
GENERAL SOLUTION OF NONLINEAR
DIFFERENCE EQUATIONS

BY

W. A. HARRIS, JR.*1) AND Y. SIBUYA(2)

1. Introduction. We present a method for solving a system of nonlinear

difference equations of the form

(1.1) y(*+l)=/(x,y(x)),

where x is a complex variable, y is an re-dimensional vector, and f(x, y) is an

re-dimensional vector with components holomorphic in the region

Im(x) ^ Ä„,       ||y|| = Max |y¿| ^ 50,

the y i being components of y. We assume that / admits a uniformly asymp-

totic expansion

/(x,y)s¿x-*/*(y)
*=0

for ||y || ^ ôo as x tends to infinity in the region Im(x) ^ R0. The coefficients

fk(y) are assumed to be holomorphic for ||y|| ;£ 50. Let X, be the eigenvalues

of the matrix foy(0). We shall make the following assumptions:

(i) /o(0) = 0,
(ii)l< |xx|< |x2|< ... < |x„|,

(iü)n?=ii^ip,^i^i
for j = 1,2, • • -, re and ^UiPi ^ 2, where p, are nonnegative integers.

If /o(0) = 0 and X¡ ?¿ 1, we can determine a formal solution

(1.2) y = ¿ x-kPk

of the system of difference equation (1.1) by substitution and identification

of terms. In one of our previous papers [3] we have shown that, if /0(0) = 0

and | X¿| 9a 1, there exists a holomorphic solution y = p(x) of the system (1.1)

in the region

(1.3) Im(x)^Rx        (>Ro)

such that p(x) admits the formal solution (1.2) as asymptotic expansion as

x tends to infinity in the region (1.3).

Presented to the Society, January 25,1964; received by the editors December 11,1963.

( ) Supported in part by the National Science Foundation under Grant G-18918.

(2) Supported in part by a Contract of the Office of Naval Research, Nonr-3776(00).

62



SOLUTION OF NONLINEAR DIFFERENCE EQUATIONS 63

By the transformation

y= u + p(x)

the system (1.1) is reduced to a system of the form

(1.4) u(x+l)=g(x,u(x)),

where

g(x,u) = f(x,u + p(x)) - p(x+ 1).

The quantity g(x, u) is holomorphic for (1.3) and ||u|| ^ b', and admits a uni-

formly asymptotic expansion

g(x,u)^YJx~kgk(u)
k=o

for || u || ^ b' as x tends to infinity in the region (1.3). It is easily seen that

go(u) =/o(w).

On the other hand, since g(x, 0) = 0, we can write g as

g(x,u)=B(x)u+   Z ¿,(*)u\
IP 162

where p is a set of nonnegative integers px, - - -,pn and u" = uPl ■ •• upnn, | p |

= Pi + P2+ ••• +Pn- The coefficients B(x) and £„(x) are holomorphic for

(1.3) and admit asymptotic expansions

B(x)^Zx-kBk,
k~o

gf(x)^Z^kêtk,
k=0

as x tends to infinity through the region (1.3). Furthermore,

Bo = g0y(0)=foy(0).

Due to a result which we have proved in one of our previous papers [4],

we may assume without loss of generality that B(x) is a diagonal matrix if

|x,|Hx,|.
Let

(1.5) u = P(x,z)

be a transformation of the vector u such that P(x, z) is holomorphic for

Imix) ^ R2, ||z| ^ b", and admits a uniformly asymptotic expansion

(1.6) P(x,z)^¿x ~"Pk(z)
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for ||z|| ^ b" as x tends to infinity in the region Im(x) g R2, where Pkiz)

are holomorphic for ||z|| _5 b". The transformation P will have a convergent

representation in powers of z, which we assume has the form

(1.7) Pix,z)=z+   £   Ppix)z*.
IP  I È2

Since P admits the asymptotic expansion (1.6), the coefficients ¿%(x) also

admit asymptotic expansions in powers of x"1.

We shall prove the following theorem:

Theorem. Let the eigenvalues X¡ of foyiO) satisfy

(1.8) K|Ai| < ••• <|X„|

and

(1.9) nNP'^N        (7 = 1, •••,», I PU 2).
¡=i

TAere i/iere existe a transformation of the type (1.5) 6y wAicft irte system il A)

is reduced to the linear system

(1.10) z(x+l) = S(x)z(x).

In order to determine the transformation P, we have to solve the func-

tional equation

(1.11) P(x + 1, ß(x)z) = gix, Pix, z)).

Let Z(x) be a fundamental matrix of solutions for the linear system

(1.10). Then the general solution of (1.10)  can be written in the form

(1.12) z(x) =Z(x)c(x),

where c(x)  is an arbitrary periodic vector-valued function of period  1.

We shall show that if x is restricted to a region of the form

(1.13) Im(x) ^ R2,       a^arg(x-a),

where a is a positive constant determined by X1; • • •, X„ and a is an arbitrary

real number, the fundamental solution Z(x) is bounded and tends to zero

as x tends to infinity in the region (1.13). Hence, if c(x) is sufficiently

small the general solution of (1.1) is given by

y(x)=p(x) + P(x,Z(x)c(x))

in the region (1.13).

The scalar case, re = 1, has been treated by J. Horn [5] under the as-

sumption that f(x,y) is holomorphic for |x| ^ R0, \\y\\ Ú b0 using Laplace

transform techniques. W. J. Trjitzinsky [7] has treated the single reth order

equation
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y(x + n) =/(x,y(x),y(x+ 1),---,y(x +n - 1))

under various assumptions including f(x,0,0, -..,0) =0, i.e., the existence

of a solution p(x) = 0. He constructed formal series expansions equivalent

to our series (1.7) which he proved are asymptotic to true solutions, while

we have established the convergence of this infinite series. Furthermore,

our results, while extending known results such as these, are obtained in

a simpler and more direct manner.

2. Formal solution in powers of x_1. First of all, we shall determine a

formal solution

(2.1) P(x,z) = ¿x-kPk(z)
k=0

of the equation (1.11), so that Pk(z) are holomorphic in a region

(2.2) |*| s r.

By substituting (2.1) into (1.11) and identifying terms in both sides,

we get

(2.3) Po(Boz)=go(Po(z))-

This is Schroder's equation. Since

go(y) = ßoy + 0(||y||2),

and we assumed the conditions (1.8)  and  (1.9), there exists a solution

P0(Z)=Z+0(||2||2)

of (2.3) which is holomorphic in a region (2.2). (See M. Urabe [8].)

Put

P(x,z) = Po(z) + Q(x,z).

Then the equation (1.11) becomes

(2.4) Q(x+l,B(x)z) = F(x,z,Q(x,z)),

where

F(x,z,Q) =g(x,Po(z) + Q)- P0(B(x)z).

Put

(2.5) Q(x,z)=JTx~kPk(z),
k=i

and
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F{x, z, Q) = Foiz, Q) + ¿ x~kFkiz, Q).
k~i

Then

F0(z, Q) = goiPoiz) + Q) - PoiBoZ) = 0(|| Qll),

since P0(z) is determined by (2.3). Put

F0(z,Q)=L(z)Q + 0(|| Q!2).

Then

(2.6) L(z) = B0+ 0( || z||).

On the other hand, since

F(x,z,0) =g(x,P0(z)) - Po(B(x)z) = B(x)P0(z) + O(||P0(z) ||2) - P0(B(x)z)

= B(x)jz + 0(||z||2)} - ¡B(x)z+ 0(||P(x)z||2)} + O(||P0(z)||2)

= 0(||z||2),

we have

F*(z,0) = O(||z||2)        (* = 0,1,2,-..).

By inserting (2.5) into (2.4) and identifying terms in both sides, we get

(2.7) Pk(BoZ) = L(z)Pk(z) + ©4(z)        (* . 1,2, •.•),

where <S*(z) is a polynomial of Pk- ik' < k) and if Pk- ik' < k) are 0(||z||2),

then ©t(2) = 0(||z||2),. There exist Pkiz)  satisfying (2.7),

(2.8) Pkiz) = 0( I z ||2)

and holomorphic in a region (2.2). The region (2.2) is determined so that

it is independent of k. In fact, let $) be an open neighborhood of the origin

such that

(2.9) Bo"1^ C î> •

Because of the assumption (1.8), we can construct such a neighborhood

in any neighborhood of the origin. Assume that a positive integer N is so

large that we have

(2.10) ||L(z) || ||Bö1 \\Ní y

for z E *£> ■ Assume that ©a(z) is holomorphic in 3). Then there exists a

holomorphic vector-valued fonction Pk(z) such that

(2.11) P*(ßoz) - L(z)Pk(z) + ©*(z)

for z E ® • To prove this, first of all, construct a formal solution
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(2.12) Pk(z)=   Z   Pk>z>.
IP lao

It is possible to construct such a formal solution, because we have as-

sumed (1.9). Put

PiN)(z)=   Z  P„pz*,
IP  1=0

and

QAz) = Pk(z) - PlN)(z).

Then the equation (2.11) becomes

(2.13) QABoz) = L(z)Qk(z) + L(z)PlN)(z) + ©*(*) - PlN\B0z).

Put

ZAz) = L(z)PlN\z) + ®Az) - PÏN)(Boz).

Since (2.12) is a formal solution, we have

(2.14) ||I*(z)|| =£M||z||N

for 26Î), where M is a positive constant. Let K be a positive constant

such that

(2.15) K^2M\\B0-1\\N.

Let í be the set of all vector-valued functions Q(z)  such that

(i) Q(z) is holomorphic in "D ,

(ii)   ||Q(*)| úK\\z\\N in $).
5 is convex and compact with respect to the topology of uniform conver-

gence on each compact subset of Î). Define a transformation T by

(2.16) T(Q) (z) = L(Bö1z) Q(B0~1z) + ZABo'z)

for QE &■ Since we have (2.9), the right-hand member of (2.16) is holo-

morphic in Î). Furthermore, (2.14) and the condition (ii) of $ imply

|| T(Q)(z)|| â ¡L(Bö1z)iKiBöTMN+M\BöYMN

for z E î> • Since Boh E $>, (2.10) and (2.15) imply

II T(Q)(z) || SK\\z\\N

for zE *£> • Thus we have T(Q) E d- Therefore, there exists a fixed point

of T(Q) in 5, because T is continuous with respect to the topology speci-

fied above. This proves the existence of the solution of (2.13). The condi-

tion (2.8) is easily checked. Thus we can construct a formal solution of

(1.11) in powers of x-1.
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3. Transformation of equation (1.11). Let P(x,z) be an re-dimensional vector

such that components of P are holomorphic for Im(x) S: Rx, \\z\\ ^ 5" and

that P admits the uniformly asymptotic expansion

(3.1) P(x,z)^¿x'kPk(z)

for ||z|| g? ô" as x tends to infinity in the region Im(x) ^ Rx, where the

right-hand member of (3.1) is the formal solution of (1.11). Furthermore,

since we have (2.8), we can assume that

(3.2) P(x,z) = P0(z) + O( || z||2).

The existence of P is guaranteed by the Borel-Ritt Theorem [2].

Put

(3.3) P(x,z) = P(x,z)+H(x,z).

Then the equation (1.11) becomes

(3.4) H(x + 1, B(x)z) = G(x, z, H(x, z) ),

where

G(x, z, H) = g(x, P(x, z) + H) - Pix + 1, B(x)z).

The quantity G(x,z,H) is holomorphic for

(3.5) lm(x)^Rx,       |«|á*b|H|¿<»

Put

(3.6) G(x,z,H) = G0(x,z) + Gx(x,z)H+  £   G,ix,z)H*.
IP 122

The coefficients G0, G\ and G,, are holomorphic for Im(x) ^ ñ1; ||z|| á ôi,

and they admit asymptotic expansions in powers of x \ In particular, since

G0(x,z) =g(x,P(x,z)) - P(x + l,B(x)z),

we have

(3.7) G0(x,z)^0

uniformly for ||z|| ^ 5i as x tends to infinity in the region Im(x) _t Pb be-

cause the asymptotic expansion of P is the formal solution of (1.11). Further-

more, we have

(3.8) G0(x,z) = O(||z||2),

because the forms of g and P0 and (3.2)  imply
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G0(x,z) = B(x)P(x,z) - P0(B(x)z) + 0(\\z\\2)

= B(x)P0(z) - P0(B(x)z) + 0(| 21|2)

= 0(\\z\\2).

On the other hand, we have

(3.9) Gx(x,z) = gAx,P(x,z)) = B(x) + 0(\\z\\).

4. Lemmas on linear nonhomogeneous difference equations. In the sequel

we shall need estimates of solutions of difference equations of the form

(4.1) y(x + l)a(x) = b(x)y(x) + f(x),

where a, b and / are scalar functions which are assumed to be holomorphic

and bounded for Im(x) > Rx. Assume further that

(4.2) |a(x)|èl/r,       |6(x)|èl/r.

for Im(x) > Rx, where r is a positive constant such that r < 1. We also

assume that either

(4.3') |a(x)/6(x) | ^ r    for Im(x) > Rx

or

(4.3") \b(x)/a(x)\Sr   for Im(x) > Rx.

Lemma 1. There exists a holomorphic solution of the system  (4.1)  which

satisfies the inequality

(4.4) |y(x)| ¿-^—   sup   |/(x)|
1  — r Im(l)>Ä1

for Im(x) > Rx.

Proof. Let the mapping T be defined by

T[y] (x) = H,X~]\y(x - 1) + /(* ~ Ü        if (4.3") is satisfied,
a(x — 1) a(x — 1)

and

Tb] (*) = ?i4-y(*) + ttt      if (4.3') is satisfied.
b(x) b(x)

A solution of (4.1) is equivalent to a fixed point of the mapping T.

Let 5 be the set of all functions y(x) holomorphic for Im(x) > Rx such

that

|y(x)| gM,

where
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M = --   sup   |/(x)|.
1 — r ImU)>fi1

Then, for yE 5, we have

I T[y] (x) | ^ rM + r(l - r)M < M.

Hence T[y]E 5.

5 is convex and compact with respect to the topology of uniform con-

vergence on each compact subset of the region Im(x) > Rx. Since the

mapping T is continuous with respect to the same topology, and P[3]

C 5, there exists a member of 5 such that

y = T[y}.

This is the desired solution, and the proof of Lemma 1 is completed.

Remark. If a, b and f admit asymptotic expansions in powers of x-1 as x

tends to infinity in the region Im(x) > Rx, then the solution constructed above

also admits an asymptotic expansion in powers of x"1. This can be deduced

from our previous results [3].

Let biix) ii = 1,2, • - -,re) be the diagonal elements of the diagonal matrix

B(x) which was given in the introduction. Then 6¿(x) admit asymptotic

expansions

(4.5) 6i(*)sXi + £*-*6tt
*=i

asx tends to infinity in the region (1.3). Since we assumed (1.8) and (1.9),

we have either

(4.60 niM*)|PiIM*)l_1 = r    for (1.3)
iml

or

(4.6") \bJ(x)\Il\bl(x)\-p'úr   for (1.3)
¡=i

for ; = 1,2, ...,re, | \)\ ^ 2, if Rx is sufficiently large, where r is a positive

constant such that r < 1. On the other hand, we can also have

(4.7) \bj{x)\*l/r       0 = 1,2, •..,re)

and

(4.8) Û\bÂx)\"'^l/r       i\p\^2)
i=l



1965] SOLUTION OF NONLINEAR DIFFERENCE EQUATIONS 71

for (1.3) (3).

Lemma 2. Assume that the scalar-valued function f(x) is holomorphic and

bounded for Im(x) > Rx. Then there exists a holomorphic solution of

(4.9) y(x + 1) n bi(x)p> = 6,(x)y(x) + f(x)

which satisfies the inequality

(4.10) |y(x)|g:J_   SUp   \f(x)\    forIm(x)>Rx.
1 — r Im(i) > RX

This is a corollary of Lemma 1. It is important that r and Rx are deter-

mined only by B(x) and are independent of j and p. If f(x) admits an

asymptotic expansion in powers of X-1, then y(x) also admits an asymptotic

expansion in powers of x"1.

5. Formal solution of equation (3.4). If we can construct a solution H(x,z)

of (3.4) such that

(i) H(x,z) is holomorphic for Im(x) è #2, II2II g ¿3,

(ii) H(x,z) ^ 0 uniformly for \\z\\ g <53 as x tends to infinity in the region

Im(x) è Ä2,

(iii) H(x,z) - 0(|| 21|2) for Im(x) ^ fi2, |z|| g á3,

then we get the desired solution of (1.11) by defining P by (3.3).

In order to construct such a solution H of (3.4), first of all, we shall

construct a formal solution of (3.4) in the following form:

(5.1) H(x,z)=   Z   H,(x)z*,
IP 122

where H„ (x) are to be determined as holomorphic functions for Im(x) > Rx.

Inserting (5.1) into (3.4) we get

Z   Ht(x+l)(B(x)z)*
IP 1=2

(5.2)
= G0(x,2) + G1(x,2)   Z  H,(x)z>+   Z   G,(x,z)H(x,zy.

IP 162 |P |62

Since we have (3.9) and

(B(x)2),=n6,WV,
i=i

we have

O Case (4.6') can occur at most a finite number of times since |6j(x) | LT?=ilW*) I

= 0(r|p|).
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(5.3) H,ix + 1) TI M*)K = Bix)Hpix) + hfix),

where /i„(x) is a polynomial of Pp-(|p'| < \p\).

By the use of Lemma 2, we can determine Hv successively. In particu-

lar, we have the estimates

(5.4) ||#P(x)||^--   sup   ||n,(je)||
1   — r  Im(x)>fl1

for Im(x) > Rx.

6. Majorant. In order to prove the convergence of the formal series (5.1),

we shall construct a majorant.

Since G0(x,z) is asymptotically zero, for any positive integer m, there

exists a positive constant Lm such that

(6.1) ||G0(x,z)|| úLm\x\~m

for

(6.2) Im(x) èAi,        ||z|| £êi.

On the other hand, there are positive constants Mx and M2 such that

(6.3) \\Gx(x,z)-B(x)\\^Mx

and

(6.4) || Gp(x,z) || ^M2ô2-l"

for (6.2). Put

0O(Z)=     Z    ̂ '"z",
IP 120

*l(2)=     E    «f"1*'
IP 121

and

02(2)=      Z     Si"'"*'.
IP 122

Then, since we have (3.8) and (3.9), G0(x,z) and Gi(x, z) — B(x) are major-

ized respectively by Lm|x| ~m<f>2(z) and Mx<bx(z), while G,,(x,z) are majorized

by M2ô2-|p|</>0(z).

Consider the equation

(6.5) " = T3-Í^2(2) + M101(z)í; + M20o(2)   Z  «¿"""w"1) ,
1 r  I |P  |22 )

where v is a scalar and £ is a real nonnegative variable.
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The equation (6.5) has a solution of the form

v = v(Ç,z)=   Z   M*)**
IP  1=2

which is holomorphic for

|í|áp,        |*| á «s.

if p and 53 are sufficiently small. It is easily seen that we have

HAx)uv,(Lm\x\~m)

for Im(x) > maxj (Ljp)l:m,Rx\,  because we  have  (5.4).  Therefore,   the

series (5.1) converges uniformly in the largest such region

Im(x)>R'2,       |z|£<»

where

R'2=maxÍRx,inf(Lm/p)í/m).

Furthermore, we have

\\H(x,z)\\ ^\v(Lm\x\-m,z)\,

and

f(l,*) = 0(|).

Hence H(x,z) Si 0 uniformly for ||2|| g b3 as x tends to infinity in the region

Im(x) > R'2 since /re is arbitrary. This completes the proof of our theorem.

Remark. We can make p arbitrarily large by making <53 sufficiently small.

Hence we can make R'2 = Rx.

7. Estimates of fundamental matrix of solutions of (1.10). The system (1.10)

is equivalent to re scalar equations of the form

(7.1) w(x + l) =b(x)w(x),

where b(x) is holomorphic for Im(x) ^ R2 and

(7.2) b(x) a X + ¿ x~kck
k=i

as x tends to infinity in the region Im(x) ^ R2, where |X| > 1. The function

6(x) can be written as

b(x) = X(l + x-1)c^b(x),

where 6(x) is holomorphic for Im(x) ^ R2 and

(7.3) 6(x)-l = 0(|x|-2)
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as x tends to infinity in the region Im(x) ^ R2. Then the product of solu-

tions of three difference equations

wxix+ 1) = \wxix),

il A) «;2(x + l) = (l + x-1)ciAu;2(x),

w3ix + 1) = 6(x)u;3(x)

is a solution of (7.1). The third equation of (7.4) is satisfied by

CO

</>(x) = Yl Hx — m).
m=l

Since we have (7.3), </>(x) is holomorphic and bounded for Im(x) ^ R2.

The first and the second equations of (7.4) are satisfied, respectively, by

Xu"a) and x°lA, where a is an arbitrary real number. Thus we get a solution

w(x) = \{x-a)xc^<t>(x)

of (7.1). Let 0 = arg(logX). Since |X| > 1, we have |0| < ?7r. The solution

w(x) is bounded for

(7.5) | arg(x - a) + 9 - »| á \ * - y,        Im(x) ^ R2,

where y is an arbitrary positive number. Furthermore, w(x) tends to zero

as x tends to infinity in the region (7.5).

For each of the scalar equations

z(x+l) = 6¿(x)z(x),

results of this nature are available. The corresponding regions (7.5) have

a nonempty intersection. Hence there exists a direction a such that the

fundamental matrix Z(x) of (1.10) is bounded for (1.13) and tends to zero

as x tends to infinity in (1.13).

Remark. The region (1.13) is determined by the choice of log X¿.

8. General remarks. If the eigenvalues of foy(0) satisfy 0 <; | Xx| <|X2|

< • ■ • < | X„J < 1, similar results are available in a region of the form

Im(x) ^ R,        arg(x — a) ^ a < ir.

If the eigenvalues of f0y(0) satisfy

0<|Xi| < ••• <|x*| <i <|xt+1| < ••• <|x„|,

then similar results are available in the region Im(x) ^ R, 0 < a á arg(x — a),

if the first k components of the vector c(x)  are chosen identically zero,

while they are available in the region Im(x) S: R, arg(x — a) ^ a < * if the

last re — k components of the vector c(x) are chosen identically zero.

We note that the representations
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(8.1) g(x,u)^Zx~kgk(u)

and

(1.6) P(x,z)^Zx'kPk(z),
*=o

respectively, imply

(8.2) g(x,u) = B(x)u+   Z g»(x)u*
IP 162

and

(1.7) P(x,z)=z+   Z   P>(x)z*.
IP 162

However, the converse is not true (see, Y. Sibuya [6]). If we only assume

the representation (8.2) for g, we may directly construct P in the form

(1.7) in the same manner as in §§4, 5, and 6.

A functional equation similar to (1.11) has been investigated by R. Bellman

[l] in the study of stochastic transformations.
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