ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF
NONLINEAR DIFFERENTIAL EQUATIONS

BY
RICHARD K. MILLER()

1. Introduction. In this paper we shall consider the system of n first
order ordinary differential equations of the form

(PE) x’ =P(t, x) + R(t,x) + G(t, x) (’ = (%) R
where we assume throughout that the following hypotheses are satisfied:

(H,) R(t,x) and G(t,x) are defined and continuous on I X D (I =
{t; 0St< =} and D an open subset of n-dimensional Euclidean space
R").

(Hy P(t,x) is defined and continuous on R' X D and is almost periodic
int.

(Hy G(t, x) is integrable in the following sense: If y(f) is any continuous
bounded function from I into D, then |G(¢,¥(t))| is of class L,[0, =).

Let @ be a fixed subset of D such that @ is closed in the topology of D.
We shall assume that R(t,x) satisfies the following two properties with
respect to the set Q.

(Hy For each x in the set @, R(t,x) 0 as t— o uniformly on compact
subsets of Q.

(Hs) For each ¢ > 0 and each x in @ there exist numbers 6 >0 and T
2 0, depending only on € and x, such that for all y& D with |x —y| <
and all t= T one has |R(t,x) — R(t,y)| <e.

Under the assumptions (H,;)-(Hs;) the system (PE) may be considered
as a perturbation of the almost periodic system

(E) x’' = P(,x).

In §II we shall be concerned with the asymptotic behavior of solutions
x(t) of (PE) which approach @ as t— . We consider two cases: x(¢)
bounded (Theorem 1) and x(¢f) unbounded (Theorem 2). Since appli-
cations of these theorems are of interest, we present these in §§II and III
and postpone the somewhat lengthy proofs of Theorems 1 and 2 as well as
the proofs of two preliminary lemmas to §§V and VI. In §IV we discuss
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some examples which illustrate the use of Theorem 1.

Barbasin and Krasovskii [2] obtain results on the asymptotic behavior
of autonomous systems by combining the method of Liapunov with the
notion of an invariant set. LaSalle [ 8] generalizes their results to periodic
systems. Krasovskii [6] considers instability of periodic systems using
similar methods. In §III below we obtain generalizations of these results
using Theorem 1 of this paper and some results from Liapunov theory.

The following conventions will be used in this paper: A function y(t)
defined on an interval I, with values in D will be called bounded if there
is a compact subset D* C D such that y(tf) € D* for all t & I,. If

y= (ylyy29y3’ "')yn)

is a point of R”, the norm of y is |y| =D 7,|y]. If x is a point and A
a subset of R", then d(x,A) =inf{|x —a|; a € A}; moreover, N(4,¢)
={x; d(x,A) < e} is the e-neighborhood of the set A. The symbol x(t, £, xo)
will denote a function of ¢ such that x(t, %, x;) = x,.

If y(t) is a continuous function on an interval T <t < o with values in
R’, we recall that the positive limit set I'*(y()) is the set of all points
2& R” such that corresponding to each z there is a sequence t,— « as
m— o with y(t,) —2. It is known (cf. [4, Chapter 16] or [7, p. 58])
that when y(f) is bounded on an interval T <t < «, the set T "(y(f)) is
nonempty, compact and y(¢f) —» ' (y(f)) as t— =, i.e., for each ¢ > 0 there
isa T(¢) > 0 such that y(t) € N(r*(y(t)),e) for all ¢t = T(¢). The reader
may note that I'*(y(t)) is usually defined only if y(f) is a solution of some
differential equation. However, the definition of I'*(y(f)) and the proofs
of the properties stated above depend only on the continuity and bounded-
ness of y(t).

The following remarks concern the hypothesis (H,):

DEFINITION. If P(t,x) € C(R' X D), we shall call P(t,x) almost periodic
in t if and only if the following two conditions are satisfied:

(i) For each fixed x € D, P(t,x) is almost periodic in the sense of H. Bohr
(cf. [8] or [5, p. 281]) as a function of t.

(ii) For each compact subset D* C D, P(t,x) is uniformly continuous on
the set R' X D*.

It is known (cf. [3] or [5]) that if P(¢, x) is almost periodic in ¢t and D*
is any compact subset of D, then | P(t, x)| is bounded on R' X D*. Further,
if {hn} is any real sequence, there is a subsequence {h.} and a function
P*(t, x) which is almost periodic in ¢ such that

(1.1) P+ hpy,x) > P*(t,x) ask— o,

uniformly for ¢ € R' and x on compact subsets of D.
If P(t,x) is almost periodic in ¢, let Tr(P) be the set of all translate
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functions, i.e., Tr(P) = {P(t+h,x); — ®» <h< «}. Let CI(P) be the
closure (in the sense of (1.1)) of Tr(P). Using (1.1) we see that CI(P) is
a compact metric space of functions P*(t,x) which are almost periodic in
t. It is easy to prove that for any fixed P*& CI(P), the set Tr(P*)
={P*(t+h,x); — ©« <h< o} is dense in CI(P). In the sequel we
shall generalize the notion of an invariant set to almost periodic systems
by using the space Cl(P).

II. Perturbed almost periodic systems.
A. Bounded solutions of perturbed almost periodic systems. The main
result of this paper may now be stated as follows:

THEOREM 1. Let (H))-(H;) be satisfied for a fixed set Q. Let x(t) be a
solution of (PE) which is defined and bounded on an interval t; <t < «.
Let x(t) - Q as t— . Then for each point z € I'*(x(t)) there exists a func-
tion P* & CI(P), a sequence t,— ©» as m— « and a function y(t) such
that

(@) y(t) =2+ S'P*s,5(8)ds (— o <t< =),

(b) x(t+t.) —»y(t) as m— « uniformly on compact subsets of — o <t
< o,and

(c) P(t+tn,x)— P*(t,x) as m— o uniformly for — « <t< o and
x on compact subsets of D.

Further, if {t,} is any sequence such that t,— « and x(t,) -z as m— =,
then a subsequence of {t.} may be used in satisfying (a), (b), and (c).

B. Quasi-invariant sets. The conclusion of Theorem 1 suggests an in-

variance property of the set I'*(x(¢)) with respect to the system (E). This
property is defined as follows:

DEFINITION. If A is a subset of D, then A is called quasi-invariant with
respect to the almost periodic system

(E) x' = P(t,x)

if and only if for each z € A there exists a function P* & C1(P) and a solu-
tion y(t) of the almost periodic system

(E*) x' = P*(t,x)

with y(0) = z, such that y(t) exists and remains in a compact subset of A
for — © <t< o,

The content of Theorem 1 is that I'*(x(t)) is quasi-invariant with respect
to system (E). Since a bounded solution x(¢) of system (PE) must approach
its positive limit set as t— «~, we have immediately:

COROLLARY 1. Let the hypothesis of Theorem 1 hold. Let Q, be the largest
quasi-invariant subset of @ with respect to system (E). Then x(tf) —@Q, as

t— o,
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Since the definition of quasi-invariance includes the notion of bounded-
ness for — » <t < », we also conclude the following:

CoROLLARY 2. Let (H,)-(H;) hold. If there exists a P*& CI(P) such
that all solutions of y’' = P*(t,y) which intersect @ are unbounded then no
bounded solution of (PE) approaches @ as t— .

Proof. Let {h,} be a sequence such that P(t+ h,, x) - P*(t,x) in the
topology of CI(P) as m— ». Let {D,} be a sequence of compact subsets
of D such that D, C D,C D;C --- and the union of all D, is D. Pick a
sequence {t,} such that |P(¢t+ t,x) — P(t,x)| <1/m on R'X D, We
may pick ¢, so large that ¢, = m + |h,|. Thus ¢, + h,— ©» as m— ~ and

P@t+t,+ hpx) - P*(t,x) inCl(P)asm— .

If there were a solution x(¢f) of (PE) bounded for large ¢t and approach-
ing Q as t— o, then {x(t, + hn) } would have a limit point z€ Q. Apply-
ing Theorem 1 we see that there would be a solution y(t) of y’' = P*(t,y)
such that y(0) = z and y(f) is bounded on — « < ¢ < ». Since no such
y(t) may exist, x(t) cannot approach @ and Corollary 2 is proved.

Yoshizawa [ 10]considers the case where P(t,x) = H(x) is independent
of t. Under the hypotheses of Theorem 1 above, he proves that for each
point 2 € I'" (x(f)) there is a solution y(f) of the system y’ = H(y) such that

(a) y() =z+ S£'H(y(s)) ds (0=t< =) and

(b) y(¢) stays in a bounded subset of I't(x()) for 0 <t < .

From Yoshizawa’s proof it follows that there is a sequence ¢,— « as
m— o such that x(¢+¢,) —>y(t) as m— o uniformly on compact sub-
sets of 0 < ¢ < ». Now in this case Tr(P) = CI(P) is the single function
H(x). It follows that Theorem 1 above generalizes Yoshizawa’s result.

C. Unbounded solutions of perturbed almost periodic systems. Y oshizawa
[11] also considers the case where x(f) > Q as t— « with x(f) not neces-
sarily bounded on an interval {, <¢ < . His result can be generalized
to perturbed almost periodic systems in the following way.

THEOREM 2. Let (H,)-(H;) hold for a fixed set Q. Let x(t) be a solution of
(PE) on an interval ty <t < o with x(t) - Q as t— . If Tt (x(t)) is not
empty, then for each z € I'*(x(t)) there is an L > 0, a function P* & Cl(P),
a function y(t), and a sequence t,— « as m—» such that

(a) y(t) =2+ ' P*(s,y(s))ds for —L<t=<L,

(b) x(t+t,) —y(t) as m— « uniformly on the interval — L <t <L, and

(¢) P(t+tnx)—> P*(t,x) as m— o uniformly for — o <t< o and
x on any compact subset of D.

D. The special case P(t,x) periodic in t. In the special case where P(t,x)
is periodic in ¢, Theorem 1 has the following form.
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THEOREM 3. Let the hypotheses of Theorem 1 hold. If P(t,x) is periodic
in t of period 0, then for each z& I'"(x(t)) there is an h (0 < h <0), an in-
creasing sequence { K.} of positive integers and a solution y(t) of (E) such that

(@) y@t) =z+ £ P(s,y(s))ds (— o <t < o) and

(b) x(t+ K,,0) > y(t) as m— « uniformly on compact subsets of — «
<t< o,

If P(t, x) is periodic in ¢ of period 6, then C1(P) = {P(t +h,x);0<h<6}.
Also if t,— » as m— « is any sequence we may assume that ¢, has the
form t,=h + K,.0 + s,, where s,—0 as m— o. Using these two facts
as well as Theorem 1 the reader will have no difficulty constructing a
proof of Theorem 3.

E. Remarks on Theorems 1 and 2. In both Theorem 1 and its local ex-
tension, Theorem 2, no uniqueness assumptions are made.

Amerio [1, pp. 97-105] proves the following result.

Let P(t,x) € C(I X D) be almost periodic in t. If there is a solution x(t)
of x’ = P(t,x) which remains in a compact subset Dy, C D for t on an interval
th=t< o, then for each P* & CI(P) there is a solution y(t) of y’' = P*(t,y)
with y(t) € D, for all tE R

Amerio’s result may be obtained from Corollary 2 above. We note that
if =D and R(t,x) = G(t,x) =0 then system (PE) reduces to system
(E) and satisfies hypotheses (H,)-(H;). In this special case Corollary 2
reduces to the following statement which is equivalent to Amerio’s result:

If there is a function P* & CI(P) such that all solutions of y' = P*(t,y)
are unbounded on — » <t < «, then all solutions of x’ = P(t,x) become
unbounded in their positive interval of existence.

F. On possible generalizations of Theorem 1. The conclusions of The-
orems 1 and 2 are rather complicated statements relating the behavior of
solutions x(f) along sequences {¢,} with particular solutions of certain
equations x’ = P*(t,x). We might conjecture that the asymptotic be-
havior of x(¢) should have a simpler relationship to the system (E). For
example we might conjecture that Theorem 1 is true for all P* & Cl(P).
Alternately, we might conjecture that z& I'*(x(¢)) implies that for all
solutions y(t,¢,2) of (E) with ¢t and ¢, sufficiently large we have y(t,1%,2)
€T (x(?)). The author is indebted to C. C. Conley for the following
example which shows that both of these conjectures are false.

Consider the periodic system

2.1) ¥=-y, y=x+E@tW(&,y).

The functions E(¢) and W(x,y) are defined as follows. Fix a small number
d>0. Let
0 ifx*4 (y—1)*2=2d,

W(x,y) =
(x.3) {1 ifx*+ (y—1)?%=d.
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Extend W as a C' function to the entire plane.

The number d may be taken so small that there is a numbere (0 < e < 7/4)
such that when 0 <t =<~ one has sint=1—d if and only if |t — x/2|
<e. Then for 0 <t <= one has cos’t+ (1 —sinf)®* < 2d if and only if
|t — /2| <e. Define

0 ifr/2—e<t=n/2+4e,
1 ifn/24+2e=<t=(5x)/2 — 2e.

Extend E by requiring E to be a continuous function, periodic of period 2x.

System (2.1) is periodic in ¢, hence almost periodic in t. Let the sets @
and D both be the entire plane R Since R(t,x) = G(t,x) =0, system
(2.1) satisfies hypotheses (H;)-(H;). From the definition of E(t) and
W(x,y) it is easy to see that x(f) = cost, y(t) = sint is a bounded solu-
tion of (2.1). The point (x,y) = (0,1) is in the set I'"(cost,sint).

For any t, € R, let Ty=t, (mod2x). Clearly, if |T) — x/2| = 2¢, then
the solution of (2.1) passing through (0,1) at time ¢, does not stay on
I't(cost,sint). This shows that both of the above conjectures are false.

In Theorem 1 the hypothesis on P(t,x) may be weakened. The prop-
erties of P which are essential to the proof of Theorem 1 are:

(i) | P(t,x)| is bounded on R' X D* for each compact subset D* of D, and

(ii) for each sequence t,— » as m— o there is a subsequence {t}
and a function P*(t,x) € C(R' X D) such that for each tE R,

E®) = {

t
j; | P(s + tin, x) — P*(s, %) |ds —

uniformly on compact subsets of x & D.

The second property is not a natural assumption and is generally rather
difficult to verify. Therefore we shall always assume that P(t,x) is periodic
or almost periodic in ¢.

II1. Almost periodic systems. In this section we shall prove two Liapunov-
type results concerning system (E). These results generalize the results
for periodic systems which were mentioned in §I. We shall first need to
recall some notions and results of Liapunov theory.

DEFINITION. Let W(t,x) € C(I X D) and let A be a subset of D. We
shall call W positive definite with respect to the set A if and only if the follow-
ing two conditions are satisfied:

(i) Wt,x) =0 if x is in A.

(ii) For each ¢ > 0 and each compact subset D* C D there is a number
6=206(ec, D*) > 0 such that if d(x,A) = ¢ and x E D*, then W(t,x) =6 uni-
formly for all t in I.

We shall call W negative definite with respect to A if and only if — W is
positive definite with respect to A.
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We shall need the following two preliminary lemmas. For reference,
these lemmas are stated immediately below, though their proofs are post-
poned until §VI.

Lemma 1 concerns systems of the form
3.1) x’ = F(t,x) + G, x), with Fand GE C(I X D).

LEMMA 1. Suppose V(t,x) is continuous on I X D and is locally Lip-
schitzian in x. Let both F(t,x) and V(t,x) be bounded on sets I X D*, for
each compact subset D* of D. Let G be integrable in the sense of hypothesis
(Hy). Suppose the derivative V with respect to system (3.1) in the sense of
Yoshizawa [10] satisfies V(t,x) 2 W(x), where W is positive definite with
respect to A C D. Then all bounded solutions of (3.1) tend to A as t— .

LEmMA 2. If V(t,x) € C(R' X D) is almost periodic in t, then the func-
W(x) = inf{ V(t,x); — » <t< o} is continuous in x.

The first main result of this section may be stated as follows:

THEOREM 4. Let P(t,x) be almost periodic in t. Suppose there is a non-
negative function V(t,x) € C(R' X D) such that

(i) V(t, x) is locally Lipschitzian in x and almost periodic in t, and

(ii) The derivative V with respect to system (E) is a nonpositive function
which is almost periodic in t.

Let A={xED;inf_.c.— V(t,x) =0} and let A, denote the largest
quasi-invariant subset of A with respect to system (E). Then all bounded
solutions of (E) approach A, as t— «.

Proof. Let x(f) be a bounded solution of (E). Let
W(x) =inf{ — V(t,x); — o <t< o |.

By Lemma 2, W is continuous on D. Since W(z) = 0, W is positive defi-
nite with respect to the set A. By a result of Yoshizawa [10, p. 382] all
bounded solutions of (E) approach A as t— =.

For Q=D and R(tx) = G(t,x) =0, system (PE) reduces to system
(E) and at the same time satisfies (H,)-(H;s). It follows from Corollary 1
above that the solution x(tf) approaches A, as t— . This proves The-
orem 4.

Note that if x is any point of the positive limit set of the bounded solu-
tion x(f), then one may use Theorem 1 above to obtain corresponding
functions y(f) and P*(¢,x) as well as a sequence {t,}. Since V(t,x) is al-
most periodic in ¢ it may be assumed that V(¢ + ¢, x) - V*(t,x) as m—
for some V*ECI(V). Since V(t,x(t)) 20 and V(¢ x(t)) <0, the limit
V¢, x(t)) = V, exists as t— «. If one notes that

V(t+ tm, 2(t + ta)) — V*(¢, ¥(0)
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as m— o, it is clear that V*(t,y(t)) = V, is constant for ¢t & R'. Thus
for all tER',

3.2) limsup > (V¥(t + b, y(t + b)) — V*(t, y(8))) = 0.
0T R

Using (3.2) and Theorem 4 we may prove the following corollary.

COROLLARY 3. Let P(t,x) be periodic in t of period 6. Suppose there is a
function V(t,x) € C'(R*X D) with V(t+6,x) = V(t,x) =0 and with the
derivative V with respect to system (E) nonpositive. Let -

B = {(ty, x0); Vto, x0) = 0}

and let B, be the largest subset of B such that for each (t,, x,) € B, there is a
solution y(t) of (E) with y(t) = xo, y(t) bounded on — » <t< o, and
tLy®) €By for — @ <t< . Let B,={x; (t,x) EB, for some t,}.
Then all bounded solutions of (E) approach B, as t— «.

Proof. Since P is periodic in ¢ the set A defined in Theorem 4 is the
same as {xo; V(t,x) = O for some £, & R'}. Also the function V* of (3.2)
has the form V*(t,x) = V(t+ h,x) for some h in the range 0 < h <.
Therefore the conclusion of Theorem 4 together with (3.2) above imply
the conclusion of Corollary 3.

Corollary 3 generalizes LaSalle’s result in [8] in two ways. The first is
that no uniqueness assumption is necessary. Secondly, in defining the set
B, of Corollary 3 we require that y(t) must be bounded on — « <t < =.

The second main result of this section may be formulated as follows:

THEOREM 5. Let P(t,x) be almost periodic in t. Suppose there is a func-
tion V(t,x) € C(R* X D) such that
(i) V(t,x) is locally Lipschitzian in x and almost periodic in t,
(ii) V has an infinitely small upper bound, and
(iii) the derivative V with respect to system (E) is non-negative and almost
periodic in t.
Let

A={x; inf V(t,x)=0}.
— o i< ™

Let A, the largest quasi-invariant subset of A with respect to system (E), be
empty or just consist of the origin. If V(t,,x) > 0 for some (ty,x,), then for
each compact subset D* C D and each solution x(t) of (E) with x(t;) =x,,
there is a number t, = t,(D* x(t)) = t, such that x(t)) ¢ D*.

Proof. If the theorem is not true, there is a compact set D* and a solu-
tion x(t) of (E) with x(f) = x, and x(¢) € D* for all ¢t = ¢,
Let W(x) =inf{ V(t,x); — » <t< = . From Lemma 2 and assump-
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tion (iii) it follows that W is positive definite with respect to A. From
Corollary 1 above it follows that x(t) -- Ay, as t— «. Since A, cannot be
empty (Theorem 1), A, is the origin. Thus x(f) -0 as t— «.

From V(¢,x) = 0 it follows that V(t,x(t)) = V(&,x,) for all ¢ = t,. From
assumption (ii) it follows that there is an A > 0 such that if |x| < h, then
| V(t,x)| < V(t, xo) uniformly for ¢ in R'. Therefore |x(f)| =2 h >0 for all
t=t,. This contradicts x(f) -0 as t— o and proves Theorem 5.

We remark that V(t,x) of Theorem 5 is not assumed to be definite or
semidefinite of either sign. If there are points x, arbitrarily close to the
origin and arbitrarily large numbers £, such that V(t, x,) > 0 then clearly
the origin (if x =0 is indeed a solution of (E)) is unstable.

IV. Example. In the sequel we shall need a theorem on existence and
boundedness of solutions of the general system

4.1) ¥ = F(t,x), withF& CU X D).

THEOREM 6. Suppose there is a non-negative scalar function V(t,x)
€ CYI X D) such that the derivative V(t,x) with respect to system (4.1) is
nonpositive. Suppose for some L >0 the set D(L) = {(t,x); V(t,x) <L}
is bounded in the sense that there is a fixed compact set D* C D such that for
all T = 0 the intersection of D(L) with the plane t = T is contained in D*.
If x(t) is any solution of (4.1) with (t,x(t)) € D(L) for some t, = 0, then
x(t) exists and remains bounded (in D*) for all t = t,.

For the proof we note that if (t,x(t)) € D(L) then V(t,x(t)) < L.
From V(t,x) <0 it follows that V(¢,x(t)) < L for all t = ¢t, i.e., x(t) € D*.

As an example of an application of Theorem 1 we consider a system
similar to one considered by Levin and Nohel [9].

= —2 alt)z,
i=0

4.2) 2= b()f(x) +e&(t),
zl( = - hi(t’ X, Z)zi + bt(t)f(x) + ei(t) (l = 17 2’ 3’ ] n)'

We assume the following concerning system (4.2):

(i) ai(t),bi(t),ei(t) and f(x) are continuous on R' and h(t, x,2) is con-
tinuous on I X R"*%

(i) xf(x) >0 if x=0.

(iii) There is a constant K > 0 such that At x,2) = K for all (t,x,2).

(iv) hi(t,x,2) is bounded in ¢t when (x,2) is restricted to any compact
subset of R"'

(v) e(t) ELy[0, ).

(vi) There are constants ¢; > 0 such that a;(t) = ¢;b;(t) for all t& R.

(vii) Each a;(f) is almost periodic.
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(viii) There is a constant M > 0 such that |ay(t)| = M and |a,(t)| =2 M
for all tE R

We shall show that all bounded solutions of (4.2) tend to the origin as
t— . To this end we define

Vit x,2) = Z”: (¥ /2 + f ’ f(u) du.
i=0 0

Then as in [9] we find that
V(t,x,2) = — W) + E{(®) V(t,x,2) + Eb(®),

where
W@ = K cz,
i=1
t n
E® = | Z_% les)| ds,
and
t n
E,(t) = J; D cilels)] ds.
i=0
Define
C = limexp(— E (1) — Ex(?)),
t—
and
, U(t, x,2) = exp(— E\(t) — Ey(8))(V(t, x,2) + 1).
Then

U(t7 X, Z) = — CW(Z).

Since W(z) is positive definite on the set
Q={x,221=2="---=2,=0},

it follows from a result of Yoshizawa [10, p. 382] that all bounded solu-
tions of (4.2) approach @ as t— ». From Corollary 1 above it follows
that all bounded solutions of (4.2) approach the largest quasi-invariant
subset of @ with respect to the almost periodic system

X o= — aot)z,
zl( = bt(t)f(x) (l= O, 192"")"')'

We shall now show that the largest quasi-invariant subset of @ is the

(4.3
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origin. For suppose (x*,2,0,0,.--,0) is a point of this set. Then there
is a bounded solution (x(t),2(f)) of a certain system

¥ = —ag(t)z,
Z,/=b,*(t)f(x) (i=091’2"":n)9

where af € Cl(ay), b € Cl(b) and af(t) = cobd(¢).

Since the solution (x(t),2(f)) remains in @, we must have z;(t) =0 for
i=1,2,3,.--,n. From assumption (viii) it follows that ¢,|by(t)| = M.
Together with assumption (i) and 2{(¢) = b5 (¢)f(x(¢¥)) =0 it follows that
x(¢) = 0. Therefore

25(t) = coad () f(x(t)) = coa(t)f(0) =0,
and z(t) =2 is constant. Further, x'(f) = —af(¥)2, and |ag(t)| = M
imply that 2,= 0. Thus x’ = 2= 0.
There is a neighborhood D, of the origin such that all solutions of (4.2)

starting in D, at any time £, = 0 are bounded. To see this we use Theorem
6. Take L > 0 such that

4.4)

ff(u) du+1<L/C

implies that | x| is bounded. That such an L exists follows from assumption
(ii). Then the set D(L) = {(¢,x,2); U(t,x,2) < L} is bounded in the sense
of Theorem 6 above. Since U is non-negative and U is nonpositive, we
may apply Theorem 6.

Levin and Nohel assume that

lim f(u) ds— .
|x|— =
In this case the function U(t,x,2) > « as |x| +|z| — «» uniformly for ¢
in I. It is known that in this case all solutions of (4.2) are bounded (cf.
[7, p. 113)).
We now modify the previous example and consider any system of the
form

X = — ia,»(t)z,- - p(t)x’

(4.5)
2l = — hi(t,x,2)z; + b;(t) f(x) + ei(t) (t=12,3,---,n).

The functions a;, b, f,e; and h; are assumed to satisfy the same assump-
tions as in the previous example. We assume p(t) = 0 is almost periodic
and is not identically zero. With V defined by

Viex,2) = 3 /22 + f fw) du,
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we have

Vt,x,2) < — W(2) + Ei(t) V(t,x,2) + Ej(®),
where W(z), E,(t) and Ey(t) are as in the previous example. Now let

U(t, x,2) = exp(— E\(t) — Ex(t))(V(¢t,x,2) + 1).
Then

Ut x,2) = — CW(2).
From Yoshizawa’s result [ 10, p. 382] it follows that all bounded solu-

tion of (4.5) approach the set @ = {(x,2); z= 0} as t— «. By Corollary
1, all bounded solutions approach Q,, the largest quasi-invariant subset

of @, ast— «. We shall now show that @, is the origin. For let (x,,0) be
any point of ;. Then there is a system

X = _p*(t)xy
zl/=bl*(t)f(x) (i=192)3)'°')n)

with p* € Cl(p) and b} € Cl(b)) and there is a bounded solution (x(t),z(t))
of (4.6) such that x(0) = x, and 2(¢f) = 0. From (4.6) we see that

x(t) = xoexp< —J:p*(s) ds) .

Since p*(f) = 0 is almost periodic, if x, > 0 then |x(t)| > » as t— — «.
Therefore the set @, is the origin. We also note that the considerations
for the existence of bounded solutions of (4.2) carry over in a similar
way to (4.5).

(4.6)

V. Proofs of Theorems 1 and 2. We shall need the following lemma
which is easily established by a contradiction argument.

LemMa 3. If Q* is any compact subset of Q, then 5 and T of (H;) may be
chosen independently of x in Q*.

Proof of Theorem 1. Let {e.} be any positive null sequence. Let D*
C D be a compact set such that x(t) € D* for all t = ¢,. Such a D* exists
because x(f) is bounded on the interval {, <t < . Let M be a bound
for | P(t,x)| on the set t=0, x& D*. Let @*=@ND*. Fix any L>0
and any point z & I'"(x(t)).

By definition of I'"(x(¢)) there exists a sequence t,— » as m — « such
that x(t,) —2. By possibly taking a subsequence we may assume that

(5.1) |x(tw) — 2| < e form=1,2,3,---.

Using the boundedness of x(f) as well as assumption (H;) we may also
assume that for all t= ¢, — L,
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5.2) ﬁ " 16 x(®) | dt < e

Using (H) we may assume that
(5.3) sup{|R(t,x)|; xEQ*and ¢t 2 t, — L} < ¢y

The compactness of @* implies that for each ¢ = ¢, there is at least one
point x,E @* such that d(x(t),Q*) =|x(t) — x;|. By (H;) and Lemma 3
there are numbers 4, and T, such that if x€ Q*, t > T,, and |x — y| < b,
then |R(t,x) — R(t,y)| < en. Since x(f) » Q* as t — o there exists S, = T),
such that d(x(¢), @*) = |x(t) — x,| <, for all t= S,,. We may assume that
t,=S,+ L. Thus

(5.4 |R(t,x(®)| < |R(t,x(®) — R(t,x)| + |R(t, x) | < 2¢n

for all t=t,— L.
We now define functions x,(f) on the interval — L <t <L by x.(t)
=x(t+t,). Since

(6.5) x(t) = x(tw) + j: { P(s,x(s)) + R(s, x(s)) + G(s, x(s)) } ds,

we have
xnl) = 2(t) + f P(s + b %(5))
(5.6) "
+ f ™ | R(s, x(s)) + G(s, x(s)) | ds
for —L<t=<L.

Each of the functions x,(f) has its range in the compact set D*. Thus
the sequence {x,(t)} is uniformly bounded. The sequence is also equi-
continuous. For take any m and any ¢, and ¢, with — L <t <t,<L;
from (5.6) we see that

t t +t
Ix(t) — x(t)| < f 2| P(s + b, 2(8)) | ds + f " IRG, 56| ds
4 tmtt

+J:m_L|G(s,x(s))| ds.
Using (5.2) and (5.4) we have
|x(t) — x(t) | = (M + 2¢4) (t2 — t) + €m

Since ¢, —0 as m— =, the equicontinuity of {x,(¢)} is proved.
There is a function y(f) and a subsequence of {x,(t)} which we again
index by m such that
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|x(t +ta) — ¥(O)| = |xa(®) —¥()| -0 asm— @

uniformly on — L <t < L. Using property (1.1) of §I above for the al-
most periodic function P(t,x), there is a function P*(t,x) € CI(P) and
and another subsequence such that

| Pt + tn,x) — P*(t,x)| >0 asm— o

uniformly for — © <t < « and x on any compact subset of D.
From (5.1), (56.2), (5.4), (5.6) and the uniform convergence of the se-
quences {%,(t) } and {P(t + tn, %) } it follows that y(f) has the form

6.7) YO =2+ ﬁ P*(s,(s)) ds.

Once (5.7) is established for arbitrary L >0 and arbitrary sequences
ln,— © as m— o with x(¢,) —2, the proof is completed as follows: For
L =1 we may find a sequence {t;,} which satisfies (5.7) on —1<¢t=<1.
For L =2 we find a subsequence {t,} of {t,} which satisfies (5.7) on
—2=<t=<2. We continue in this way for L = 3,4,5,-.-. Each of the se-
quences {;,} defines the same function P*(t,x) and the same y(f) (for as
long as y(t) is defined). Thus y(t) may be defined for all of the interval
— o <t< o, The subsequence satisfying conditions (a), (b) and (c)
can be chosen as t, = t,,.

Proof of Theorem 2. Fix some point z€ I'*(x(f)). Pick ro> 0 such that
Ny = {x; d(x,2) =ro} CD. Define

My =sup{|P(t,x)|; — » <t< o, xE Ny}
and
M,=1+sup{|R(2)|; 0St< = }.

Since N, is compact, M, is finite. In view of (Hy), M, is also finite. By
(H;) there is a T>0 and a 4 >0 such that whenever t> T and |x — z|
<4, one has |R(t,x) — R(t,2)| <1. Let r=min(,r). If |x(t) —z| <r
for any number t= T, then |R(t, x(t))| < M,.

Let x*(f) be a continuous bounded function defined on 0 <t < o such
that x*(t) = x(f) whenever x(f) € N,., We may pick a number T, = T
such that for all t= T,

f " |Gls, x*(s))| ds < r/3.

Let L =r/(83M,+ 3M,). It is claimed that if there is a number ¢, > T,
+ L with |x(t) —z| <r/3, then |x(f) —z| <r for |t—t| < L. To see
this suppose there is a ¢, with t, <t <t,+ L (or ¢, — L <t, <ty) such
that |x(t) —2| <r for t,<t<t and |x(t) —z2| =r. Since x*(t) = x(t)
has the form (5.5) on the set N, we have
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r=|x(t) — 2| |x(t) — 2| +f:ol {|P(s,x(s))| +|R(s,x(5))| } ds
+L_L|G(s,x*(s))| ds

Sr/3+ Mo+ M)|t,—t| +r/3<r.

This contradiction proves the claim.

We now pick a sequence ¢t,— « as m — o such that

() |x@n) —2| <r/3 (m=1,2,3,--.),

(i) x(¢n) —2z as m— o, and

(i) T'+L<t,<ty<tz<---.

For such a sequence we know that x(f) € N(z,r) CN, if |t —t,| < L.
Define x,(t) =x(t+t,) for —L<t<L and for m=1,2,3,-... Let
Q* = QN N,. The proof may now be completed in the same way as the
first part of the proof of Theorem 1.

VI. Proof of Lemmas 1 and 2.

Proof of Lemma 1. Let x(¢) be a solution of system (3.1) with range in
a compact subset D* of D. Let M be a bound for |F(t,x)| and | V(¢,x)|
on the set t=0 and x & D*.

If the lemma is not true, there is an ¢ > 0 and a sequence {,— « as
m— o such that d(x(t,),A) = 2¢. Let T,,=t,+ ¢/(2M). We may assume
that T, <t for m=1,2,3,... and that

| 1662601 ds <2
1
If t,<t<T, then |x(t) — x(¢,)| <e and d(x(t),A) = By the posi-

tive definiteness of W, there is a § > 0 such that if x & D* and d(x, A)
¢, then V(t,x) =4 uniformly for ¢ in I. Therefore

"
V(T x(T) — V4, x(8)) = J: 1 " Vs, x(s)) ds
m T.
= f’ V(s, x(s)) ds
j=1 JY
de

de

2M

when m is sufficiently large. This contradiction proves Lemma 1.

v

Thus

M2 V(T o(T) 2 Ve, 6) + ( ) m>M
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Proof of Lemma 2. Pick any point x,& D and any sequence x,— X, as
m— . Let w, = limsup W(x,) (m— «) and w, = liminf W(x,) (m— «).
Then w; = w,. We now show that w, = W(x)) = w;. From this it follows
that lim W(x,) = W(x;) (m— «) exists.

Let {x,.} be a subsequence of {x,} such that W(x,,) »w, as m— .
Pick ¢ > 0. Pick 4(¢) using the uniform continuity of V on the set R'
X{x;j=0,1,2,---} (note that {x;j=0,1,2,---} is a compact set).
There is an M so large that |x;, — xo| < é(¢). Therefore

(6.1) | V(t, x0) — V(t,x1)| <€ uniformly foralltin I.
The number M may be taken so that
6.2 » |w, — W(xm) | <e.
Pick s € R! such that
(6.3) | V(s,x0) — W(xg)| <e.
From (6.1) and (6.3) it follows that
| Wiz — Vs, x| <|W(x)) — Vis, x0)| +| Vs, %) — Vs, xud|
< 2e.
Thus
W(xg) =2 V(s,x1m) — 2¢ 2 W(xin) — 2e.

From (6.2) it follows that W(x;) > w; — 3e. Since ¢> 0 is arbitrary it
follows that W(x,) = w,.

In order to show that w, = W(xy) pick an ¢ >0 and an integer M so
large that

| V(t,xp) — V(t,%)| <e uniformly for all ¢ in R'
and such that
| W(xy) — w,| <e.
Pick a number s in R' such that
| V(s,2p) — W(xp) | <e.
Then
lwy — V(s,%0) | <|wy— W(xp) | +|W(xa) — Vs, xu |
+ | V(s,xp) — V(s,x0)| < 3e,
wy, > V(s,x0) — 3e = Wi(xg) — 3e.

Since ¢ > 0 is arbitrary, w, = W(xg) = w,.
Since the point x, and the sequence {x,} are arbitrary, the assertion of
the continuity of W is proved. This completes the proof of Lemma 2.
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