LINEARLY ORDERABLE SPACES(*)

BY
I. L. LYNN

A topological space is linearly orderable(?) if it is homeomorphic to alinearly
ordered space topologized with the interval topology. For example, certain subsets
of the real line R are linearly orderable, whereas other subsets of R are not.
Examples of linearly orderable subsets of R are:

(a) [0, Du {2}

which is homeomorphic to the linearly ordered space (0, 1Ju {2} topologized
with the interval topology,

(b) -uuU )

which is homeomorphic to the integers. Examples of nonlinearly orderable
subsets of R are:

() 0,1 v {2},
° (1 °r 11
(®) [‘I’OJU,,LJO{MH} U,,L=)o(3n+2’3n+1)'

In a previous note we showed that every subset of the real line which contains no
intervalis linearly orderable (I. L. Lynn [2]).The purpose of this paper is to tackle
the general problem for subsets of R. We do not achieve a complete characteri-
zation of the linearly orderable subsets of R. However, we do obtain the following
three facts(3):

(1) If no open subset of X is compact and X has only countably many com-
ponents, then X is linearly orderable.

(2) If X is a union of intervals containing no isolated closed(*) interval,
then X is linearly orderable.

(3) If X is a union of open or half-open intervals, then X is linearly orderable.

Presented to the Society, April 20, 1963; received by the editors May 21, 1963.

(1) This research was supported, in part, by the Office of Naval Research and is part of the
author’s doctoral dissertation.

(2) Our concept of linearly orderable topological space agrees with that of ordered topolog-
ical space introduced by Eilenberg [1], if and only if the space is connected.

(3) Henceforth, X denotes a subspace of R.

(4) Henceforth, closure is in R.

189
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These results are consequences of the following main theorem of this paper.
Let n(X) denote the set of end points of the open ends of those components of
R ~ X which are half-open intervals.

MAIN THEOREM. If no open subset of X is compact and n(X)™ N X is count-
able, then X is linearly orderable.

Crucial for the completion of the proof of this main theorem is the following
embedding lemma.

EMBEDDING LEMMA. There is an order-preserving homeomorphism t of X
into [0, 1] such that the closure (in R) of each component of the complement of
the Cantor set is either the closure (in R) of a component of t[ X ] or else disjoint
rom t[X] (equivalently, such that each component of t[ X] either consists of an
inaccessible point of the Cantor set or else its interior (in R) is a component of
the complement of the Cantor set).

CoNJecTURE. If X contains no compact, open set, then X is linearly orderable.

ReMARK. The ‘‘compact, open’’ condition of the main theorem cannot be
deleted because (0, 1) U {2} is not linearly orderable and contains the compact,
open set {2}.

1. Preliminaries. Recall, if Y is a set linearly ordered by a relation <, then
a subbase for the interval topology .# on Y, induced by < , consists of all sets of
the form {yin Y: y <a}or{yinY:a < y}forain Y.

DEFINITION. A linearly orderedtopological space(Y, 7, <)isaset Y onwhich
a topology < and a linear ordering < have already been defined such that the
faterval topology generated by < coincides with J .

DEFINITION. A linearly orderable topological space (Y, ) is a topological
space for which a linear ordering < can be defined such that the interval topology
generated by < coincides with J.

LeMMA 1.1. Let (S,%, <) be a linearly ordered space. If (Y, T) is a
subspace and £ is the interval topology on Y, induced by < , then S = 7.

Note that the identity map on (Y, <) onto (Y, £, <) is continuous. Hence
Lemma 1.1 holds. Whence, if 7 < £, then (Y, 7, <) is a linearly ordered space.
Before showing that the conclusion of the lemma cannot be strengthened, we
ntroduce the following conventions. Henceforth we let R denote the real line
with its usual topology and usual linear ordering < . The relative topology of a
subspace is, whenever mentioned, denoted . The interval topology on a subset of
R is henceforth assumed induced by < and is, whenever mentioned, denoted .#.
ExaMmpLE 1.2. Consider the subspace

s-covg
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Clearly —1is not a 7 -limit point of X.But —1 isan #-limit point on X. There-
fore # is properly contained in 7. Whence (X, 7, <) is not a linearly ordered
space. But (X,7), being homeomorphic to the linearly ordered subspace of
integers, is linearly orderable.

ExaMPLE 1.3. The subspace X = (0, 1) U {2} is not even linearly orderable.
For a one-one, continuous map of the connected space (0, 1) into a linearly ordered
space Y is order-preserving or order-reversing. So a homeomorph of X in Y
consists of a connected open interval G and an isolated point y. But, since G has
neither a first point nor a last point, y is a limit point of G in the interval topo-
logy, induced by the linear ordering in Y, on {y} U G.

The following definition is crucial.

DerFINITION. We say, X is not linearly ordered at a point e of X from below
(above), if e is the right-hand (left-hand) end point of a component of R ~ X
which is a half-open interval. In the contrary case, we say X is linearly ordered
at the point e of X from below (above).

If X is not linearly ordered at a point e of X from below or above, we say X is
not linearly ordered at e. In the contrary case, we say X is linearly ordered at e.

Observe that in Example 1.2, X is notlinearly ordered at — 1, because —1 is the
end point of the component (—1,0] of R ~ X which is a half-open interval.
Similarly in Example 1.3, X is not linearly ordered at 2.

We next prove a lemma which characterizes linearly ordered subspaces of R
and reduces our problem from a global to a local level.

LemMMA 1.4. X is a linearly ordered space if and only if X is linearly
ordered at each of its points.

Proof. Suppose X is not a linearly ordered space. Then it follows from Lemma
1.1 that we may assume there is an e in X which is an #-limit point of the set
S of points of X above e, say, but not a 7 -limit point. It follows that e is the
left-hand end point of a component C of R ~ X which is a half-open interval. For
if C were an open interval, then the right-hand end point of C would be in X,
whence e would not be an #-limit point of X. Therefore X is not linearly ordered
ate.

Conversely, suppose X is not linearly ordered at the pointe of X. Then e is an
end point of a component C of R ~ X which is a half-open interval. Conequently
eis an J-limit point of the set S of points in X on the other side of C, for other-
wise C would be an open interval. But e is not a J-limit point of S. Thus by
definition X is not a linearly ordered space.

COROLLARY 1.5. Anyopenor closed subspace of R is a linearly ordered space.
COROLLARY 1.6. Any dense subspace of R is a linearly ordered space.

A dense-in-itself subspace of R need not even be linearly orderable.
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ExaMpLE 1.7. The space (0, 1) U[2, 3] is not linearly orderable for reasons
similar to those of Example 1.3.

DEerINITION. Let n(X) be the set of points of X at which X is notlinearly ordered.

Note that we seek topologically invariant conditions, whereas n(X) depends
upon the embedding of X in R.

ExaMPLE 1.8. Let X, be the set of right-hand end points of the components
in [0, 1] of the complement of the Cantor set. If x is in X, then x is the right-
hand end point of a componentin R~ X ; which is a half-open interval. Whence X,
is notlinearly ordered at x. Consequently n(X ;)= X,,s0 X is not linearly ordered
at any of its points and thus at infinitely many points. Therefore by Lemma 1.4,
X, is not a linearly ordered space. But no open subset of X, is compact and
n(X;)” N X, is countable, so by our main theorem X, is linearly orderable.

DEeFINITION 1.9. A point of the Cantor set is an accessible (inaccessible) point
if it is (is not) an end point of a component of the complement of the Cantor set.

ExAMPLE 1.10. Let X, be the union of X,; of Example 1.8 and the set of
inaccessible points of the Cantor set. Then exactly as in the space X, X, is not
linearly ordered at each accessible point of X,. Each inaccessible point is a limit
point of the set n(X,) of points at which X, is not linearly ordered. Thus
n(X,)” N X, is uncountable. But X, is linearly orderable because X, contains
no interval (I. L. Lynn [2]).

2. The case n(X) is finite. Our purpose is to establish a topological characteri-
zation of any linearly orderable subspace X of R for which n(X) is finite. We will
obtain as a corollary: If no open subset of X is compactand n(X) is finite, then X is
linearly orderable. This will conclude the proof of the first half of our main theorem.

DEerFINITION 2.1. We will say that X is an interval space of two-sided limit
points if X contains no zero-dimensional component, and any end point in a
component C of X isin (X ~ C)".

Note that this definition involves topological concepts and not those of order,
since X < R. But it follows from the definition that each component of X is an
interval, and each point of X is a two-sided limit point of X.

Any disjoint collection of open or half-open intervals in R, such that no half-open
interval is isolated, is an interval space of two-sided limit points.

THEOREM 2.2. If X is linearly orderable, then X is not the union of nonempty
separated sets Y and Z such that Y is compact and Z is an interval space of
two-sided limit points. The converse holds if n(X) is finite.

We will first show that our condition is necessary. We will then show that it is
not sufficient.

Proof of necessity in the theorem. Suppose X has the above-described separation
Y UZ. Let g be a homeomorphism of X into a linearly ordered space S. Select
a point g(z) in g[Z]. Without loss of generality we may assume that some point
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of g[Y] precedes g(z). Therefore, since g[ Y] is compact, there is a greatest
point g(y) of g[ Y] which precedes g(z).

Now {g(y)} is separated from g[Z]. But g[Z] contains no least point which
is greater than g(y), because Z is an interval space of two-sided limit points. It
follows that g(y) is a limit point of g[Z] in the interval topology, induced by the
linear ordering in S, on g[ X7]. Therefore g[ X] is not a linearly ordered space. This
concludes the proof.

The following example shows that, without some additional restriction, the
converse is false.

ExampLE 2.3. Set I=[-1,0], P={1/(3n+3): n=0,1,---}, and for
n=0,1,---,set G,=(1/(3n + 2),1/(3n + 1)).

Set X =T UP U|J,G,.

Suppose X has the above-described separation Y U Z.

Observe first that since Y and Z are separated and Y is compact, we must
have U,‘,"’:o G,c Z. Observe next that since Z contains no zero-dimensional
component, we must have P c Y. It follows that 0 is a limit point of both Y and
Z. Therefore Y and Z are not separated.

Consequently X cannot have the above-described separation.

We will now show X is not linearly orderable.

Let g be a homeomorphism of X into a linearly ordered space S. Forn = 0,1, ---,
choose a point g(z,) of g[G,]. The sequences {g(1/(3n + 3))}, of isolated points
of g[X], and {g(z,)} converge to g(0). But the component g[I] is an interval,
containing g(0) as an end point. So g(0) is the maximum or minimum of g[I].

Without loss of generality we assume that g(0) is the maximum of g[I]. It
follows that for all but at most finitely many natural numbers n, g(z,) and
g(1/(3n + 3)) lie above g(0). Fix an integer s such that g(1/(3s + 3)) lies above
8(0). Let g(z,,) be the greatest pointin {g(z,)} below g(1/(3s + 3)). Let g(1/(3r+3))
be the least point in {g(1/(3n + 3))} above g(z,,).

Now {g(1/(3r + 3))} is separated from g[G,,]. But g(1/(3r + 3)) is a limit
point of the open interval g[G,,] in the interval topology, induced by the linear
ordering in S, on g[X]. Therefore g[ X] is not a linearly ordered space.

So the converse is false.

We now attack the proof of sufficiency in the theorem.

LeMMA 2.4. If a homeomorphism f of X into R is order-preserving or order-
reversing, then x is in n(X) if and only if f(X) is in n(f[X]).

Proof. Obvious.

LeMMA 2.5. Let a homeomorphism g of X be the identity on X ~ [p,q] and
order-preserving (reversing) on X N[p,q] into [p'.q']<[p,q] V(R ~ X).

Then x is in n(X) if ‘and only if g(x) is in n(g[X]), except possibly for these
six points:



194 I. L. LYNN [November

(1) « = sup{xinX:x<p},

(2 B =inf {xinX:p=x},
(3 y=sup{xinX:x=gq},
4 6 =inf {xinX:q=<x},
(5) o' = sup{g(x) in g[X]:g(x) < p'},

(6) ¢’ = inf {g(x) in g[X]:q" < g(x)}.

Proof. By the preceding lemma x is in 7(X N[p,q]) if and only if g(x) is in
n(g[X N [p,q]]). Clearly x is in n(X ~[p,q]) if and only if g(x) is in
n(g[X ~ [p,q]D.

It follows that for points of X distinct from the above six points, x is in 7(X)
if and only if g(x) is in n(g[ X]).

This concludes the proof of the lemma.

LemMA® 2.6. If n(X) is finite, there is a homeomorphism g of X into R such
that n(g[ X]) contains at most one point.

Proof. By Lemma 2.4, we may assume that X' < [0,1]. Suppose that n(X)
contains exactly n = 2 points, and a < b are two of these points. It suffices to
show that n(g[ X]) contains at most n—1 points for some homeomorphism g.

Observe first if X is not linearly ordered at the point x of X from both below
and above, then x is an isolated point of X. Therefore there is a homeomorphism
f of X which is the identity on X ~ {x} and has f(x) as the minimum of f[X].
It follows that without loss of generality we need only prove our lemma valid for
those cases in which X is not linearly ordered at x from only one side. We
therefore have only four cases to consider.

Case 1. X is not linearly ordered at a and b from below, but X is linearly
ordered at a and b from above.

Because X is not linearly ordered at b from below, b is the right-hand end point
ofacomponent Cin R ~ X which is a half-open interval. Let g denote theleft-hand
end point of C. Then g is in C and is a limit point of X from below g only.

Define a homeomorphism g of X to be the identity on X ~ [a,q] and order-
reversing on X N [a,q]into [a,q]. Then g(a) is the immediate predecessor in
g[X] of g(b)=b. It is now easily verified by Lemma 2.5 that n(g[ X]) contains
exactly n—2 points.

Case 2. X is not linearly ordered at a and b from above, but X is linearly
ordered at a and b from below.

It follows from Lemma 2.4 that an order-reversing homeomorphism of X
transposes Case 2 into Case 1.

Case 3. X is not linearly ordered at a from above and at b from below, but
X islinearly ordered at a from below and at b from above.

Because X is not linearly ordered at a from above, a is the left-hand end point
of a component C in R ~ X which is a half-open interval. Let p denote the right-
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hand end point of C. Then pis in C and is a limit point of X from above p only.
Similarly b is the right-hand end point of a component C’ in R ~ X which is a
half-open interval. Let g denote the left-hand end point of C’. Then g is in C’ and .
is a limit point of X from below g only, and also p < q.

Define a homeomorphism g of X to be the identity on X ~ [p,q] and order-
preserving on X N [p,q] into [ -2, —1]. It is easily verified by Lemma 2.5 that
if the point 6" =inf X is in X, then n(g[X]) contains exactly n—1 points. If on
the other hand 6” is not in X, then it is similarly easily seen that n(g[ X]) contains
exactly n—2 points.

Case 4. X is not linearly ordered at a from below and at b from above, but
X is linearly ordered at a from above and at b from below.

Define a homeomorphism g of X to be the identity on X ~ [a,b] and order-
preserving on X N [a,b] into [ -2, —1]. The proof is now similar to Case 3.

The proof of the lemma is concluded.

LEMMA 2.7. Let a be in X, where X < [0,1]. Set Z={x in X :x <a} and
Y=X~Z LetY and Z be nonempty and separated, each point of Z be a two-
sided limit point of X, and C'={p} be a (zero-dimensional) component of Z.
Then there is a homeomorphism g of X into R such that g(p) is the minimum
of g[Z], each point of g[Z] ~ {g(p)} is a two-sided limit point of g[X], and each
point of g[ Y] is below g(p).

Proof. X is zero-dimensional at p. Therefore p has a neighborhood base of
open and closed sets. These sets have empty boundary. Consequently we can
choose a strictly increasing sequence {s,,}, m =1,2,3,---, of points of R ~ X
converging to p such that s; <infX. We can also choose a strictly decreasing
sequence {t,,} in R ~ X converging to psuch thatt, <a <sup X <t,.

For m=1,2,3,.--, define open intervals S,, T,, U,, and V, as follows:
Sm = (sm’sm+ 1)’ Tm = (tm+ l’tm)’ Um = (1/(2m + 1)3 l/zm)s and Vm = (1/2m3 1/(2m - 1))'
Now for each natural number m we define f,,, to be an order-preserving homeo-
morphism on S,, onto U,,, and we define f,,,_, to be an order-preserving homeo-
morphism on T,, onto V,,.

Set A = {p} UUn-1(S, U T,), and B = {0} U J=.-,(U,, U V).

The following function fis now defined on 4 onto B. For x in A, let

fom(x), ifxisinS,,
fx) = {fzm_l(X), if xisin T,,,
0, if X = p .

We will show that fis a homeomorphism of A onto B. Now if m is a natural
number, then the restriction of f'to S,, or T,, is a homeomorphism onto U,, or V.
respectively. Moreover f is a one-one function on A onto B. Therefore we need
only show that fis continuous at the point p of 4 and that -1 is continuous at
the point 0 of B.
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We will show first that fis continuous at p. Let {x,} be a strictly increasing
sequence in A converging to p. The strictly increasing sequence {s,,} also converges
to p. So there is an integer N, such that s,, < x, < p if r > N,,, whence x, is in
UrnS.. So f(x,) is in | Ji> U, Therefore f(x,) is within 1/2m of 0. So the
sequence { f(x,)} converges to f(p). Thus f is continuous at p from below. An
analogous demonstration shows f is continuous at p from above. Whence f is
continuous at p. It follows that fis continuous on A.

We will show next that /™! is continuous at 0. Let {f(x,)} be a strictly decreasing
sequence in B converging to 0. The strictly increasing sequence {s,} and the
strictly decreasing sequence {t,,} both converge to p. So there is an integer N,,
such that sy, and ty arewithin 1/m of p. Thus each point of U;,'°= Nem(Tw U S,)
is within 1/ m of p. Thereis aninteger M(N,,) such that f(x,)is within 1/(2N,y— 1)
of 0if r> M(N,y), whence f(x,) is in| ;% n,,.,(UaU V). So x, isin|_J, 2w (SaU T).
Thus x, is within 1/ m of p. Therefore the sequence {x,} converges to p. So f~ Lis
continuous at f(p) = 0 from above. But 0 is the minimum of B. Thus f ~1 s con-
tinuous at 0. It follows that f ! is continuous on B.

Consequently fis a homeomorphism on A onto B.

Obviously our given space X is contained in 4.

Let f denote the restriction of fto X. Then f is a homeomorphism of X into
[0,1], and f(p) = O is the minimum of f[X].

We will show next that each point of f[Z] ~ {f(p)} is a two-sided limit point
of f[X].

Let z be a point of Z ~ {p}. Then there is an integer n such that zisin S, U T,.
Suppose z isin the open interval S,. Now each point of Z is a two-sided limit point
of X. So z is two-sided limit point of X N S,. But f is an order-preserving homeo-
morphism on X NS, into U,. Therefore f(z) is a two-sided limit point of
fIX]nu,.

A similar argument prevails if z is in T,,.

Therefore each point of f[Z] ~ {f(p)} is a two-sided limit point of f[X].

Now by definition of Y and Z we have a is the minimum of Y, and a is above
each point of Z, and Y and Z are separated. Moreover we chose the points ¢, and
t, such that t, <a <supY <t,. But f is an order-preserving homeomorphism
on X N T, into V; = (3,1). Therefore f(a) is the minimum of f[Y], and f(a) is
above each point of f[Z], and f[Y] and f[Z] are separated.

Define a homeomorphism h of f[X] to be the identity on f[X] ~f[Y] and
order-preserving on f[ Y] into the interval [ -2, —1].

Set g = hof. Then g is the required homeomorphism of X.

This concludes the proof of the lemma.

Proof of sufficiency in the theorem. By Lemma 2.4, we may assume that
X < [0,1]. Now n(X) is finite. Whence by Lemma 2.6 there is a homeomorphism
g of X into R such that n(g[X]) consists of at most one point. But the rest of our
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hypothesis is topological. Consequently we also assume that n(X) contains at
most one point.

If n(X) =, by Lemma 1.4 X is linearly ordered.

Consequently we assume n(X) = {a}.

Let us suppose that: X is not linearly ordered at a from below, but X is linearly
ordered at a from above.

SetZ={xin X :x <a}and Y = X ~ Z.(Z is not compact.)

Now a is the right-hand end point of a component in R ~ X which is a half-
open interval. Therefore X is the union of the nonempty separated sets Y and Z. It
follows from our hypothesis that Y is not compact or Z is not an interval space
of two-sided limit points.

Suppose first that Y is not compact. Then, since Y is bounded, there is a point
ginY ~Y.

Sety=supY. Thena<qg<y< 1.

Define a homeomorphism g of X to be the identity on X ~ [a,q] and order-
preserving (respectively reversing) on X N [a,q] into [2,3] if y is (respectively
is not) in X.

It follows that if y is in X, then g(y) = y is the immediate predecessor in g[X]
of g(a). Whence it is easily verified from Lemma 2.5 that n(g[ X]) = &. If on the
other hand y is not in X, then it is again easily seen that #n(g[X]) =& . Thus in
either case it follows from Lemma 1.4 that g[ X] is a linearly ordered space.

Therefore if Y is not compact, then X is linearly orderable.

Suppose next that Y is compact and Z contains an isolated or one-sided limit
point p’.

Since p’isin Z, p’ < a. Whence X is linearly ordered at p’.

It follows from the above that p’ is the minimum of X or has an immediate
predecessor or successor in X.

Without loss of generality we assume that p’ is the minimum of X or has an
immediate predecessor ¢’ in X.

Define a homeomorphism g of X to be the identity on Z and order-preserving
on Y into [—2,—1] (respectively [(2q" + p')/3,(2p" + q’)/3]) if p’ is the
minimum (respectively has an immediate predecessor q’) in X. It is an immediate
consequence of Lemma 2.5 that n(g[ X]) = in either case, because Y is compact.
Whence by Lemma 1.4 g[ X] is a linearly ordered space.

Therefore if Y is compact and Z contains an isolated or one-sided limit point,
then X is linearly orderable.

Suppose finally that Y is compact and each point of Z is a two-sided limit point.
It follows that Z contains a zero-dimensional component C’' = {p}. Therefore
there is a homeomorphism g of X satisfying Lemma 2.7. It is now easily verified
that n(g[X]) = & because Y is compact. Whence by Lemma 1.4 g[X] is a linearly
ordered space.
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Therefore if Y is compact and each point of Z is a two-sided limit point, then
X is linearly orderable.

In summary we have shown, if #(X) = {a} and X is not linearly ordered at a
from below, but X is linearly ordered at a from above, then the condition in the
theorem is sufficient.

The remaining possibilities, satisfying X is not linearly ordered at a, can be
transposed into the preceding situation (or a linearly ordered space) by the
obvious homeomorphisms. Therefore X is linearly orderable, since the condition
in the theorem is topological.

This concludes the proof of the theorem.

COROLLARY 2.8. If no open subset of X is compact and n(X) is finite, then
X is linearly orderable.

Proof. If X is not linearly orderable and 5(X) is finite, then by the theorem,
X contains a (nonempty, proper) compact, open set Y.

ExAMPLE 2.9. The Cantor set is the complement in [0,1] of open intervals
G,,n=1,2,3,---.

Set Z=|J>,G,.

Then Z contains no zero-dimensional component, since a component of Z is G, .

Since the Cantor set is nowhere dense, Z is dense on [0,1]. In addition neither
0 nor 1 is in Z. It follows that any end point in a component C of Z is in
z~0)".

Set Y =[2,3] and X = Y UZ. By Theorem 2.2, X is not linearly orderable.

The preceding example shows that spaces of closed intervals are generally not
linearly orderable.

3. The main theorem. We first prove the following lemma which ensures,
later on, that a sequence of homeomorphisms which will be constructed are
uniformly convergent.

EMBEDDING LEMMA 3.1. There is an order-preserving homeomorphism © of X
into [0,1] such that the closure in R of each component of the complement of
the Cantor set is either the closure in R of a component of t[X] or else disjoint
from [ X].

Proof. We may assume X < (0,1). If C is a component of X, let [a,b] be the
(possibly degenerate) smallest closed interval containing C. The following function
f is now defined on X into (0,1). For each component C of X, if xe C, let

X, ifa,beC,
Fx) = (a+x)/2, ifaeC,b¢C,

(x+b)/2, ifa¢C,beC,

(@a+x+0b)/3,ifa,b¢C.
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We will show that f is continuous on X. Since f | C is a homeomorphism for
each C = X, we need only show that f is continuous at each end point of C
contained in C. Suppose first that the left-hand end point a of C is contained in C.
Suppose further that we have a strictly increasing sequence {x,} of points of X
converging to a. Now either an end point or midpoint of each component is a
fixed point of f. Consequently there is a strictly increasing sequence {y,} of fixed
points of f converging to a. It follows that, since f is strictly increasing and since
f(a) = a, the strictly increasing sequence {f(x,)} converges to f(a). So f is continu-
ous at a from below a. Now suppose that {x,} is a strictly decreasing sequence
converging to a. If a = b, that is, the component containing a consists of a point,
then a similar argument prevails. If a < b, then the result is clear. Thus f is also
continuous at a from above a. Whence f is continuous at a. By means of a similar
argument, when then right-hand end point b of C is contained in C, f is continuous
at b. So f is continuous.

An argument similar to the above shows that £~ is also continuous. Therefore
f is an order-preserving homeomorphism.

Let Z denote the set of end points of the components of f[X].

We will now show that R ~ Z is dense in R.

Suppose that Z contains an open interval J. If J < f[X], then JNZ =¢F.
Consequently J contains a point y of R ~ f[X']. Whence yisin Zand in R ~ f[ X].
So y is an end point of an interval in f[X]. But y is an interior point of J. Thus
J contains an interval in f[X]. Whence Z contains an interval in f[X]. This is
a contradiction. It follows that R ~ Z is dense in R.

Since R ~ Z is dense in R, we can choose a countable set D containedin R ~ Z
that is dense in R. It follows that, ordered with respect to the usual ordering in
R, D is an n-set(5).

Now it follows directly from the standard construction of the Cantor set that
the components in [0, 1] of the complement of the Cantor set form an #-set, when
ordered with respect to their position.

From this it follows that the set S consisting of the right-hand end points of
these components is also an #-set, where the order is induced by that in R.

Since D and S are each n-sets, there is a similarity mapping g of D onto S. Let
I denote the set of inaccessible points of the Cantor set. We will now define an
extension g of g such that g is on R onto I U S, & is strictly increasing, and ™!
is continuous.

For rin R ~ D, set

a=sup{g(d):disin D and d <r}

and
B=inf{g(d):disin D and r < d}.
(5) An n-set Q is a countable linearly ordered set, with neither a first nor a last element,
such that between any two elements of Q lie infinitely many elements of Q. An #-set is order-
isomorphic with the rationals.
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Because D is dense on R and g is strictly increasing, d <r<d’' implies
g(d)<a=p<g(d). If a < §B, then it follows that the open interval («,f) is a
component of the complement of the Cantor set. Thus there is a d in D such that
B = g(d), which is impossible. So a = f. Clearly f is not a left-hand end point of
acomponent of the complement of the Cantor set. Therefore § is in I. We now set
g(r)= B foreach rin R ~ D, and g(d) = g(d) for each d in D. Then g is a strictly
increasing function on R to I US, because gis strictly increasing ona densesubsetof
R. Whence gis onto I US because R is connected and each point of I is a two-sided
limit pointof S. Finally ™ 'is continuous because it is monotone and R is connected.

Now since g maps D onto S, & maps R~ D onto I. Moreover Z< R ~ D,
because D = R ~ Z. Therefore ¢ maps Z into I.

We will now show that g| Z is a homeomorphism of Z into I.

Let {z,} be a strictly increasing sequence of points of Z converging to the
point z of Z. If the strictly increasing sequence {g(z,)} does not converge to g(z),
then, because g(z) is an inaccessible point of the Cantor set, there is a d in D such
that g(z,) < g(d) < g(z) for all n. Whence z, < d < zfor all n. Thisis a contradict-
ion. So §|Z is continuous at z from below z. A similar argument shows that
gl Z is continuous at z from above z. Whence gl Z is continuous at z. Therefore
§| Z is continuous. Since we have already shown above that g~! is continuous,
it follows that | Z is a homeomorphism of Z into I.

We now make correspond to each component C < f[ X] an (possibly degenerate)
interval C’ < [0,1] such that: (1) z is an end point of C if and only if g(z) is an
end point of C’, (2) z is in C if and only if g(z)isin C’.

Because of the above correspondence, the fact that Z is the set of end points
of the components of f[X], and finally that g|Z is an order-preserving hemec-
morphism of Z into I, it clearly follows that there is an order-preserving homeo-
morphism of f[X] onto E = | Jcc ;i C"-

We will now show that the one-dimensional components of E together with
the components in [0,1] of the complement of the Cantor set disjoint from E
form an n-set, when ordered with respect to their position in [0,1].

Let {K,},=1,2,... be an enumeration of the above-described components.
Now suppose that K precedes K, and s # r. We will show that between K and
K, there is a K,, and m # s,r. Observe that, because g|z is a homeomorphism
of Z into I, end points of components of E are inaccessible points of the Cantor
set. Thus the intersection of E with any interval either is a nowhere dense subset
of the inaccessible points of the Cantor set or else contains an interval. Thus if
K or K, is disjoint from E, there is such a K,,. Suppose on the other hand that
K and K, are contained in E. Then the distance from K| to K, is positive because
of the nature of the mapping f and the fact that g is strictly increasing. Whence
again there is such a K,,. From this it follows that the {K,} form a dense linear
order. Consequently it only remains for us to show that the {K,} has neither a
first nor a last element.
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Now Z is the set of all the end points of the components of f[ X], whence g[Z]
is the set of all the end points of the components of E. Moreover Z < (0,1) c R,
and g[R]=1US < (0,1). Thus since g is order-preserving, we have 0 < g(0)
< g(z) < g(1) <1 for any point z in Z. So g(0) and g(1) are respectively the
lower and upper bounds of the set of end points of the components of E, and hence
of E. Therefore there are neighborhoods of 0 and 1 disjoint from E. It follows
that the {K,} has neither a first nor a last element.

Consequently the {K,} is an n-set.

The {K?} is dense on [0,1]. For since the Cantor set is nowhere dense, its
complement is dense on [0,1]. But if L is a component of the complement of
the Cantor set, then L is either disjoint from E or contained in E. Whence Lis
contained in K for some n. Thus the {K{}containing a dense subset of [0,1]
is itself dense in [0,1].

We now pause briefly in our proof in order to make a remark. The following
technique, which will conclude the proof of the embedding lemma, will be referred
to again. Consequently we will prefix what follows by the number 3.2.

3.2. Let {L,},=1,2, ... be an enumeration of the components of the complement
in [0, 1] of the Cantor set. Then the {L,} ordered by their position in [0,1] is an
n-set. We have shown above that the {K,} is also an n-set. Hence there is a sim-
ilarity mapping h of the {L,} onto the {K,}. By change of notation we may
assume h(L,) = K, for each n. Now for each natural number n we let h, be an
order-preserving homeomorphism of L, onto K? .

We now define the following function p on U,,L,, onto U,,K,?: for z in L,,
p(z) = h,(z). Now the extension j of p, defined by letting p(x) = lim,_, ,p(z) for
each x in [0, 1], is a continuous map of [0, 1] onto [0, 1]. For since p is monotone
its one-sided limits exist for each x in (U,,L,,)' =[0,1]. If at any point these
one-sided limits were distinct, then there would be a jump in the range of p. But
we have shown above that the | J, K is dense in [0,1].

Observe that j is strictly increasing, for p is strictly increasing on a dense subset
of [0,1].

Thus p is a one-one continuous map on the compact set [0,1], and hence is
a homeomorphism.

We will now show that the embedding of X according to our lemma is accom-
plished.

First of all since f, g and p are order-preserving homeomorphisms, it is easily
seen that there is an order-preserving homeomorphism of X onto j[E]. Conse-

quently we need only show that the components of p[E] are embedded according
to our lemma.

Now {L,} is our enumeration of the components in [0, 1] of the complement
of the Cantor set, and L, = p[K{] for each n. But for each n, K, is either a com-
ponent of the complement of the Cantor set disjoint from E or else a one-dimen-
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sional component of E. So if K, is a one-dimensional component of E it clearly
follows that the closure in R of L, is the closure in R of a component of p[E].
Suppose on the other hand that K, is a component of the complement of the
Cantor set disjoint from E. Since the end points of components of E are inaccessible
points of the Cantor set whereas the end points of K, are accessible points of the
Cantor set, the closure in R of K, is disjoint from E. It follows that the closure
in R of L, is disjoint from p[E].

We have shown that the closure in R of each component of the complement
of the Cantor set is either the closure in R of a component of p[ E] or else disjoint
from p[E]. Setting p[E] =[X], this concludes the proof of our embedding
lemma.

The next lemma gives us a useful equivalent formulation of the embedding
lemma. In addition it gives a clearer insight into the manner in which components
of t[ X ] are embedded with respect to the Cantor set and its complement.

LeMMA 3.3. The following conditions on a subset X of [0,1] are equivalent:

A. The closure in R of each component of the complement of the Cantor set is
either the closure in R of a component of X or else disjoint from X.

B. Each component of X either consists of an inaccessible point of the Cantor
set or else its interior in R is a component of the complement of the Cantor set.

Proof. Assume A. Suppose that a component C of X does not consist of an
inaccessible point of the Cantor set. It follows that there is a component C’ of the
complement of the Cantor set whose closure in R meets C. But then it follows
from A that the closure in R of C’ is the closure in R of C. Therefore it follows
that the interior in R of C is C’.

Assume B. Suppose that the closure in R of a component C’ of the complement
of the Cantor set meets a component C of X. It therefore follows from B that the
interior in R of C is C’, because the Cantor set is dense in itself. Thus the closure
in R of C' is the closure in R of C.

This concludes the proof of the lemma.

Proof of the main theorem. If (X) is finite, then by Corollary 2.8, X is linearly
orderable.

Suppose that 5(X) is infinite.

The proof consists of three parts.

In part I we construct a sequence of homeomorphisms {h,} of X into [0,1] such
that for each u:

(1) There are precisely 2u points in n(X) whose images are not in n(h,[X]).

(2) For any point x of X distinct from these 2u points, x is in #(X) if and only if
h(x) is in n(h,[X]).

In part I we show that the pointwise limit, lim, h, = h, exists and is a homeo-
morphism of X into [0,1].
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In part III we show that the topology ~ of the limit space h[ X] coincides with
the interval topology £, that is n(h[X]) =& .

Part I-1 of the proof. Let 7 be an order-preserving homeomorphism of X into
[0,1]. Then x is in n(X) if and only if 7(x) is in n(z[X]). Moreover, since X con-
tains no compact, open set and t is a homeomorphism, [ X] contains no compact,
open set. Therefore, because of the embedding lemma, we may assume that
X < [0,1] and that the closure in R of each component of the complement of the
Cantor set is either the closure in R of a component of X or else disjoint from X.

Let {e,} be an enumeration of 7(X)~ N X and let e,, be the kth point of n(X)
in this enumeration. For k=1,2,3,..-, let J, denote that component of X
containing e, as an end point. Because X contains no compact, open set, the
correspondence between e, and J, is one-one.

Set R~ [{Jx/i]™ = UG the {G,} being a disjoint collection of possibly
empty (the {G,} might be a finite collection of nonempty open intervals), open
intervals. SetV, =G, N X for k=1,2,3,---.

We will proceed by induction as follows. For t = 1,2, ---, we will let Q(t) denote
ten assertions (i), ---,(x). Then, under the assumption that Q(k) is valid for k < ¢,
we will prove ten lemmas. We will then show, under the assumption that Q(f)
is valid for ¢ < u, that Q(u + 1) is valid.

For each positive integer t, let Q(t) denote the following ten assertions (i), ---,(X):

(i) Distinct positive integers m(1),---,m(¢), j(1),---,j(t), have been determined
so that the integer m(t) is the smallest positive integer different from m(1),---,
m(t — 1), j(1),-+,j(t — 1). The integer j(t) will be specified in (iv).

(The purpose of j(¢) is to associate e, ;(), With e,(u()). The ‘‘bad’’ points will be
transformed into ‘‘good’’ points in pairs, exactly as we did in the preceding
section.)

(ii) Let hy be the identity map on X.

A homeomorphism h, of X into [0,1]has been determined so that h[X] is
linearly ordered at hy(€,m1)))>*s Be(€nmeey))s Bel€nic1)))s ***s Be(€ncjcryy)- For all other
h(x)in h[X], h[X]is linearly ordered at h,(x) if and only if X is linearly ordered
at x.

(iii) Half-open intervals K, and L, satisfying conditions to be specified in (v)
and (vii) respectively have been determined.

(We will map K,, containing h,_;(e,«)) as an end point, onto L,. This will
transform the “‘bad’’ points h, _ ;(en(j(ry) and h,_ 1(€pmeey)) Of b, ;[ X] into ‘good”’
points in the next space.)

(iv) Specification of j(z).

Let B, be the set of positive integers distinct from {m(1),---, m(1),j(1), -+-,j(t —1)}.
Let A,={k:keB,and h,_;[J;] € Lys>h,_{ [Jpy] = L, fori =1,-+,t—1}.

(iv-1) In case A, =7, let

re= d(h‘_ I[Jm(‘)]’kLJB ht— I[Jl]) ’
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where d is the usual distance function between two sets. Then j(f) is selected
from B, so that

1
d(h!—l[‘]m(t)]’ ht—l[Jj(t)]) <r-+ T
(iv-2) Incase 4, #F, let

re= d(ht— 1['Jm(t)]’kL!4 h,- 1[‘]"]) ’

and F,={h,_(e,) :h,—s(&) € Li=>h,_ (eapmqry)) € Li» for i=1,---,t—1, and for
k < n(m(f))}. Then j(t) is selected from A, so that d(h,—{[Jnn], he-1[J )
<r,+1/t and h,_,[J;,] is on the same side of each two-sided J-limit point
of n(h,-,[X]) thatis in F, as h,_ ;[ J,()] is.

(The latter restriction on the selection of j(t) in (iv-2) will guarantee that if x
is a two-sided J-limit point of n(X), then h(x)is a two-sided Z -limit point of h[ X].
Whence h[X] is linearly ordered at h(x)).

(v) Specification of K,.

Observe that h,_,[J,] is that component of h,_[X]] containing h,_,(exx)) as
an end point. Denote the other end point of h,_,[J;] by ¢, 1 4.

Then K, is a half-open interval containing h,_,[J;.,] and having h,_ (e,
as one end point and having as its other end a point p, with the following nine
properties.

(v-1) If h,_4[Jj«] is a half-open interval, then p, = c,_y j-

(v-2) pe€hy—y[X]™~ by [X].

(v-3) If h,_ ;[ X] is not linearly ordered at h,_;(e,(j(,) from below (respectively
above), then p,>c,_; j.) (respectively p,<c,_y j«)- (Because X contains no
compact, open set, it is impossible to have both situations occur simultaneously.)

(v-4) If ¢,_ 1, jry is contained in an open interval disjoint from

n(h—[X]) ~ {ht— 1(en(j(t)))} ’

then p, is in this interval.

(Conditions (v-1) and (v-4) are used to show that the sequence {r,} converges
to Oas u approaches infinity and that ™! is continuous. They make the distinction
between those points c¢q, ;i of X which are or are not limit points of 7(X).)

(v-5) d(peshe-1[T;0]) < 1/1.

(v-6) For i =1,---,, the subset of h,_,[X] between p, and c,_,, j is either
disjoint from each h,_;[V;], or else contained in one and only one h,_,[V;].

(v-7) For i = 1,---,n(m(t)),n(j(1)),--,n(j(t)), the point h,_,(e;) is not between,
and distinct from, p,and ¢,_; ;.-

(Conditions (v-6) and (v-7) ensure that the sequence {h,(x)} is eventually
constant for each x in X, and hence that h exists and is one-one.)

(v-8) For i=1,.--,t—1, the point p, is a limit point of L; if and only if
hi-1lJ ] = L-
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(v-9) For i =1,-.-,t—1, the half-open interval K; is separated from K,.

(vi) The closure in R of each component of the complement of the Cantor set
is either the closure in R of a component of h[X] or else disjoint from
h[X].

(Conditions (v-9) and (vi) are used to show that the sequence {h,} is uniformly
convergent, and hence that h is continuous.)

(vii) Specification of the half-open interval L,.

(vii-1) L[ Y25 'R ~ b [X].

(vii-2) The end points of L, are in the Cantor set.

(vii-3) The set of components of the complement of the Cantor set which lie
in L, is either of the same, or reverse, order-type, when ordered by their position,
as the set of those in K,.

(It will turn out that the end points p,and h,_ ;(e,(;))) of K,arein the Cantorset.)

(vii-4) The end point of L, in L, is an inaccessible point of the Cantor set if
J}’(,, =¥, and is the end point of a component of the complement of the Cantor
set which lies in L, otherwise.

(vii-5) Length L, < 1/t.

(Vii-6): (2) d(Les hyos [ ) < 1/t

(b) d(L;, h,—,[X]) > 0.

(vii-7) If h,_,[X]is notlinearly ordered at h,_ ; (€,(n))) from above (respectively
below), then L, has a minimum (respectively maximum) which is the immediate
successor (respectively predecessor) of h,_ i(e,um(ry) (With respect to the space
h_[X]).

(vii-8) For i =1,-.-,t,either L, = L, or else d(L,, L;) > 0.

(vii-9) Fori=1,..-,t, we have d(L,,K;) > 0.

(vii-10) For i=1,---,t—1,if h,_,[J,()] = L;, then L, L;.

(This property, intimately tied to the definition of 4, in (iv), and to (v-8),
ultimately ensures that h~ ' is continuous.)

(viii) A homeomorphism f, of K, onto L, has been determined so that each
component of the complement of the Cantor set which lies in K, is mapped onto
a component of the complement of the Cantor set which lies in L,.

(ix) A homeomorphism g, of h,_,[X] into [0,1] has been determined so that:

(ix-1) g, is the identity on h,_;[X] ~ K,.

(ix-2) g, coincides with f, on h,_;[X]N K .

(x) h,=g,0h,_,.

This completes the statement of Q(¢).

Part I-2 of the proof. We proceed to prove the ten lemmas.

LemmA 3.4. Assume Q(k) is valid for all k < t. Any point of h[X] is in one
and only one of h,_[X]~ K, or L,.

Proof. Let h,(x) be a point of h,[X]. Now h, = g, oh,_, (assertion (x)).
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Suppose first that h,_(x) is in h,_[X] ~ K,. Since g, is the identity on
h,-[X] ~ K, (condition (ix-1)), it follows that h,(x) is in h,_[X] ~ K,.

Suppose next that h,_(x) is in h,_ ;[ X] N K,. Because f, is a homeomorphism
of K, onto L, (assertion (viii)) and g, coincides with f, on h,_ [ X] N K, (condition
(ix-2)), it follows that h(x) isin L,.

Consequently h(x) is in h,_,[X]~ K, or in L,. Therefore, since
d(L,,h,-[X]) > 0 (condition (vii-6)-(b)) this concludes the proof of the lemma.

LeMMA 3.5. Assume that for all k <t, Q(k) holds. The end point of the
half-open interval L, that belongs to L, is h(e,y)-

Proof. Since f, is a homeomorphism of K, onto L, (assertion (viii)), f, maps
the end point of K, in K, onto the end point of L, in L,. Now the end point of K,
in K, is h,_(engjqy)(assertion (v)) and g, coincides with f, on h,_,[X]N K,
(condition (ix-2)). Therefore, since h, = g, oh,_,, it follows that h,(e,;)) is the
end point of L, that is in L,.

LeMMA 3.6. Assume that Q(k) holds for all k < t. The point h,_ (€ymery) IS
in ht—l[X] ~ K‘.

Proof. By assertion (i), m(t) # j(¢). It follows that the components h,_ ;[ J )]
and h,_4[Jj] of h,_,[X] are distinct. Therefore h,_ (eymuy) # Ci—1, j)
because these points are end points of distinct components, and h,_ 1(€,m(sy)) 18
in h,_y[Jme]. Whence it follows from condition (v-7) and the fact that
e~ 1 (€agm@yy) is Dot in h,_1[J ], that h,_(e,imery) is not in K,. This concludes
the proof of the lemma.

Lemma 3.7. If for each k < t, Q(k) is valid, then h,_(eyimey) = h(€nimen)-

Proof. This is a direct consequence of the preceding lemma and assertions
(ix-1) and (x).
LemmA 3.8. Assume Q(k) is valid for all k<t. The point he,;qy) is the

immediate predecessor or theimmediate successor of h(€pmy) in the space h,[ X].

Proof. Since X contains no compact, open set, it follows from assertion (ii) that
h,—;[X] is not linearly ordered at h,_;(e,m(),) from one and only one side.
Therefore, from condition (vii-7) and Lemmas 3.5 and 3.7, the open interval
between h(e,inqry)) and h(engj(ry) lies in R ~ L, and in R ~ h,_,[X]. Thus,
because it is a consequence of Lemma 3.4 that h,[X] is disjoint from

(R ~ Lt) N (R~ hr—l[X]),
the proof of the lemma is concluded.

LEMMA 3.9. Assume that for all k < t,Q(k) is valid. For i =1,---,k < t,
the following two propositions P, ; and Q ; hold.
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(1) Py ;. milenimay)) is the immediate predecessor or the immediate successor of

hk(e,,(]-(i))) in hk[X].
(2) Qv For g=i,i+1,-,k, we have

hk(en(m(i))) = hq—l(en(m(i)))
and

h(encian) = hoengiay)-

Proof. The proof is by induction on k.

Let s be a positive integer < ¢ such that the lemma is valid for all k < s.

Now P, and Q, , hold by Lemmas 3.8 and 3.7. Therefore, since in case s = 1
the proof is complete, we assume that s > 1.

We now show that the lemma is valid for k = s by induction downward on i.

Let v be a positive integer such that P, ;and Q, ; arevalidforv <i <s.

We must show that P, , and Q; , are valid.

We first show that P, is valid.

By reasoning similar to the demonstration of Lemma 3.7, we easily see that
hy— 1(enimev)) = P(enim(e))) and hs_ 1(en(jwy) = hlenij(wy))- Therefore, since P,_,; ,
is valid, it follows that the open interval U between hy(e,um)) and hye, )
lies in R ~ h,_,[X]. It follows from condition (vii-7) that U also lies in R ~ L,,
because d(L, h,_,[X]) > 0 (condition (vii-6)-(b)) and h,_,[X] is not linearly
ordered at hy_;(e,m(s))) from one and only one side. Therefore we derive from
Lemma 3.4 that h[ X] is disjoint from U. Whence it follows that P, , is valid.

We next show that Q, , is valid.

Now Q,_,, is valid. So for g=v,0+ 1,---,5 — 1, we have h,_,(eym(y)
= hy_ 1(€nimewyy) 304 s 1(€n(jwy) = hyl€nijwyy)- Since from the above we also have
hs— 1(enm@oy) = Bs(€nimewyy) A4 Ay 1(€nj(vy)) = hs(€ncjiwyy)s it follows that Q ,is true.

Consequently the lemma holds for k = s.

This concludes the proof of the lemma.

LemMA 3.10. Assume that Q(k) is valid for all k <t. The sets K, and
h,_,[X] ~ K, are separated.

Proof. By assertion (v) the half-open interval K, contains h,_ (e, as one
end point and has p, as its other end point. We see from condition (v-2) that p, is
notin h,_ ;[ X7]. Thus because h,_,[ X] is not linearly ordered at h,_ (e, y,) from
one and only one side, it follows from (v-3) that K, and h,_,[X] ~ K, are sep-
arated.

LEMMA 3.11. Assume that for each k < t, Q(k) holds. Any point of X is a two-
sided J -limit point of X if and only if its corresponding image in h[X] is a
two-sided 7 -limit point of h[X].

Proof. It follows from condition (ix-1) that g, is order-preserving on
h,-[X] ~ K,. Moreover, since f, is a homeomorphism of K, onto L,, it follows
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from condition (ix-2) that g, is order-preserving or order-reversing on
h,_1[X] N K,. Therefore, utilizing the preceding lemma, it is easily seen that
our desired conclusion is obtained, since d(L,, h,_;[X]) > 0.

LeMMA 3.12. For all k < t, assume that Q(k) is valid. Let J be a component
of X. If h,[J] & L,, then:

(1) h,[J] and K, are separated,

(2) g, is the identity on h,_[J],

(3 d(h[J],L) > 0.

Proof. Since J is a component of X, it follows from Lemma 3.10 that h,_,[J]
is contained in one and only one of h,_,[X] N K, or h,_,[X] ~ K,. Therefore,
if h[J] & L, then h,_,[J] = h,_[X] ~ K, and g, is the identity on h,_,[J].
Since d(L,, h,— [ X]) > 0, the proof of the lemma is concluded.

LeMMA 3.13. Let Q(k) be valid for all k < t. Let J be a component of X. For
i=1,-t

(1) h[J] and K; are separated, and

() if h[J] & L;, then d(h,[J], L) > 0.

Proof. If h,[J] & L, for each i, then we derive the conclusion of the lemma
by the preceding lemma.

In the contrary case, select the largest integer v such that h,[J] < L,. Then,
fori=v+1, v+2,-,t, we derive the conclusion of the lemma, as above.
If i £v, then d(L,, K;) > 0 (condition (vii-9)), and it follows from condition
(vii-8) that if h,[J] ¢ L;, then d(L,, L;) > 0. Whence the conclusion of the lemma
follows.

This completes Part I-2 of the proof.

Part I-3 of the proof. Assume that Q(¢) is valid for ¢t < u. We will select the
integer j(u + 1) and the half-open intervals K, ., and L,,, so that Q(u + 1) is
valid.

Set m(u + 1) equal to the smallest positive integer different from m(1), ---, m(u),
J(1), -+, j(u).

We now select the positive integer j(u + 1).

Define B, and A, as in assertion (iv).

If A,,, = &, define r,, , as in condition (iv-1). Then j(u + 1) is simply selected
from B, ., as in (iv-1).

If A,+, #, define r,,, and F, . as in (iv-2). Then since F,,, is a finite set,
it is easily seen by means of Lemma 3.13-(2) that we can select an integer j(u + 1)
from A, as in (iv-2).

Proof that assertion (v) is valid for ¢ = u + 1. Observe that h,[J/;] is that
component of h,[X] containing h,(e,q,) as an end point. Denote the other end
point of k,[J;] by ¢, ;.
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We proceed to select K, . ;.

Now X contains no compact, open set. Therefore it follows from assertion
(if) that h,[ X] is not linearly ordered at h,(e,;(, + 1)) from one and only one side. In
addition it is easily verified that each neighborhood of c, ;. +) contains a point
of h[X] ~ h,[X]. Whence we can select p,,, so that it satisfies properties
(v-1),---,(v-5).

Consider property (v-6).

Suppose first that for t=1,---,u + 1, the sets h[V,] and h[J;4,+;)] are
separated. Then we also select p, , ; so thatfort = 1,---,u + 1, no point of h,[V,] is
between p, ., and ¢, o+ 1)

Suppose next that for some ¢, t=1,---,u + 1, the sets h,[V,] and h,[J;q+1)]
are not separated. Then it follows from the definition of ¥, that there is a neigh-
borhood of ¢, j(,+1) meeting X only in points of V; and J ;). Whence there is a
neighborhood of h,(c,jwu+1)) = Cu,ju+1) meeting h,[X] solely in points of h,[V,]
and h,[J;,+1)]- So in this case we also select p,,, so that the subset of h,[X]
between c, j¢,+1)and p, is contained in h,[V,].

Consequently we can select p, . ; so that it satisfies properties (v-1), ---,(v-6).

Since property (v-7) refers to a finite point set, it follows that we can select
P.+1 SO that it satisfies properties (v-1),---,(v-7).

Consider properties (v-8) and (v-9).

If h[J;w+1y] = L, for some t, t =1,---,u, it is easily seen from Lemmas 3.5
and 3.9-(2) that if ¢, ;1) is an end point of L,, then it is the end point of the
open end of L,. Therefore it follows from Lemma 3.13 that we can select p,, 5o
that it also satisfies these last two conditions.

Thus we select K, , satisfying the required properties.

Proof that assertion (vii) is valid for #=u + 1. By assertion (ii),
h,[X] <= [0,1]. Therefore, since p, ., isin h,[X]™ ~ h,[X]and h,(e,jw+1)) is the
end point of a component of h,[X], it follows from assertion (vi) that these end
points of K, are in the Cantor set. Consequently the set of components of the
complement of the Cantor set which lie in K, , is one of the following order-
types, when ordered by their position: 1,7, 1 +n,n+ 1,0or 1 +n+ 1.

Suppose first that for t = 1, .-+, u, the point h,(€,e+ 1)) is not in L,. Then from
Lemma 3.12-(2) we derive that h, is the identity on e, + 1)) for each t.

Because X contains no compact, open set, it follows that e, + 1) is the end
point of a unique component C in R ~ X which is a half-open interval. Therefore
it follows from the embedding of X and Lemma 3.3 that either e, + 1)) is an
inaccessible point of the Cantor set or else the interior in R of J,,(,+ 4 is a com-
ponent of the complement of the Cantor set. The other end point of C, being in
X~ ~ X, is in the Cantor set. Consequently the set of components of the comple-
ment of the Cantor set which lie in C is one of the following order-types, when
ordered by their position: #, 1 + 5, or n + 1 (the last two order-types imply that
enme+ 1)) is the sup C or inf C, respectively).
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We now show that C < oR~h[X].

Let s be a positive integer such that C < n R~h[X]fort<s<Zu.

From the above, h,_, is the identity on e, ,(,+ 1)) Moreover hy_ ;(€(mcs),) and
hs— 1(enme+1yy) are distinct points of n(h,_,[X]). Therefore from condition
(vii-7) and the definition of C, it follows that C <R~ L,, because
C =R ~ h,_4[X]. Whence from Lemma 3.4 we conclude that C = R ~ h[X].

It follows that C = [ :Z4R ~ b, LX1

We proceed to select L,,+ ,in C.

Since X contains no compact, open set, h,[X] is not linearly ordered at
h.(es(m+ 1)) from one and only one side.

By selection, m(u + 1) # j(u + 1), and we have selected K,,,. It follows
that the proofs of Lemmas 3.6 and 3.10 hold for t = u + 1. Therefore
d(hu(enmqu+1))s Kutr1) > 0.

By supposition, h(€nme+1)) is not in L,, for t = 1,---,u. Therefore it follows
from Lemma 3.13 that d(h,(€x(m(u+ 1y))> K;) > 0and d(h,(e e+ 1y))> L) >0foreach z.

It is now easily verified from the above that, for this case, C contains an interval
L, satisfying the required ten properties.

In the contrary case, select the largest integer v < u such that h,(e,(me+1)) i in
L,. Then by an argument similar to the above it follows from the deﬁmtlon of v
that hy(eyimu+ 1)) = M(€aimeu+1y) for t=v,0 + 1,-

It follows from Lemma 3.5 that h,,(e,,(,,,(u+1))) is in L,,. Therefore, because X
contains no compact, open set, h,(€,(m(,+ 1) i the end point of a unique component
Cin L,N R ~ h,[X] which is a half-open interval. Consequently we conclude
from assertion (vi) and Lemma 3.3 that either h,(e,uq+1)) 1S an inaccessible
point of the Cantor set or else the interior in R of h,[J,,,+1,] is a component of
the complement of the Cantor set. The other end point of C, being in

h,[X]™ ~ h,[X], is in the Cantor set. Whence the set of components of the
complement of the Cantor set which lie in C is of order-type n, 1 + 1, or n + 1,
when ordered by their position.

An argument similar to the above shows that C < OEZ:R ~ h[X]. Whence,
since C = L, and

c i?j)l R ~ h[X]
(condition vii-1), it follows that
c ifj; R~ h[X].
We proceed to select L,,+ 1 in C ‘ |
Asabove, h,[X] is not lmearly ordered at h,(e,(mw+ 1)) from one and only one

side, and d(h,(eymeu+1)))> Ky+1) > 0. Also, as above, d(h,(eymeu+1y)>K;) > 0 and
d(hu(e,,(m(“.,.l»),L,) > 0 fOI‘ t=v + 1, v + 2, e, U
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Moreover it follows from Lemma 3.13-(1) that d(h,(e,(meu+1))K:)>0 for
t=1,---,v. Finally, L, L, or d(L,,L,) > 0 for ¢t £ v (condition (vii-8)).

Itis now easily verified from the above that C contains an interval L, , , satisfying
the required ten properties.

Thus we select L, ; satisfying the required properties.

Assertion (iii)) is now valid for t = u + 1, because K, and L, , are selected.

The homeomorphism f,,; of K, onto L, , is defined by a technique similar
to the one prefixed by 3.2 in the embedding lemma. Hence assertion (viii).

By assertion (ii), h,[X] = [0,1]. By construction, L,,, < [0,1] (see condition
(vii-2)).

Define the following function g, ; on h,[X] into [0,1]:

(1) g,+, is the identity on h,[X] ~ K, ;.

(2) g,+1 coincides withf,,; on h,[X]NK,,,.

Because K,,; and L,., have been selected, it follows that the proof of
Lemma 3.10 holds for t =u + 1, and d(L,, {,h,[ X]) > 0. Therefore the domains
(respectively, ranges) of g, corresponding to (1) and (2) above are separated.
It follows that g, ., is a homeomorphism.

Setting h, ., = g,+, Ch,, (x) is valid for t = u + 1.

Proof that assertion (ii) is valid for r = u + 1. Since all assertions other than
(ii) and (vi) hold for ¢t =u + 1, it follows that the proof of Lemma 3.8 holds
for t =u + 1. Whence, because X contains no compact, open set, h,,,[X] is
linearly ordered at &, 1(€,(m,+ 1)) and Ay 4 1(€,ju+1))- Therefore, because p, 4 4 is
in h,[X]™ ~ h,[X], it is easily verified by Lemma 2.5 that for all other h,,(x)
in h,,,[X], b, (x) is in n(h,,,[X]) if and only if h(x) isin n(h [X]).

It follows that assertion (ii) is valid for t = u + 1.

Proof that assertion (vi) is valid for t = » + 1. Let C be a component of X.
Suppose first that C consists of a point x. It follows from assertion (vi) and
Lemma 3.3 that h,(x) is an inaccessible point of the Cantor set. Therefore, in case
h,(x) is in h,[X] ~ K, ,, then, since h,,,(x) = h,(x), h,. (x) is an inaccessible
point of the Cantor set. In the contrary case, recall that the end points of K, ,
and of L, lie in the Cantor set, and the set of components of the complement
of the Cantor set in L, . , is either of the same, or reverse, order-type as the set of
those in K, . It therefore follows from conditions (vii-4), (viii) and (ix-2) that
h,+1(x) is an inaccessible point of the Cantor set.

Suppose next that C is an interval. Then because h,[X]~ K,,,; and
hJ[X]NK,,, are separated, an argument similar to the above yields that the
interior in R of h,, {[C] is a component of the complement of the Cantor set.

It follows from Lemma 3.3 that assertion (vi) is valid for t = u + 1.

This completes part I of the proof. Namely for all u, integers m(u) and j(u) and
half-open intervals K, and L, have been selected so that assertions (i) through
(x) are satisfied.

Part II-1 of the proof. We proceed to prove several lemmas.
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LemMA 3.14. The sets h,[Jpu+1)), u =0,1,---, are disjoint.

Proof. Let s < v be non-negative integers.

Suppose that h[Jp+1)] # B [Jmi+1))- Select the largest integer w < v such
that h,[J s+ 1)] # B [T+ 1y]- It follows that [T s 1] = Povs ([ s+ ] S Lot 1-
Now L,,; ﬂ::gR ~ h[X]. Soin particular h,[J,,s+1y] =R ~ h[X]. Butnow,
since it follows from Lemma 3.9-(2) that h,(e,m(s+ 1)) = H(€nims+1)))> WE have
a contradiction. Therefore h[J,+1)] = B[S mes+1)]-

It follows that hy[J e+ 1] O B[ mw+1y] =3

LeMMA 3.15. The sequence {r,} converges to 0 as u approaches infinity.

Proof. Suppose the contrary. Then there is an ¢ >0 and a subsequence {r,,,+1}
such that r,;y., >¢ for k=1,2,-.-. Whence the sequence {h,u)[Jmum+1)]}>
being a bounded, infinite and (by the preceding lemma) disjoint collection, contains
a subsequence which converges to a point x in [0,1]. Therefore by a change of
notation we may without loss of generality assume that the sequence
{hyo) [ muay+ 1))} converges to x as k approaches infinity. Thus there is a fixed
integer k such that 1/u(k) <& and h,u+ o[ mua+s)+1y] i contained in the &/2
neighborhood of x fors =0, 1,---.

Suppose first that h,u[Jmue+s+1)] = Pugr o[ Imur+s+n] for s=0,1,---.
Then (since our collection is infinite) we select a pair of non-negative integers
p < g such that for i = 1,---,u(k), we have h,u[Jmua+p)+1y] 18 in L; if and only if
Ry [ mux+ay+ 15] 18 in L.

Now suppose that h,g s p)[mwe+a+ 1] # Pugsr oI mua+ay+ ). Select the
largest integer v < u(k + q) such that h[J,ua+q+1)] # Pugs oI mua+ar+ - It
follows that hyg . o[ Tmwro+1)] € Los1- Now Loy q <[ V2R ~ h[X]. So in
particular Ay s [ mua+g+1)] © R ~ hygo[X]. But, since hygsglImur+ar+1)]
= @[ I mu+q)+ 1)), W€ now have a contradiction.

It follows that A, 4 ) [V e+ )+ 1] = Pugol I mu+a+ 1]-

Now for i = u(k) + 1, u(k) + 2,---,u(k + p), we have L, njiiio'l R~h[X].
Soin particular L; = R ~ h,,[ X] for each such i.

Consequently it follows from the above that A, ¢+ p)[Jmeuw+ py+1)] 18 in L; if and
only if huusp)[Imua+qp+n] is in L, for i=1,2,--, u(k + p) (since
Rues [ Imue+ 2+ )] = BugoImwae+ p+ 1)) Whence m(u(k + q) + 1) is in
A+ py+1- It follows that in this case r, 4 )+ 1 < &, Which is a contradiction.

In the contrary case, select a non-negative integer p such that h,g)[Jmu+p)+ 1))
# hu(k+p)["’m(u(k +p)+ 1)] .

Choose the largest integer v < u(k + p) such that

B[ mue+ 2y + 13] # Pucis o)L muii+ oy + 19)-

(Recall that for each u,u =0,1,---, there are precisely two points h,(€,(mu+ 1))
and h,(e,(j+1)) such that h,[X] is not linearly ordered at these points, whereas
h,+1[X] is linearly ordered at h, 1(€xgmeu+1y) @0d at k4 (€ncju+ 1)) Moreover
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for any point distinct from the above-named points, h,, [ X] is linearly ordered
at h,, ,(x) if and only if h,[ X] is linearly ordered at h,(x). Furthermore, it follows
from conditions (v-1) and (v-4) on the point p,,, that the transformation g, ,
moves either precisely one point at which h,[X] is not linearly ordered, namely
the point h,(e,jw+1y) i h[J;u+1)], or else infinitely many points at which
h,[X] is not linearly ordered.)

It follows that g, ; moves infinitely many points at which h,[ X] is not linearly
ordered. Therefore the end point ¢, i+ 1) = h,(Co,jo+1y) IN [T ;41y] is a limit
point of points (in h,[X]) at which h,[X] is not linearly ordered. Whence we
conclude that the end point h,u+ ) (Co jeo+ 1) iN My + [0+ 15] is @ limit point of
corresponding points (in h,q 4 ,[X]) at which h,, . ,[X] is not linearly ordered.

As in the proof of Lemma 3.14 we see that h, [J;+1)] = Pug+ p[ o+ r]- It
follows that kg4 [/ iw+1)] € Lo+ 1.

By Lemmas 3.5 and 3.9-(2), the end point of L,.; in L,,; is by 1(enjw+1y)
= Byt + py(€n(jo+1y))- It follows that h,q. ,)(co,jo+1)) is either an interior point
of L, or equals hy g+ p)(€n(jcos 1y))-

It follows from Lemmas 3.6 and 3.9-(2) that h,+ p)(€nme+1y)) IS DOt in L4 4.
ByLemma 3.9-(1), hyx + p)(€n(jo+ 1)) is the immediate predecessor or the immediate
successor of Ay 4 ) (€nmeu+1y)) With respect to the space h, .+ [ X].

As in the previous case, we have L,cR~h,, [ X] for i=v+2,0+3,---,u(k+p).

Also, Myt p)[J mute+ )+ 1)) = Po+ 1[I meui+py+ 1)) and is contained in L, ;.

It follows from the above that h,g .+ [ mue+py+1y] 18 in L; if and only if
huges p[Jjw+1y] is in Ly, for i=1,2,---,u(k + p). Moreover, for each such i,
it follows from Lemma 3.13-(2) that if h,u4,)(Co,jw+1)) i Dot in L;, then
d(hy+p)(Co, jw+1y)> L) > 0. Therefore we also conclude from the above that there
is an arbitrarily large integer j in A, 4 )41

We now have h,q. »[J;] and hy,g 4 [ mua+py+1y] are contained in L, 4, and
length L,y <1/(v+1) <1/u(k) <e. Whence again r,g.,+; <& Wwhich is
impossible.

This concludes the proof of the lemma.

LeMMA 3.16. As u approaches infinity,d(K,,,L, ) converges to 0.

Proof. From the preceding lemma it follows that as u approaches infinity
d(h[J e+ 15> Bl meu+ 1y)) and hence, d(K, 4 1, B[ i+ 1)]), converges to 0.

It is clear that d(h,[J ¢+ 1y ], Lu+ ) converges to 0, and it follows from Lemma
3.14 thatlength h,[J ,,(,+ )] converges to 0, as u approaches infinity.

The conclusion of the lemma follows.

This completes part II-1 of the proof.

Part II-2 of the proof. We will show that the pointwise limit, lim,h, = h,
exists and is a continuous function of X into [0,1].

Recall that for u =0,1,---, the end points of K,,, and of L,,, are in the
Cantor set.
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(We make the following observation: Let the components of the complement
of the Cantor set be ordered according to their position. Then if a component C
of the complement of the Cantor set has length 1/3 it follows that there are two
other components of the complement of the Cantor set, one above C and one
below C, each of which is at a distance 1/3" from C and each of which has length
>1/3")

Let ¢ > 0 be given.

Choose a natural number v such that 1/3” < ¢. Then there is an integer N, such
that u =N, implies d(K,.,,L,+,) <1/3% length L,,, <1/3° and length
K,y <1/3" (the {K,+} is a bounded, disjoint, infinite collection). Therefore,
utilizing the above observation, it is easily verified thatfor u > N,, d(h,,h) <1/3°<e.

It follows that the sequence of homeomorphisms {h,} of X into [0,1]is
uniformly convergent. Whence h exists and is a continuous function of X into
[0,1].

Part I1-3 of the proof. We will show that 4 is one-one on X into [0, 1].

LemMMA 3.17. If for some non-negative integer w, the point x is in J 41y
then h(x) = h,(x) foru=w,w+1,-.-.

Proof. Suppose the contrary.

Select the least integer v >w such that h,(x)# h,(x). It follows that
[T miws 5] € Ly © [ViZ87 'R ~ h[X]. Whence h,[J nos1)] < R ~ b,[X], con-
tradicting the result hy(ey(mew+ 1)) = Bu(€y(mw+1y)) of Lemma 3.9-(2).

LeMMA 3.18. If for some non-negative integer w, the point x is in J i, + 1), then
hyo1(xX)=h,(x)foru=w+1,w+2,..-.

The proof is similar to the preceding proof.
(Recall that {e,} is an enumeration of n(X)~ N X, and that e,q, is the kth
point of n(X) in this enumeration.) ‘

LeMMA 3.19. If for some positive integer r, the point e, is not in Uk Jy, and
w is the least integer such that r <n(m(w+1)), then h,(e,)=h,e) for
u=w,w+1,-.

Proof. It is easily seen that if the conclusion were false, this would contradict
condition (v-7).

(Recall that G, is a maximal open interval in R~[ U,, Ji]~ and that
Vi=G, NnX)

LeMMA 3.20. Suppose that for some positive integer w, the point x is in V,,.

(1) If V,, is separated from J;,.,, for each non-negative integer u, then
h(x)=h,(x)foru=w—1,w,---.

(2) In the contrary case, since at most two non-negative integers v < r exist
such that V,, is not separated from J ;4 1y and J j, 1| , we have:
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(@ Ifwsr+1,then h, (x)=hX)foru=r+1,r+2,---.
®) If w>r+1, then h,_(x)=h,(x) foru=w-—1Lw,--.

Proof of (1). Foru =0,1, ---,h,[V,] and h,[J;,+1,] are separated. Therefore,
since X contains no compact, open set, it is easily seen that the conclusion of the
lemma follows from condition (v-6).

The proof of (2) is similarly easily obtained.

It follows from Lemmas 3.17-3.20 that the sequence {h,(x)} is eventually
constant for each x in X. Therefore h is one-one on X into [0,1].

This concludes part II-3 of the proof.

Part II-4 of the proof. We will show that k™! is continuous on h[X] onto X.

Let h(x) be a point of h[X]. It follows from the above that there is a least
integer v such that h(x) = h,, (x) for s =0,1,---.

Suppose that £~ ! is not continuous at h(x). It follows that there is a sequence
{h(xp} in h[X] and a 6>0 such that {h(x,)} converges to h(x), whereas
d(hy(x), h(x)) =6 for k=1,2,---.

Now L,,s< (/28" ' R~h[X] and so L,,, < R~ h[X] for s=1,2,.-..
Therefore h,(x) is not in L, for s =1,2,---. Whence from Lemma 3.13-(2) it
follows that d(L,, h(x)) > 0 for s =1,2,--- (since h(x) = h,, (x)).

But the sequence {h,} converges uniformly to k. It follows that there is a (finite
or infinite) sequence v = u(0) < u(1) < --- < u(r) < -, such that for each positive
and integral value of r we have h,, is the first transformation for which
Ry - 1) (X0 1) # hygy(x, ) for each point x, , of a subsequence {x, ,} of the sequence
{x,_ 1} (Where {x, .} is the sequence {x,}). Whence it follows that for each such
r, the point h,,y(x,) is in L,,, for infinitely many k. Therefore, since
d(L, 4+ h(x)) >0 for s =1,2,---, the sequence u(0) <u(l)<:<u(r)<--, is
infinite because the sequence {h(x,)} converges to h(x) and the sequence {h,}
converges uniformly to h. So d(L,,,h(x)) converges to O as r approaches in-
finity. '

Suppose first that b,y [Jmwery] S Lug—1yfor r=2,3,---. Then L,y =Ly,
(condition (vii-10)) for r =2,3,.--. But d(L,(y),h(x)) > 0. This contradicts our
assumption that the sequence {h(x,)} converges to h(x).

In the contrary case, let r be the first natural number =2 such that
Rutry= 1[I muryy] € Lug—1)- Then as in the proof of Lemma 3.15 it is easily verified
that because of condition (v-8), hy¢y—1[Jmuen] ¢ U,‘: 1711, since hy,
moves a point of L, _ ;). Therefore it readily follows that

i=u(r)-1
hu(r)—l Ji]e 1L—J1 L;

for t > m(u(r)) and t # j(1), j(2),---,j(u(r) — 1), because h,, moves a point of
Lu-1y- Thus hyg s 1y 1[Jmer+1))] € Lugry Since by 1y moves a point of L.
Whence L,,41)<Lyg). Similarly L4449 <Lypesy for s=1,2,---. But
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d(L,¢y,h(x)) > 0. This contradicts our assumption that the sequence {h(x;)}
converges to h(x).

It follows that the sequence {x,} converges to x. Therefore h~!is continuous
on h[X] onto X.

Since it follows from parts II-2, II-3 and the above that k is a homeomorphism
of X into [0,1], this concludes part II of the proof.

Part III of the proof. We will show that n(h[X]) =(.

LEMMA 3.21. If for some positive integer w the point x of V,, is a two-sided
T -limit point of V,,, then h(x) is a two-sided 7 -limit point of h[ X].

Proof. From the definition of V,,, the point x is in the open interval G,, disjoint
from X ~ V,,. Therefore we conclude from Lemma 3.11 that h,(x) is a two-sided
J -limit point solely of h,[V,] for u=0,1,---. Whence the conclusion of the
lemma follows from Lemma 3.20.

LeMMAY 3.22. If for some positive integers w and r, the point x is in
V,~V,) nlJ,and J, is an interval, then h(x) is a two-sided I -limit point
of h[X].

Proof. Obvious.

LeMMA 3.23. If for some positive integer r, the point x of J, is not an end point
of J,, then h(x) is a two-sided J -limit point of h[X].

Proof. Obvious.

LeMMA 3.24. If for some positive integer r, the point x is in (n(X)™ ~ n(X)) nJ,
and J, is an interval, then h(x) is a two-sided  -limit point of h[X].

Proof. Obvious.

LeMMA 3.25. If for some positive integer w, the point x of X is in
(X)~ ~n(X)) N (V,, ~V,),then h(x) is a two-sided T -limit point of h[ X].

Proof. It follows from Lemma 3.11 that h,,, is a two-sided J -limit point of
h,[X] for u=0,1,---. Whence it is easily seen from the definition of g, for
u=1,2,---, that h(x) is a 7 -limit point solely of h,[V,,] on one side of h,(x) and
is a 7 -limit point of n(h,[ X]) on the other side of h,(x). Therefore, since it follows
from Lemmas 3.19 and 3.20 that A(x) has the analogous property with respect
to h[V,,] and h[n(X)], this concludes the proof of the lemma.

LEMMA 3.26. If the point x of X is a two-sided  -limit point of n(X), then
h(x) is a two-sided T -limit point of h[ X ].

Proof. Suppose the contrary.

It follows from Lemma 3.11 that h,(x) is a two-sided J -limit point of h,[X]
foru =0,1,---. Whence it is easily seen from the definition of g, for u =1,2,-.-,
that h,(x) is a two-sided J-limit point of 5(h,[X]).
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Let v be the least integer such that h(x) = h,, (x) for s =0,1,---. Then as in
partII-4,d(L, ,,, h(x)) > Ofors =1,2,---. Moreover foru = 1,2,---,v, by Lemma
3.13-(2), if h(x) is notin L,, then d(L,, h(x)) > 0. Therefore, since h,(x) is a two-
sided J -limit point of h,[X], either h(x) is in the interior of L, for some largest
integer i < v, or else d(h(x),L,) >0 foru =1,2,.--.

It follows that for some integer w = v, we selected j(w + 1) from A4,,,, so that
hy[Jjw+1y] and by, 1[Jjw+1)] are on opposite sides of the point h,(x) of F, 4.
This is impossible.

Therefore, since h(x) is a two-sided J -limit point of h[n(X)], this concludes
the proof of the lemma.

LemmA 3.27. For u=1,2,---, the point h(e,.)) is the immediate prede-
cessor or the immediate successor of h(e,meuy)-

The conclusion follows from Lemma 3.9, 3.17 and 3.18.

LeMMA 3.28. If the point x of X has an immediate predecessor or an
immediate successor y in X, then h(x) is the immediate predecessor or the im-
mediate successor of h(y).

Proof. For each non-negative integer u, the end point p,,, of K, is in
h[X]™ ~ h,[X]. Therefore for u=0,1,---, it follows from the definition of
8u+1 that hy(x) is in K, . if and only if h,(y) is in K,,,, and that h,(x) is the
immediate predecessor or the immediate successor of h,(y).

Since the sequences {h,(x)}and {h,(y)} are eventually constant, the conclusion
of the lemma follows.

LemMA 3.29. If x is the minimum (respectively, maximum) of X, then h(x)
is the minimum (respectively, maximum) of h[X].

Proof. Since it follows from the choice of the end points of K, ; and L, for
u=0,1,..-,that h,(x)is neverin K, , and that L, , is always above (respectively,
below) h,(x), the conclusion of the lemma is easily obtained.

Lemma 3.30. n(h[X]) =0.

Proof. Suppose first that x is a two-sided J -limit point of X.

If x is not a 7 -limit point of n(X), then it follows from Lemmas 3.21, 3.22 and
3.23 that h[ X] is linearly ordered at h(x).

If x is a J -limit point of n(X), then it follows from Lemmas 3.24, 3.25 and
3.26 that h[X] is linearly ordered at h(x).

Suppose next that x is a one-sided J -limit point of X.

Since X contains no compact, open set, it follows from Lemmas 3.27, 3.28 and
3.29 that h[X] is linearly ordered at h(x).

The limit space h[ X] is a linearly ordered space.

This concludes the proof of the main theorem.
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ReMARK 3.31. The homeomorphism h of X into [0,1] has the following

properties.

(1) h[X] is a linearly ordered space.

(2) For each x in X, the point x is a two-sided 7 -limit point of X if and only if
h(x) is a two-sided J -limit point of A[ X ].

(3) Any point of J,,;, is a fixed point of h.

(4) Since the sequence {h,(x)} is eventually constant for each x in X, each
component of h[X] either consists of an inaccessible point of the Cantor set,
or else its interior in R is a component of the complement of the Cantor set.

REMARK 3.32. The homeomorphism hot of X into [0,1] retains all the

preceding properties of h except property (3).

CoROLLARY 3.33. If X contains no compact, open set and it has only countably
many components, then X is linearly orderable.

CoROLLARY 3.34. If X contains no isolated interval closed in R and its com-
ponents are intervals, then X is linearly orderable.

CoROLLARY 3.35. If X is a union of open or half-open intervals, then X is
linearly orderable.

ExaMPLE. 3.36. Let X3 = X, U [1,2), where X, is the space of Example 1.10.

Let y be the maximum of a compact subset Y of X;. Then y # 2. Thus yis a
limit point of points of X ; above y. Consequently Y is not open in X ;. Whence X5
contains no compact, open set.

Thus X, is not zero-dimensional and contains no compact, open set. But
n(X3)~ N X; is uncountable. However it is easily verified, by the technique
used in I. L. Lynn [2], that X ; is linearly orderable.

CoNJECTURE 3.37. If a subset X of R contains no compact, open set, then X is

linearly orderable.
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