EXTREMAL PROBLEMS AND COEFFICIENT REGIONS
FOR ANALYTIC FUNCTIONS REPRESENTED
BY A STIELTJES INTEGRAL(Y)

BY
dJ. A. PFALTZGRAFF

1. Introduction. Let D be a simply-connected region and let &= (g, D)
denote the class of functions f(z) analytic in D and represented by the
Stieltjes integral

2x

(1.1) f2) = R gz du(®), z2€D,

where u(t) is a monotone nondecreasing function on the interval 0 < ¢t < 2x,
normalized by the condition

(1.1a) S du(t) =1

and g(z,t) is a given function with the following properties:
(1.1b) g(z,t) is analytic with respect to z in D.
(1.1c) The functions

d%g(z,t)
&

g(h)(z’ t) k = 09 1’ S}

are continuous with respect to ¢t in 0 < ¢ < 2x.
Let < denote the class of functions
P@) =1+pz+p2+---, P0)=1,

which are regular and have positive real part in |z| < 1. It is well known
[5] that

—it
P (i’:z_ 2| < 1).
A structural formula of the type (1.1) for the class #(%¥°) of functions
which are regular and have positive real part in an ellipse & has been ob-
tained by Royster [9].

In this paper we study a rather general type of extremal problem in
each of the classes (g, |z| <1) and &, and in §4 we obtain a ‘characteri-
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zation of the coefficient regions of functions in the class #(¥’). With the
exception of §3, where a simple type of variational technique is used, the
methods employed in this paper are elementary and depend primarily upon
properties of the Stieltjes integral (1.1) and properties of convex sets in
real, finite-dimensional Euclidean space.

2. Value regions of & (g,|z| < 1). Let = .%(g,|2| <1) and for a given
integer n = 0 let

(2-1) U(f,Z) = (f(Z),Zf’(Z), ""an(n)(z)))

where z (|z| <1) is fixed and fE€ .5, then corresponding to each fE ¥,
v(f,2) can be considered as a point in (2n + 2)-dimensional real Euclidean
space R**2 Let

2.2) V.={v(f,2): fES}.

Then V, is called the value region of v(f,z) in the class <. Observe that
Vo is the value region of f(2) in the class & (compare [1]). The following
three theorems are generalizations of results due to Asnevic and Ulina [1].

THEOREM 2.1. The value region V, of v(f,2) in the class & is a closed
connected convex set.

Proof. V, is closed since the class & is compact. Let v;,v, be points in
V. then v, = v(fi,2) for some /L€, k=1,2. For any A, 0 <A =<1 the
function f, = fi+ (1 — \) f; belongs to the class &, [1, Corollary, p. 82].
If we let v, = v(f,,2), then v,E V,, and by (2.1) v, = A+ (1 — N)ve. As A
varies from zero to one the point v, describes the line segment joining v,
and v;, and therefore, V, is both convex and connected.

Before proving the next theorem we state two known results on convex
sets in R", m-dimensional real Euclidean space, (see [3, Chapters 1, 2]).
Throughout the paper Z(/) denotes the convex hull of a set .

(A) If ¥ is a compact subset of R™ then Z(¥) is compact

(B) (Carathéodory) If &/ C R™ and ¥ has m or less components then
Y(X) consists of all points expressible in the form 3 i\x, where r < m,
the x, are any points of &/, \y> 0 and Y 1\, = 1. The index r is not fixed.

Let V,(g) denote the set of points

(2-3) U(g,Z) = (g(z: t)r b -’zng(n)(z, t)), 0 § t = 2',

where g(z,?) is the function given in (1.1). By (1.1¢c), V,(g) is a compact
connected subset of R***%. Moreover, by (A) and (B), <(V,(g)) is compact
and consists of all points of the form

2.4) Y MEG L), -, 8" 1),

k=1
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where r<2n+2, >0, DI\ =1, and 0 < ¢, < 2r.

THEOREM 2.2. The value region of v(f,z) in is the convex hull of V,(g),
e, V,= H(V,(9).

Proof. Let x € &(V,(g)) then x is a point of the form given in (2.4).
For each k, 1 < k <r, define a step function
0, Ist<ty,

1’ tk§t§27r,

m®={

and let 8;(t) = uy(2), B2(t) = (1 — A) 7' D 5 Auui(?). Then B; and g, are nonde-
creasing functions of ¢t which satisfy (1.1a), and the functions

2x
A = L g(5,0) d8(®) = g(5, 1)

and

2x r

9 = |, g(r,t)dﬁz(t)=(1—x1)‘122:xkg(f,tk)

belong to <. Thus x E V, since x = Av(f,2) + (1 — A\)v(f2,2) and V, is
convex. We have shown that &(V,(g)) C V..

Now assume that x € V,, then x = v(f,2) for some f({) = £*g(¢,t) du(t)
€ 5. If u(Y) is a step function with a finite number of jumps, say m, then

O =2n86H), M>0, n=1,
1 1
and x € Z(V,(g)) since
x= Z’\k(g(z, t), -+, 28" (2, )
1

is a convex combination of points (g(z,t),---,2%¢™(2,t)) from V,(g).
If this is not the case then we can show that x is a limit point of <Z(V,(g))
and consequently is also a member of Z(V,(g)) since Z(V,(g)) is a compact
subset of R>*2,

Let ¢ > 0 be given. Then corresponding to each k= 0,1, ...,n, there is
a partition

Pk): 0=tP <tP<... <t® =2x
of 0 £t £ 2x such that
2 2

M)
) — 3 g% AP | < ——,
f J;l ) ) n + 1
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where APy = u(t®) — u(t®), j=1,..-,M(k). This follows from the fact
that f®(2) = £*g™(z,t)du(t) and the definition of the Stieltjes integral.
Recall that 2, |2z| <1, is fixed and let

P: 0=t0<t1< e <tm=2‘n'

denote the partition obtained from the union of the n + 1 partitions
P(k), then the inequality

62

n+1

(\; = u(t) — u(ti_)) holds for each k=0,1,--.,n. By (l.1a) X .I'x=1
and hence

(2.5) fP@) — i 2g®(z, ¢) ’ <
i1

y=INEL, -, 22" 1) € Vo)

j=1

since it is a convex combination of points belonging to V,(g). If we let d
denote the metric in R***2 then by (2.5)

m 2 m 2 41/2
d(x,y) = { f2) — Zl)\jg(z, )| + -+ |2 — N8z t) I }
I= .

j=1

<le,

where we have used the fact that|z| < 1. Thus x is a limit point of <Z(V,(g)).
This completes the proof of Theorem 2.2.

It is easy to see that the preceding results also hold for the more general
type of value region which consists of points of the form

(cof (2),:2"0f (), - - -, c2™Pf ™(2)),

where ¢, (k=0,1,...,n) are givén constants and m(1),m(2),...,m(n)
are given integers. In particular, if c¢,= (k!")”', k=0,1,.---,n, m(1)
=m(2)=..-=m@n) =0, and 2z=0 then the value region is the co-
efficient region

= {(ao,al, <@ f(§) = kZm:akr"}
=0

of the class (g,|z| <1). If by(t), k=0,1,..., are the coefficients in
the Maclaurin series of g(z,?) then the coefficient region %/, is the convex
hull of the set {(bo(?), (), -+, b.(8)): 0 <t =< 2x}.

Theorem 2.2 may be used to obtain a characterization of the extremal
functions for a rather general type of extremal problem in .&*.
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THEOREM 2.3. Let F(uguy, ---,u,) be a continuous function of n+1
complex variables in some region containing the value region V, of v(f,2)
in &. For a given z, |z| <1, the minimum (maximum) of the functional

(2.6) J[f@]=Re{F(f(2),2 (2),---, 2" (2) }
in the class < is attained for a function of the form

42

(2°7) fO({) = 1.21 Akg(g-)tk)y

where \, 2 0 and Y 7iin =1

Proof. The problem is equivalent to that of finding the minimum of the
continuous real-valued function J[f(2)] on the closed set V,. Let g, be
the point in V, at which the minimum is attained then since V, = #Z(V,(g))
we have by (2.4) that

2042

do= ;,Zl Ak(g(z; th), e '1z”g(n)(z’ tk))a
where A\, 2 0 and D **2)\, = 1. It follows that the minimum is attained
for a function of the form given in (2.7).

It is clear that the complete solution to the extremal problem J[f(2)]
= min (max) is obtained only when the precise values of the 4n 4 4 param-
eters A, t; are determined. In the next section we require that F(u,, ---,u,)
be analytic and then show that the number of parameters in the solution
to the extremal problem in the class & reduces to 2n + 2.

3. An extremal problem for the class #. Let & denote the normalized
class of analytic functions

@.1) P(z) =1+pz+p2+---, P0)=1,

which are regular and have Re P(2) > 0 in |2z| <1. If P(z) €% then P(2)
may be represented by the Herglotz-Stieltjes integral formula [5]

2x
(3.2) P(2) = S h(z,t) du(t),
where
(3.3) h(z,t) = (1 +2e7%)(1 — 2e7) !

and u(f) is a nondecreasing function in [0, 2x], normalized so that

3.4) X du(t) = 1.
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In other words = ¥ (h(z2,1), |z| <1). We shall assume that u(t) is con-
tinued by the formula u(¢ + 2x) = u(f) + 1 then, since h(z,t) is periodic in
t with period 2x, the structural formula P(z) = £’h(z,t) du(t) defines func-
tions in the class & as long as b — a = 2r.

In Theorem 3.1 we generalize from 2 to n + 1 variables a theorem of
Robertson [7, Theorem 1]. It was known to the author that this result
had previously been obtained by W. E. Kirwan who extended the method
of interior variations employed by Robertson [7]. The present proof de-
pends upon the results of Theorem 2.3 and a rather simple type of vari-
ational technique. An alternative proof of Theorem 3.1 can be obtained
from a direct application of the variational techniques of Goluzin [4].

THEOREM 3.1. Let F(uo,u,,---,u,) be analytic in some region that con-
tains the value region V, of v(P,2) = (P(2),2P’(2), ---,2"P™(2)) in the class
. For given r, 0 <r < 1, the min (max) on |z| = r of the functional

(3.5) J[P@)] = Re{F(P@),zP'(2), ---,2P"(2)) }
in the class & is attained for a function of the form

n+1 —it,
(3.6) Pog) = a1tz

1—2ze™%’

v=1

where \, 2 0 and D 111\, = 1. We exclude from consideration the case in which
for the extremal function the partial derivatives F, = (dF/du,) (k=0,1,---,n)
all vanish.

The author has been informed that the last restriction on the extremal
problem can be removed by means of a simple type of variation in the
class # (oral communication from Kirwan).

Proof. By Theorem 2.3 the extreme values of the functional J[P(2)]
are attained for functions of the form

3.7 Py(2) = 2 \h(z,t), m=<2n+2,
r=1

where \,>0 and X"\, = 1. Here, and throughout the proof we may
assume that 0 <t, <t < ... <t, < 2r. Note that the convex structure of
the value region and the continuity of F(ug, uy, ---,u,) determine that the
degree of Py(z) in (3.7) shall be no greater than 2n + 2 (compare remarks
[7, p. 242]).

In order to complete the proof we shall apply two types of variations
to the functions (3.7) (compare [4]). Let

Po() = 3 Mh(z, 1)

v=1
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and for a given integer 7, 1 <75 < m, define
t*={t.+e, v=nrn,
’ t, v,

then for sufficiently small real ¢ the function

P32 = 2 \h(z,t))
v=1
is of the form (3.7). Using the Taylor series for h(z,1),
h(z,t+ &) = h(z,t) + eh(z,0) + O(c),
we have
(3.8) P32 = Py(2) + M\ehiz,t) + O(D).

This is the first of our variational formulas for functions of the form (3.7).
Using the notation

dh
&Pt = s (g(2,9),
and differentiating (3.8) we obtain the variational formulas
(3.9) P3®(z) = PP(2) + e\ (2,t) + O(D),

k=0,1,---,n, 1 <n < m. The O(¢®) term is uniformly small on compact
subsets of |z| < 1.

The second type of variational formula for the functions (3.7) is ob-
tained by varying two of the \,. For a given integer n, 1<n=m+1,
(Am.{.] = A and tm+1 =1+ 27I') let X:_*l = A,,_l + e, A:‘* = )\,, — €, and X,** = A,,
v#n— 1,5, then for sufficiently small real ¢, 0 <A\}* <1, Af*+ ... + A%*
=1 and the function

(3.10) P3*(z) = 2_N*h(z,t) = Po(2) + ¢[h(z,t,_) — h(z,t,)]

»=1
is of the form (3.7) .if Py(2) is of that form. Thus we have the second set
of variational formulas

@3.11) P3*®(2) = PP(2) + [h¥(z,t,1) — hP(z,1,)]

for the functions (3.7).

We now apply the variational formulas (3.9) and (3.11) to.show that
if J[Py(z)] is a min (max) for a function Py(z) of the form (3.7) then
m = n+ 1. Since the class is invariant with respect to a rotation of the
2-plane, and we are seeking the minimum on |z| = r of J[P(2)] it is suffi-
cient to let z=r>0 [7, p. 240].
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The Taylor series for F(uy,---,u,) gives
(8.12) F(ap+ ag, +++,an+ as) = F(ag, -, an) + aoFo+ --- + anFo+ ---,
where F, = (dF/du;) | @g---ap» B=10,1,---,n. Let
a,=r'PP(r),  a=eA*hP(r,t) + O(Y).
Then by (3.9),
(3.13) F(P§(r),---,r"P3™(r)) = F(Pyr), - --,r"Pg’(r))
+ e\ [hdr,t) Fo+ -« 4+ r"h®(r,t,) Fu] + O(€%),

and, taking the real part,

(3.14) 3 [Po] = e ¥’ (8) | 1=y, + O(e),
where ¥/ (f) is the derivative with respect to ¢ of the function
(3.15) ¥(t) = Re{h(r,) Fo+ --- + r"h™(r,t) F,},

and 6J[Py)=J[P¢(r)] — J[Po(r)]. If J[P(r)] is a minimum for P(2)
= Py(2) then 6J[Py] = 0 and by (3.14)

(3.16) v(t)=0, 17=12...,m,

since ¢ may be either positive or negative and A, > 0.
Following the same procedure with the variational formulas (3.11) we
have that

(3.17) 8 [Po) = [¥(t,_) — ¥(t)]+0(H, 1<n=m+1,

and, since ¢ may be either positive or negative, the extremal function P,
must satisfy the conditions

(3.18) V(t,_) =¥(t), l<n<m+1.

It follows from (3.18) that ¥'(f) must vanish at least once in each of the
intervals (¢,,2), (t5,t3), - - -, (tm, t1 + 27), and this fact with (3.16) implies that
V¥ (t) must have at least 2m zeros in 0 <t < 2r. It remains to show that
¥’(f) can have at most 2n + 2 zeros in 0 <t < 2x, and, consequently, that
Py(2) in (3.7) is an extremal function only if m <n + 1. Using (3.3) and
(3.15) it is easy to show that the equation ¥’(f) = 0 is equivalent to the
equation Q(t) = 0, where

Q(t) = Im {[kz—‘ﬁ( - 1)""‘k!F,,r"“"‘] e il Ly (— 1)n+2Flrn+2ei(n+l)t}

is a polynomial of degree < 2(n + 1) in e*. Hence ¥’ (f) has at most 2n + 2
Zeros.



278 J. A. PFALTZGRAFF [March

4. Coefficient regions of functions with positive real part in an ellipse. Let
¥ beanellipse with foci at + 1 and semi-axes a > b, a > 1. Points on the
boundary of ¥ can be represented parametrically by z = cos(t — ic), 0 < ¢
< 2x, where a = coshc, b = sinhc, ¢ > 0. If f(2) is analytic in ¥ then f(2)
can be represented by a series of Tchebychef polynomials

(4.1) f2) = i a,Tw(2), Tw(2) = cos(karccosz), zE ¥,
k=0

which converges uniformly interior to % [10]. Let #(%) denote the class
of functions (4.1) that are regular, have positive real part, z & %, and are
normalized by the condition a, = 1.

Royster [8] proved that if f(z) € #(¥) then the nth coefficient a, = a,
+ iB8, in the expansion (4.1) satisfies the sharp inequality

(4.2) aZcosh®nc + B2sinh’nc < 4, n=12--...

Equality in (4.2) holds for the functions

4.3) K(zt)=1+ hZ b(t) Tw(2), ze ¥,
=1
(4.4) but) = 2 S08H o SIDEL 0<t<2m,

cosh ke l sinh k¢’

which belong to #(¥) and map % onto the right half-plane [9]. In this
section we obtain characterizations of the coefficient region

(4.5) o= 1{(a1,8, --+,8s): f(2) =1+ a;Ti(2) € FX(¥)}

and the subset %, , of ¥, which consists of points (a,,---,a,) corre-
sponding to the extremal functions f(z) € #(¥) for which Re(a,) is a
maximum. Our results parallel those of the Carathéodory theory for the
class #, [2], [6], and are derived from a Stieltjes integral representation
formula for #(¥).

THEOREM 4.1. ¥,, is a closed connected convex subset of 2n-dimensional
real Euclidean space.

Proof. ,, is closed since the class #(¥) is compact. .¥,, is convex
since #(¥) is a convex class of functions. The connectedness follows
immediately.

In order to obtain a more complete characterization of ,, we need
the following result proved by Royster [9]:

If f(2) € P(%) then f(z) may be represented by the Stieltjes integral formula

2%
(4.6) f@) = ﬁ K hdu), zE,
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where u(t) is a nondecreasing function with total weight one on 0 <t < 2«x
and K(z,t) is defined in (4.3), (4.4). Conversely, any function of the form
(4.6) belongs to P (%).

THEOREM 4.2. ¥,, is the convex hull of the set
4.7 Bon={(bi(),---,bs(8)): 0=t <2x},
where the b (t) (k=1,-..,n) are defined in (4.4).

We omit the details of the proof which are essentially the same as those
in the proof of Theorem 2.2. Note that if f(2) in (4.1) belongs to Z#(¥)
then by (4.6)

2x
(4-8) ap = o bk(t) dﬂ(t), k= 1’ 2, AR}

and consequently, the points (f(2),2f (2), ---,2"f ®(2)) and
(g(z; t) ’ Zg’(t) [ I zng(n)(zr t))

in Theorem 2.2 are replaced, respectively, by (a;,as---,a,) and
(51(8), bo(8), -+, b,(1)) in the present theorem.
By Theorem 4.2, points in %/,, are of the form

(4.9) Z Aj(bi(t), - -+, bal(t)),
j=1

where A\;> 0, >_i_;\j=1, and r < 2n. Corresponding to each point of the
form (4.9) there is at least one function f(z) = 1+ >_a;Ti(2) € #(¥). For
if u() in (4.6) is a step function with jumps A; at the pointst = ¢;(j =1, ---,r)
then by (4.8) the coefficients of f(z) are

(4.10) a, = ijbh(tj)a k= 1,2, e,

=1

Finally, we consider the coefficient space </,_,. By (4.8) and (4.4) we
have that

2
coshne

2r
(4.11) Re{a,} = j; cosntdu(t).

LEMMA 4.1. If u(t) is nondecreasing on 0<t<2x, f*du(t) =1, and
u(t 4+ 2x) = u(t) + 1, then

2x

4.12) \ (1 — cosnt) du(t) = 0.

Equality in (4.12) holds only if u(t) is constant in each of the intervals
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2
k—”<t<(k+1)-21, k=0,1,-.-,n —1.
n n

Proof. The inequality (4.12) is obvious. To prove the second assertion
we assume for some k, 0 <k <n—1, that u(f) is not constant on the
interval k(2x/n) <t < (k+ 1) (2x/n), then there exist numbers § > 0 and
m = m(k,8) > 0 such that

u[(k+1)2—1r—6] >u[kg-t+6
n n ]

and 1 — cosnt =2 m when k(2x/n) +6 <t < (k+ 1) (2x/n) — 6. Thus

J:'(l—cosnt)du(t) >m {,,[(k+ 1)2;”—5] - (k—+a]}

and inequality holds in (4.12).
Applying the lemma to (4.11) we have that

2
coshne’

(4.13) Re{a,} =

and by (4.6), equality holds if, and only if,

(4.14) f2) = Zx Kit), t= ,2_'

where \; 2 0, D_\;= 1. Inequality (4.13) also follows from (4.2), however,
the present proof shows that only the functions (4.14) are extremal for
(4.13). Thus by (4.14), (4.3), and (4.4) the points in ., _; are of the form

n—1 2”
(4.15) 2N (bt -+, balt)), lj= J —
i=0
where ;2 0, > A= 1, and
bi(t;) = 2 cos(kt;)/cosh kc — 12 sin(kt;) /sinh kc.

Note that D74 A;b.(¢;) = 2/coshnc.
If we let a, = x, + iy,, where

n—1 n—-1 2 n—1
a,=Q_MNb(t) =—— ) \cosvtj—i——— ) \;sinut;,
,Z‘; i6.(6) coshucjg0 SRRV smhuc,-Z,;) e

then the points (4.15) are of the form (x;,¥y, X5, Y2, <+, Xa ¥s). The vari-
ables x,, y, satisfy the relations

x,coshvc = x,_,cosh(n — v)c,

y,sinhve = — y,_,sinh(n — »)c, 1sv<nv=En—v,
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since
n—1

coshve . sinhsc _ T »eenem,

(4.16) x, 3 — 1y, 2 Z

Thus ,_, depends upon n — 1 real variables x,,y,.
Ln1= 1%, Y1, %2, Y2, * * *5 Xa—1/2 Yin—1)/2)
for n odd (n > 1), and
L1 = Y121, Y1, %3, Y2, -+ -, X(n—2/2s Yin—2/2 Xn/2)
for n even (n > 1). More precisely, %/, _; is a closed (n — 1)-simplex with
the n vertices:

; . 4
(2 cosj% / coshe, — 2sin"277r / sinhc,2cosJT1r / cosh 2c,

(4.17) — 2sin‘li—1r / sinh 2c, - - ~,2cos]—(n;—l)’ / cosh

(n—1)
2

¢,

—2sinj(n—;l)'/sinh(n;1)6) ,

j=0,1,--.,n—1,n odd (n> 1), and
(2cosj%/coshc, - 2sin1271/sinhc, ""2cos(n _nz)h/cosh

(4.18)

(n—2)
2

¢

- 2sin(n_—2)” /smhu) c,2cosjrx /coshf c) s
n 2 2
if n is even.
The boundary hyperplanes of &7,_; have the equations (k=0,1, - ,n—1)

(n—-1)/2 o

(4.19) 1+ X (x,coshuccosﬂ;nzf+ y,sinhucsin%) =0
r=1

n odd (n > 1), and

1 nc
14+ 5 (- l)hx,,/chShE-

(4.20) (n—2)/2

+ X (x,coshvccosyk% +y,sinhvcsin”k%) =0,

r=1

for n even.
The hyperplanes (4.19) and (4.20) are tangent to the ellipsoids
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(=12 9
> (x?cosh’c + y?sinh®»c) = —.
»=1 —
(4.21)
1 ne (=272 9
~xZ,cosh®>—~+ > (x2cosh’»c + yZsinh’»¢) = ——,
2 2 r=1 n— 1
respectively.

We have proved the following:
THEOREM 4.3. Let the function

f@) =1+ Z a0, To(2)

be regular and have positive real part in . Then Re{a,} < 2(coshnc) ™' and
equality holds if, and only if, f(2) is of the form (4.14). The coefficient space
¥, _, corresponding to the extremal functions (4.14) is a closed (n — 1)-simplex
consisting of points whose coordinates x,, y, are determined by the equation
(4.16). The vertices of the simplex are given by (4.17) and (4.18) and the
boundary hyperplanes by the equations (4.19) and (4.20). The boundary hyper-
planes are tangent to the ellipsoids (4.21).
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