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BY
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Introduction. If K and K’ are chain complexes of abelian groups, one of
which is torsion-free, then the well-known Kiinneth Theorem states that
the additive group H(K® K’) is completely determined by H(K) and
H(K’). However, if K and K’ are differential graded rings, it is not neces-
sarily true that the ring H(K ® K’) is completely determined by the rings
H(K) and H(K’) (cf. Palermo [8]).

It was originally stated by Bockstein [1]and later proved by Palermo
[8] that for K and K’ both torsion-free differential rings, the ring H(K ® K’)
is completely determined by the so-called homology spectra of K and K’.
The (multiplicative) homology spectrum of K consists of the rings H(K)
and H(K® Z,) (for all m > 0), together with all the coefficient homomor-
phisms and Bockstein connecting homomorphisms. (This concept was first
used by Bockstein and later by J. H. C. Whitehead [9].) In fact a stronger
statement was proved: the (multiplicative) homology spectrum of K® K’
is completely determined by the (multiplicative) homology spectra of K
and K’. Unfortunately, however, the construction used in the proof was
extremely involved and cumbersome.

In §1 the notion of an homology spectrum is generalized to the concept
of (what we have called) a Bockstein spectrum and a structure-classification
theorem is stated. In §2 the tensor product of Bockstein spectra is defined
(it is not another spectrum, but just an abelian group). Some known theo-
rems are rephrased in terms of spectra and several new theorems are proved.
The most important of these (Theorem 2.2) states that if K, K’, and K”
are chain complexes of torsion-free abelian groups, then the tensor product
of the homology spectra of K, K’, and K” is precisely the group
H(K® K'® K”). If K, K’, and K” are differential graded rings, then it
is possible to define a multiplication in the tensor product of the homology
spectra so that the isomorphism of Theorem 2.2 becomes a ring isomorphism
(Corollary 3.3). Another, though unrelated, consequence of Theorem 2.2
is a generalization of the Triple Kiinneth Theorem of MacLane [6]; this
is omitted here and will be treated in a future paper.

In the last section, Theorem 2.2 is used to construct for each m 20 a
group R, (K, K’) which, for K and K’ torsion-free differential graded rings,

Received by the editors December 6, 1963.
(*) This paper is a condensed version of the author’s doctoral dissertation, written at the
University of Chicago under the direction of Professor Saunders MacLane.

225



226 T. W. HUNGERFORD [March

is (ring) isomorphic to H(K® K’) for m =0 and to H(K® K’'® Z,) for
m >0 and depends only on the (multiplicative) homology spectra of K
and K’. This leads to a new proof of the fact that the (multiplicative)
homology spectrum of K® K’ is completely determined by the (multiplica-
tive) homology spectra of K and K’ (Theorem 4.2). The advantages of
this proof are that it provides a (relatively) simple construction (especially
with regard to products) and it treats both the case m =0 and m > 0 in
a more or less symmetric fashion.

1. Definition of Bockstein spectra.

DEFINITION 1.1. Let Z* denote the non-negative integers. A Bockstein
spectrum is a collection of abelian groups { B,|m € Z*} such that for each
pair (m,k) € Z* X Z* there are homomorphisms

)\#: B,,,k—PB,,, and ﬂ;,n,k! Bm—>B,,,/,

with the following properties:

(1) A% = up is the identity map on B, (m = 0);

(2) NNt = A% B — Bn (mhk 2 0);

(3) wmisms = wmws: Bp— Buu (mhk > 0);

(4) pmahmt = Npitumbs: Bpy— By (hk > 0);

(5) Aptum, is multiplication by k in B, (mk > 0) and u\Y is the zero
map on Bg;

(6) ugAmt = kud*: Bn— By (m>0) and pA\S = kA%: By— B (m > 0).

Some of the more useful examples of Bockstein spectra are the following.
Let Z, denote the integers and Z, (m > 0) the integers mod m. Let A\™ be
the canonical projection: Z,;,— Z,, and pum. (k> 0) the canonical injection:
Zpn— Zp. Define ui to be the zero map. Then it is easy to verify that
(Zm \,u) is a Bockstein spectrum. It is a special case of the following
example.

If K is a (not necessarily positive) chain complex of torsion-free abelian
groups, let H(K;0) = H(K) denote the integral homology of K and let
H(K,m) (m > 0) denote the homology of the complex K® Z, (with dif-
ferential d ® 1). Define A™ (mk = 0) and u™ (k> 0) to be the coefficient
homomorphisms induced by the canonical projections and injections:
Loy—Zy and Z,— Zpy. Let pf: H(K,m) — H(K,0) = H(K) be the Bock-
stein connecting homomorphism induced by the exact sequence:

027 n Z—Z,—0.
This defines the homology spectrum of K; it is denoted by {H(K,m)}.
If G is any abelian group let ,G={gE G|mg=0} for m >0 and let
oG =0. Let \3*: ,.G— .G be the map induced by multiplication by k in
G and ppm: »G— G the inclusion map. The result is a Bockstein spectrum
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which we denote by {.G|. {»G} can also be considered as the result of
“composing” (in the obvious way) the spectrum {Z,} with the functor
— ® G, (since Z,® G = ,G). Similarly any additive covariant functor from
abelian groups to abelian groups can be composed with a spectrum to
obtain a new spectrum.

Note that if we replace (G = 0 with the group G and set A} = 0, uJ = in-
clusion, then we still obtain a Bockstein spectrum, although it is not the
spectrum {,G} defined above. We denote this spectrum by {.G*}.

Still another Bockstein spectrum is obtained from G by taking the groups
G/mG (m 2 0) and letting \}*: G/mkG— G/mG be the map induced on
the quotients by the identity map on G and ul: G/mG— G/mkG be the
map induced by multiplication by k in G. As usual this spectrum is denoted
by {G/mG}; it is the composition of the spectrum {Z,} with the functor
Hom(—,G) (since Hom(Z,, G) = G/mG).

Finally there is the spectrum {mG}, where A is the inclusion map:
mkG—mG and um: mG— mkG is induced by multiplication by %k in G.

G also gives rise to a “constant” Bockstein spectrum by defining B, = G
for all m and letting Ap* be the identity and u™, multiplication by k (or
vice-versa).

A map of Bockstein spectra f: B— B’ is a collection of homomorphisms
fn: Bn— BL, which commute with the various \’s and u’s in the obvious
way. It is not difficult to show that the Bockstein spectra form an abelian
category.

If B is a Bockstein spectrum, the primary part of B is the colleetion of
groups | By, B,i} for all prime integers p and i = 0, together with the cor-
responding \’s and p’s. Any Bockstein spectrum B is completely determined
by its primary part, as is shown in the structure theorem below. In the
case where the group B, =0 (as in the spectrum {Z,} and most of the
other examples above) this theorem essentially states the fact that B,
=Zﬁ=1Bp‘m,-, where m has a prime decomposition m = p{i...p". This of
course, is well known for most of the examples given above. Since we do
not have any applications of this theorem at present we shall not prove it
here. The proof is not particularly deep, but does get somewhat complicated.

We use the following notation. If A is an abelian group, then ) ,A de-
notes the direct sum of ¢ copies of A. A,: A—) ,A is the map given by
Dya) = (a@,---,a); VD, A—A is the map given by V,(ay---,a)
=a,+ ---+a, (a,a,EA). If B is a Bockstein spectrum and m >0 has
a prime decompos1t10n m = p7t. , then the map ¢,: Z,,lB m — B,
is the composition V5 Qoo iub ) ¢,,, is the map induced by ¢m ON
P _pr;n, /ker¢,. Note that this notation is somewhat ambiguous since
m has other prime decompositions (differing from this one by factors of
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the form p%) which (if B, =0) give rise to different groups ZBp;n.' and
maps ¢,.

THEOREM 1.1. If B is a Bockstein spectrum, then B is completely deter-
mined by its primary part. In fact if m,k> 0 have prime decompositions
m=pP...p" k=ph...pk then:

(1) for m>0,> . lB m,/kerqs,,l (for convenience call this group SB,) is
independent of the choice of prime decomposition of m and ¢* = ¢5: SBn = By;

(2) under the isomorphism ¢*, the maps A™: B,y— Bm, u™: Bm— Bm
(mk > 0), \o: By— B, and uJ: B,— B, correspond to the maps induced
on the respective quotients by:

t m.+k, ¢ t
g : Z=:1 B mi+ki — ;Bp;"i (where k; = k/p}),
t : t
Z”’ "‘rf-kl ZB """"ZB m,+k,,

t t t
(Z r,»)\‘;,rin.') Ap,: BO—>ZBp;n,~ (where ) r(m/p™) = 1),
i=1 i=1 i=1

t m; t
VBO (;ly,g‘ ) : ;Bp;"i_'Bo.

2. The tensor product of Bockstein spectra. In the following definitions
we shall allow the possibility that for any given Bockstein spectrum B,
B, is a graded abelian group and A and x are maps of graded groups. We
should remark, however, that in actual practice the only map which may
possibly have nonzero degree will be ug' (in the spectrum { H(K,m) |, where
K is a complex of torsion-free abelian groups). The degree of a group element
uor a map f will be denoted by |u| and |f|, respectively. The signs in the
definitions below are those which arise from the usual sign convention.

DEFINITION 2.1. If B and B are Bockstein spectra, then B® B is the
abelian group [Y ,:0(Bn® B,)]/S, where S is the subgroup generated
by all elements of the form:

(1) AUy @ Uy — (— 1) 11 4mkl g, @ 0, (mk 2 0),
2) PPln @ U — (— 1) N 1i¥miy, @ Ay, (mk = 0),
3) NnbtG U ® U+ (= 1)U ED iy @ £y (m > 0),

where u, € B, and v, € B,-._ N o~
DeriNiTION 2.2. If B, B, and B are Bgckstein spectra, then B® B® B
is the abelian group (X n:0(Bn® B.® B,)|/S, where S is the subgroup
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generated by all elements of the form:

(= 1) mei My @ Ny ® w),

1)

— (= Ul Ty @ 0y @ T (mk 2 0),
(= 1)t IR ®) 0, © AW
@ — (= 1)y @ W0, ® Wey (k2 0),
(= 1)t T = s 1, @ N, @ K0
@ — Umklm ® U @ Wiy (mk =z 0),
@ AU ® U ® W+ (— 1) EmlONIT KDy @3\ Tmy & w,,

+(—1)““""T"”""”x'*“:“um®v,,,®7\i’nﬂ{fwm (m > 0),

where u; € B, v, € B,, w,€ B..

Although it is possible to combine these definitions into a single state-
ment, it is convenient here to have separate statements. The tensor product
of spectra can be used to formulate several concepts, as in the following
theorems.

ProrosiTION 2.1. If A, B, and C are abelian groups, then
Tor,(A, B) ~ |n,A| ® | .B|
and
Tripy(A,B,C) = { ,A{® | .B|® {C}.

THEOREM 2.1. If K is a chain complex of torsion-free abelian groups while
G is any abelian group, then

H.(K® G) ~ {H(K,m)|® { .G*}.

Proposition 2.1 follows immediately from the description of Tor and Trip
by generators and relations given' in MacLane [6]. (N. B. In this paper
Trip,(A, B, C) is called Tor(A, B, C).) The complete proof of Theorem 2.1
is in Bockstein [4] (in Russian); a partial proof (in French) is in Bockstein
[2]. In Bockstein [3], [5] the concept of the tensor product of (two) spectra
is used to prove both the Universal Coefficient and Kiinneth Theorems.

Hereafter we shall use the following notation. If K is a chain complex
and u € K, is a cycle, then n(u) denotes the homology class of u. If du
= mu’, then n(u® 1,) denotes the homology class of the m-cycle u® 1,
in K® Z,. If K, K’, and K” are torsion-free chain complexes we introduce
a grading in the spectra tensor product

{H(K,m)}® {H(K’,m)|® | H(K",m) |
by defining the degree of the (coset of the) element (¥ ® 1,) ® (v ® 1,)
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® nw® 1,) tobe|u| + |v| + |w| if m = 0and|u| + |v| + |w| — 1if m > 0.
We now state the main theorem of this section.

THEOREM 2.2. If K, K’, and K” are chain complexes of torsion-free abelian
groups, then there is an isomorphism of graded groups:

{H(K,m) }|® {H(K’,m) |® |H(K",m) | ~ H,(K® K’ ® K”).
Proof. For each m = 0 define a map
F,: HK,m)® H(K',m)® H(K",m) > HK® K’ ® K”)
as follows. Fy=a: H(K)® H(K’') ® H(K”) - H(K® K’ ® K”), where a is
the homology product given by
aln(@) ® n(0) ® 1(w) | = 1w ® v w).

For m > 0, F,, is the composition

H(K,m)® H(K’,m)® H(K”",m) S HK® K’ ® K”,m)ﬁH(K® K’'® K”)

where a is the homology product (mod m) and 45 is the Bockstein connecting
homomorphism induced by the exact sequence

0-z2%z-2,-0.
Explicitly, we have:
Fanw® 1,) ® 1(0® 1,) ® n(w® 1,)]
=g ®vew+(—1)"“uvw+ (- 1) "uRve w],

where du = mu’, dv=mv’, dw = muw'.
Let
F= v[ ) Fm] . Y H(K,m)® H(K',m)® H(K”,m) — H(K® K’'® K”).
mz0 mz20
A direct calculation shows that every generator of the subgroup S (of
Definition 2.2) is contained in the kernel of F. Hence F(S) = 0 and F in-
duces a homomorphism

F: {H(K,m)}® {H(K',m)|® | H(K",m) | > H(K® K’ ® K").

To show that F is an isomorphism it suffices, as usual, to take K, K’,
K” to be elementary complexes (cf. Palermo [8]). To avoid unnecessary
trouble with signs we shall assume that all elementary complexes have non-
zero groups only in dimensions 1 and 0, or 0 only, as the case may be.
Z(a) and Z,(u) will denote a free group on the generator a and a cyclic
group of order m with generator u, respectively. We shall state the proof
only for the case in which
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K=Z(a)iZ(a’), da=ra’, r#0;
K =2z®)Sz@), ab=rb, r=o;

K” = Z(c) iZ(c’), dc=r"c, r” #0.

The other cases are similar (and easier). Furthermore, we shall assume
r=p* r=p™, r"=p" (p a prime, k <m < n). The justification for this
is given in the Appendix.
In this situation we have:
H\(K) = 0;
Hy(K) = Z.(n(a’));
Hy(K,m) = Zpn(n(a’ ® 1,));
H\(K,m) = Zgpp(a[m/(m,r)a® 1,]).
In dimension 1, A™ is the map kx{™": Zuwn— Zm, where k20, k
=k/(k,r/(m,r)), and = is the canonical projection of cyclic groups. um
is the canonical injection {n): Zimy— Zmen (B> 0). ud is the injection
™2 Zimn—Z,; it has degree — 1; all other maps are of degree 0. In
dimension 0, A= x{2%" Zoun—Zmn for k20 and up=kifidy: Zimn
—Z(m,, Where k>0 and k is as above; uf = 0.

H(K’,m) and H(K”,m) are the same, mutatis mutandis. Further-
more, H(K® K’® K”) =0 if i = 3, and

Hy(K® K'® K”) = Zpn(a’® b’ ® ¢')];
H(K® K'® K”) = Z[n(a’®b® ¢’ —p"*a® b’ ® ¢) ]
+Zpn@ @b ®c—pra®@ b’ ®c)];
HYK® K'® K”) = Zn(a’®b® c —p"*a® b’ Q@ c+p"*a® b® ¢’)].
A direct calculation shows that F induces an isomorphism of the group
H\(K,p") ® H(K’,p" ® H\(K",p"

+ Hl(K,Ph) ® Hl(K/,Pk) ® Hy(K”,p*

+ H\(K,p*) ® H(K’,p*) ® H,\(K",p")

+ Hy(K) ® Hy(K") ® H((K”)

to HLK® K’ ® K”). In particular this implies that no element of the group
(i) is identified with zero (modulo S) in the group X_..oH (K, m) ® H(K’,m)
® H(K”,m) (since F(S) = 0). To complete the proof that F induces an
isomorphism on

@
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> H(K,m)® H(K',m) ® H(K”,m)

m20

S
— {H(K,m)}® {H(K',m)}® { H(K",m) }

we need only show that every element of D .:oH(K,m)® H(K’,m)
® H(K”,m) is identified (moduloS) with an element of the group (i).
A proof of this fact is given in the Appendix. This completes the proof
of Theorem 2.2.

3. Products.

DEFINITION 3.1. A differential graded ring K over Z is a chain complex
of abelian groups on which an associative and distributive product is de-
fined, so that:

(1) forue K, veK,, we K,

(2) a(uv) = (Bu)v+ (— 1) "“1u(dv);

(3) there is a unit element 1 € K, such that 1u = ul = u for every u € K.

The following propositions are well known. We state them without proof,
mainly for reference purposes.

ProrposiTiON 3.1. If K, K’, and K” are differential graded rings, then
H(K® K’® K”) is a (differential) graded ring, with product defined by:

2@ v wn(@® v w) = (— 1)+, ue we ww).
ProrosiTION 3.2. If K, K’, and K” are differential graded rings, then

H(K,m)® H(K’,m) ® H(K”,m) is a (differential) graded ring for each
m = 0, with product defined by:

[(u®1,) ® n(® 1,) ® n(w® 1,)]- [nU@® 1,) ® n(V® 1,) ® (WS 1,)]
= (= 1)+leblE+ivl, (yr e 1,) ® WV 1,) ® (W 1,)
(with the obvious modification for m = 0).

If K, K’, and K” are torsion-free differential graded rings, we would
like to put a ring structure on { H(K,m)}® {H(K',m)}® {H(K”,m)} in
such a way that the isomorphism

F: {HKK,m)}® {H(K',m)}® {H(K",m)}— H(K® K’ ® K”)

(of Theorem 2.2) becomes a ring isomorphism. Since { H(K, m) } ® { H(K’,m) }
® { H(K”, m) } is a quotient group of ) n:oH(K,m)® HK',m)® H(K”,m),
we shall begin by defining a product on this group. We denote by Amk
the map A™® \™® \™: H(K,mk)® H(K’, mk)® H(K”, mk) — H(K, m)
® H(K',m)® H(K”,m).

DerFINITION 3.2. Let K, K’, and K” be differential graded rings; let
x€ H(K,i)® HKK’,i)® H(K”,i) and y€ H(K,j)® H(K’,j) ® H(K",));
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then a product o is given in Z,,,goH(K, m)® H(K',m) ® H(K”,m) by:
xoy = (Nx)(My),
where (i,j) = ¢ and the product on the right is as in Proposition 3.2.

It is easy to verify that under this product > .., H(K,m)® H(K’,m)
® H(K”,m) is an (associative) ring. Unfortunately, however, the map
F: > H(K,m)® H(K',m)® H(K”,m) - H(K® K’ ® K”)

m20

(cf. proof of Theorem 2.2) does not preserve the product. (It does not even
behave properly with respect to degrees.) Consequently we shall use the
o product to define a new product on Y meoH(K,m)® H(K’,m) ® H(K”,m)
in such a way that F becomes a ring homomorphism. If a generator
2u®1,)Q(v®1,) n(w® 1,) of HE,m)® HK',m)® H(K”,m) is
such that u, v, and w are homogeneous elements of K, K’, and K”, then it
will be called a homogeneous generator.

DeriniTION 3.3. Let K, K’, and K” be chain complexes of torsion-free
abelian groups; then for each m > 0, the map

D,: HK,m)® H(K',m)® H(K”,m) - H(K,m)® H(K’,m) ® H(K”,m)
is given on a homogeneous generator n(t® 1,)® »(v® 1,) ® n(w® 1,) by
Dp=2pi® 1014+ (— D1 Nuf® 1+ (= D10 18 Ay ul.

(Note that the map D,, has degree — 1.)

DErINITION 3.4. Let K, K’, and K” be torsion-free differential graded
rings; let x be a homogeneous generator of H(K,i) ® H(K’,i) ® H(K”,i)
and y a homogeneous generator of H(K,j) ® H(K’,j) ® H(K”,j). Then a
product * is given in D ., H(K,m)® H(K’,m)® H(K”,m) by:

Xxy=2XoYy if j=0;
xxy=(—1)"xoy if j>0 and i = 0;
x+y=axoDjy+ (— 1)!%*bDixoy if j>0 and i >0,
whereai + bj = (i,)).
The * product behaves somewhat strangely with respect to degrees. Also
it depends on the choice of a and b for each pair (i,j). Under this product

> meoH(K,m)® H(K’,m) ® H(K”,m) is a (nonassociative) ring. The
interesting result is

THEOREM 3.1. If K, K’, and K” are torsion-free differential graded rings,
then the map

F: Y HK,m)® H(K',m) ® H(K”",m) > HK®K' ® K")

m20
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is a ring homomorphism with respect to the » product.
The proof of the theorem follows directly from

Lemma 3.1. If K, K’, and K” are torsion-free differential rings, then:
(1) for each m = 0, the homology product

a: HK,m)® H(K',m) ® HKK”,m) - H(K® K'® K”,m)
is a ring homomorphism;
(2) forxeHIK® K’'® K”,i) (i>0) and ye HK® K'® K”),
85(x - My) = (82)y;
3) forcc HK® K'® K”)and yec HHK® K'® K”,j) (j>0),
3(\x - y) = (— 1) *lx(s4y);
(4) forall m, k = 0, the following diagram is commutative:

H(K,mk) ® H(K',mk) ® H(K”,mk) g»H(K® K ® K”,mk)
A ATk

m

H(K,m)® H(K',m) ® H(K”,m);"[——»H(K® K'® K”,m);

(5) for each m > 0, the following diagram is commutative:

H(K,m)® HK',m)® HK”,m) S H(K® K’ ® K”,m)
oo
D, H(K® K'® K”)
A
H(K,m)® H(K',m)® H(K”,m) S H(K® K’ ® K”,m).

The proof is straightforward and is omitted.

COROLLARY 3.1. The subgroup S of 3 _n:oH(K,m)® H(K’,m) ® H(K”,m)
(cf. Definition 2.2) is an ideal with respect to the » product.

Proof. By Theorem 2.2, S = Kernel F.

CoroLLARY 3.2. The product induced by » in {H(K,m)}® {H(K',m)}
® { H(K”,m)} is associative and is independent of the choice of a and b in
Definition 3.4; hence {H(K,m)}® {H(K',m)}® {H(K”,m)} is a ring
under the product induced by *.

Proof. Since FT(_x »y) = (Fx)(Fy) the * product is associative and unique
modulo kernel F=S. But by definition,
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{H(K,m)}® {H(K’,m)}® {H(K”,m)}
> H(K,m)® H(K',m) ® H(K”,m)
m20
S

CoroLLARY 3.3. If K, K’, and K” are torsion-free differential graded
rings, then

F: (HK,m)}® {H(K',m)}® {H(K",m)}| > H(K® K'® K")

is a ring isomorphism.
Proof. This is immediate from the theorem and preceding corollaries.
4. The homology spectrum of K® K’.

ProrosITION 4.1. If G is an abelian group, X —‘G is a free resolution of
G, K and K’ are chain complexes of torsion-free abelian groups, then there
is an isomorphism:

{H(K,m)}® {H(K',m)}® {H(X,m) |~ HKK® K'® G).
Proof. By Theorem 2.2 we have
F: {HK,m)}® {HK' ,m)}®{HX,m|~HK® K ® X).

An application of the Kiinneth Theorem and the Five Lemma shows that
(1®1® ¢y HHK® K'® X) - H(K® K’'® @) is an isomorphism.

DEFINITION 4.1. Let K and K’ be complexes of torsion-free abelian groups;
let X,, be a free resolution of Z, (for each m =2 0, Z,=Z). Then for each
m20, R.(K,K’) is the group {H(K,k)}® { H(K',k)}® { H(Xn k) }.

The fact that R,.(K, K’) is independent of the choice of the resolution
X, is clear since for each m20, R,.(K,K’') >~ H(K® K’,m) (a special
case of Proposition 4.1).

We shall now make { R.(K,K’)} into a Bockstein spectrum. For each
m=0, let X, be a free resolution of Z, (Z,= Z). Then the canonical
projections w#: Zow— Zn (k20) and injections im: Zn— Zm (k> 0) can
be lifted to chain transformations \p*: X,—X, (k20) and p%%:
Xm_’ X mk (k > O).

For m > 0, let E, be the chain complex augmented over Z,:

0 Z(en) 5 Z(ct) 5 Zna—0,

where dc,, = mc}, and ¢(c,) = 1,. E, is a free resolution of Z, and together
with Z,, can be considered as a short exact sequence. Let X be the complex
(Xo—‘Z) o (E,—*Z,) (obtained by “splicing together” exact sequences in
the usual manner). X7 is a free resolution of Z, such that (X7); = (Xo):_:
for i =21 and (X{)o= Z. The identity map on Z, lifts to a chain trans-
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formation I,: X,— Xg. We consider X, to be 0 in dimension — 1 and
define a chain transformation ug: X,— X, of degree —1 by ug = I, in
positive dimensions and x§ = 0 in dimension 0. Finally let A) = 1 X,— X,
be the lifting of the identity map on Z. ~

Since the chain complexes X, are free resolutions, the maps A™ and
ume (k 2 0) are unique up to chain homotopy. Consequently they induce
well-defined maps (i.e., independent of the choice of A, x):

A H (X 1) — H(X o, 1)
s H (X, ) — H(X s, 1)
If K and K’ are chain complexes of torsion-free abelian groups then the maps:
1® 1@ \™: H(K,i) ® H(K",i) ® H(Xpu, i)
—H(K,i)® HK’,i)® H(X,,1),
1® 1® uit: HK, i) ® H(K',1) ® H(X,,, 1)
—H(K,i)® HK',i) ® H(Xm,1)

for all m,k,i = 0.

induce maps:
Mt {H(K, 1)} ® {H(K',1) } ® | H(Xpm, i) }
—{H(K,i)}® {H(K",i)}® {H(Xni)}s
pme: {H(K, D) }® {H(K",i)} ® { H(Xn, i) }
—{H(K,i)}® {H(K",i)}® { H(Xm, i) }.
This depends essentially on the fact that A and u are chain transforma-

tions, and therefore the induced maps A* and p* commute with coefficient
and connecting homomorphisms.

ProrosITION 4.2. If K and K’ are chain complexes of torsion-free abelian
groups, then (R,(K,K’), \, u) is a Bockstein spectrum.

Proof. Since x™\™ and A\*u™, are both chain maps lifting the same map:

ik — gmhk ke Z e — Loy

and are therefore chain homotopic, the induced maps are the same, i.e.,
it = Amikumt: Ro(K,K’) — Ru(K, K’). The rest of the proof follows in
a similar fashion.

We shall hereafter assume that the resolution X,, of Z,, (m = 0) is a dif-
ferential graded ring and that ¢: X,— Z, is a ring homomorphism. Such
resolutions do exist; for example the resolution E,, of Z, mentioned above

can be made into a differential graded ring by defining the following mul--
tiplication on the generators:
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CmCm = 0; CmCim = Cm = CinCrm; CCh = Ch.

A Bockstein spectrum in which each B, is a ring will be called a mul-
tiplicative Bockstein spectrum. A map of multiplicative spectra is a spectra
map which is a ring homomorphism for each m = 0. Note that it is not
required that the maps A and ux be ring homomorphisms. If K and K’ are
torsion-free differential graded rings, then R (K, K’) is a ring for each m = 0
by the preceding remarks; hence { R.(K, K’)} is a multiplicative spectrum.

THEOREM 4.1. If K and K’ are chain complexes of torsion-free abelian
groups, then there is an isomorphism of Bockstein spectra:

{Rn(K,K")} = {H(K® K',m)}.
If K and K’ are torsion-free differential graded rings, then this is an isomor-
phism of multiplicative spectra.
Proof. For each m = 0, we have by Proposition 4.1
1®1® ¢«F: R(K,K')~H(K® K',m).

If K and K’ are differential graded rings, then F is a ring isomorphism by
Corollary 3.3 and it is easily verified that (1® 1® ¢) 4 is also a ring iso-
morphism.

Thus we need only show that (1® 1® ¢)«F is in fact a map of spectra,
i.e., we must show that the following diagram is commutative (for k > 0):

RLK.K) L HEKe Ko X, L2129 ymike K mk
l Ak (1®1® \™), l Ak
RKK) EHKe Ko x,) 12 1%9% pke K. m)
R l (1® 18 3 [ W

F (1® 1® 6)*

Ru(K,K') - H(K® K'® Xm) ————— H(K® K’,mk).

The maps A and g in the right-hand column are induced by the maps
= and .. But the chain transformations A and » in the center column are
maps which lift = and ., respectively. Therefore the right-hand squares
are commutative.

The maps A and g in the left-hand column are induced by the chain
transformations X and x in the center column. The map F is induced by
the map éa (a is the homology product and 6 the connecting homomorphism;
cf. Theorem 2.2); but on the image of a« the map é is essentially the map
®1®1+1®6® 1+ 1® 1® 4. Since maps induced by chain transforma-
tions commute with a and the various connecting homomorphisms, it follows
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that the left-hand squares are commutative. Hence (1® 1® ¢)+F is an
isomorphism of (multiplicative) spectra.

THEOREM 4.2. If K and K’ are torsion-free differential graded rings, then
the multiplicative homology spectrum of K® K’ is completely determined by
the multiplicative homology spectra of K and K’.

Proof. This is an immediate consequence of Theorem 4.1 since by Defini-
tion 4.1, R,(K, K’) depends only on the (multiplicative) homology spectra
of K and K’ (and, of course, on Z,).

Appendix. We must first show that in Theorem 2.2 it suffices for the proof
to assume r = p*, ¥ =p™, r” = p" (p a prime, k <m < n). To do so, we
need the following lemmas.

Lemma 1. If K, K’, L, L', M, M’ are chain complexes of abelian groups,
s: f~f: K—K', t: g~g': L>L’, and u: h~h’: M— M’ are chain
homotopies and chain maps as indicated, then there is a chain homotopy

V: fREAA~fRg®h: KORLOM—-K' QL' ® M’
given by
v(x® y® 2)
=(6Qgh+ (- D RtOA+ (- DN R g uU)(x® y® 2).
The proof is straightforward and is omitted.

LEMMA 2. Let K be the chain complex (in dimensions 1 and 0 for con-
venience): Z(a) —°Z(a’), da = ra’, r # 0; suppose r has a prime decomposi-
tionr=pl...p/ let K; (i=1,..-,t) be the chain complex (in dimensions
1and 0): Z(a;) —°Z(a!), da; = pjia!; then K is chain equivalent to the com-
plex > _ K.

Proof. Define f: > (., K,— K and g: K— {_,K; by: fi(a;) = a; fola})
= (r/pfa’; gi@) = 2 i.isir/pf)a;, where D i_.s:(r/p%) = 1; gola’)
= ) {_;s;af. It is easy to verify that f and g are chain maps and that fg = 1.
Define a chain homotopy S: (Q_i_:K))o— (O {-1K): by

S(a)) = X_sdr/pfip)a; — 3 sdr/piipj)a;.
i) i
A direct calculation shows that S + Sd =gf — 1.

LEMMA 3. Let K, K’, and K” be chain complexes as in the proof of Theo-
rem 2.2 (see p. 231) and suppose that (r,r’,r’) =1; then {H(K,m)}
® {H(K',m)}® {H(K”,m)} = 0 = HK® K’ ® K”).

Proof.
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Hi(K) m) ® Hj(K,, m) ® Hk(K”y m) = Z(r,m)® Z(r’,m) ® Z(r”,m) = Z(r,r’,r”,m) = 0;

hence {H(K,m)}® {H(K’,m)}® { H(K”,m)} = 0. The complexes K, K’,
K” are free resolutions of Z,, Z,, Z., respectively. Hence by definition
H(K® K'® K”) = Tripi(Z,,Z, Z,). But Tripy=2,8 Z,® Z, = 0. Trip,
is zero by Proposition 2.1 and Trip, is zero by Definition 4.1 of MacLane [6].

Now if K, K’, and K” are the chain complexes as in the proof of Theorem
2.2 (see p. 231) with any nonzero r, r’, r”, then there are chain equivalences
f: K=Y!,K—K,g: K =!_ K/ >K', h: K" =Y"'.,K’ - K", where
the K;, K!, K! are the complexes corresponding to prime decompositions
of r, r, r” as in Lemma 2. It follows from Lemma 1 that

fx: {H(K,m)} >~ {H(K,m)},
gx: {H(K',m)} = {H(K’,m)},
hy: {H(K”,m)} >~ {H(K”,m)},

and
(fRg® h)y: HK® K'® K”) >~ HK® K’'® K”).

Consider the diagram:

(H(R,m)|® {H(R,m)|® {HE",m)| L HE® B ® k")
0 f+® g4® o (f® g® h).x
(H(K,m)}® (H(K',m)}® {HK",m)) L HK ® K’ ® K").

The vertical maps are isomorphisms and all the functors in the diagram
commute with direct sums. If Theorem 2.2 is true in the case r = p*, r’ = p™,
r” = p", it follows from Lemma 3 that the map F in the top row is an iso-
morphism; (since all the functors involved are symmetric in K, K’, K” it
is permissible to assume 2 < m < n). Thus in order to prove that the map
Fin the bottom row is an isomorphism, we need only show that the diagram
is commutative. To do this it suffices by Lemma 3 to show that for each
i i=1,-..-,0 the diagram (i) with K, K’, K” replaced by K, K/, K/
is commutative. This fact is readily verified. Consequently, it suffices for
the proof of Theorem 2.2 to assume r = p* r’ =p™ r” =p" (p prime,
k<m <n).

Under these hypotheses we must show that every element of 3 . o H(K, m)
® H(K’,m) ® H(K”,m) is identified (modulo the subgroup S) with an ele-
ment of the group (i) on p. 232. We shall indicate how this is done in a few
cases and leave the rest to the reader. The maps A and u are as described
on p. 232

The group H,(K,m) ® H,(K’,m)® H,(K”,m) is zero unless (r,r’,r”,m)
>1.Let c= (r,r',r”); then (c,m) = (r,r’,r”,m). Let m be such that (c, m)
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>1 and use the notation: n(m/(r,m)a® 1,) =a, n(m/(r',m)b® 1,) = b,
1(m/(r",m)c® 1,) =¢, 1(@® Lmg) =, n(0® Lmey) =b, n(c® 1ing) =€
Thenwehave: H\(K, m) = Z,,, (@) = Z44(@), where d= (m/(m,c),r/(m,c)),
H\(K,(m,c)) = Z(,,(@), and p*?(@) = da. Similarly we have

H\(K’',m) = Z(r’,m)(l;) = Z(m,c)d’(l;), H\(K’,(m,c)) = Z(,,.’c)(’l;),

where d’ = (m/(m,c),r /(m,c)) and p™(b) = d'b; H(K”,m) = Z »(©)
= Zmoa(€), Hi(K”,(m,¢)) = Z(n(C), where d” = (m/(m,c),r”/(m,c)) and
pa? (@) = d”c.

Since (d,d’,d”) =1, there exist integers e, e¢’, ¢” such that ed + e’d’
+e”d” = 1. This implies that every element of H,(K,m)® H,(K’,m)
® H\(K”,m) can be written as a multiple of the element eda® b® ¢
+a®e'd’b®c+a® b® e”d’c. The first element of this sum can also
be written as

eda® b® c=eu™ @) ® b® c= £ ea® A% () ® AL (©),

by reason of (3) in Definition 2.2 (= means congruent modulo the sub-
group S); the latter element is an element of H,(K, (m,c)) ® H,(K’, (m,c))
® H\(K”,(m,c)); similarly for other elements of the sum.

Thus we have shown that every element of the group H,(K, m) ® H,(K’,m)
® H(K”,m) (for (m,c) > 1) is identified (modS) with an element of some
H\(K,h) ® H(K’,h) ® H\(K”,h), where h|c. In this case the map X} (for
either K or K’) is just the canonical projection =§: Z.— Z,. Hence every
generator of H,(K,h) ® H(K’,h) ® H,(K”,h) can be written in the form
MNI® Ny® 2=+ x® y® u’z (by (1) of Definition 2.2); the latter is an ele-
ment of H(K,c)® H{(K’,c) ® H,(K”,c). Thus we have shown that for
m >0 every element of the group H{(K,m)® H,(K’',m)® H,(K”,m) is
identified (modS) with an element of the group H,(K,p" ® H\(K’,p"
® H\(K”,p" (for ¢= (r,7,r") = (p*,p™,p") = p".

Using the same general method—but now for two factors instead of
three—one shows that for m > 0 every element of H,(K,m)® H,(K’,m)
® Hy(K”,m) is identified (modS) with an element of H,(K, (r,r’))
® H(K’,(r,r')) ® Hy(K”,(r,r’)). Repeating the procedure for H,(K,m)
® Hy(K’,m) ® Hi(K”,m) and Hy(K,m) ® H,(K’,m) ® H,(K”,m) and using
relation (4) of Definition 2.2 we conclude that every element of total degree
2 in X nyoH(K,m)® H(K’,m)® H(K”,m) is identified (modS) with
an element of the group:

H\(K,p" ® H\(K’,p*) ® Hy(K",p") + H\(K,p") ® Hy(K’,p") ® H\(K",p").

The other identifications are made in a similar (but usually less compli-
cated) fashion and are omitted here. This completes the proof of Theorem 2.2.
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