NODAL NONCOMMUTATIVE JORDAN ALGEBRAS

BY
ROBERT H. OEHMKE

1. A finite-dimensional power-associative algebra U is said to be nodal [6] if
every element of U can be written as a1 + z where « € §, 1 is the unity element of U
and z is nilpotent and if the set of all nilpotent elements is not a subalgebra of 2A.

In [3; 4], Kokoris has shown that every simple nodal noncommutative Jordan
algebra of characteristic p # 2 has the form % = F1 + N with R = F[x,, -, x,]
for some n where the generators are all nilpotent of index p and the multiplication

is associative. If f and g are two elements of U then the multiplication table of
A is given by

_ 1 of og
fg—f°g+7 .2, a—xiog;;octj

where the circle product is the product in 2A* and

Cij = x,-xj—xjxi.

In [7] Schafer considers nodal noncommutative Jordan algebras defined by a
skew-symmetric bilinear form (i.e., ¢;; € ) and those with two generators. All
of these algebras are Lie-admissible (i.e., 0~ is a Lie algebra). Schafer obtained
the derivation algebras of these algebras defined by a skew-symmetric bilinear
form.

Here, we examine all simple nodal noncommutative Jordan algebras that are
Lie-admissible over a field § of characteristic p # 2. First a set of generators is
obtained having properties suitable for further study. This set of generators is
then used to find the algebras D() of derivatives of A and the algebras
adj A~ and (adj A™)’. Schafer has shown that all of the simple Lie algebras defi-
ned by Block [1] can be realized as (adj A™)" for some U that is simple, nodal
noncommutative Jordan and Lie-admissible. Hence we have obtained a somewhat
different formulation of these algebras. The question remains whether all of these
algebras, (adj A™)’, are in the class defined by Block. It is our intention to in-
vestigate this question in a subsequent paper.

2. We define the mapping D, = D(y) by
xD,=xy — yx.
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Then D, = R, — L,where R,and L, are the right and left multiplications by y on .
A derivation of an algebra B is a linear transformation Ton B into B such
that for x,ye B

(xNT=(xT)y + x(yT).

Since A~ is a Lie algebra D, is the right multiplication by y of %~ and is a deri-
vation of U~. By expanding

2(x o y)Dz - 2(XD2) oy-— 2xo0 (yDz)
in terms of the multiplication of W and using the flexible law

(xy)z + (zy)x = x(yz) + z(yx)

we see that D, is also a derivation of %" and hence of .

It is well known [2, p. 108] that any set of n elements of it whose cosets form a
basis of the n-dimensional space :t — N o M can serve as a set of generators of
A*. This result shall be our chief tool in the proof of the following theorem.

THEOREM 1. Let W be a simple, Lie-admissible, nodal noncommutative
Jordan algebra over a base field & of characteristic p # 2. If A* has an even
number of generators then a set of generators x,,---,X,, can be chosen for
A* so that
(1) xiD(xi+r) =1+ aix?_l o xip-l-_r1: i= 1"",",

xiD(xj) = Oa j5é i + r,

with ;e §. If U has an odd number of generators then a set of generators
Xy, *yX2,41 can be chosen for U™ so that (1) is satisfied and

X2,41D(x;) =0, j=1,2r =2,
2

X2r+1D(x2) = x5 o (1 + Bx571)),
-1 -1
X2, 41D(x2,-1) = x5, " 0 a(1 + Bx5.5),
with o and B in §.

Proof. Since U is simple N can not be an ideal of A~. For if N is an ideal of
A~ then since it is an ideal of A" it would be closed under both the operations
R,—L,and R, + L, for y € . Therefore it would be also an ideal of A. Hence
there must be a pair of generators x and y such that yD, is nonsingular. Since y can
be replaced by ay for any « in § we assume

3) yD,=1+moy*=b""1,

We also assume y has been chosen so that k is a maximum. If k < p—1 then
letting g =(y — 1/(k + 1))y**'omo b we have
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gD, = 1— k_I;—ly k¥*16(mob)D,

= 1+ qk'l-loml

which contradicts the choice of k. Hence we can assume in (3) that k=p— 1.
We now write (3) as

yD,=1+y" tox'om =b""!

and assume that y and x have been chosen so that ¢ is a maximum. If t<p—1
then, as above, we can replace x by x—1/(t +1)ox'*tomoy? tob to
obtain a contradiction to our choice of t. Hence we can assume x and y have

been chosen so that
4 yD,=1+myoy* toxP~1.

If z is a third generator, in the same way that we altered the generator y, we can
add an element g of y o A to z to obtain the property

(z +g)Dey? to U

Hence we assume that all generators z different from x and y have been chosen
so that

® zD,=y" " tom,.
Since for any g in U we have D, a derivation of both % and A~ then
(6) zD,D, = zD,D, — yD,D,.
If (4) and (5) are substituted in (6) we have
) szD,‘=y”'1om,D,.+y”'203c""1omyoyDz
-y toxP"tom,D..

But the right-hand side of (7) is in y*~2 0 U; so also is the left-hand side. From
(4) and (5) the only possible way for this to happen is to have

= -1
zD,=no +y" "on

in which n, is independent of y. (i.e., n; is a polynomial in which y does not appear.)
In (7) this implies

noD,—y* 2on,=y*"tom,D,— y* *o x> Lom,on,
-y tox""" om,D,
and

(8) ny=x""'om,on,.
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Write ny = x*o t. If k < p — 1 we can replace the generator z by the generator
z+1/(k+1)ox** ' ot=2z" to get

- - 1
2D, = ng+y? ltomyon,ox? ! +x*otoxD, + mx"“otDy

- - 1
= yP 'oxP"tomony + ——x**1otD

k+1 y
= ni+y" tox**tom,on;
in which n;is again independent of y. Note that if (5) holds and z is replaced by a
generator z + g in which g is independent of y then (5) will be retained.

Again arguing on the maximum value of k that can be obtained in the expression
no = x* ot we can conclude that k=p—1, n, =0 and

) zD,=x""ton,,
zD,=y* tom,

in which n, is independent of y.
Identity (7) can now be reduced to

10) xP"tonD, =y tomD,—y*"*ox’"  om,D,.
z™7y Y=z

For a particular choice of a set of generators including x and y satisfying (4)
assume there are two distinct generators w and z (both satisfying (9)). Write

11 m,= Xx'om;, my= Xw'on,

(When obvious, we shall omit index and range of the summation.) Then
m.D,= — Xix'"tom, + Xx'omD,—myoy? "t ox?"1.

But from (10) y*~* om,D, e x o U. Therefore

-y tom; +y" ' omyD,ex 0¥,

(12)

1

-y P lom +y*to XiwtonowD, + Lw'onD,exoU.

If w is replaced as a generator by w’ = w — x then (9) still holds for z and hence
so do the corresponding relationships (12). Note that if P(w) is a polynomial in w
then P(w) — P(w + x) e x o Wand wD, — (w + x)D, — 1€ x o U. If we write g’ for
g =q(w) with w replaced by w +x then w'D,=y? *om.; m,= Xx'omj;
mh= Lw'on} and from (11) we have

0

-y lom, +yP 1o Xiw' tono wD, + Xw'onD,
= -y lom, +y* 1o Tiwlo now'D, + Zw‘on‘Dy
= -y lom, +yP o Xiw'Tto n;o(wD,~1) + XwonD,

modulo x o .



420 R. H. OEHMKE [September

But this implies y?~'o Xiw'™! on,e x o W. Therefore y? 'onexoW for
i>0.

Now assume that in (11) we have chosen the m; to be independent of x. Then
since m, is independent of y and m, is independent of x we have n; = 0 for i > 0.
Hence m, is independent of w. Since w was arbitrary we must have m, a polynomial
in the single generator z. But then y *“'om,D, € x o A by (9) and yP~lomexo
by (12). However m, is independent of x and y. Hence m; = 0.

Once again looking at (12) we have

y""ltom,D,=—y?" o Xix'tom; + )" 1o Ex'omD,=0

modulo x?~* o . With myD, in x*"* oA and m,; =0 we see that m,=--
=m,_, =0 and m, = m, is a polynomial in z with coefficients in . Similarly
we obtain n, as a polynomial in z with coefficients in . Therefore if the number
of generators is greater than or equal to 4 and they have been picked so that (4)
and (9) hold then m, and n, in (9) are polynomials in the single generator z.

However if z and w are two generators distinct from x and y then z can be
replaced as a generator by z + w. Indentity (9) still holds, i.e.,

(Z + W)Dx= yp—l O My 4o
(z+wD,=x""'on,,,

in which m,,,, and n,,, are polynomials in the single generator (z + w). But
myy,=m, +m, and n,,, =n, +n,. For these sums to be polynomials in
(z + w), m, and n, must be of degree at most 1. If z is replaced by z + z? then (9)
still holds for the generator (z + z2). In particular m, + 2z o m, is of degree at
most 1 in (z + z2). Write m, as « + fz and m, + 2m,om, as y + &(z + z?%).
Then B = 2«. Since z was arbitrary we must also have § =2y. But the same
relationships that gave us f=2a also give us 6 =4y, ie.,, 0=y=a==0.
Hence m,= 0 and in the same manner n, = 0.

We still assume we have at least two generators z and w distinct from x and y.
We also assume that they have been chosen so that

(13) zD, = zD,= wD,=wD,=0.

We must have
wD,D, =wD.D, — zD,D,,

and therefore (wD,)D, =0. This implies that wD, is independent of y. Similarly
(wD,)D, =0 and wD, is independent of x. Then if we assume that all the generators
distinct from x and y have been chosen so that their product in U~ by either
x or yis 0, we can assume that the polynomials over § in these generators is an
1deal 3 of A~. But then I o Wis anideal in both A~ and A" and hence in A.
Therefore 3 must contain a nonsingular element. This means that there are two
generators w and z, distinct from x and y, such that wD, is nonsingular.



1964] NODAL NONCOMMUTATIVE JORDAN ALGEBRAS 421

At this point we reconsider the polynomial m, obtained in (4). If the generators
X,y,z,w have been chosen so that (4) and (13) hold and z and w are such that
wD, is nonsingular then (7) reduces to

y?’ lox*"tom,D,=0.

Therefore m,D, is 0 since it is independent of both x and y. But this implies that
m, is independent of w and by symmetry m, is independent of z.If t is a fifth
generator then either tD, or (w +t)D, is nonsingular. In either case
we see that m, is also independent of . Hence m, € .

We can now proceed in J (defined above) with the same argument as above to
obtain the result of the theorem for the even-dimensional case.

In the odd dimensional case we can proceed with the above argument until we
are presented with an J which is the set of polynomials over
in three generators, say x, y and z. Again by the previous arguments we can
assume that x, y and z have been chosen so that

yD, = 1 +yP loxP™! om,,
zD, = y*lom,
zD, = x*"lon,

Consider (7). We have

-1 -1 -1 -1
(14) x?P"on,D,=y" "omDD,— y*" " ox’"' om,D,.

Since m, is a polynomial in x,y and z then y*~' 0 x?~* o m,D,=0. Also since m,
is independent of y and by (9) m.D, is independent of y we must have
m.D,ex?~* o UA. This implies that m, is independent of x. Hence y*~*om,D,
=0m,[0zox? o y? ' and x*"'om,D,=dn,/0z0x*"" 0)*"! From (14) we
have

on, _ 0m,
(15) oz~ 0z °

If both n, and m, are singular then zD, and zD, are in z o A. Hence z o A is an
ideal of A~ and A *. Since this denies the simplicity of 2 we must have either m,
or n, nonsingular. Assume m,=1 + g in which g e R. Then if ] is a polynomial
in z over § we have

z+DD, =y to(l+q)+y" Lo Z—io(l + q).

Clearly, ! can be chosen so that 0l/0zo(l +q)=w modulo z°"'o 9l
Hence we can assume

(16) 2D, = y? ™t + fyP o 2P,
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in which g € &. Now since m, is nonsingular the solutions of (15) are of the form
n, =am,. Hence

(17) zD,=ax?"to(1 + B2P71).
Again, let [ be a polynomial in z over §. Then

(y+x""toD,=1+y"tox"to [mr%oa +pzP ! )] .

Write m,=y +zot and =6z + 2?01’ in which

2 ’
a=zol) ;o
0z
is a multiple of z°~*. Then

Az2ol’) bt
———az——o(l +ﬂZ )+Zot

is also a multiple of z?~*. Now choose J so that

o(z2 ol’)
z

sA+p2Yh + 3

ol + Bz H+zot
is a constant. We now have
(y+x"" oD, =1+yox"" oyl

Since (y +x? tol)’ P ox?"! = y»"1 o xP~! we can assume the generator y can
be chosen so that

yD,=1+yx?"loy?!
We can now repeat the construction of the z in (9) to obtain
zD, =y tom,
zD,=x*"'on,.

From these we can obtain (16) and (17). Hence we have concluded the proof of the
theorem.

3. Let A and A* be two simple nodal algebras that are equal as vector spaces
and have the same + algebras. Let there be an even number of generators
Xy,°*, %2, With the multiplication in U given by the c;; = x;D(x;) obtained in
Theorem 1 and the multiplication in UA* given by

’
Cii+r = 29

for i=1,.--,r and j # i + r, The algebra UA* then falls into the class of simple
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nodal algebras defined by a skew-symmetric bilinear form and studied by Schafer

[71.
Every derivation of % must be a derivation of %*. The derivations of A" have
been given by Jacobson [2, p. 107] as

2r af
18) f- 213 70
We shall denote this derivation by (ay,:+,a,,). Assume (a,, -*-,a,,) is a derivation
of A and consider the possibility that (b, -+, b,,) is a derivation of A* in which
19 bi=c;'ocioq

andsisi+rifi<randisi—rifi>r. Inthe same way we choose tsot=j +r
or j—r and t < 2r.
Consider the expression

& (dc; 0b, 0b;
(20) Z (ak by + B—J_Ck "‘+a oc,,,)

obtained from Schafer’s criteria [7, p. 312] that (b, ---, b,,) be a derivative of U*.
We want to show that for all i and j (20) is 0. By the choice of the ¢;;’s (20) can be
reduced to

ob, , oOb; ,

—ocy, +52ocy
ox, ' ox, ™

and by substituting the expressions (19) we have

Oa da; )
' ’ i -1 J -1
cjjociolz—o0cy; —=20C¢;

jt is is jt
(6x, 0xg

oc ac;!
+ci,oci 0 S oa; — L —o0a;l.
Jt is ax' i axs J

For our purposes we can drop the factor ¢}, o c;;, use the fact that if ge N then
(1+¢" ) '=1-4""", and

Cjy
Cis 0 Cjy O 5~

0cis
ox, ax,
to further reduce (20) to

da; da; dc; oc;
J Jt is
—0C;;, — —=0C; +__oa,_._oa.
Jjt is i
0x, 0x;

1) ox, ~ Y T ox,

But the criteria that must be satisfied for (a,,-:-,a,,) to be a derivation of U is
that (21) be zero. Hence (b, -+, b,,) is a derivation of A*. From identities (14) of
Schafer [7] we can now conclude that there is a g such that
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og - ,
b; = (5;s+ o,oxP™! )oc,.s

in which o; is in . Therefore

. ag p-1
(22) a; = (&s + g; 0 xF ) 0 ¢y
Schafer has already proved [7, Theorem 8] that if the a’s are defined as in (22)
then they define a derivation.
We summarize as follows.

THEOREM 2. If Wis a simple, nodal, Lie-admissible noncommutative Jordan
algebra of characteristic p # 2 such that W* has an even number n of generators
then the derivation algebra D(N) of N is the set of all mappings

n af
in which the a; are defined as in (22). The dimension of D(N) is p"+n — 1.

We now investigate the algebras adj A~, (adj A™)’ and (adj A™)".

Using Schafer’s result [7, Theorem 7] we have A~/ §1 =~ adj A~ is of dimension
p2r —1.

Since D,D,, — D,D, = D(nD,,) we can consider (adj ™)’ as the set of all
D,,x € A~ such that there are y and z in A~ with x = yD, modulo F1. Also
x2D(x;4,) = 2x; implies D(x;)e(adj A)".

Before examining the dimension of (adj ™)’ we consider a slightly more
general situation.

Let S be an ideal of A ~ containing all of the generators x,,+--.x,,. Let m be a
monomial of A~ that is not in F1, and in which the exponent of x; is i and
0<i<p—1. Write m = x} on. Then

(23) (i _1'_ lx';+lon)D(x1+,)=x’1onoclH,.
If i>0, ¢;14,€5, Or Xy, appears in m with nonzero exponent then
xionocyy4,=xion=meS. Arguing on the arbitrariness of the choice of x,
we see that all terms of degree greater than 0 are in J except possibly those in
which:

(1) every generator appears to either the 0 or p — 1 power,

(2) x; has exponent p— 1 if and only if x;,, has exponent p—1 for i =1,---,r
and

(3) x; and x;,, have exponent p— 1 if ¢;,, €.
However, assume such a term is m, and assume x; has exponent 0 in m and

Ci14r¢F. Then from (23) we see that m= —a;mox{~'oxf3} modulo 3.
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This leaves us with at most two residue classes modulo J; the class containing 1
and the class containing xi‘:'l o x,.'ﬁl,omo xi‘j"l ox{’;i in which & = {iy,,i,}
is the set of all i < r such that ¢;;,, € §. If S is empty then since

— p-1 p—1
xD(x;p,) =1 +ax!"" oxf;,

and a; #0 there is at most one residue class, that one containing 1.

We now let J be the ideal in U~ such that Jx~(adj A7)". If S = by the
above result we have I= U~ and (adj A™)" = adj A.

In case © # J we first note that we have shown that J contains all monomials
and binomials of the form

(24) nOCi4,,

i=1,-,r, and n is a monomial without the factor x?~* o x?;,!. To show that
these are the only terms in I we consider two monomials n = x o x;“o x/,
and m = y o xfo x{,, in which x and y are independent of x; and x;,,. Every
element of J is a sum of terms of the form nD,, and every nD,, is a sum of terms of
the form

(xfoxis)D(xjoxty,)oyox
(25) =yoxoxt*t* 1o xtH=1 o (vk - uj)o ;4
Ifu+k—1=v+j—1=p—1then vk — uj =0. Hence every element of J is a
sum of terms of the form (24).
Now let g be the product of all x”?~! such that i€ S. If q is in J then it must
be a sum of terms of the form (24). In fact we must have

g= Xqonoc,,

in which i ¢ S, n; is a polynomial independent of any of the generators in g. But
this is a polynomial identity that holds in any scalar extension of §. Hence we can
substitute field elements §;, J;,, of some scalar extension & of & for x; and
Xi4ri¢ S, s0that 1 + ;67" 062, = 0. But then the polynomial identity g = 0
holds over K. Hence g ¢3.

We now show that (adj A7)’ is simple. Let I be an ideal of (adj U™)’. To
simplify the notation we will again actually work with an ideal in W~ and
assume everything is reduced modulo 1.

Let T be the set of all polynomials in I with a minimal number of terms in
them. If the generator x, appears in any of these polynomials in I choose one
such polynomial m in which x; appears to the minimal positive degree. Consider
mD(x2,,) which is in I and has fewer terms than m unless x, appears with positive
exponent in every term of m. Also, if any term is of degree greater than 1 in x;
then we have a contradiction to our choice of m to be of minimal degree in x,.
Hence we can assume m = x; o n in which n is independent of x,. By choosing n
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to be of minimal positive degree in some second generator and avoiding the use
of derivations D, for which x,,, appear in y we can repeat the above argument
finally obtaining a monomial m in J which is the product of distinct generators.
If both x; and x;,, are in m we can replace m by mD, . Hence we can assume in
addition that the subscripts i of the generator in m satisfy i < r. Write

m =xil Ox‘2 O «oe Ox‘t
and apply successively the derivations
-1 2 -1
D(xy, 44)s D(Xi, 40 O Ciyiy44)s s D(X{, 470 Ci _yirey4r)

obtaining x;,4,€J and x; +,D(x?)=2x; €. Hence we can conclude that any
generator that appears in a monomial of J is in 3. If x; is one such generator then
for i #j, x,D(xf+,oxj)= 2x;420x; is in I and x;e€3J. Therefore I contains
all generators. By the results above J must be all of (adj A ™)’ and (adj A~)’ is
simple. We summarize in the following theorem.

TaeorReM 3. If Wis a simple, Lie-admissible nodal noncommutative Jordan
algebra of characteristic p # 2 with 2r generators then (adj W~)’ is a simple
Liealgebra of dimension either p*" — 1 or p*" — 2 in the cases S = or S #J
respectively.

4. Let Wand A* be two nodal algebras that are equal as vector spaces and have
the same + algebra. Let there be an odd number n =2r + 1, of generators
Xy,°++,X, With the multiplication in U given by c¢j;4, =2 for i=1,---,r and all
other ¢;; = 0.

Let (a,,-+,a,) be a derivation of 9. Just as in the previous section we can show
(by,++*»bap—2, 0,0,0) is a derivation of UA* if

b;=c;'ocloa

for i =1,...,r — 2. Therefore we must have

og -1
a; =(ax’+a,ox§ 0 ¢y,

for i=1,---,r—1. Here though, ¢; can apparently be any polynomial in
F[x2,-15 X209 X2,+1]- To obtain further restrictions on the ¢; we examine deriva-
tions of the form

-1 -1
(010%7 570 Ch14rs*302p-2 0 X721 O Copmzp=25 Q21 A2ys G214 1)-
We now use identity (5) of Schafer [7] with i < r — 2 and j = 2r — 1 to obtain

L Jo oa
Y I o5xP-1 J
oXx OcC; + oc =0.
(26) 2r-1 axk i4r Jk axi+’ t4ri

Since ¢, ,,; is nonsingular and da,/0x,,, is of degree at most p — 2 in x;,, we
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must have da;/0x;,, =0 and a; independent of x;,,. Interchanging i and i +r
in (26) we see a; is also independent of x;. Hence a; is a polynomial in

Sx2r-15 X2rs X2r41]-
We now select j in (26) to be 2r. Then

do;
0X3,-1

50',-
0X3,41

p—1 p-1 —
Xitr C2r2r-1 F 0xfy, 0€32,41=0.

Since x5! is a factor of ¢,,,,4+, and g; is independent of x,,, we must have

do;
a—— OC2 =0:
Er 2r2r+1
27
@n o,
0% 2,1 o

Hence g, is independent of x,,.,. In the same way we see that ¢, is independent
of x,,. Now by the first relationship in (27) we have ¢; independent of x,, ., and
g,egy.

We can now confine our attention to finding the derivations of an algebra U
with three generators x, y, z in which multiplication is defined by

yD, = 1+yxP loyP ™t =d,,,
zD, = y*"lo(1 +Bz2P"Y) =d;3,
zD, = axP"lo(l + BzP ) =d,;.
Let (a,a,,a;) be a derivation of . Since there are derivations of the form

g—g}; o di2 + 3—5 (@) d,-3
[7, Theorem 8] and a, o dj. 2} = 0g/dy can be solved to within a multiple o
y?~! [7, Lemma 1], we can subtract off the derivation induced by g and assume
a, =6 0 y*~'in which § is a polynomial in x and z. Using the same lemma we can
solve — u~! 0 6 = dg/ 0z to within a multiple of z°~! and such that g is in §[x, z].
Subtracting off the derivation corresponding to this y leaves us with
a, =08,02° 0 y?~lin which J, is a polynomial in x.

The three conditions [7] that (a,,a,,a;) be a derivation can be written in the
form

0
bi=a—§0d“ +

adila da Jda Jda
(28) - —(—la}y—i)-odfz + —ExlodZI + ?ZzOdSI +6710d23=0,
-y 0 ta od da da
(29) - )P lo_(_’iﬁiloﬂz+ F};’—’oa2+ a—y‘odu + E’-odu=o,
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-1
1 oa(l’t as)ouz_'_adzso ) +aﬂ2—od32

— oaxP~
(30) 0z ox dy
da da
+ a_x20d31+3x20d12—0

in which p =1 + pz°~L
The last three terms of (28) are in y?~* o 9 since a,, and d;; are. Hence both
—d?,00(dioay)]dy and 8(d,; "0 a,)/dy are in y?~! o . But the second poly-
nomial is of degree at most p — 2 in y and hence is 0. Therefore there is a poly-
nomial §; independent of y and such that a, =d, od,,.
Identity (28) now reduces to
-, 06, 0y

0
nlo 8o P lopmt 4 2L
! y 3z

p—1
0x oy

(D)
-1
oMo ) _
0z

—ay?P loxr!

Arguing on the degree of z in each term of (31) we can conclude 0d,/dx =0
and &, is independent of x. But 6z? ' 0 y*"! = §z* ! 0 d,; and

(6z°"Yod,;, 62" 1 0d,;, 0)

is a derivation of A. Subtracting off this derivation we can assume a; = §,=0.
From(31), since §, is independent of y, we also get §, independent of z, i.e., d,
is a polynomial in F[x]. Therefore we can find a polynomial g in F[x] that
is a solution of 6,0d;, =d,, 00g/0x to within a constant multiple of
xP~1 say nx?1.
Subtracting off the derivation

0 _ 0 -
(O,dn Oa—i—ﬂx" lod21ad3l 0%"1"" 1Od:u)

we can assume a; = a, = 0. Equations (29) and (30) now reduce to

-1
- yp—l Oa—-——-—(# azoa3) O[lz +’aai;20d21 =0,

(32) -1
1 OMOﬂz +.aﬁ.3_od12=0.

— oxP™
xx 0z 0x

Since d,; is nonsingular we can argue on the degree of y to get das/dy =0 and
a; is independent of y. In the same manner a; is independent of x. But then
1~ 'ay is independent of z. Hence a3 = nu for ne .

By direct substitution in (32) it can be seen that (0,0,nu) is a derivation of ¥,
We investigate to see if it is of the form (ay,a,,a;) in which
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a,

(a—g'l‘ azyp_l) Odlz + (%4‘ 032z p-l) Od13,

oy
33) a, = (g—i+ax”"l )odu + (g—i+a3z"'l)od23,
a, = (g—i+a1x "'l)odu + (g—i+a2y"‘l)od32.

If a,=a,=0 then a, =0 modulo y*~' and dg/dye y” ' o A. Hence g is
independent of y. In the same way g is independent of x. Therefore
a;=—x""toy* ! opo(a, + ax,) which is not of the form nu for neF.

We can now conclude:

THEOREM 4. Let N be a simple, nodal, Lie-admissible noncommutative

Jordan algebra of characteristic p # 2 with 2r + 1 generators; then the deri-
vation algebra D(N) of W is the set of all mappings

n af
f—) Zl 5‘;‘—0a‘

in which

n ag
a; = = +axP ')oc,
i Ez (axj JJ ) ij

2N ag 4
Q41 = 2 (a“"“:xt )062r+1i+’1ﬂ
2r—-1 i
fori=1,---,2r. (In case i <2r — 1 then a; reduces to a single summand.) The
dimension of D(N) is p**' +2r + 1.

To determine the dimension of (adj A~)’ we proceed as in the even-dimensional
case. Let  be an ideal of %A~ containing all of the generators x,,-:-,x,,. Using
only the generators x,,::-,X,,—, we have the result from the even-dimensional
case that the only possible residue classes modulo J are the classes determined by 1
and the polynomials of the form g m in which g =x2"'0 .- ox%"*, and mis a
polynomial in x,,_;, X,, and x,, ;. We adopt the notation aboveusing x, y and z,
X3,—15 X2y, and X,,,, Tespectively. Assume m is a monomial and m = x'on, n

independent of x and i < p — 1; then
1 i
(ﬁ'{q ox'*lo n)Dy= —qomod,,.
Also if m = y'on, n independent of y and i < p — 1 then

1
(mqoy""lon)Dx:qomod“.
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Hence the only remaining residue classes of J to examine are those determined by
goxP 'oyP ! onin which n is a polynomial in z. However the equation

(qox?"'of)D, = gox?P"toyr! o%oy
= goxP"toy* lon

can be solved for t, a polynomial in [z], to within a scalar multiple of
goxP toy? 1ozP~ !, Hence the only possible residue class of J is that containing
qoxPloyP tozP ' If S = (the set of all i =1,---,r such that ¢;;;,€§)
and B # 0 then as we have seen in the even-dimensional case gox? " 'o y? '3
and (qgox? !0 z)D, = (qox? *oy? o u)eS. Thereforeqox?"'oy? 1oz’ '€,

If 3 is the ideal in A~ such that A~ /F1 is isomorphic to (adj A ™)’ then we can
. show, exactly as in the even-dimensional case, that gox?~"! o y?~* 0 2" *isnot in
S if either S# or §=0. Hence (adj A )’ is of dimension p?"~*~1orp**!1-2,

We now examine the ideals of (adj A™)’. Let I be an ideal of (adj A™)’. (We
again use the notation of A~.) As in the even-dimensional case we can assume
there are polynomials of the form x;om for any i £2r — 1 and in which m is a
polynomial in §[x,y,z].

Consider those polynomials x o m. If m is in §[x] we choose a k so that

(x; om)D(x; 0x;4,0x") =x, 0xP~1,
If m¢g[x], write
p—1

k

in which m, is a polynomial in x, every term of every nonzero n; has either a y
or z in it and some n; # 0. If k # 0 then

(x,omD(x*"*) = —kxP"'onD,0x, #0
is in J. If k=0 then
(x; om)D(x? Y= (=neD, 0x? 2 =x*"1on,D,)ox; #0

isin 3. If noD, and n,D, are in § then as above we can conclude x, ox?"'e .
If nyD, is in & but n D, is not then

(x; om)D(* " 1)D,= —x*"'ox;on, DD, #0
isin 3. If nyD, ¢ & then
(x, om)D(x*"1)D(x?) = —-2n0D§ox"‘l ox; #£0

is in 3. In any case, there is a polynomial x, 0 x”~! om in J in which m € [y, z].
If mis in § we can proceed as in the even-dimensional case to show that x,, -+, x,,
are in J.
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If m is independent of y then assume m is such a polynomial of minimal degree
in z. We have
(x;0x? *om)D?=x,0xP"1 o —gz@

By the minimality of the degree of z in m we have om[0z=0, me{ and
x; 0xP e
If m is not independent of y then

(x;0xP"tom)D?"?=x,0 xom

is in . Let k be the smallest exponent of y in m. If k=0 then (x; ox om)D,
=ax,oy?P tomop=x,0y? ton is in I for some polynomial n in F[z].
If k # 0 then (x; 0 x om)D(y* %) = kx, 0 y* ' on is in I for some polynomial n
in F[z]. Choose n to be of minimal degree in z. Then as above we can show n is
in§and x; 0y el

Thus either x;, 0x? ' or x; 0y? ™! is in J. As in the even-dimensional case
this implies x,, -+, x,, are in 3. Hence from our conclusion above on such ideals 3

we have (adj A™)’ is simple. Thus

THEOREM 5. If W is a simple, Lie-admissible nodal noncommutative Jordan
algebra of characteristic p # 2 with 2r + 1 generators then (adj ™)’ is a simple
Lie-algebra. The dimension of (adj A~) is p> "' —1if S = and B # 0 and is
p**1 =2 if either S #0 or B=0.
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