0Sj<r,
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Oi(m’) = — (m, 1) (k#j, k#n),
mi#p—1= 0}(m’)= ~(m; +2),
LBi(m")=1.
i(m") =0 (k #)),
mij=p—1= ,
Gi(m')=—1.
Similarly, if — p" < m’ <0 for some minimal r 20, we let mi= — m’, with

m;=0forj=r, m,_ #0 if r=1. Then N,—m’'=N, + m=[my, -, m,_y,
p—1,---,p—1]; while for r<j<n,
Nj -_— m' = Nj + fﬁ = [’7’0,'"”ﬁr—l’0!'“,09 p}— 1’""p - 1]'

From (7), we can thus conclude

LemMa 2.3. If — p"<m’ <0, for r20 minimal, then §(m’) is defined
forréj,k<n;0fm')= —1;and0§(m’)=0forj;ék.

For each value of m’, let E = E(m') denote the square matrix of variable order,
with elements in F:
(12) (85(m"),

which by (10) can be defined for j, k = n,0,1,--.,r f 0Sm'<N,—1forr<n
maximal;andforj,k=r,r +1,..-,n—1if — p" < m’ <0for r £ n — 1 minimal.
If m'=N,—1,let E(m’) = (07(N, — 1)), an identity matrix of order one.
LeMMA 2.4. The matrix E(m') given by (12) is regular for each value of m'.
Proof. We know that E(N,—1) is regular. If 0=m’'<N,—1, for r<n
maximal, suppose there are g subscripts j < rwithm; =p—1.Then0<g=<r +1
and if g > 0, we renumber these subscripts j;,+:+,j;. If g <r + 1, renumber the
remaining j S r as jy44,°**,j,4+1, denote —(m; +2)byt,forp=g +1,---,;r +1,
and let n =j,,,. Reordering the rows and columns of £ according to the new
indicial sequence we obtain, by substituting the values of O'Jf(m ") given by Lemma

2.2, a similar matrix
, _ (I, ©
2= ("¢ %)

where I, is an identity matrix of rank g and 4 =(a,) a square matrix of
order r +2 — g with

a, = t, pw#r+2-9),
(13) a, =t +1 wtEv,v#E#r+2-g),
Gyrrzeg = 1 (all .
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Subtracting the first row from the remaining rows of 4, we obtain a matrix which
is clearly regular for all values of t,. If m’ < 0, the lemma follows directly from
Lemma 2.3.

We are now ready to prove the main theorem of this section.

THEOREM 2.1. Ifiandi + m’ are indices, and | m’ | < p" — 1, the components
{i, i + m’'} of every matrix in M satisfy the following sets £(m’) of linear
equations over F.

r—1 n—1
(14) {i,i+m} = —Z LB(m") + [ T+ 1] 0,(m")ifiYi +m’,
k=0 k=0

(15) = — Ab(m’) ifivki+m,
(16) =0 otherwise,

where the components 6,(m’) are given by (9), the constraints by (4) and where
the coefficients in F

(17) A=A, m) = (i + m') + 1.

Proof. If m’ 20,0,(m’) is always defined, and from Lemma 2.1 we know
that if 6,(m’) is not defined for k <n, then by (17), 4(i,m)=0 for all
pairs i Yi+m’ or iY*i +m’. In case m’ <0, i Y i + m’ is never feasible and
if 6,(m’) is not defined, then again by Lemma 2.1, iY*i + m’ is impossible.
Hence, no ambiguity arises out of the possible lack of definition of the 6;,(m’).

We next verify that these equations reduce to identities for {i, i + m'} = 6,(m’).
‘Indeed in that case, i + m’ = N,,

(if+m),=p—1 4(G,m)=0 (u # k),
i+m')y=p—-2, A(im)y=-1 (ifk<n),

eitheri Y i + m’ori Y*i + m’and (14) or (15) reduce to identities.
We know that all A%, satisfy(16); we now show that equations (14), (15) are
also satisfied by these matrices. Clearly for o # m’, A¥ satisfies £(m’) trivially

n—-1

since all components {i,i + m’'} are zero. Whileif m’ < — p"™",
m=-mzp"'+1, m_, >0,

we see from Lemma 1.2 that neither i Y i+ m’, nor i Y*i + m’ is feasible for
any index i, subscript k, and so equations #(m’) imply that {i,i+ m'} = 0 for
all i, in agreement with (5) and (7).

Case 1. Assume i Y i + m’. Thenm’ =2 0,and weletm = m’ + 1. By Lemma
1.1, if for some subscript j, m; = p—1,theni; =0and (i + m’); + 1 = p. Hence,
equation (14) determines the {i, i + m'} component of A% as
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(18) X [i;+m;+1][0%m") = 6m")] + 04(m").
Jjam;#p—1
In particular for k = n, we know from Lemma 2.2 that 6y(m’) = 6j(m’) = 1; so
that expression (18) reduces to #(m’) = 1, which is in agreement with the
value given by (5).
If k # n, again by Lemma 2.2, 0'}(m') = 0%m’)if j # k and if m;#p-—1,s0
that expression (18) becomes

(19) [ix + my + 1][65(m") = 6(m")] + 63(m’)

if my # p— 1. While if m, = p — 1, expression (18) reduces to the function
0%m’), which by Lemma 2.2 is zero; this coincides with the value given by (7),
since by Lemma 1.1, we must then have iy = 0.

Let m, # p — 1; by Lemma 2.2, 8Xm’) = — (m, + 1) = 65(m’) + 1. Hence
(19) becomes i, + m; + 1 — (m + 1) = i) in agreement with the value given
by (7).

Case II. Assume i Y *i + m’. By assumption then (i + m’), + 1 = i,, and so
equation (15) states that

(20) {i,i + m'} = — i,f(m").

If m" 20, by Lemma 1.1 we must have m; = p — 1; hence by Lemma 2.2, it
follows that this function has value zero on matrices A%, for j # k, in agreement
with (5), (7). While on Ak., since 6%(m’) = — 1, this component takes on the
value i, in agreement with (7). If m’ < 0, it follows again from Lemma 2.3 and
the above relation that {i,i + m’} = 0 on A, for j # k in agreement with %),
(7). Finally by Lemma 2.3, 6§(m’) = — 1 so that, as before, {i, i + m’'} on 4,
is given by i, in agreement with (7). This completes the proof of the theorem.

THEOREM 2.2. The sets £(m') of equations (14), (15), (16), define the algebra
M as subspace of F,n.

Proof. Let 4 be a matrix in F . satisfying all equations #(m’). Write 4 as the
um of matrices 4, for — (p" — 1) < m’ < (p" — 1), where A4,,. has {i,j} =0
unless j=i+m’. Then for each m, A,,. satisfies equations £(m’). From Lemma 2.4
we can conclude that there exist coefficients p, in F such that the components
0,(m’) of the matrix

(21) /fm’ = Am' - E puA:’

u=0
vanish for all j for which 0,(m’) is defined. Clearly 4,,. satisfies L(m’) if A,
does, and it follows from (14), (15), (16) that all components {i,i + m'} of 4,
vanish, 4,,. = 0, and by (21), 4,,- € M. Since m’ was arbitrary it follows that 4 is

inM.
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3. The algebra R. Denote by £*(m’) the set of differential equations obtained
from the set Z(m’) of Theorem 2.1, by letting for all indices i, j, {i, j} denote the
differential function da,/0x; of the vector (ay, -+, a,n) in W,». In particular then,
we let

’ ’ aa -m’
0(m’) ={N;—m’, N;} = _g;N
J

(=0,--,n—1,n).

By Theorem 0.1, the subspace of W,.spanned by those derivations (ay, **+, a,n) of
W,» which satisfy equations L*(m') for all m’, | m’ ] < p" — 1, is a Lie algebra,
which we shall denote by R.

Let i be an arbitrary index > 1. Then there exists a minimal r for which i, > 0,
and it is then easily verified that i Y"i — 1, so that by (7), {i,i — 1} on AL; has
value i, # 0. We define the n derivation vectors

(22) Ep = (Oa tsz ) t;xi—b Tty tg"xp"-l) (P = 0, e, — 1)’

where the coefficients ¢4 in F are such that the associated matrix (2) of E, is A% ;.
Thus E, belongs to R and in particular, for p = r, we have =i #0.
To simplify the notation, let the generator

(23) xN,=Zj (]=O’ 1, n)’
and let the subalgebra F [Z,, -+, Z,] of B,. be denoted by C,.

LEMMA 3.1. Let ¢ be an arbitrary monomial of degree p in C,. Then for
every index i, R contains a derivation a'(¢) = (a}, -+, a;») with al = ¢, where
a} =0 for j > i, and aj, for j < i, is a homogeneous pth degree polynomial
in Byn.

Proof. We prove this by induction on i. Let i = 1; we show a'(¢) =(¢,0, -+, 0)
satisfies equations £L*(m’). If m' # N; — 1 for j =0,1, .-, n, these equations
are trivially satisfied. Let first m’ = N, — 1 for k < n. Then the function

is nonzero on a'(¢) only if j = k, and then O(m’) = 0¢/0Z,. Now for t = 1,
{t,t + m'} = {1, N,} = 0¢/0Z; on a'(¢); since t = 1, 1Y Ny, and by (14), (17)
the coefficient of 6 (m’) is given by — (1 + m') +1)= = (N + 1) =L
Hence for ¢ = 1, equations £*(N, — 1) are satisfied for all k <n. For t > 1,
{t,t + m'} = 0,while the coefficient of 6,(m’), given by either (14) or (15), van-
ishes, since 1 + m’ =t + N, — 1 > N, implies that (t + m’), = p — 1. Hence
equations £*(N, — 1) are satisfied for all k < n. Finally let m" = N, — 1. Then
0,(N,—1) is undefined for j < n, ,(N,—1) = 9¢/0Z, on a'(¢). If t+ m’' < p",
t can only equal 1, 1Y p", and the coefficients

MLN, =) =—=[(N)+1]=0
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for k =0,1,---,n— 1. Thus both sides of (14) equal 0¢/0Z,, and we have
proved the lemma for i = 1.

Assume the lemma valid for i = 1, and let r be minimal with (i +1), # 0. Then
by (22) the derivation b obtained from the product

Er(al’ Qi ¢, O, tty 0)

has components b;,; = (i+ 1), ¢, b; = 0 for j > (i + 1). Moreover, if all a; are
homogeneous pth degree polynomials, it is obvious from (1) and (22) that all b;,
for j < (i + 1) also have that property.

LemMA 3.2. Let 0 # a = (ay, -+, a,») belong to R. If i is the maximal index
for which a; # 0, then a;eC,,.

Proof. We prove this by induction on — i. Let first i = p", a,» # 0. Then we
have p" Y jor p" Y*jonlyif j = N, or N, k < n; that is, by (16), {p",j} =0
unless j =N,, p=0,1,---,n, and a,.€C,.

Assume the statement for an arbitrary index i > 1. Then if i, > 0, and r is
minimal with that property, and (a,, ---, a; _;, 0, ---, 0) belongs to R, the product

b= Er(ab A Oa ’O)

has components b; = i,a;_y, b; =0, j > i, by (22). Hence if a;_; # 0, a;,-, € C,,
the induction is valid and the lemma holds forall1 < i < p".

If b is in B,., let the C,-projection of b denote the partial sum of polynomials
in Zy,Z,, +++,Z,in the polynomial expansion of b. Denote by U, the ideal of B,
spanned by polynomials whose C,-projection is zero. Then if b is in U,, so is
0b/0Z, for p=0,1, .-, n.

If ¢ is an arbitrary monomial in C, of degree p, let

(24) Di(¢)=(ala'”,ai—l, ¢90’ ""0) (l = la"'spn)’
where the pth degree homogeneous polynomials
(25) a,eU, (u=1,-,i=1).

That such a derivation exists in R follows directly from Lemma 3.1; while its
uniqueness is a consequence of Lemma 3.2. Since for each i, there are p"*! linearly
independent D,(¢), we have proved

THEOREM 3.1. The algebra R is p*"*'-dimensional over F, and is spanned by
derivations D(¢), given by (24), (25), for all monomials ¢ in C,,and all indices i.

By extension, if
¢=0¢s + -+ ¢y

for monomials ¢; in C,, we let

Dy(¢) = Di(¢y) + -+ + D).
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LeEMMA 3.3. Let i, j, k be arbitrary indices with i + j— k= N,, r <n. Then
eitheri,=j,=p—1,or:

in+jugp_1 (ﬂ¢r)’

kYiorkYi<kYjorkYj< i, +j,2p-2.

Proof. We write k =i +j — N, as the sum
L+ Zliy+j=(=DIp"+[i, +j—(p—-2)1p"

n#r

Then clearly we have
26) k,si,@lpu<r)ye k,=i,+j,—(p—1) (alp<r)
< i, +jzp—1 (@l u<r).

Suppose i, and j, are not both p—1; then i, +j,—(p—2)<p, and if con-
straints (26) hold, we have additionally

k.2i,+lek=i+j—-(p—2<i +j=p-—2.

Moreover, if k, < i, + 1, then clearly the three sets of constraints given in (26)
are also equivalent for all u > r. The lemma then follows by interchanging i and j
in these relations. By similar elementary considerations we obtain

LEMMA 3.4. Let i, j, k be arbitrary indices with i + j — k = N,. Then
kYiekYjei, +j,2p—-1 (all p).
We are now ready to determine the multiplication table of R in the following

THEOREM 3.2. If D{(¢), D,(x) are elements of R, then their product is given by

— : i,,+j,,§p—l (u#r),
DGO = Do) (1207
= zoDi‘i'j—N,,(lpp) '.f' +ju p—- 1 (a” ),
o=

= 0 otherwise,

where
. 09 . ox
‘/’p_ (’p+])b—'z;x+(lp+l)a_z_¢ (p<n)a

7))

n—1 . a¢
Vn= Eo("'”)“]az,. Z(l+l)+l]a

Proof. We note firstthatifi, + j, = p — 1forall y,itfollowsthat i +j= N, +1,
so that D;,;_y (,) is deﬁned for all p. Similarly, if i, +j,=2p—1 for p#r,
i,+j,=p—2,theni+j>N,and D;,;_y (¥,) is defined.
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To prove the theorem, let Dy(¢) = (a;, -+, a;,0,--,0) = a, Dy
=(by,--, b}, 0,:--,0)=b, with a;=¢, b;=y. Then by (1), the product D(¢)D;(x)
is a vector with components

oa, by R
Cp = Z [ax b axua”] (k—l”"ap)'
And if we denote this product in R by
p'l
> Dy(ny),
k=1

for polynomials n, in C,, we see by (24) and (25) that #, is equal to the C,-pro-
jection of ¢,. Since by (25), b,,, for pu # j, a,, for u # i, are in U,, the C,-projections
of ¢, and of
oa, ob,
(28) e

J

coincide. It follows from equations £*(j — k) that for every element in R, the
function {k,j} is either zero or equal to a linear combination of functions

(29) ep(j—k)={Np—(j—k)’ Np} (p=0’la"'sn)'

If N,—(j—k)#i, the function 6,(j— k) assumes at the element D(¢) a
value in U,. Thus, if k # i + j — N, for any p, the function {k,j} of a is in U,.
By interchanging i and j, a and b, it follows symmetrically, in that case, that
0b,/0x; must also be in U,. But then the C,-projection of (28) is zero, and 7, =0
fork#i+j—N,.
Consider next an index
k=i+j—N, O0=Zr<n.

Then N, — (j — k) = i, and the C,-projection of da,/0x; is equal to the value of the
function

(30) _Ar(kui - k){"Nr}

at Dy(¢) so long as k Y j or k Y'j, and is zero otherwise. In the first case by (17),
A(k,j — k) =j, + 1, and (30) becomes

. ¢
(31 -G-+D iz
By symmetry, the C,-projection of db,/0x; is equal to
ox
32 -(
(32) G+ D gz

so long as kY i or kY ', and is zero otherwise. In case both i,=j,=p—1, the
C,-projection of (28) is therefore zero under all conditions so that n, =mn;4;-n,
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and the polynomial y, given by (27) both vanish. If i, and j, are not both p—1,
owing to Lemma 3.3 we conclude from (28),(31),(32) that n;, ;_y, isequal to y, in
(27),s0longasi, +j, = p— 1for p#r,i, +j, = p — 2,and is zero otherwise.

Finally, let k =i + j — N,. Then the C,-projection of da,/0x; is given by the
value of the function

n—1
(33) [1 + §0 /lu(k,j—k)] {i, N}

at D(¢) so long as kY j, and is zero otherwise. In the first instance, since
A,(k,j— k)=j, +1, this value becomes
n—1 . a¢

(34 [”EJO G+ 1D+ 1] iz
By symmetry, the C,-projection of db,, | 0x; is obtained from (34) by interchanging i
and j and replacing ¢ by y, so long as k Y i, and vanishes otherwise. Owing to
Lemma 3.4, we conclude that #;, ;_y, is given by the polynomial ¢, in (27) so
long as i, +j, = p — 1 for all u, and is zero otherwise.

Now the pair of indices i and j satisfies one and only one of the following
three alternatives: Either i, +j, = p—1 for all pu; or iy +j, = p—2 for some
0<k=n-—1, while i, +j,2p—1 for u#k; or constraints i, +j,2p—1,
u#k, i, +j,=p—2 are not feasible for any 0 <k <n — 1. Recapitulating
all previous results in this light, we obtain the statement of the theorem.

4. Simplicity. To prove the simplicity of R we start with a tool lemma; we
denote by Z the maximum degree monomial (Z,Z, --- Z,)* ! in C,, and we let

Ly
denote the subspace of R spanned by all D;(¢;) with j < k. Also we denote by
I= (xl, "'rxp")
the derivation in R whose associated matrix (2) is the identity matrix.

LemMma 4.1. If D(¢) is a basis element of R, let r <n — 1 be minimal with
the property that (i + 1), > 0, and let ¢ be a monomial in C, of degree p. Then

(35) D(¢)Ay, = D09 |0Z,) (1=0,1,--,n),
(36) D(H)I = (p — 1)D(¢),

(37 D(P)E, + (i + 1),D;,1(P) € L;,

and in particular

(38) D(2)E,= — (i + 1),D;,,(Z) + Z(‘,'y,,D"(Z) (some y, in F),

where E, is the element in R given by (22) (5).

(%) It is easy to show that E, = — Dy, +1(Z,).
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Proof. Relation (35) is an immediate consequence of Theorem 3.1. As for
relation (36), it follows directly from (1) and the fact that all components of
D(¢) are homogeneous polynomials in B,. of degree p. While relations (37) and
(38)are based on (1) and (22),and the fact that Z is the only monomial of maximum
degree in C,.

LemMMA 4.2. If p divides n + 2, the algebra R* does not contain D,(Z), but
contains every other element D{(¢), with ¢ a monomial in C,.

Proof. Leta =(ay, +,a,.), b=(by,--,b,n) be two arbitrary derivations in R.
Then ab = c=(cy,-,c,n) With

Pt 6a1 abl
) on X [ms e s o]
Letm=m’'+1. NowlY1+m'forall0<m’<p"—1, and by (14) the func-
tion {1,1 + m'} is equal to the linear combination of functions

n—1 n—1
[T omnet] (V= m'NY =2 (e 1) (= ', N
k=0 k=0
on all derivations in R. Substituting this back in (39) for the particular derivations
a and b we have

abl\l..*-m'

_P"-l n—1 aaN"_m’
=X [ X (m+1D+1 —7 by 41 Tz Om1
(40) m’'=0 Lk=0 n n

p"—-1 n-—-1 aa o ab -
- X X (m+1) [——I'vaizk—bm'n*——%zz—am'ﬂ] .

m'=0 k=0

Let y;=p—1—m;, and define the index p=[po, ", pt,~1]; then p+ m=p"+1
andwelet p’=pu—1=(p"—1)— m’. We note that since n +2 =0 (mod p),
the following identity holds in F:

n—1 rn—1

Y (m+D)+1=—-1X (uk+1)+1].

k=0 Lk=0

The first summation term of ¢, can thus be written as

) [nil (mg+ 1) +1 280 =m0
m’=0 Lk=0 , i azn m
p"—1 pn—-1 ab"’+l
+ 2 E (ﬂk+1)+1 —aZ—aN —u’
n'=0 Lk=0 n

which is equal to

p"-1 rn-1 a
(41) px [Eo (m,,+1)+1]ﬁ;(a,v”_m,bm,+1).

m’'=0
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If m"+1>N, for k<n, then m,=p— 1. Hence the second summation
term of ¢, can be expressed as

(42) o+ Zi e+ Xy,

where

NS a m ab Kk—m’
X = 2= (my +1) [ (;,Zkk—— bursy — gzk - am’+l] .
Define the index v= [vg,-**,V, sV, ]=Ny+1—m, and let v =v—1.
Since over F,m, + 1= — (v, + 1), we can write
Ni—-1

X = E (my +1) —

k

aa,,,k "
m’+1

+ Z (v +1) ab" “

aNk -y’
(43)
Ni—1

Oan,—m by
= X (m+l)Reom Tmtl)
m’=0( k ) azk

(k = 03 19"'9” - 1)'

We conclude from (40), (41), (43), that the coefficient of Z in the polynomial
expansion of ¢, is necessarily zero.

Owing to relation (35) it is clear that R? contains all D,(¢) for all monomials ¢
in C, distinct from Z; while since y, =0 in (38), it follows that D(Z) is in R?
for j > 1. This completes the proof of the lemma, and we can establish

THEOREM 4.1. If p does not divide n+2, R is a central simple
p*"*'-dimensional algebra. If p divides n + 2, then R? is central simple and has
dimension p*"*' —1 over F.

Proof. Let A be a nonzero ideal of R. Then by (1), through successive mul-
tiplications by suitable A;, we obtain a nonzero element d in % whose components
are all in F. If for some 0 < j < n, the N;-component of d is 1# 0 in F, then
AT'D(Z)d=A, is in A by (1). If all N j-components of d are zero, then its
i-component is nonzero for some maximal i < N,, and repeated multiplications
by suitable derivations E, given by (22), yield, by (1), a vector d’ in o whose
components are all in F and whose Ny-component is nonzero. Thus U contains
A, = D(1); but then multiplication by E,, E,,---,E,_, generate in turn all
derivations A; = D; (1) for j =2, -+, p". Thus U contains all A; and hence by (35)
all D(¢) for monomials ¢ in C, distinct from Z.

Now the degree of Z is (n + 1)(p — 1) which is congruent to one only if p
divides n + 2. Hence if pkfn+2, by (36), since Ieq, the product
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D(Z)l1=—-(n+2)D(Z)isin A, D(Z) is in A for all indices j, R = R?, and R
is simple and clearly central simple.

Assume p| n + 2 and let U be a nonzero ideal in R2. It follows as before that 9
contains all Aj, and hence also D;(¢) for monomials ¢ in C, distinct from Z if
j>1, and D,(¢) for monomials ¢ distinct from Z or 0Z/0Z, for any u. Since
p>2, and n2=1, A contains in particular the elements I and E, for
p=0,1,---,n — 1. The degree of 0Z/0Z, being = 0 (mod p), we can then conclude
from (36) that all D,(0Z/0Z,) belong to A. We must now show that D(Z)e A
for j = 2.

By Theorem 3.2, we write
44 D(0Z|0Z,) DN,.(Z(Z)) = Dy(¥,) + D,(¥o) + 0<§<”DN,,—N,,+1('//,1)
where, by Lemma 4.2, §, being of maximum degreein C,, must vanish identically.
Moreover, since (0°Z[0Zo0Z,)Z¢ = 0Z3/0Z, =0 for p # 0, we have

(45) V,=¢,=0 O<p<n).
Finally, since (N,)o + 1 = p, and (1)q + 1 =1, by (27),
(46) Yo = [GZOZ/GZO] [0Z]éZ,] = -2z

As the left expression of (44) is in U, it follows that D,(Z) is also in U, and from
(38) with y; = 0 by Lemma 4.2, we can conclude that U contains all D(Z), j = 2.
Thus R? = ¥, and R? is simple and clearly also central simple.

5. Derivation algebras. In this section we shall follow the technique of
Block(®) and distinguish R and R? from certain known algebras by exhibiting
differences in their respective derivation algebras. In order to show that every
derivation of R is inner, we need a few preliminary definitions and lemmas. To
simplify the notation we shall at first obtain general results by considering sub-
algebras of W, for n > 1 arbitrary.

If Q is a subalgebra of W, and x in W, is such that Qx < Q, we denote by ad (x),
the derivation of Q over F: d € Q — dx. We shall say that two derivations A, A
of Q are equivalent, and write A = A, if A — A = ad(x) for some x in Q.

Denote by Q, for p=0,1,---,m the subspaces of Q generated by all vectors
(ay,-,a,) with the property that a,,---,a, are all homogeneous polynomials in
B, of identical degree p. If Q,,#0, Q,,,, =0, we say that m is the maximum
degree of Q.

Similarly, denote by Q) for p=0,1, ---, p— 1, the subspace

(47) Qp + Qp+p + e+ Qkp+p,

where kp + p < m, (k + 1) p + p > m. Then by (1), we have

(%) Cf. 2]
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iXj =
o ji—+1) otherwise.

The algebra Q will be called admissible if it can be expressed as a vector direct sum
(49) 0=00+0Q; + - +0Qp,

and if moreover Q, is n-dimensional over F.

We shall say that a polynomial in B, is truncated in x;, if the x;-exponent of
all its monomials with nonzero coefficients is inferior to p — 1. By extension, a
vector in W, will be truncated in x; if all its components are.

LeMMA 5.1. Let Q be an admissible subalgebra of W, containing the ‘“identity”’
vector I =(xy,--+,X,). Then every derivation of Q over F is equivalent to a
derivation A with (DA =0, (Q)A < Q) for p=0,1,---,p—1, and (A)A trun-
cated in x; for i=1,--+,n.

Proof. It follows directly from (1) that
(50) VIl=(p—Db"«b’eQy (p=0,1,-,p—1).

If A is a derivation of Q, by (47), (49) we can write ()A = X!y @’
for elements a” in Q) ; then letting

a=-2X (p—17'a,
p#1
we have
(5D (I)(A — ad(a)) € 0F .

Let A=A— ad(a); then A = A, and if b° is an arbitrary element of QF, we
have I b° = b°,

(52) (DAB® = (b%) A — I((b°) A).

By (51) the left side expression is in Qf, but by (50) the projection of the right
side expression on Q¥ is zero. Hence, (I) A b° = 0 for all b° in Q¥, and in particular
((I)Z)Aj =0for j=1,-,n so that ()A€ Q,. By (51), this is impossible unless
(DA =0. For p arbitrary, b in Q7, applying A to both sides of the equation
of (50), we have

(B)AI=(p~1) (b)A

and again it follows from (50) that (b)Ae @l (OHA < Qr.
We finally show that (A;)A is truncated in x;. Since A;A; = 0 for all i,j, we have
at once

(53) (A)AA; = (ADAA  (all i,j). —
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Suppose (A;)A = (b,,-+,b,) = b. Then by (53)

0b, _ Ocy -
(54 E =E (1,#—1,"',"),
for elements c; in B,. If for some 1 < u < n, b, is not truncated in x;, let ¢ be a
monomial of the form x5~ 'y, Y in F [xy,*,X;_1, X 41, ", X,], Whose coefficient
in the expansion of b, is nonzero. Then by (54), oy /0x; =0 for i # j, that is,
Y €F, but then ¢ is of degree p— 1, be Q- in contradiction with the fact that
be Qg. Hence (A)A is truncated in x; for every j.

LeMMA 5.2. Let Q bean admissible subalgebra of W,,and let A be a derivation
of Q such that (Q;',‘)A €Q), p=0,1,---,p—1. Then there exists an element e

in (W,), such that Q, e< Q,, and such that the projection of eA; — (A)A on Q,
is zero fori=1,---,n.

Proof. By assumption, we have
(55) (A)A = ,-}51 eAj+o; (i=1,--,n),

where «; in QF has zero projection on Q, and the matrix E = (e;;) is in F,,.
Let D = (d,;) be a matrix in F, such that the vector
n
d= (Z_)l dyjXj,es d,,jxj)

J

™M=

ji=1

is in Q,; then again by assumption, (d)A € Qf,

‘M.

(56) @8 = (2 gyxpen X gun)+h,

J

where the first vector is in Q,, and B in QF has zero projection on Q. Then we
can write (dA)A = X/, dj(A)A also as the sum, (d)AA; +d((ApA). Sub-
stituting (55) and (56) in these expressions, we obtain the equation

z djkej“A" + n= .2 glkAi + E ekj d”jA“ + s
in i in

where y, nin Q¢ have zero projection on Q,. Since the A, are linearly independent
over F, we conclude that for 1<k <n,

(57 .21 (djk €y — €;j duj)=gyk (u=1,-,n).
j=

That is, letting

=1

n n
e = (z ejlxj,""z ej,,xj),
J i=1
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relation (57), by (1), expresses the fact that ed € Q,. Since d was arbitrary, we have
eQ, < Q,, and moreover by (55), eA; — (A)A has zero projection on Q,. This
completes the proof of the lemma.

As the algebras R and R? are, by Theorem 3.1, clearly both admissible, we may
apply to them the above two lemmas. But before doing so, we now establish
certain specific properties of these algebras which will be needed for the main
result of this section.

Lemma 5.3. If ee(W,.), is such that Rye < Ry, then ecR.
Proof. We can assume that, modulo R,
e = (al,“',apn),

where the components a; are all homogeneous polynomials of degrce one in U,.
Suppose e # 0, and let the index i be maximal with the property that a; # 0. If
i # p", let r be minimal with the property that (i + 1), # 0. Then by assumption,
the product E,eisin R, where E, is given by (22). But for j > i + 1 the j-components
of E,e are zero, while its (i + 1)-component is equal to (i + 1),a;in U,, in contra-
diction with Lemma 3.2.

Suppose next that a,. # 0, and let the function {N,,k} =t # 0 on e for some
tixed index k # Ny, -, N,. Then there exists an r for which k, # p — 1. Now the
*‘diagonal’’ vector v in R, whose associated matrix is Ag, has by (7), {i,i} =1,,
{i,j} = 0 for i # j. Thus by (1), the function {N,,k} on the product ev is given by
t(k, — (N,),) = t(k, + 1) # 0. Again by Lemma 3.2, ev cannot be in R, and this
contradiction implies that e =0, as required.

LEMMA 5.4. In the algebra R, the set of indices J ={N,,No,N,,---,N,_;}
fulfills the following three conditions:

(i) d#0eR,dAy,=0(j=0,--,n)=deR,.

(i) d#0€eR,,forr<m=d= Xd’ withd’ in R, truncated in Z;.

(iii) If d # 0 in R, is truncated in Z;, and if dAy, = 0 for all N; in a subset H
of J, Nj¢ H, then there exists an element c in R, ,, with d = cAy,, cAy,= 0 for
for all N; in H.

Proof. Property (i) follows from Lemma 3.2. Now clearly, the maximum
degree m of R is equal to the maximum degree (n +1) (p— 1) of polynomialsin C,.
If d in R is homogeneous of degree r < m, then by Theorem 3.2, d is a linear
combination over F of derivations D(¢;), where each monomial ¢ ; of degree
r<m in C, is necessarily truncated in Z, for some 0 S u<n, ¢;=0y;/0Z,
Y, in C,. Hence by (35), Di(¢;) = Dy Ay, and D(¢)) is truncated in Z,. Thus R
has property (ii).

To prove that (iii) holds in R, let d be truncated in Z;. Again by Theorem 3.2,
express d as the sum of basis derivations D(¢;), where all polynomials ¢; in C,
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are necessarily truncated in Z;. Moreover if dAy, = 0 for a subset H of J, by (35),
0¢;/0Z,=0fori=1,---,p" all y with N, in H. Expand ¢; as

Gio + O Z; + - + ‘f’ip—zzf—z,
for ¢, in C,, 0¢,,/0Z, = 0¢,;,/0Z; =0, all pwith N, in H, i =1,---,p" Then if

1 1 -
Vi=¢iZ; + 7‘/’.‘12} + e +p_——1 Gip-2Z} Y

DAy, = Di(¢;) for i =1,---,p", and D(¥;)Ay, = 0 for all N, in H, by (35), so
that e = XP_,D(y,) is the required element in R.

If n + 2 =0(p), it is clear that properties (i) and (ii) hold for the set of indices J
in the algebra R?. On the other hand, (iii) is valid only in a weakened form. The
above argument, associating to an element d truncated in Z;, and withdAy =O,N,
in H, an element e in R? with d = eAy, and eAy, =0, holds if and only if the
polynomial ¢, is not of degree m — 1. Indeed if d = D,(0Z|0Z;), no element e
in R? can be found with the required properties. We can therefore state

LeMMA 5.5. In the algebra R* # R, the set of indices J = {N,,Ng,-**,N,_1}
Julfills conditions (i) and (ii) of Lemma 5.4 as well as a third condition

(iii)" If d=Dy(¢,) + X,>1D(9,) is in R? and d is truncated in Z; with
dAy,=0 for all N; in a subset H of J, and if degree ¢; <m — 1, then there
exists an e in R* with eAy, = 0 for all N, in H, and such that d = eAy,.

LEMMA 5.6. Inthe algebras R orR?, if d is an element such that

r

(58) dad(p)=d []_[ ad(oz,-)] ad(f)=0 (alloyinRy, all Bin Ry, allr=1),

i=1
then d € R,,, where m is the maximum degree of R.
Proof. Let (58) hold for an element
d= I D($)#0

in R. Without loss of generality we can assume d in R, for some s £ m. We suppose
s <m and arrive at a contradiction.

If ¢,»=0, by (37) through successive multiplications by elements in R, we
obtain a derivation whose p"-component is nonzero. Let us therefore assume
¢ =, #0.

Case 1. Suppose 0 # ¢ € F[ Z, ]. If f, is an arbitrary polynomial in F[ Z, ],
0 = v < n — 1, consider the product dDy (f,). By Theorem 3.2, it is easily verified
that

9 4Du 1) + Dy, (31, b0, L e Ly
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Since dx = 0 for all x in R,, putting f, = Z2, it follows from (59) that 2¢y,
=(0¢|0Z,) Z, for 0 £ v< n — 1. But then, letting f, = Z,, we obtain from (59),

dDy(Z,) + 5Dy, (%‘%z) €Ly s.
Since clearly s # 0,(0¢/0Z,) Z, is nonzero and not in F[ Z, ],and we are reduced to
Case I1. Suppose ¢ ¢ F[Z,]. Let u<n—1 be such that 0¢/0Z,= ¢ #0.
Since ¢ is of degree s—1 < m—2, §Z,Z, # 0 for some 0 < 0,7 < n. We will now
show theproduct dDy (Z,Z;)to be nonzero. Indeed, by Theorem 3.2, we see that
Dy (¢)Dy (Z,Z,) has its p"-component equal to ¢Z,Z, # 0. For j < N,, consider
the remaining products

(60) Dy(¢;)Dn (Z,Z,).

If there is no v for which j + N, — N, = N,,, the above expression clearly belongs
10 L,n_y. While if j =N, — N, + N, = p" + p*— p’, write

(61) j =[P"la"'aP"1,83""0,1",_1,"‘,17_1] (.u<v<n)’

then j, + (N,),=p — 2, and it follows by Theorem 3.2 that expression (60) is

equal to a derivation D;(,) also in L,n_, since j < N,. Thus the p"-component

of the product dDy(Z,Z,) is nonzero, in contradiction with our hypothesis,

and d must belong to R, as required. This completes the proof of the lemma.
The main result of this section is now relatively easy to establish.

THEOREM 5.1. Every derivation of R over F is inner.

Proof. Let A be a derivation of R. Owing to Lemma 5.1, we can assume that
(RHA =R} for p=0,---,p — 1, and that (A)A is truncated in x; for all indices i.

We show by induction that for j=0,1,---,n, there exist elements a’ in
R7 such that the derivation of R

j_ j
satisfies '=A+ad(a)

(62) (Ax )0 =0 (p=0,,)).

For j =0, since (Ay,)A is truncated in Z,, by condition (iii) of Lemma 5.4, there
exists an element ain R} with(Ay,)A = a®Ay, in R. Assume the existence of
such a’ for j<k, k20. Since a*eR}, (R)F* <R} for p=0,-,p—1. By
(62), (Ay,)8* =0 for p=0,--,k, so that

0= (AN,‘ANH. ,)5" = ((Ay,., ,)5’3AN,, (n=0,-,k).

Since (Ay,,,)0" is truncated in Z,.,, condition (ii) of Lemma 5.4 ensures the
existence of an element 8*** in R¥ with

@Ay, =By, )85 @Ay =0 (u=0,k).
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Let ¢**' =" + """, Then 6**' = A + ad (a**") satisfies condition (62) for
p=0,---, k + 1 and the induction is valid. Let 8" = A. Then A = A, and

(A )A=0  (j=0,--,n).
Since for k arbitrary, we have
0 =(Ay,ADA = [(ADAJAy, (i =0,--,n),

it follows by condition (i) of Lemma 5.4 that (A)A€R, for k = 1,---, p" Since
a"eR}, (R}))AS R} for p=0,1,---,p—1, and applying Lemma 5.2 to the
derivation A, we know there exists an element e in (W,.), with R,e € R, and

eAy=(A)A  (k=1,-,p").
By Lemma 5.3 e must be in R; and if we let
A* =A +ad(e),

A*=A, (AYA* =0 for k=1,--,p" and (R)A*<R} for p=0,1,---,p—1.
We show by induction that (R,)A* =0 for all p < p. We know this to be true
for p =0 and we assume it for all p<r<p—1, r 20. Then

(Rr+ lAi)A* = ((Rr-l- X)A*)Ai =0 (l = 1’ "',pn)’

so that (R,; )JA*<R,. If r +1<p, r +1#0 (mod p), and this is impossible
unless (R, ,;)A* = 0. The induction is thus valid for all p < p.

Let d be arbitrary in R,,, where m is the maximum degree of R. Then certainly
(58) holds for d. Since (R;)A* = (R,)A* =0, applying A* to both sides of relation
(58), we obtain, letting d = (d)A*,

r

dadp) =d [l:[ ad(oz,)] ad(f)=0
(alyin Ry, Bin Ry, r 2 1).

Owing to Lemma 5.6, we can conclude that d is in R,,. If d # 0, there exists a
suitable sequence of m partial differential operators A, such that

d T A,#0.
i=1

But then

m

d I A,

i=1

is in R, and is not mapped into zero by A*. This contradiction implies that
(d)A* =0 for all d in R,,. Assume (d)A* =0 for all d in R,, for k < m, and let ¢
bein R,_;. Then by properties (ii), (iii) of Lemma 5.4 we can write
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= 2 AN!’
ji=0
with ¢; necessarily in R, so that (c)A* = 0. The induction is therefore valid on
—k,and A* maps R on zero. Thus A* = 0 and A = 0. This completes the proof of
the theorem(7).

THEOREM 5.2. If n +2 =0 (mod p), the algebra of outer derivations of R>
over F is at most (n + 1)-dimensional.

Proof. If n +2 = 0 (mod p), Z is of degree (n + 1) (p — 1) =1 (mod p) and
it follows from Lemma 4.2 that

R*=R§ +RY +R} + - +R}_,,

where R} is spanned by all D;(¢), with ¢ a monomial in C, of degree = 1 (mod p),
j=1,-,p" except D;(Z). Since R? is admissible it follows as before by Lemma 5.1
that any derivation of R? is congruent to a derivation A with (R})A R;" for
p=0,2,---,p—1, (R)A c R}, and with (A)A truncated in x; for i=1,-

Let Vdenote the subspace of derivations A of R? with these properties. In partlcular
then, if A e V, we can write, for u=0,-

_ 0Z 6¢,‘
(63) (Ay)A = 4,D, (6_27‘) +D (az ) + ,222 D),
for suitable unique 4, in F, and polynomials 6;, ¢, in C,, the latter all of degree
< m — 1. Let ¥, denote the subspace of ¥ spanned by all A for which the coef-
ficients 4, in (63) vanish for u =0, ---,n. Then clearly,

dim V—dim Vo <n +1,

and the lemma follows once we show that every derivation in V, is inner. By
substituting R for R}, Lemma 5.5 for Lemma 5.4, and an arbitrary A in V, to
the derivation A in the proof argument of Theorem 5.1, it follows as before that
A =0, and we have the required result.

COROLLARY. If pyn + 2, the p*"*'-dimensional algebras R are new for all
n#3(* +2r—1),r=1.If p|n +2, the (p>*** — 1)-dimensional algebras R*
are new for all n.

Proof. The simple p>"*'-dimensional Albert-Zassenhaus algebras(8) gener-
alized by Block in [3] are shown there to possess an outer derivation algebra of
dimension 2n over F. This class, which includes—for the value m = 1—the

(7) The known fact (cf. [7]) that every derivation of W, over F is inner follows in a similar
way from Lemmas 5.1., 5.2, 5.3, 5.4, 5.6, the last three of which remain valid if we substitute W,
for both W . and R, and replace Z; by x; for j in the set J now given by {1, n}.

(®) Cf. [12], [1).
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simple mp®"*'-dimensional algebras of Jennings and Ree defined in [ 8], isthus
distinct from the class of algebras R.

Now the mp*-dimensional algebras of [8] are defined for 1 <m <k, and
may share the dimensionality of Rform=p" <k with2n +1=r+k>p" +r,
r = 0. The same situation arises with the Kaplansky algebras(®), which are also
mp*-dimensional and defined for 1 <m < k. When these are restricted, they
become the Jacobson-Witt algebras W (1°). Whether for k=m = p" and
2n +1=p" +r (with r necessarily even, since p>2) R is isomorphic to
W,- remains an open question. But if m <k, we now show that the outer
derivation algebras of members of the above two classes are at least
(k — m)-dimensional.

For 1 £ m < k the simple mp*-dimensional algebras of [8]and those of [9] share
the following schematized definition and will be alluded to jointly as S,,, ;. Let E,, ,
be an (m + 1)-dimensional vector space over F, and G, be an elementary p-group
of order p* Then S,,, is spanned over F by elements (x,,&) with ae G, and
x, € E,, where forevery « in Gy, E, is a specific m-dimensional subspace of E,, , ;.
If x,, ¥, € Ep (X4, 0) + v(¥,,0) = (ux, + vy, o) for all u, vin F. Multiplication
within S, ; is given by

(64) (xa’a) O(Yﬁ,ﬂ) = (Z,d + ﬁ)’ z= g(xa’ B)yﬂ - g(yﬁ’a)xm

where g(x,f) is a bi-additive function on E, ., x G, to F (with, in particular,
g(x,0)=0, all x in £, ,,) and specific additional properties for each of the two

classes which insure, in particular, that ze E,,4(11).
Now if d is any additive function on G, to F, the mapping

(65) (xa’ a) - d(“) (xa’a) (xa € Ea’a € Gk)y
is a derivation of S,, ;, and by (64) is inner if and only if
d(@) = — g(yo, )

for some fixed y, in E,. Since there are k linearly independent additive functions
on G, to F, the space of outer derivations of S,, , with property (65) is (k — m)-
dimensional, and it follows that R is not isomorphic to members of either class

for m < k.

() Cf. [9], [10].
(10) Cf. [11).
(11) Although relation (5.0.5) of [8]is more general than (64), the simple algebras considered

in that paper all belong to a class 8‘c for which (5.0.5) reduces directly to (64) (cf. §7 of [8]).

As for the algebras of [9], their basis over F can be given by elements (i. a) for i=1, -+, m,
a € Gy, with (i,a)o (j, B) = h(B)(j,a + f) —h(a) (i, a + B), where the h, are m linearly
independent additive functions on G, to F (with additional properties). If for coefficients 4, in F
we let " 14, a) = (4, @), with 2 = (4, -++, 4,) in E,, and ZJL Ah(a) = g(L,0), all a in
G., we obtain relation (64) in the special instance where E, = E,, for all a in G..
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Let p|n+2. Block has shown in [2] that his class of (p*"** — 1)-dimensional
simple algebras, which includes those of Albert in [1] and Jennings and Ree in
[8] sharing the same dimensionality(12), has an outer derivation algebra which
is exactly (2n + 1)-dimensional over F, and we can thus conclude by Theorem 5.2
that this class does not contain R?.

6. Cartan decomposition. We select the following monomials of C,, defined
for every index i:

(66) p, = ZB=Go* DZP=G1+1) . Zp=(in= 1+ 1)750)
where (i), the exponent of Z,, is defined uniquely by the relations

Ost)=p-1,
(67)

n—1
W)=X (,+1)+1 (mod p).
»=0

Then the degree of #; is = 1 for all i. In particular for i # N,, the degree of n;is
2 2; while for i = Ny, ny, = Z, for k =0,1,---,n. To simplify the notation, we let

(68) Iy=Dy(ny) =Dy Zy)  (k=0,1,--,n).

We prove

THEOREM 6.1. Let H be the subspace of R spanned by the vectors D(n;) for
i=1,--,p", where n; are monomials in C, given by (66), (67). Then H is an
abelian Cartan subalgebra of R.

Proof. We start by showing that H is abelian. Indeed consider the product
D{n)D(n;). Applying Theorem 3.2, we see at once that for all k=i +j— N,
0 < p < n, the polynomial ¥, given by (27) vanishes, as required. Suppose that
for polynomials ¢; in C,,

(69) d = L D(¢)
is an element in R with the property that
(70) dH< H.

It is easy to establish by elementary computation from Theorem 3.2 that for
all ¢ in C,,

(71) Dl(¢)1k = Dl('l’k) (k =0,]9'"an)’
with

(12) The m(p* — 1)-dimensional algebras of [8], defined for 1 < m < k, share the dimen-
sionality of R2 only for m=1, k=2n+ 1. For suppose p>"*1 — 1 =m(p* — 1), then
2n + 1 = sk for an integer s > 3 if m # 1. But then the requirement p?"*1 — 1 < k(p*— 1)
= p3% < kp* which is impossible.
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_ %
'l’k"‘a_z—k
n—1
wn=%zn—[20 (i‘,+1)+1]¢.

p=

Z+ (i + )¢ (k < n),
(72)

It follows from (69), (70), (71), (72), that ¢, = A;n; for 4;in F, disin H,and Hisa
Cartan subalgebra of R. As an obvious corollary we have

COROLLARY. If n+2 =0 (mod p) the subspace H of R?, spanned by all D(n;)
except D,(Z), is a Cartan subalgebra of R*.

Denoting by G, , the p-group of order p"*' whose elements can be represented
by vectors = (g, ***,a,) With components «; in the prime field F,, we prove

THEOREM 6.2. The Cartan decomposition of R with respect to H is given by
R = X,L,, where the roots a in G, are additive functions on H to F with

(73) al)=a, (k=0,1,--,n); a(Dm))=0 (i# No,-,Ny).

The subspace L, is p"™dimensional over F and is generated by basis derivations
Dy(&,) of R, where

(74) éai = H Z: ® (i = 19"'9Pn)s
n=0

with the exponents p, = p, (i) satisfying the constraints 0 < p, < p — 1, together
with the congruences, mod p,

n—1
(75) pr=a,—(,+1) (r<n); pnsa,,+[20(i”+1)+l].
”=
Proof. We first show that if h is arbitrary in H, say
h = 2 ejIj + ﬁ,
j=0

where e; € F, and heR, + --- + R,, is strictly nilpotent, we have
(76) D(¢,) [ad(h) — «(M)]* = D) ad(h)* (kz1).
For k =1, we compute by Theorem 3.2 the product

an D(&) T el =Dy&. ad (h— .
ji=0
Owing to (74), (75), this is seen to be

() (Z e )0 = a0DiE.

Hence (76) certainly holds for k = 1. Assume it holds for some fixed k = 1. Then
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Dy(&e) [ad(h) — a(h) 1! = D(&,y) ad(W)**!
+ D(&,) ad(R)*[ad(h — k) — a(h)].
Now since H is abelian, the second expression on the right is equal to
Dy(¢.) [ad(h — k) — a(h)] ad(h)*

which by (77), (78) vanishes. Hence the induction is valid and (76) holds for all
k= 1. In particular, since the maximum degree of R is m=(n+1)(p—1),
ad(h)"*1 =0, so that for k=m + 1,

L,[ad(h) —a(h) ]*=0 (allxin G, , all hin H).
This completes the proof of the theorem.

COROLLARY. Ifn +2 =0 (mod p), the decomposition of R? with respect to H
is given by R*= X, 0L, +H.
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