ON A CLASS OF PARTITIONS WITH DISTINCT
SUMMANDS

BY
PETER HAGIS, JR.

I. INTRODUCTION

1. Let p be an odd prime, and let a = {a,,a;,-,a,}, where 1 < a; < (p—1)/2,
be a set of r distinct integers. In an earlier paper [1] the author has obtained
a convergent series representation and asymptotic formulas for p,(n), the
number of partitions of a positive integer n into summands congruent to
+a;(mod p). The necessary transformation equations as well as estimates of
the magnitude of certain exponential sums were obtained using the procedures
of Lehner [2], while the circle dissection method of Rademacher [3] was employed
for the integration. In the present paper we impose an additional restriction on
the partitions, namely that the summands be distinct. That is, we wish to find a
convergent series and asymptotic formulas for ¢,(n), the number of partitions of a
positive integer n into distinct summands which are congruent modulo p to
elements of a or their negatives. The methods employed are essentially the same
as in [1] and free use will be made of the results obtained in the earlier paper
whenever they are applicable.

2. In the sequel several generating functions, each convergent in the interior of
the unit circle, will be needed. For convenience we list these now.
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Let k be a positive integer and let h satisfy the conditions (h,k) = 1,0 < h < k.
If p| k we define b; = + ha;j(mod p), whichever yields 1 < b; <(p—1)/2,and
also define
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Our third function is

I(x) = 1’—[ (ﬁ x(2m-1)p+2b,)(1 _ X(zm—l)p-Zb,))
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If pYk we define a; by
(2.5) ajk=a; (mod p),0<a;<p,
and
(2.6) pj =exp(2mia;/p), p;=exp(— 2mix;/p).

Then, we define
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II. THE TRANSFORMATION EQUATIONS
3. In what follows it will be necessary to determine the behavior of G (x) in
the neighborhood of a rational point on a circle concentric to the unit circle and of
radius less than 1. Therefore, we take

3.1 x =exp{2nih |k — 2nz [ k}

where #(z) >0, (h,k)=1,0<h<k.
Theorem 1 of [1] states that

F(exp{2nih |k — 2nz | k}) = w,(h,k)exp{n(B |z — Az)|6pk}
- Fy(exp{2nih’ [k — 2n | zk})

(3.2)

if p|k, and
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F(exp{2nih |k — 2nz [k}) = 27"y (h,k) [] cscma;/p
i=1

G.3) - exp{n(r/z — Az)|6pk}H (exp{2niH' [ k—2n[zK})
if prk.
Here,
(3.4) A= X (p?—6a;p+6ad);
ji=1
3.5) B= X (p*—6b;p+6b});
i=1

(3.6) wy(h,k) = exp{nioa(h, k)}’

(3.7) o, hk) = Z X ((;1k))((hu; [ K)),0 < p; < k,p; = + a; (modp) ;

Jj=1 pny

exp{mnit,(h,k)},

(3.8)  xh,k)

]

X% (1K) (bt 1K)),0 < ;< Kopty = £ a; (mod p).

Jj=1 uy

(3.9)  tuh,k)

() =y—-1[y]—3%+16(y) where 6(y) =1 if y is an integer and O otherwise.
b and a; are given by (2.3) and (2.5) respectively.
With the aid of this theorem we can now derive the necessary transformation
equations for G,(x), the generating function of g ,(n). Four cases must be considered.
If 2p|k and x is given by (3.1) then x? =exp{2nih/k* —2nz/k*} where
2k* = k. Since G,(x) = F,(x)/F,(x*) we have, applying (3.2),

G(x) = wi(h, )exp{n(Az — B|z)|6pk}Gy(x"),

where

(3.10) x' =exp{2nih’' [k — 2n [ zk}.
h' is a fixed solution of

@3.11) hh' = — 1 (modk),

and

(3.12) wo(h, k) = w,(h, k)| w,(h,k*).

If p| k and k is odd then x* = exp{4nih |k — 4nz | k}. From (3.2) it follows that
Go(x) = W(h,k)z exp{n(Az + Bz — D|2z)|6pk}F,(x")| Fy")
where
(3.13) y' =exp{2nig'/k — m|zk},
g’ is a fixed solution of
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(3.19) 2hg'= —1 (mod k),
and
(3.15) Wa(h,k) = w,(h, k) | 0,(2h, k).

d={dy,d,, -,d,} where d; = * 2ha;(mod p), whichever yields 1 < d; < (p—1)/2,
and D = E}, 1(p*—6d;p + 6df ). Since b;= * ha; (mod p) it follows that
dj=2b;ord;=p—2b;. Thus, D = Z}=1(p2 —12b;p + 24bf). From (3.11) and
(3.14) we have h’' =2g'(mod k) so that x’ = y’2. We now easily verify that
Fy(x")[F (y") = I(y") where I(x) is given by (2.4). We conclude that

G (x) = W(h,k)exp{n(Az + B*|z)|6pk}I,(y")
where

(3.16) B*= X (p*/2-6b3).
j=1
If k is even and p t k then from (3.3)

G,(x) = z,(h,k) 1:[ cscna; [ p sin nf; [ p exp{n(Az — r|z)/6pk}
j=1

* Ha(X) [ Hao(X?)
where
3.17) X =exp{2niH’ [k — 2n[zK}.
Here,
(3.18) HH'= —1 (modk), H= ph, K = pk;
(3.19) za(h, k) = 2a(h, K) [ 2u(h, K*);

and B;k*=a; (modp), 0< B; < p.

Since ajk=a; (mod p) and 2k* = k it follows that 2a;=f; (mod p). From (2.6)
and (2.7) wenow see that Ho(X2) = [T 1([]2=1(1 — p2X>™ 11— p2X2™) 1),
from which we easily deduce that H(X)/H (X% = J(X) where J,(x) is
given by (2.8). We conclude that

G,(x)=(—- 12"z, (h,k) ﬁ cos na; [ p exp{n(Az — r[z) ] 6pk}J u(X)
i=1

where p is the number of a; such that a; > p/2.
If k is odd and p t k then from (3.3)
G, (x)= Z,(h,k)exp{n(Az +r[2z)[6pk}H (X)/ H,(Y)

where
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(3.20) Y= exp{2niG’ [k — | zK}.
Here

(3.21) 2HG' = — 1 (modk),
and

(3.22) Z(h,k) = xa(h, k)| xa(2h, k).

From (3.18) and (3.21) we have 2G’ = H’ (mod k) so that X=Y2. We now
easily verify that H (X)/H(Y) = P,(Y) where P,(x) is given by (2.9). We
conclude that

Ga(x) = Za(h,k)exp{n(Az + rlzz)/6pk}Pak(Y)'

With x, x’,y’, X, Y given by (3.1), (3.10), (3.13), (3.17), (3.20) respectively we
combine these results to obtain

THEOREM 1. G, (x) satisfies the transformation equations
(3.23) G (x) = w,(h,k)exp{n(Az — B|z)[6pk}G,(x")
if p|k and 2|k,

(329 G(x) = W(h,k)exp{n(Az + B*|z) | 6pk} ,(y")
if p|k and 2 ¥k,

(3.25) G, (x)=(—1)2"z,(h,k) ]:r[ cos nat; [ p exp{n(Az — r[z) [ 6pk}J 4(X)

if pXk and 2|k, and
(3.26) G, (x) = Z,(h,k)exp{n(Az + r[2z)[6pk}P,(Y)

if pYk and 2y k.

III. ESTIMATES OF FOUR EXPONENTIAL SUMS
4. In what follows it will be necessary to have information concerning the
magnitude of certain exponential sums involving w,(h,k), W (h,k), z,(h,k) and
Z(h,k). Since the trivial estimate O(k) will not suffice we now undertake an
investigation of these sums. The method used is essentially that of Lehner, and
for further details the interested reader is referred to [1] and [2]. We first consider

the case p|k.
With o,(h,k) given by (3.7) we have by (5.3), (5.4), (5.5) of [1]
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(.1 6pko,(h,k)=0 (mod3)if 3 tk,

(4.2) 6pko,(h,k) = £ (2p +2a; +2¢;—3) (mod 4)if 2 t k,

j=1

6hkpa(h,k) = h’(A + 3 (2K +3k(a - p)}) +(B —rk?)
j=1

i=

4.3)
— 3hk X (2c;— p)— 12kpl.
-

J
Here I is an integer, and c;=b; if b;=hafmodp),c;=p—b; if b;
= — ha; (mod p).

Now let 12p = f G where f is the greatest divisor of 12p prime to k. If k is even
we have f=3,G=4pif3 Y k,and f=1,G=12p if3|k. If k is odd we have
f=12,G=pif 3Yk,and f=4, G=13p if 3|k. Taking h’ so that hh'= —
(mod Gk) we have after multiplying (4.3) by —h’

4.9 6pko,(h,k)=hs—h't —3k X (2c; — p)(mod Gk)
ji=1
where
s=A+ X {2k* +3k(2a; - p)},
ji=1

(4.5
t=B-—rk*.

From (4.1) and (4.2) we have

(4.6) 6pko,(h,k)

J

(6p + 6a; + 6¢c; — 3)(mod f).
=1

If k is even we have hh'= — 1 (mod Gk*), and since (4.1), (4.2), (4.3) hold with
k replaced by k* we have

(4.7) 6pk*a,(h,k*) = hS — h'T — 3k* ¥ (2c; — p)(mod Gk*)
j=1

J

where

S=A+ X {2k* +3k*Q2a; - p)},
(4.8) =t
T= B — rk*2.

Since, when k is even, f = 1 or f = 3 we have from (4.6) and the corresponding
statement for k*

(4.9) 6pka,(h, k) = 6pk*a,(h,k*) = 0 (mod f).
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If we define ¢ by f¢=1(mod Gk) we have also f¢ = 1(mod Gk*). It follows
then from (4.4), (4.7), and (4.9) that

6pka(h,k) = f $(sh—th'—6kC* + 3rpk)(mod 12pk)
and
6pk*a,(h,k*) = f¢(Sh— Th' — 6k*C* + 3rpk*)(mod 12pk*)

where C* = X’ _,c;. From (3.6)

w,(h,k) = exp{2ni- 6pko,(h,k)/12pk}

= exp{2ni(3¢(rp—2C*)| G + (sh—1h) | GK)},

w,(h,k*) = exp{2ni(3(rp — 2C*)/ G + ¢(Sh — Th')| Gk*)}.

From (3.12), (4.5), (4.8) it follows that

(4.10) w,(h, k) = exp{2ni(¢(uh + vh')| Gk)},
where
- rk2 _

@4.11) u=rk =4,

v = B+ 2rk*%.

5. With h replaced by 2k we have from (4.1), (4.2), (4.3) if k is odd
5.1 6pko,(2h,k)=0 (mod 3) if 3 vk,
(5.2) 6pka,2hk) = X (2p + 2a; + 2e; — 3)(mod 4),
ji=1

12hkpa,(2h, k) = 4h2(A + Z {2k* + 3k(2a; — p)}) + (D —rk?)
(5.3) i=t

— 6hk X (2e; — p) — 12kpl.
ji=1

Here e; =d; if d;=2ha; (mod p), e;=p —d; if d;= — 2ha;(mod p). d; and D
are defined in §3.
If we now take g’ so that 2hg’ = —1 (mod Gk) we have after multiplying (5.3)

by —¢g’
(5.4) 6pko,(2h,k) =2hs — g'Q — 3k X (2¢; — p)(mod Gk),
ji=1

where s is given by (4.5) and
(5.5) Q=D -rk?
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From (5.1) and (5.2) we have

(5.6) 6pko,(2h,k) = X (6p + 6a; + 6e; — 3)(mod f).
j=1

J

Defining ¢ as before and I by GkI' =1 (mod f) we have from (4.4), (4.6),
(5.4), (5.6) if k is odd

6pko(h,k) =fP(sh — th’ — 6kC* + 3rpk)

+ GKT(64* + 6C* + 6rp — 3r)(mod 12pk)
and
6pko,(2h,k) = fPp(2sh — Qg’ — 6kE* + 3rpk)

+ GKT'(6A* + 6E* + 6rp — 3r)(mod 12pk)
where A*= X!_,a;, E*= X]_;e;. From (3.6)
w,(h,k) = exp{2ni(T(64* + 6C* + 6rp — 3r)/f
—3¢(2C* — rp)/ G + ¢(sh — th") | Gk)},
w,(2h,k) = exp{2ni(T(6A* + 6E* + 6rp — 3r)/f
— 3¢Q2E* — rp)/ G + ¢(2sh — Qg")| Gk)}.
Since hh' = — 1(mod Gk) and 2hg’ = — 1(mod Gk) we have h' = 2g’(mod Gk).
It follows from (3.15), (4.5), and (5.5) that
(5.7) Wy(h,k) = exp{2ni(T'(6C* —6E*)[f — 3¢(2C*—2E*) |G + ¢(u'h +v'g")|Gk)},
where
u = — A—2rk?—6kA* + 3rpk,
G-8) v’ = rk?—2B*,
and B* is given by (3.16).
6. Turning to the case p Yk we have by (6.2), (6.3), (6.4), (6.5) of [1], with
t,(h,k) given by (3.9)

(6.1) 6pkt,(h,k) = 0 (mod 3)if 3 fk,

(6.2) 6pkt,(h,k) = X (p—pk +2a,+20,)(mod 4) if 2 Jk,
=1

(6.3) 6pkt,(h,k) = 0 (mod p),

6hkpt(h,k) = h’(A + X {2K?* +3K(2a;~ p)})
(6.4) i=t ,
+ r(1—k?) + 6hk X a;— 12KI,

i=1
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where I is an integer. If p=3 then (mod p) in (6.3) may be replaced by
(mod 9).

Now let 12p = Fg where F is the greatest divisor of 12p prime to k. If k is
even we have F =3p,g=4if 3 fYk,and F=p, g=12 if3|k. If k is odd we have
F=12p,g=1if3fk,and F=4p, g=3 if 3|k. Taking h’ so that hh' = ~
(mod gk) we have after multiplying (6.4) by —h’

(6.5) 6pkt,(h,k) = hs—h't + 6ka* (mod gk)
where
s=A+ X {2K* +3K(2a; - p)},

(6.6) j=1
t = r(l—k?),

and o* = X_,a;. From (6.1), (6.2), (6.3) we have
(6.7) 6pkt,(h,k)=9p* ¥ (2a; + 2, + p — pk)(mod F).
i=1

If k is even then hh' = —1 (mod gk*) and since (6.1), (6.2), (6.3), (6.4) hold
with k replaced by k* and «; replaced by B;, where f; is defined in §3, we have
(6.8) 6pk*t,(h,k*) = hS — h'T + 6k*B* (mod gk*),
where
S= 4+ X {2K*?+3K*Qa;- p)},

ji=1

(6.9)
T = r(l — k*?).

Here K* = pk* and p*= X/_,B;.

Since, when kis even, F = p or F = 3p we have from (6.7) and the corresponding
statement for k*

(6.10) 6pkt,(h,k) = 6pk*t,(h,k*) = 0 (mod F).

If we define ® by F® = 1(mod gk) then also F® = 1 (mod gk*). It follows then
from (6.5), (6.8), (6.10) that

6pkt,(h,k) = FO(sh — th’ + 6ka*)(mod 12pk),
6pk*t,(h, k*) = FO(Sh — Th’ + 6k*B*)(mod 12pk*).
Then, from (3.8)
xo(h, k) = exp{2ni(6®a*/g + O(sh — th’)[ gk)},
Xa(h,k*) = exp{2ni(6®p*/g + ©(Sh — Th')| gk*)}.
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From (3.19), (6.6), (6.9) it then follows that

(6.11) 2,(h, k) = exp{2ni(6®(a* — B*)/ g + ®(Uh + Vh')/ gk)},
where
k2
(6.12) U= K" =4,
V = r+2rk*%.

7. With h replaced by 2h we have from (6.1), (6.2), (6.3), (6.4) if k is odd
(7.1) 6pkt,(2h,k) = 0 (mod 3)if 3}k,

(1.2) 6pkt 2h,k) = X (p— pk +2a, + 2x;)(mod 4),

i=1

(7.3) 6pkt,(2h,k) = O(modp),

12hkpt (2h,k) = 4h2(A + X {2K? +3K(2a; — p)}) +r(1 —k?)
ji=1

(7.4)
+ 12hka* — 12kI.

If p = 3 then (mod p) in (7.3) is replaced by (mod 9).
If we now take g’ so that 2hg’ = — 1(mod gk) we have after multiplying (7.4)

by — g’
(7.5) 6pkt,(2h,k) = 2hs — g't + 6ka* (mod gk),
where s and t are given by (6.6). From (7.1), (7.2), (7.3)
(7.6) 6pkt,(2h,k) = 9p? .Z",l (2a; + 20; + p — pk)(modF).
j=
Defining ® as before and y by gky = 1(mod F) we have from (6.5), (6.7), (7.5),
(7.6) if k is odd
6pkt,(h,k)=F®(sh — th’ + 6ka*) + 9gkyp*(24* + 20* + rp —rpk)(mod 12pk),
6pkt,(2h,k)= FO(2sh—tg’ +6ka*) +9gkyp*(2A* +2a* + rp—rpk) (mod 12pk).
From (3.8)
Xa(h,k) =exp{2ni(9p*y(24* +2a* + rp—rpk)[F +6@a*|g + B(sh—th')/gk)},
Xa(2h, k) = exp{2ni(9p*y(2A* +2u* +rp—rpk)[F +6®o*/g + B(2sh—1g")/gk)}.
Since h’ = 2g’(mod gk) we have from (3.22), (6.6) and the fact that gk [ 2K?,
1.7 Z,(h,k) = exp{2ni®(U’'h + V'g’)/gk},

where



1964] A CLASS OF PARTITIONS WITH DISTINCT SUMMANDS 411
U =—-A4-6KA* +3rpkK,

(7.8) V' =rk*—r.

8. THEOREM 2. The sum

S = X wyh,k)exp{ - 2ni(hn — h'v)/k},
k

hmod

where h={ (modp), p4{; oy <h' <o, (modk), 0L 0, <0, <k; 2p|k, is
subject to the estimate O(n'*k***®) uniformly in v,{,6,,0,,a.

THEOREM 3. The sum

Sy = X' W,h,k)exp{— 2ni(hn — g'v)[k},

hmod k
where h={ (modp), p¥{; 6y Sh’ <o, (modk), 0S o, <0, S k; p|k, 2k,
is subject to the estimate O(n*> k*'***) uniformly in v,{,6,,0,,a.

THEOREM 4. The sum
Sy= X' z,(h,k)exp{ - 2zni(hn — H'v)/k},
k

h mod
where 6, S h' <o, (modk), 0<0,<0,Zk; ptk, 2|k, is subject to the
estimate O(n'>k****) uniformly in v, 6,, 0,, a.

THEOREM 5. The sum
Se= X' Z,(h,k)exp{ - 2ni(hn — G'v)/k},
h

hmod
where 6, S h' <o,(modk), 0<06,<0,<k; p Yk, 2 Yk, is subject to the
estimate O(n'*k*** ) uniformly in v, 6, 0,, a.

Here o,,0, are integers and X' indicates that h runs over integers prime to the
modulus of the sum. h’, g, H’, G’ are given by (3.11), (3.14), (3.18), (3.21) re-
spectively.

Proof. w,(h,k), W,(h,k), z,(h,k), Z,(h,k), when viewed as functions of h, all
have period k. Therefore, if in S, and S, we select h’ so that hh’ = — 1(mod Gk)
and make use of (4.10) and (5.7) we can write

S, = G™' ¥ exp{2nif(h)/Gk},
hmod Gk

S, = G le)(a,k, ) X exp{2nig(h)/Gk},
h mod Gk
where |c,| =1, f(h)=(¢u—Gn)h +(¢v + Gv)h’, and g(h) = (¢u’ — Gn)h
+(¢v" + Gv)g'. Since h’ = 2g’(mod Gk) and since an integer A exists such that
2) = 1(mod Gk) we see that g(h) = (¢u’ — Gn)h + A(¢v’ + Gv)h'(modGk).
Ifin S; and S, we take b’ so that hh’ = — 1(mod gk) and make use of (6.11),
(7.7) we can write
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Sy = g7'eaak) I exp{2niF(h)jgh},

hmodg

Si = g7 X' exp{2niG(h)/gk},
hmodgk

where |c;| =1, F(h)=(Q®U — gn)h + ®Vh' + gvH', and G(h) = (OU’ — gn)h
+ ®Vg' + gvG’. Since h' = pH'(mod gk) if HH' = — 1(mod gk) and since an
integer & exists such that pd = 1(modgk) we see that F(h) =(®U — gn)h
+(@V+ dgv)h’(mod gk). Also,since h’ = 2g’(mod gk),and h’ = 2pG’ (mod gk) if
2HG' = — 1(mod gk) and since integers o and w exist such that 2¢ = 1 (mod gk)
and 2pw = 1(mod gk) we have G(h) = (®U’ — gn)h + (6®V' + wgv)h’(mod gk).

Following Lehner’s procedure [ 2], these sums may now be written in the form
S;=O(K;logk) where K, is a complste Kloosterman sum. The desired estimates
are now obtained as in the proof of Theorem 2 in [1].

IV. A CONVERGENT SERIES FOR ¢,(n)
9. By Cauchy’s integral formula and (2.2) we have

— 1 -n—1 — ’ 1 -n—-1
0 =57 [ ¥ 000 = B o [ 76wy
where 0 S h<k = N and &, are the Farey arcs of order N of C, the circle
| x| =exp{—2aN72}. If, on ¢&,, we introduce the variable ¢ by setting
x =exp{ — 27N "2 + 2nih/k + 2ni¢} and then write w=N"2—i¢, z= wk,
we have

gu(n) = X' exp{ — 2ninh/k} f : G,(exp{2nih/k — 2nz/k})exp {2rnnw} d¢.
h k -0’

Here 6'=1/k(k +k,) and 0" =1/k(k + k,) where h,/k, < h/k < h,[k, are
consecutive terms in the Farey series of order N.

- We now split the sum over k into four parts g,(n,1), g,(n,2), 4,(n,3), q,(n,4)
according as k satisfies the requirements given in (3.23), (3.24), (3.25), (3.26)
respectively. Selecting f so that a; f = 1 (mod p) we have by (3.23)

(?-1)/2 0

g(n)= X h}:k' w(h,k)exp { — 2ninh/k} E qs(v)exp {2nih'v[k}
, -0'v=0

bi=1
- exp{ — (n/k*w)(2v + B/6p) + nw(2n + A/6p)}d¢,

where h = £ b,f(mod p).

If we split the sum over v into two parts according as 2v + B/6p is negative or
nonnegative we find, using Rademacher’s argument [3]and employing Theorem 2,
that

)/
qa(n, 1) =27 Z 2 E ‘Ib(V) Akb (n’ V) Lkb (n, V)
(9,1) k=1 by=1 v<-—-B/12p

+O0(n'BN"3*texp {27nN~2})
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where 2p| k. Here,
©.2) Agny) = X wy(h,k)exp{ — 2mi(nh — vh')[k}

hmod k
where h = + b,f(mod p); and

k™Y{(— B — 12vp)/(12np + A)}'/*
(9.3) Ly(n,v) = { 1, {n(12np + A)""*(— B — 12vp)"/*|3pk} if n > — A[12p,
— (B + 12vp) n/6pk? if n = — A/12p,

where I,(z) is the Bessel function.
As an example of a case for which n= — A4/12p, if we take p=71,
a = {22,23,25,26,27,28,29,30,31,32,33,34}, we find that — A/12p =30. The
case n < — A/12p is of no interest since the final formula for g,(n) requires the
calculation of g,(v) for v < — A/12p.
From (3.24) we have
(r=1)/2

, v o
q.(n,2) = X X W,(h,k)exp{— 2ninh/k} X sy(v)exp{2nig'v/k}
=1 hk -0 v=0

by
-exp{ — (n/k*w)(v — B*/6p) + nw(2n + Al6p)}dé,

where h = + b, (mod p).

Splitting the sum over v into two parts according as v — B*/6p is negative or
nonnegative, utilizing Rademacher’s method [3] and making use of Theorem 3
we have

N (p_1)/2

q4(n,2) =2n > > X $5(V)Byy(1, v) My (n, v)

(9.4) k=1 by=1 v<B*/6p
+0(n'PN"13*exp 2nnN"2})

where p|k, 2 ¥ k.

©.5) Bu(n,v) = X' Wh,k)exp{ — 2ni(nh — vg")/k}

hmod k

where h = 4 b, f(mod p), and

k™'{(B* — 6vp)/(12np + A)}'/?
(9.6) My(n,v) =< -I,{n(12np + A)"*(B* — 6vp)"/?[3pk} if n > — A/12p,
(B* — 6vp)n/6pk? if n = — A[12p.

From (3.25) we have
q.(n,3)=2" X' (- 1)“( I1 cos naj/p))za(h,k)exp{ — 2minh/k}
h,k ji=1
(‘]

” fd,k(v)exp {2niH'v[k}exp { — (n/Kkw)(2v + r[6) + nw(2n + A[6p)}d¢.
-0'y=0
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Since 2v + r/6 > 0 we have by the argument detailed in [3], and employing
Theorem 4

9.7 q.(n,3) = 0PN~ 3*¢exp {2nnN~2}).
From (3.26) we have
0" 0
q.(n,4) = X' Z,(h,k)exp{ — 2ninh/k} X ea(v)exp {2niG'v/k}
h, k -0’ v=0

- exp{ — (n/Kkw) (v — r/12) + nw(2n + A[6p)}de.

If we split the sum over v into two parts according as v — r/12 is negative or
nonnegative we have, using Theorem 5,

N
(9'8) qa(”s 4) =2n 2’ E eak(v) Ck (n’ V) Nk (n, V)

k=1 v<r/12
+0(n'AN"13*exp {2nnN"2}).
(9.9) Cunv)= X Z/(h,k)exp{ — 2ni(nh — vG")/k}.
hmod k

k™Y{(r[2 — 6v)/(12np + A)}'/?

(9.10) Ny(n,v) = { - Ii{n(12np +A)"/*(r/2 — 6v)"/*[3pk} if n > — A/12p,
(r|2 — 6v)n/6pk? if n = A/12p.
Letting N — o0 in (9.1), (9.4), (9.7), (9.8) we have

THEOREM 6. The number, q,n), of partitions of a positive integer n,
n = — A/12p, into distinct positive summands of the form pm t a;, a;€a, is
given by the convergent series

© (p=1)/2

g n) = 2n X ) ) q5(v) Ay (n,v) Ly (n, v)

k=1 by=1 v<—B/12p

o (p71)/2

+2n X pX Y 5(0)Bw(n,v)M,,(n,v)

k=1 by=1 v<B*6p

0
+2t X L ex(n)Ci(n,v)Ny(n,v)
k=1 v<r/12
where Ay, Libs Brys My, Cis Ny are given by (9.2),(9.3), (9.5), (9.6),(9.9), (9.10)
respectively. In the first sum 2p| k; in the second p|k,2 ¥ k; in the third p fk,
2fk.
V. AsyMPTOTIC FORMULAS

10. As in the case of p,(n) the dominant term in the series representing g,(n)
is that for which k = 1. Letting G(v) = (r/2 — 6v) /% T = n(12np + A) '/¥3p,
W= Zy<r126a()GOMI{TG(v)} we have
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THEOREM 7. As h— o
4i(n) = 21W(12np + AY /(1 + O(exp{ — en'’?})

where ¢ > 0.

The proof is essentially the same as that of Theorem 7 in [1] and is therefore
omitted. We remark only that one must establish that if — B> 0(B* > 0) and M
is the maximum possible value of — B (B*) then k™ 'M'2 — (r[2)"2 < 0if k = p.
This is easily done as follows.

Since B is a decreasing function of each b; the maximal value of
—Bis M=—rp* +6pXj—6Xj* where (p +1)2—r<j<(p—1)/2. An easy
calculation yields M =rp?/2 + r(1 — 4r?)/2 < rp?/2. (The maximal value of
B*is M =rp*/2— 6 X[_,j* <rp*/2.) Since k = p we have k™M < p~*M < r[2.

Since W~ (r/2)"21,{T(r/2)*/*} (see (11.13) in [1]) we have from Theorem 7

COROLLARY 7.1. As n— o0
qu(n) = n(2r|(12np + A1 {T(r/2)'*} (1 + O(exp { — en'/?})).
Finally, since I,(z) = ¢(2n2)"/*(1 + 0(z™")) as z — o0, we have
COROLLARY 7.2. As n— o0
qu(n) = (6p)/*(r[2)"*(12np + 4) ~*'*exp {T(r/2)"*}(1 + O(n™'1?)).
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