p-VALENT CLOSE-TO-CONVEX FUNCTIONS

BY
A. E. LIVINGSTON (%)

1. Introduction. Let S(p) denote the class of functions, which are regular
and p-valently star-like in |2| < 1. A function

f@)=az+a 2+ - (2| <1)

is a member of S(p), if there exists a positive number p such that for
p<|z| <1

(1.1) Re [ ;{:)] >0
and
(1.2) J; “Re [Z;(S)] ds = 2p.

The class S(p) has been studied previously by Goodman [4], Robertson
[9] and others. Goodman [4] has shown that a function in S(p) is p-valent
and has exactly p rootsin|z| < 1.

Goodman [4] also defined the class of p-valent convex functions, which
we will refer to as C(p). A function

f@ =az+a®+ -~ (Jz| <)
is said to be in C(p), if there exists a p such that for p <|2| <1
Zf”(z)]
(1.3) 1+R[f,() >0
and
2x fl/(z)] _
(1.4) J; [1+R 70 do = 2p=.

A function in C(p) is at most p-valent and has (p — 1) critical points in
|z| < 1. S(p) and C(p) are related to each other in the same way as S(1)
and C(1). Namely, f(2) is in C(p) if and only if 2f'(2) is in S(p).

Kaplan [5] defined the class of close-to-convex functions. A function F(2),
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regular for |z| < 1, with F(0) = 0 and F’(0) = 0 is said to be close-to-convex
if there exists ¢(2) in C(1) such that

[ F (2)]
Re] — | >0 z| <1).
Lo (12l <D
Notice that we may rewrite the last inequality to read
"zF’(z)]
Re _W >0 (IZ' < 1)

for some function f(z) in S(1).
Umezawa [13] extended this definition to the case of p-valent functions.
According to Umezawa, a function

F@) =2"4+a,,2"' + .. (Jz] <1)
is p-valently close-to-convex, if there exists
¢(@) =2+ b2+ - (2| <1)
in C(p) such that
F’(z)]
1.5 R [— >0 <1).
(1.5) [ 7@ (2] <1)

It is Known that a function in this class is at most p-valent in |z| < 1 [13].

However, Umezawa’s definition requires that the zeros of F’(2) and ¢’(2)
have the same positions and multiplicities. We will redefine the concept of
a close-to-convex function by requiring that (1.5) should hold only in some
range p < |2| < 1. Furthermore, we will not require that our functions be
normalized.

DEFINITION. We shall say that a function

F@) =azz+a,2*+ --- (|2 <1),

regular for | z| < 1, is p-valently close-to-convex, or is in _%(p), if it satisfies
one of the following ‘conditions.
(A) There exists a function f(z) in S(p) and a positive number p such that

2F’ (2)

(1.6) Re[ @ ] >0 <|z| <1).

(B) F(2) is regular on |z| =1 and there exists a function f(2) in S(p),
also regular on |z| =1, such that (1.6) holds on |z| = 1.

Notice that if F(z) satisfies (A), then there exists a 5 such that G(z) = F(82)
satisfies (B) for 6 <8 < 1.

If F(2) is in S(p), then taking f(2) = F(z), we see that F(z) is in _#(p).
Also, if F(z) is in C(p), then taking f(z) = zF’(2), we see that F(2) is in
#).
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In §2 we will show that a function’in % (p) is at most p-valent in |2| < 1.
We are also able to obtain sufficient conditions for a function F(z) to be
in %#(p), provided F(2) is regular on |z| = 1. If F(z) has p zeros at the
origin, then we are able to remove the condition of regularity on |z| = 1.

Considerable interest has been shown in the coefficient problem for func-
tions, which are at most p-valent in |z| < 1. Goodman [3] has conjectured
that if

F@) =a,z+ a2+ --- (Jz] <1)

is regular and at most p-valent in |z| < 1, then

2 2k(n + p)!
ol < 2 G F e R —p D=

| @l

forn > p.

The conjecture was proven by Goodman and Robertson (2] for a func-
tion in S(p), in case all its coefficients are real and by Robertson [9] for
F(z) in S(p), in case a,=a;= --- =@, ,=0, the remaining coefficients
being complex. In §3 we will prove the conjecture for the (p + 1)st co-
efficient of an arbitrary function in % (p). This is the largest class of p-
valent functions for which the exact bound on the (p + 1)st coefficient is
known. We also obtain some sharp upper and lower bounds on | F’(2)| for
F(2) in % (p).

§4 deals with the radii of close-to-convexity and convexity for a function
in % (p). If

F@) =a2"+ag,2" + --- (Jz| <1)

isin % (p), then we obtain a r, <1 such that F(2) is g-valently close-to-
convex in |z| < r, and 8, < 1 such that F(2) is g-valently convex in |z| < B,
The numbers r, and 8, depend upon the nonzero critical points of F(z). We
are able to show that the number g, gives us the best possible result. How-
ever, we are not able to show this for the number r,.

2. The class % (p). We will make use of the following lemma due to
Umezawa [12].

LEMMA 1. Let f(2) be regular for |z| <r and f'(2) # 0 on |z| = r. Suppose
that for z = re”

2x 2x 9 y 2x zf//(z)
J; dargdf(2) =£ %[arng (2)] do =£ Re[ 1+ %) ] do = 2px(%).

If, furthermore,

A Geometrically this says that the angle that the tangent to the image of |2| = r makes
with the positive x-axis goes through a change of 2px as z traverses |z| = r. In other words,
the image of |2| = r, under w = f(2), makes p-loops.
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% 29 ,
J:l dargdf(z) =J;1 a—o[arng (2)]do> — x for 6, <0,

then f(2) is at most p-valent in |z| <r.
THEOREM 1. If F(2) is in % (p), then F(z) is at most p-valent in |z| < 1.
Proof. There exists f(z) in S(p) and p < 1 such that
2F' (2)
f2
Since 2F’(2) /f(2) # 0 and zF'(2) 0 for |2| =r (p <r < 1), we may define
arg[2F'(2)/f(2)] and arg[zF'(2)] to be single-valued and continuous on
|2| =r. Since f(2) =[f(2)/2F (2)][2F'(2)], then argf(z) = arg[2F'(2)]
— arg[2F’(2)/f(2)] will be uniquely determined and by (2.1) we have for
z=re’ (p<r<l1),

(2.1) Re[ ] >0 (b <|z| <1).

- % <argzF'(2) — argf(2) < -g

Let 6, < 6,, then

(2.2) - % < argre”2F’ (re2) — argf(re*?) < g
and
(2.3) - % < — argre”iF’ (re") + arg f(re®) < g

Combining (2.2) and (2.3), we obtain
—x + argf(re”?) — argf(re")
(2.4) < arg [re“2F’(re2) | — arg[re”1F’ (re™) |
< =+ argf(re"?) — argf(re”)

or
-+ ﬁ *dargf(re”) < ﬁ *d argdF(re”)

(2.5) ' b
< 1r+f ’darg f(re").

61

Since f(2) is in S(p),
f 02d arg f(re®) > 0.
0

Thus the left side of (2.5) gives
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2.6) ﬁ :2d argdF(re") > — .
Taking 6, = 0 and 6, = 2x in (2.5) and using the fact that
J;z,dargf(re"') = 2pw
we obtain
@.7) @ - Dr< j’darng(rew) <@+
However, the integral in (2.7) is an integral multiple of 2x. Therefore,
(2.8) ﬁ " dargdF(re®) = 2pr.

Thus, by Lemma 1, F(2) is at most p-valent for |2| < r. Since r was arbitrary
(p <r<1), F(2) is at most p-valent for |z| < 1.

Since (2.8) holds for any function in #(p) for some range p < |2| <1,
we easily obtain the following corollary.

CoROLLARY. If F(2) is in % (p), then F’(2) has exactly (p — 1) zeros in
|z] <1.

Necessary and sufficient conditions for a function F(2), regular in |2| <1,
with F(0) = 0 and F’(2) 0 to be in _%(1) have been given by Kaplan [5].
We see from the proof of Theorem 1 that necessary conditions for F(2) to
be in % (p) are that (2.6) and (2.8) hold in some range p < |z| < 1. We will

now show these conditions to be sufficient in two particular cases. The
method of proof used is that established by Kaplan [5].

LeMMA 2. Let
F(z) = ay2’ +a, 2" + -+

be regular for |z| < 1. If

2x
2.9 j; dargdF(2) = 2p=
and
)
(2.10) ﬁ ‘dargdF(2) > —x (6, < 05)
1

for |z| =1, then F(2) is in % (p).

REMARK. We will show that there exists a function f(2) in S(p) with all
its zeros at the origin, which is regular for |z| <1+ ¢ for some ¢ > 0, and
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such that Re[zF'(2)/f(2)] > 0 for |z| <1+ e. This is actually more than
we need to prove the lemma, but it is needed in the proof of Theorem 3.

Proof. Since F(2) is regular on |z| = 1, it is regular in some circle con-
taining |z| < 1. By continuity we then have the existence of some ¢> 0
such that (2.9) and (2.10) hold for 1 < |z| = (14 ¢). Now, the function
29-P " (2) is free of zeros in | z| < (1 + ¢). Hence, we may define argz" " F'(2)
to be single-valued and continuous in |2| =1+

Let

p(r,0) = arg[(re") P F'(re)] (r=1+¢)
and
P(r,6) = p(r,0) + pé.
Then, since (2.9) and (2.10) hold for |z| =1+ ¢, we have
P(1+4¢,04 2x) — P(1+¢,0) = 2pn,
P(1+¢0) — P(1+4¢,6) > —x for 6, <0,

Using an argument identical to Kaplan’s [5], we may show the existence
of a function S(1 + ¢,0), which is increasing in # and such that

(2.11) S(1+¢,0+2xr) —S(1+¢,60) =2prx
and

(2.12) |S(1 +¢,0) — P(1+¢,0)| < g.
Let

1 142 —r?[S(1 + ¢,a) — pa]da
2rJo (14€&%*+r*—2(1 + ¢)rcos(a —0)

Then, q(r,0) is harmonic for r <1+ e.
Let Q(r,0) = q(r,0) + p6 for r <1+ . Using the fact that S(1+¢,a)
— pa has period 2x, we obtain for r <1+ ¢ and 6, < 6,
Q(r,0) — Q(r,6)

_ A4+ =r][SQ+e,a+0) —S(1+e,a+ 0) |da

~Jo 1+ e*+r*—2(1 + e)rcosa ’
Since S(1 + ¢, a) is increasing

Q(r,0) — Q(r,0) = 0.

Thus (3/d0) Q(r,0) =0 for r<1+e. .
Let h(z) be a function, regular for |z| <1+¢, such that Im[h(re”)]
=q(r,0) and let

(2.13) q(r,0) =
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f@) = 2Pe" = b2° + ... (Jz] <1+).
For|z| <1+,
2f'(2)7] _ 9 _ 9 ___42_
Re [W ] = 5argf(z) =2 (o +q(r,0) = - Q(r,0) 2 0.
But 2f'(2) /f(2) is regular for |z| <1+ e. Thus,

f' @)
Re [f()]>0 for |2] <1+e.

Since f(2) has p zeros, all of them at the origin,

f'R [z;;(:)]do apr (2| <1+

Hence, f(2) is p-valently star-like for |z| <1+ e.
Now, for z=re”, r <1+4¢, we have
2F' (2)
ar
| 870 |

= |arg2F’(2) — argf(2)|

= | P(r,6) — q(r,6) — pé|
= |p(r,0) — q(r,0)|.

Since p(r,6) is harmonic for |2| <1+ ¢, we may write

1 (A4 02— rp(1 +¢,)
(2.14) p(r,0) = Z,]; A4+ e&%+r>— 201 + ¢)rcos(a — 0)

Then, using (2.12), (2.13) and (2.14), we obtain

s | = 160 — a0
=_}_ (14 2= r][PA + ¢,a) — S(1 + ¢,0)]da
2 o A4 &% +r2—2(1 + ¢)rcos(a — 0)
<Z.
-2

Thus Re[zF’(2) /f(2) ] 2 0 for |z| <1+ ¢. Hence, either Re[2F"(2)/f(2)]> 0
for |z2] <1+e¢, in which case F(2) is in %% (p), or.zF’'(2)/f(2) reduces to
a constant for |2| <1+e¢. In the second case F(2) is in C(p) C #(p).

THEOREM 2. Let
F(2) = a,2° + ap 1271, - - (z| <1

be regular for |z| < 1. If (2.9) and (2.10) hold for some range p < |z| <1,
then F(z) is in % (p).

Proof. Let p < 6 < 1. Then the function G,(2) = F(é2) is regular on |z| =1
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and satisfies (2.9) and (2.10) on |z| = 1. Hence, by Lemma 2, G;(2) is in
#(p) and there exists '

fi@) = b2+ .- (Jz] <1)
in S(p) such that
2G;(2)
(2.15) Re [f,,_(z)—] >0 (Jz| <1).

We may assume that | b,| = 1. Cartwright [1] has shown that the family of
p-valent functions with the moduli of the first p coefficients fixed is a normal
family. Thus we may choose a sequence 4, tending to 1, such that the se-
quence of functions f; (2) tends to a function f(2) in S(p). Since 2Gj (2)
tends to zF’(2), we obtain from (2.15) that

2F’ (2)
Re[ @ ] 20 for|z| <1
This implies that F(z) is in % (p).

THEOREM 3. Let

F@)=a2+ --- (1=g=p
be regular for|z| < 1. If (2.9) and (2.10) hold on|2| = 1, then F(2) is in % (p).

Proof. By condition (2.9) F’(2) has (p — 1) zeros in |z| <1, (g — 1) of
them at the origin. Let a;, a3, - - -,a,_, be the nonzero roots of F(z) and let

2 P—q LV
G(z)=jo' 2P7F'(2) dz .

p—q _
I_I (2 — @) (1 — a;2)

G(2) is regular for |2| =1 and

2G'(2) = 2P~ 2F (2)

p=q _
[1E—a)1—a2)
i=1

Since

2P

arg =0 for|z[=1,
p—q
I[1GE—a)(1—a2)
i=1

argzG’'(2) = argzF’(2) for |z| = 1.
Thus, G(z) satisfies (2.9) and (2.10) on |z| = 1. Hence, by Lemma 2,
G(2) is in _# (p) and there exists f(2) in S(p), regular for |z| <1, such that



1965] D-VALENT CLOSE-TO-CONVEX FUNCTIONS 169
2G’ (z)]
Re[ >0 z| £1).
@ (2| =1)

But using the same reasoning as above, we have

2G'(2)7] _ 2F’ (2) _
arg[ ) ] - arg[ a1 ™" 2| =1.

Hence,

2F’ (2) _
Re[ @ ] >0 for |2|=1.

Thus, F(z) is in % (p).
Theorem 3 immediately gives us the following lemma, which will prove
useful in obtaining a bound for the (p + 1)st coefficient of a function in

#(p).
LeEMMA 3. If F(2) is regular in |z| <1 and in % (p), then there exists
f@) =b2P + - (Jg| =1)
regular and in S(p) for |z| <1, such that

zF’(z)] _
Re[ @ >0 on|z| =1.

3. Some extremal problems for the class % (p). The following lemma has
been proven by Royster [11]. However, the proof we give, which was com-
municated to me by Professor M. S. Robertson, seems to be different.

LEMMA 4. Let f(2) = [h(2)] ™", where h(z) is in S(1), h(0) =0, h'(0) =1
and let '

&= G (0<|z| <1, C_,=1),

n=—p

then
2p
Cn é( ) (n='— x""l))
| Cal nip p
and these inequalities are sharp.
Proof. We write
(3.1) 2’f(2) = 2°lh(2) | P = X_ d,2" (Jz| <1, dy=1).

n=0

The lemma will then be proven, if we can show
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|d,| < (2:) (n<p+1.

Taking the logarithm of both sides of (3.1), differentiating and multiplying
through by 2, we obtain

_AR) k(@)

T pf@  h@
Thus, we have for |2| <1
2f'(2) zh'(2)
3.2) Re [ 7@ ) ] >0 (|z] <1).
Let
4@
PO~ "o
then
1
Re [FZ)-] >0 for|z| <1.
Let
LR
m = +n-l“” ’
1 pf) _ pPf)
P@) @ PR’
or

- Zl‘mzm] [Z(s _p)dcz.] =Pz:dn2"-
m=0 8=0 n=0
Equating coefficients, we obtain

pdn = z (P - r)drﬂn—n

r=0

n—1
ndn = Z (p - r)drﬂn—r-

r=0

Since |p,-,| =2, we obtain

n—1
(3.3) nld,| =2 (p—n)|d|
r=0
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provided p — r 2 0. That is, provided n < p + 1. Using (3.3) and a simple
induction argument, we have

2
|da| = ( p) forn<p+1.
n
That the inequalities are sharp is shown by the function

2 v 4
f‘z)=[(1+z)2] :
THEOREM 4. Let

F@=Yaz (2 <1

be regular and in % (p) for |z| <1, then

L 2k(2p + 1)!
34 %l £ 2 G BTG - Bl r D=2 |
and this inequality is sharp in all the variables |a,|, ---,|a,|.

REMARK. This theorem was first proven for p = 1 be Reade [8].
Proof. We may assume without loss of generality that F(2) is regular for
|z] = 1. Then, by Lemma 3 there exists a function

f(z)= pzp+°" (Ibp|=1)’
regular for |2| <1 and in S(p), such that
zF’(z)] _
3.5) Re[ ) >0 (lz] =1).

We may assume that b, = 1 since arg[b,] is not involved in the inequality
to be obtained. Thus we may write f(z) in the form [¢(2)]°, where

6(2) =z+ ) h,2"
n=2

is regular for |2| <1 and in S(1).
We may then write (3.5) in the form

Re[zF'(2) [¢(2)] "] >0 on |z| =1.
Let

b@]7= 3 Gz <zl <1, C,=1).

n=-p

Then
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2F' (D) [() ] = [Z na.? | [ni c.]

=—P

k
= 2 d,
k=—(p-1)
where
p+k

dy,= Z C—(n—k)nan (k=—-(p—-1),--).
n=1

Consider the function G(z) given by

6@ =F@D@] 7 - Y det

k="G-1
(3.6) 1
~1 _
+ 2 dih
k=—(p—-1)

Since z = z~! for |z| = 1, the last two terms in (3.6) add up to a purely
imaginary number for |2| = 1. Thus,

Re[G(2)] = Re[zF'(2) [¢(2) ] "] >0 for |z| = 1.

But G(2) is regular for |z| < 1. Therefore,
Re[G(z)] >0 for |2z| = 1.
Now
G@) =do+ (d+d_)z+--- (2| =1).
Hence
|di+d_,| <2Reld,] = 2|dy|,

P+l

p-1 _ _
2 C_pyna,+ 2 C_@iyna,
n=1

n=1

=2

p
> C_,na, |

n=1

p-1
P+ Dapu| £ 2 [20|Coi] + 1| C_uoy| + 1| C-uiv| ] aa]
n=1

+ (2P| C-pl +PIC--l ]l @y
By Lemma 4

2
|C—k| é (pfk) (k=1929"'9p)'

Therefore,
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p—1 "2 2 2
(»+1)|apsi| §§[2n (p—pn) +n(p—:+1) +n(p_:_ 1)]|0n|

2

ose (%) o
2n(2p + 1)! laa]
(p+n)!p—-n)![{p+1*—n’]""

(p+l)Z

which is (3.4).

We remark that the inequality is sharp, since it is known to be sharp
for f(2) in S(p) with real coefficients (2], [4].

In order to obtain bounds on |F’'(2)| for F(2) in % (p), we will make
use of the following lemma.

LEMMA 5. Let
F@ =az2"+--- (J2| £1)

be regular and in % (p) for |z| < 1. Let aj,a;, ---,a,_, be the nonzero criti-
cal points of F’(2) in |z| < 1. Then the function

H() = f 2 (2) [H <|::| Iail) (@2 — 1)] V2

is regular for |z| <1 and in % (p).

Proof. By Lemma 3, there exists

h(Z)= pzp+"’ (lbp| =1),
regular and in S(p) for |2| £ 1, such that
2F’ (2) _
Re ) >0 for 2| =1.
i ¥4 -1
P-4 F’ —_—— -1
zH' (2) _z ¢ (Z)I:I=I \| | ) (a2 )]
h(z) h(z) )
But,
—q P _ -1
(z" "[I=I (la; Iall) (aiz — 1)] ) =0 on|z|]=1.
Thus,

zH' (2) _ MzF’ (2)

h(Z) = h—(z)—, M>0 on|z|=1.

Hence,
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zH’(z)] _
Re[w >0 for 2| =1.
Therefore, H(z) is in % (p).
THEOREM 5. Let
F@@) =a2+ --- (lz] <1,

be regular and in % (p) for|z| <1. Let aj,az, - - -,a,_, be the nonzero critical
points of F(z) and let p = max|a;| and p* = min|a;|. Then

o a+nrt L r
61 1P s e ol [T (1475) atriab]

(r<i,
o s —nrt P/ r
(3.8) |F'(re)| 2 —Wﬁ qla,| [LII (m —1) (1—r|a,~|)]
b<r<li,
, " r)rq 1 pP—q
(3.9) |F(re)|aW al ,,|['=1< I) (1—r|a,|)]
(r<p®.

All these inequalities are sharp, equality being attained by the function

2z 1 q—1 p—
Fol2) = O(Q—J:—?)%l I«IH( +1 ;I) (1 +2|ai| ) dz.

i=1
Note that inequality (3.7) was obtained by Umezawa [13] for his class
of p-valent close-to-convex functions.
Proof. We may assume without loss of generality that F(z) is regular for
|z| = 1. Consider the functions H(2) and h(z), given in Lemma 5 and in
its proof.

Hl
%)=do+dlz+-.. (lzlél),
where
-1
dO — qaq [II ( targa,)] .
1
Then
1 [2H'() .
Re|[d,] [ h(z) lIm[do]] = P(2),

where Re P(2) > 0 for |2| <1 and P(0) = 1. Thus,
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P@) -1

P 11 | =17

Hence

- zH' (2) d
hz  °
zH’(z—)d §|Z| =r,
") +d,
zH'(2)

U v

SA+1]|d| =1 +1gqlay.

Using the known bound

rP

|h(z)|_(1 - for |z| =r

and using the definition of H(2), we obtain

pP—q .

I1 (i ———z—) (@z—1)
i-1 \|ai|  |ail

1+—|) A+ rlal),

PN s ot dla) 14

)P(H-l

149r e
s i ammaled T (

i=1
which is (3.7).
To obtain (3.8) and (3.9), we notice that for z = re®

PR +1|_1
Pz —1|"~
P
[h@)| = T
o 2z _ r
|Tl.| _Ei |aiz—1] 2 ITI —1) 1 —=r|a]) (Jas] <1,
and
o
, i = lg(l_—) Q—=rlal) (r<|ail).
Tl Ia.l o I [l | il ||

Going through the same type of argument as before, we obtain (3.8) and
3.9).

The function Fy(2) is in #(p) relative to

= s 1T (1+

i=1

|) (1 + 2 ai])-
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Equality in (3.7) is attained by Fj(r), in (3.8) by Fy(—r), r>p, and in
(3.9) by Fi(—1r), r <p*.

4. Radii of close-to-convexity and convexity for functions in _%7(p). Goodman
[4] has proven that if

f@)=a2+ --- (lz| <1
is in S(p), then

2f'(2)

(4.1) Re—— Fa >

(r) for r <p,

where

_ = | ail
Jor) =4 '[1+r §1|a,|—r 1—|a,~|r]’

ay, - ++,ap_, being the nonzero roots of f(z) and p = min|e;|. J,(r) is a de-
creasing function of r for r < p, is positive for r = 0 and tends to — = as r
tends to p. Thus, J,(r) has a least positive root r, and Jy(r) > 0 for r <r,.

We thus have that f(2) is g-valently star-like for |z| < r,. This estimate
is sharp, since (4.1) was shown to be sharp [4], equality being attained
at 2= — r by the function

(4.2) @) = 21— 2-*]] (1+|—z|) 1+ z]al).
i=1 Qa;

THEOREM 6. Let
F@ =az2'+ --- (|2| <1)
bein % (p). Let ay, - - -,a,_, be the nonzero roots of F’'(2) and let r, be the least
positive root of J(r), defined in (4.1). Then F(z) is g-valently close-to-convex
for|z| <r,
Proof. We first prove the theorem for F(z), regular on |2| = 1. Then there
exists
f@ =b2"+---  (|z] =1),
regular and in S(p) for |z| =1, such that

2F’ (2) _
Re[ @ ] >0 on|z|=1.

Since
pP—q -1
arg(z”_q [H (z—a)(1 - Eiz)] ) =0 on|z| =1,
i1

we have
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P—q. '’
Re P72 (2)

>0 for|2z| =1.
p=¢
[1e—a)1—a2) -f(2)

i=1
Let
pP—q _
g(2) = 29 [I_I (2 — a)(1— aiz)] f@.
Then, g(z) is in S(p) since Re[zg’(2)/£(2)]> 0 on |z| = 1. But g(2) has

nonzero roots at a;,ay, ---,a,_, Therefore, g(2) is g-valently star-like for
|2| < r,. Since

2F' (2)
Re[ e

F(2) is g-valently close-to-convex for |z| <r,.

If F(2) is not regular on |z| = 1, there exists a p* <1 such that for p*
<8 <1 the function G;(2) = F(é2) is in % (p) and regular on |z| = 1.
G;(2) =0 for z= a;/6. Thus, G,(2) is g-valently close-to-convex for |z|
< rys where r,; is the least positive root of

_ = | e
Joslr) = ¢ ’[1+r §|a,|—r¢s a—|a,-|r]'

Thus, there exists
fi2) = qzq .- (lzl < Ty |Cq| =1)
g-valently star-like for |2| < rg; such that

2G; (2)
Re[ @ ] >0 for |2| <ry.

But r,; 2 r, since J;(r) = Jy(r) for r <min|a;|. Thus fi(2) is ¢g-valently
star-like for |2| <r,

By a result of M. Cartwright [1] the family of g-valent functions f(2)
=a;2'+ --- (Jaj = 1) is a normal family. Thus we may choose an in-
creasing sequence §; tending to 1, such that the functions f;(2) tend to a
function f(z), which is g¢-valently star-like for |z| <r, Since for each i

2Gi(2)
Re[ AC) ] >0 for|z|<r,

and since 2Gj(2) tends to 2F'(z), we have

2F'(2)
Re[ E) ] 20 for|2| <r,

] >0 for|z|=r,
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Thus either Re[zF"(2)/f(2) ] > 0 for |z| < r,, in which case F(2) is g-valently
close-to-convex for |z| <r, or [2F'(2)/f(2)] reduces to a constant for |z|
< r, In the second case F(z) is g-valently convex and hence g-valently
close-to-convex for |2z| <7,

THEOREM 7. Let
F@) =az2"+ --- (2] <1),
be in % (p), then F(2) is g-valently convex for |z| < 8, where B, is the least
positive root of

2r

Kq(r) = Jq(r) _1 — 2

and this estimate is the best possible.

Proof. Let us first assume that F(z) is regular on |2| = 1. Then, as we
have seen before, there exists

8(2) =bg2"+ --- (2| <1),
which is in S(p) for |2| <1, such that

Re[ZF (z)]>o for |2| < 1.

g(2)
Let
2F'(2)
~@ = P@ Re[P(2)]>0  for |2| =1,
2F"(2) 2P'(2) | 2€'(2)
Y70 " Pe T

Now g(2) has the same zeros as F’(z). Therefore,
Re[zg_(z)] 2 J,(r) for r < min|a;|.
8@)

By a result, obtained independently by Libera [6], MacGregor [7] and
Robertson [10], we have

Re[z_}li’_(g)] 2 — l—ir—rz.

Thus

zF”(z)] or _
Re[1+F'_(2) Z—lTrz"rJq(r)—Kq(r)
for r < min|a;|.

Thus, if |2z| <8,
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Re [1 +z£,”((§)] > 0.

Since F’(2) has (g — 1) zeros in |z| < B, all of them at the origin,

j;‘hR [1 + 5,,”((2))] do=2qx  (|z| <B,).

Thus F(z) is g-valently convex for |z| < g,

Arguing as in Theorem 6, we may remove the assumption of regularity
on|z| =1.

The function

2(142)2%! ’h"

Fe =) a7 i

(1 | .|) (1 + 2]es] ) d2

shows that the radius found is sharp, since

2F” (z)
14 —— @) o)
for z= —r, r <min|a.
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