GENERAL SOLUTION OF NONLINEAR
DIFFERENCE EQUATIONS

BY
W. A. HARRIS, JR.(}) AND Y.SIBUYA()

1. Introduction. We present a method for solving a system of nonlinear
difference equations of the form

(1.1) y(x+ 1) = f(x,y(x)),

where x is a complex variable, y is an n-dimensional vector, and f(x,y) is an
n-dimensional vector with components holomorphic in the region

n
Im(x) 2 R,, |yl= l\fl_alx |yi| < o,

the y; being components of y. We assume that f admits a uniformly asymp-
totic expansion

f(x,y) = hZOx"‘fk(y)

for ||y|| < 5 as x tends to infinity in the region Im(x) = R,. The coefficients
fi(y) are assumed to be holomorphic for |y| < é. Let \; be the eigenvalues
of the matrix fy,(0). We shall make the following assumptions:

(i) fo(0) =0

(i) 1 < M| < [hg| < -o- < [Nl

Giid) TT0-0 [P 5= [
for j=1,2,...,n and >__,p; = 2, where p; are nonnegative integers.

If fo(0) = 0 and X; # 1, we can determine a formal solution

(1.2) y=2 x"'p,
k=1

of the system of difference equation (1.1) by substitution and identification
of terms. In one of our previous papers [3] we have shown that, if f,(0) = 0
and |\;] # 1, there exists a holomorphic solution y = p(x) of the system (1.1)
in the region

(1.3) Im(x) 2R, (>Ry)

such that p(x) admits the formal solution (1.2) as asymptotic expansion as
x tends to infinity in the region (1.3).
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By the transformation

y=u+p(
the system (1.1) is reduced to a system of the form
(1.4) u(x+1) = g(x,u(x),
where

g(x,u) = f(x,u+ p(x)) — p(x+1).

The quantity g(x, u) is holomorphic for (1.3) and |u| < ¢’, and admits a uni-
formly asymptotic expansion

g u) = 3 xg(w)
k=0

for||u|| <&’ as x tends to infinity in the region (1.3). It is easily seen that
&o(u) = fo(u).
On the other hand, since g(x,0) = 0, we can write g as

gx,u) =Bx)u+ Y gyx)u’,

v |22

where b is a set of nonnegative integers p,, ---,p, and u® = uf'...uf, | p|
=p1+ P2+ --+ + pp. The coefficients B(x) and 2,(x) are holomorphic for
(1.3) and admit asymptotic expansions

B() =Y xB,

k=0
8p(x) = i x 78
k=0

as x tends to infinity through the region (1.3). Furthermore,
By = 8oy(0) = ny(O)-

Due to a result which we have proved in one of our previous papers [4],
we may assume without loss of generality that B(x) is a diagonal matrix if
RYEJPY

Let

(1.5) u= P(x,2)

be a transformation of the vector u such that P(x,z) is holomorphic for
Im(x) 2 R,, | 2| <4”, and admits a uniformly asymptotic expansion

1.6) P(x,2) = 3 x~*Py(2)
k=0
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for ||z| <¢” as x tends to infinity in the region Im(x) = R,, where P,(2)
are holomorphic for || z| < 6”. The transformation P will have a convergent
representation in powers of z, which we assume has the form

1.7 P(x,2) =z+ > P,(x)z".

lp 122

Since P admits the asymptotic expansion (1.6), the coefficients Py(x) also
admit asymptotic expansions in powers of x~.

We shall prove the following theorem:

THEOREM. Let the eigenvalues \; of f,(0) satisfy

(1.8) 1< M| <o <Nl
and
(1.9) Hlxllpl?élxll (J=1,"”nrlp|22)~

i=1

Then there exists a transformation of the type (1.5) by which the system (1.4)
is reduced to the linear system

(1.10) 2(x + 1) = B(x)z(x).

In order to determine the transformation P, we have to solve the func-
tional equation

(1.11) P(x + 1, B(x)2) = g(x, P(x,2)).

Let Z(x) be a fundamental matrix of solutions for the linear system
(1.10). Then the general solution of (1.10) can be written in the form

(1.12) 2(x) = Z(x)c(x),

where c(x) is an arbitrary periodic vector-valued function of period 1.
We shall show that if x is restricted to a region of the form

(1.13) Im(x) = R,, a < arg(x — a),

where «a is a positive constant determined by Ay, ---, A, and a is an arbitrary
real number, the fundamental solution Z(x) is bounded and tends to zero
as x tends to infinity in the region (1.13). Hence, if c(x) is sufficiently
small the general solution of (1.1) is given by

y(x) = p(x) + P(x, Z(x)c(x))

in the region (1.13).

The scalar case, n = 1, has been treated by J. Horn [5] under the as-
sumption that f(x,y) is holomorphic for |x| = R,, |y|| = é using Laplace
transform techniques. W. J. Trjitzinsky [7] has treated the single nth order
equation
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Y +n) = f(x,y(x),y(x+ 1), -, y(x +n— 1))

under various assumptions including f(x,0,0, ---,0) =0, i.e., the existence
of a solution p(x) = 0. He constructed formal series expansions equivalent
to our series (1.7) which he proved are asymptotic to true solutions, while
we have established the convergence of this infinite series. Furthermore,
our results, while extending known results such as these, are obtained in
a simpler and more direct manner.

2. Formal solution in powers of x~'. First of all, we shall determine a
formal solution

@1 P(x,2) = 3 x*Py(2)
k=0

of the equation (1.11), so that P,(2) are holomorphic in a region
(2.2) Iz <é”.

By substituting (2.1) into (1.11) and identifying terms in both sides,
we get

(2.3) Py(By2) = go(Py(2)).
This is Schréder’s equation. Since
&) = By + 0(||y]?),
and we assumed the conditions (1.8) and (1.9), there exists a solution
Py(2) = z+ 0(| z||?

of (2.3) which is holomorphic in a region (2.2). (See M. Urabe [8].)
Put

P(x,2) = Py(2) + Q(x,2).
Then the equation (1.11) becomes
(2.4) Q(x + 1, B(x)2) = F(x,2,Q(x,2)),

where
F(x,2,Q) = g(x, Py(2) + Q) — Py(B(x)2).
Put

2.5) Qx,2) = 3 x*Py(2),
k=1

and
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F(x,2,Q) = Fy(z,Q) + X x7"'Fy(2, Q).
k=1

Then
Fo(z, Q) = 8o(Py(2) + Q) — Po(Bo2) = 0(|| Ql),
since Py(2) is determined by (2.3). Put
Fi(z,Q = L) Q+ 0(] Q|".

Then
(2.6) L(2) = B+ O(| 2]).
On the other hand, since
F(x,2,0) = g(x, Py(2)) — Po(B(x)2) = B(x) Po(2) + O(|| Po(2) |*) — Po(B()2)

= B(x){z+ 0(|lz]|* } — {B(x)z+ O(| B(x)z|» } + O(|| Po(2) |®

= 0(| 2|1,
we have

Fi(2,0) = 0(]z|» (k=0,1,2,...).

By inserting (2.5) into (2.4) and identifying terms in both sides, we get
2.7 P(Bg2) = L(2) Pi(2) + ©i(2) (k=1,2,--.),
where ©,(2) is a polynomial of P, (k' < k) and if Py (k' <k) are O(|z|?,
then &,(2) = 0(]|z|),. There exist Py(z) satisfying (2.7),
(2.8) Py2) = O(| 2%

and holomorphic in a region (2.2). The region (2.2) is determined so that
it is independent of k. In fact, let © be an open neighborhood of the- origin
such that

2.9) Bi'® CD.

Because of the assumption (1.8), we can construct such a neighborhood
in any neighborhood of the origin. Assume that a positive integer N is so

large that we have
1
(2.10) ILOI B = 5

for2€ . Assume that &,(2) is holomorphic in D. Then there exists a
holomorphic vector-valued function P,(2) such that

(2.11) Py(Bz) = L(2) Py(2) + ©4(2)

for z&€ ©. To prove this, first of all, construct a formal solution
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(2.12) Pi2) = Y. Pi,2°.

EXEL
It is possible to construct such a formal solution, because we have as-
sumed (1.9). Put

N-1
P{@) = 3 Puz’,

Iv|=0

A2

and
Qu2) = Py(2) — P{V(2).
Then the equation (2.11) becomes
213)  QuBw) = L@QW2) + L) PN + Gu(2) — PR (By2).
Put
T4(2) = L@ PM(2) + ©ul2) — PiV(By).

Since (2.12) is a formal solution, we have
2.14) | T2 | < M|z|¥
for 2& D, where M is a positive constant. Let K be a positive constant
such that
(2.15) K = 2M| B;'|M.
Let § be the set of all vector-valued functions @(2) such that

(i) Q(2) is holomorphic in D,

(i) 1Q@| =K|z|"in D.

T is convex and compact with respect to the topology of uniform conver-
gence on each compact subset of ©. Define a transformation T by

(2.16) T(Q)(2) = L(B5'2)Q(B;'2) + Tu(Bi'2)

for Q€ §. Since we have (2.9), the right-hand member of (2.16) is holo-
morphic in D . Furthermore, (2.14) and the condition (ii) of § imply

IT@Q @I = ILB: "2 | K| B | zIV + M| B | M) 2| ¥
for z€ ®D. Since B;2€ D, (2.10) and (2.15) imply
IT@ @I = K|z|¥

for zE D. Thus we have T(Q) € §. Therefore, there exists a fixed point
of T(Q) in §, because T is continuous with respect to the topology speci-
fied above. This proves the existence of the solution of (2.13). The condi-
tion (2.8) is easily checked. Thus we can construct a formal solution of

(1.11) in powers of x~ .



68 W. A. HARRIS, JR. AND Y. SIBUYA [March

3. Transformation of equagon (1.11). Let ﬁ(x, 2) be an n-dimensional vector
such that components of P are holomorphic for Im(x) 2 R,, ||z|| <6” and
that P admits the uniformly asymptotic expansion

3.1) P(x,2) ~ Zm: x7*Py(2)
k=0

for |z|| =¢” as x tends to infinity in the region Im(x) = R,, where the
right-hand member of (3.1) is the formal solution of (1.11). Furthermore,
since we have (2.8), we can assume that

(3.2 P(x,2) = Py(2) + O(||2]|).

The existence of P is guaranteed by the Borel-Ritt Theorem [2].
Put

(3.3) P(x,2) = P(x,2) + H(x,?2).
Then the equation (1.11) becomes
(3.4) H(x + 1, B(x)2) = G(x,z, H(x, 2)),
where
G(x,2, H) = g(x, P(x,2) + H) — P(x + 1, B(x)2).
The quantity G(x,z, H) is ‘holomorphic for

(3.5) Im(x) 2 R, |z <oy |H| =5

Put

(3.6) G(x,z, H) = Go(x,2) + Gi(x,2) H+ 3 Gy(x,2H".
I 22

The coefficients Gy, G, and G, are holomorphic for Im(x) = Ry, ||z|| = 4y,
and they admit asymptotic expansions in powers of x . In particular, since

Go(x,2) = g(x, P(x,2)) — P(x + 1, B(x)2),
we have
(3.7) Go(x,2) =0
uniformly for ||z] <4, as x tends to infinity in the region Im(x) = R;, be-

cause the asymptotic expansion of P'is the formal solution of (1.11). Further-
more, we have

(3.8) Go(x,2) = 0(]|2||?,
because the forms of g and P, and (3.2) imply
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Go(x,2) = B(x) P(x,2) — Py(B(x)2) + O(||z|)
= B(x) Py(2) — Po(B(x)2) + O(| 2||*)

= 0(]z|%.
On the other hand, we have
(3.9) Gi(x,2) = gu(x, P(x,2)) = B(x) + O(J |)).

4. Lemmas on linear nonhomogeneous difference equations. In the sequel
we shall need estimates of solutions of difference equations of the form

(4.1) y(x + Da(x) = b(x) y(x) + f(x),

where a, b and f are scalar functions which are assumed to be holomorphic
and bounded for Im(x) > R,. Assume further that

(4.2) la(x)| 2 1/r, |b(x)| 2 1/r

for Im(x) > R,, where r is a positive constant such that r <1. We also
assume that either

4.3) |a(x)/b(x)| <r for Im(x) > R,
or
(4.37) |b(x)/a(x)| =r for Im(x) > R,.

LEMMA 1. There exists a holomorphic solution of the system (4.1) which
satisfies the inequality

(4.4) |y(x) | é

2R, )

for Im(x) > R,.
Proof. Let the mapping T be defined by

Tly](x) = bzx 1; y(x — 1) + f((x_l)_ if (4.3”) is satisfied,
and
_ _(__ f(x) . " .
T[y] (%) e ) Y(x) + ) if (4.3’) is satisfied.

A solution of (4.1) is equivalent to a fixed point of the mapping T.
Let § be the set of all functions y(x) holomorphic for Im(x) > R, such
that

ly(x)| =M,

where
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= sup |f(x)].

1—r mo>gR
Then, for y & §, we have
[ Tly]®)| =rM +r(1—r)M < M.

Hence T[y]€ §.

¥ is convex and compact with respect to the topology of uniform con-
vergence on each compact subset of the region Im(x) > R,. Since the
mapping T is continuous with respect to the same topology, and T[]
C §, there exists a member of § such that

y=Tly].

This is the desired solution, and the proof of Lemma 1 is completed.

REMARK. If a, b and f admit asymptotic expansions in powers of x~' as x
tends to infinity in the region Im(x) > R,, then the solution constructed above
also admits an asymptotic expansion in powers of x'. This can be deduced
from our previous results [3].

Let bi(x) (i = 1,2, -.-,n) be the diagonal elements of the diagonal matrix
B(x) which was given in the introduction. Then bi(x) admit asymptotic
expansions

(4.5) bi(x) = N+ D x "y,
k=1

as x tends to infinity in the region (1.3). Since we assumed (1.8) and (1.9),
we have either

(4.6) TT 160 |%]bx)| " < r for (1.3)
i=1
or
(4.6”) 18,0 | TT 18:®)| < - for (1.3)
i=1

for j=1,2,---,n, | p| = 2, if R, is sufficiently large, where r is a positive
constant such that r < 1. On the other hand, we can also have

(407) Ib}(x)l =1/r (]= 192’ "’an)

and

(4.8) [T %z1/r (1922
i=1
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for (1.3)().

LEMMA 2. Assume that the scalar-valued function f(x) is holomorphic and
bounded for Im(x) > R,. Then there exists a holomorphic solution of

(4.9) y(x+ 1) [Tbi(x)? = bj(x)y(x) + f(x)
i=1
which satisfies the inequality

(4.10) ly@)| =

T Im?:)lgRll f(x)| for Im(x) > R,.

This is a corollary of Lemma 1. It is important that r and R, are deter-
mined only by B(x) and are independent of j and p. If f(x) admits an
asymptotic expansion in powers of x !, then y(x) also admits an asymptotic

expansion in powers of x .

5. Formal solution of equation (3.4). If we can construct a solution H(x,z2)
of (3.4) such that

(i) H(x,2) is holomorphic for Im(x) = R, ||z| < 63,

(ii) H(x,2) =~ 0 uniformly for | z| < é; as x tends to infinity in the region
Im(x) = R,

(iii) H(x,2) = O(|z|® for Im(x) = R,, |2|| < &5,
then we get the desired solution of (1.11) by defining P by (3.3).

In order to construct such a solution H of (3.4), first of all, we shall
construct a formal solution of (3.4) in the following form:
(5.1) H(x,z2) = Y, H,(x)2",

Ivlz2
where H,(x) are to be determined as holomorphic functions for Im(x) > R,.
Inserting (5.1) into (3.4) we get
> Hy(x+ 1)(B(x)2)?

9|22

5.2
6.2 = Go(x,2) + Gi(x,2) H,(x)z" + G,(x,2)H(x,2)".

plz2 FYED

(0%

Since we have (3.9) and
(B(x)2)® =[] bi(x)Pi”,
i=1
we have

() Case (4.6") can occur at most a finite number of times since |bj(x) | [Ti=1bi(x) | 77

= 0(’.“’ |)'
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(5.3) Hy(x+ 1) [T bix)" = B(x)Hy(x) + hy(2),

i=1
where h,(x) is a polynomial of P, (| §’| <|¥]).

By the use of Lemma 2, we can determine H, successively. In particu-
lar, we have the estimates

(5.4) | Hy @) =

h
1—r Im?:}gm" (@

for Im(x) > R,.

6. Majorant. In order to prove the convergence of the formal series (5.1),
we shall construct a majorant.

Since Gy(x,2) is asymptotically zero, for any positive integer m, there
exists a positive constant L, such that

(6.1) IGo(x,2) | < Ln|x| ™"

for

(6.2) Im(x) z R, Izl < é.

On the other hand, there are positive constants M; and M, such that
(6.3) | Gi(x,2) — B(x) || = M,

and

(6.4) 1Gy(x,2) | < Moy '™

for (6.2). Put
$o(2) = Z o 1P izb,

Iplz0

$1(2) = Z sriPIz?

|piz1
and
$o(2) = 2 or'l2".

|plz2
Then, since we have (3.8) and (3.9), Gy(x,2) and Gy(x,z) — B(x) are major-
ized respectively by L.|x| ~"¢2(z) and M,¢,(z), while G,(x,2) are majorized
by M35 ! 1go(2).
Consider the equation

(6.5) V= ‘IITr{ £62(2) + M1¢1(2)v + M,¢(2) 85 P lpl® I} )

lp 122

where v is a scalar and ¢ is a real nonnegative variable.
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The equation (6.5) has a solution of the form
v=0(t2) = ) v,(§)2°

Ip |22
which is holomorphic for
&l =p, 2| =85
if p and 45 are sufficiently small. It is easily seen that we have
Hy(x) < vy (Ln|x| ™)

for Im(x) > max{ (L./p)"™ R:}, because we have (5.4). Therefore, the
series (5.1) converges uniformly in the largest such region

Im(x) > R}, Iz] = 8,
where

R} = max {Rl, inf (Ln/p) W}.

Furthermore, we have
|H(x,2)| <|v(Lnlx]™"2)],
and
v(§,2) = O(%).

Hence H(x,2) ~ 0 uniformly for | z| < 3 as x tends to infinity in the region
Im(x) > Rj since m is arbitrary. This completes the proof of our theorem.

REMARK. We can make p arbitrarily large by making é; sufficiently small.
Hence we can make R} = R,.

7. Estimates of fundamental matrix of solutions of (1.10). The system (1.10)
is equivalent to n scalar equations of the form

(7.1) w(x 4 1) = b(x)w(x),

where b(x) is holomorphic for Im(x) = R, and

(7.2) b(x) =\ + ;x"’ck
as x tends to infinity in the region Im(x) = R,, where |A| > 1. The function
b(x) can be written as
b(x) = M1 4 x7)1"b(x),
where 6(x) is holomorphic for Im(x) = R, and
(7.3) b(x) —1=0(|x| ™
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as x tends to infinity in the region Im(x) = R,. Then the product of solu-
tions of three difference equations

wi(x + 1) = Aw,(x),
(7.4) wy(x + 1) = (1 4+ x 7)1 wy(x),
ws(x 4 1) = b(x)ws(x)
is a solution of (7.1). The third equation of (7.4) is satisfied by

() = [ b(x — m).
m=1

Since we have (7.3), ¢(x) is holomorphic and bounded for Im(x) = R,.
The first and the second equations of (7.4) are satisfied, respectively, by
A"~ and x“1’*, where a is an arbitrary real number. Thus we get a solution

w(x) = \*"x1¢(x)

of (7.1). Let 0 = arg(log ). Since |A| > 1, we have || < 3. The solution
w(x) is bounded for

(7.5) larg(x —a) + 6 —7| < 57 —~v, Im(x) 2R,

where v is an arbitrary positive number. Furthermore, w(x) tends to zero
as x tends to infinity in the region (7.5).
For each of the scalar equations

z2(x+ 1) = bi(x)z(x),

results of this nature are available. The corresponding regions (7.5) have
a nonempty intersection. Hence there exists a direction o such that the
fundamental matrix Z(x) of (1.10) is bounded for (1.13) and tends to zero
as x tends to infinity in (1.13).

REMARK. The region (1.13) is determined by the choice of log ;.

8. General remarks. If the eigenvalues of f,,(0) satisfy 0 <|\;| <|Ag|
< --+ <|A4] <1, similar results are available in a region of the form

Im(x) = R, arg(x —a) < a <.
If the eigenvalues of fy,(0) satisfy
0 <A <vve < M| <1< Migt| < +4- < N,

then similar results are available in the region Im(x) = R, 0 < a < arg(x — a),
if the first 2 components of the vector c(x) are chosen identically zero,
while they are available in the region Im(x) = R, arg(x — a) < a < = if the
last n — k components of the vector c(x) are chosen identically zero.

We note that the representations
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(8.1) glx,u) = ) x*gi(u)
k=0

and

(1.6) P(x,2) ~ Zo: x7*Py(2),
k=0

respectively, imply

(8.2) g(x,u) = B(x)u + g(x)u’

v |22

and

1.7 P(x,2) =2+ P,y(x)z".
Ivplz2

However, the converse is not true (see, Y. Sibuya [6]). If we only assume
the representation (8.2) for g, we may directly construct P in the form
(1.7) in the same manner as in §§4, 5, and 6.

A functional equation similar to (1.11) has been investigated by R. Bellman
[1]in the study of stochastic transformations.
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