DIFFERENTIABILITY PROPERTIES OF SOLUTIONS
TO HIGHER ORDER DOUBLE INTEGRAL
VARIATIONAL PROBLEMS(")

BY
JULIUS SMITH

Introduction. We confine our remarks to a summary of the contents of
the paper. A brief history of the problem together with a bibilography
may be found in [3].

In §0 we collect notation, definitions and some theorems used in the
remainder of the paper, including an existence theorem for the variational
problem (Theorem 0.1).

In §1 we show that if A"u = 0 in B,, a closed disk of radius r

(a=(8/9x")% 4+ (3/829)%),

then u satisfies
() f|V”'u|2dx§l(m)rf |V™ul2ds,  I(m) =2"— 1.
By 9B

(V™u = {D1D3?u}, ay + ay = m, | V™u|*= weighted sum of squares of
components of V™u (see §0); D;= (3/3x').)

This estimate may be obtained easily for m = 1, from a direct com-
parison of Fourier coefficients. Direct computation succeeds for m = 2
but the complication increases with m and this approach seems to fail
for general m. If a function f on B, allows the expansion,

f~ao(r)/2+ Y a.(r) cosnd + b,(r) sinng,

n=1

then in the usual way we define the conjugate function

f~ao(r)/2 + X by(r) cosnd — a,(r) sinné.
n=1

A more esthetically pleasing definition results if we consider only func-

tions for which a,(r) = 0, but this is not necessary for our purposes. With

the aid of Green’s Theorem and some lemmas concerning the conjugate

function which are of some interest in themselves, we prove (*) by in-
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duction. The remainder of the paper offers a treatment parallel to that
in|3].

In §2 we introduce Morrey’s lemma on Dirichlet growth which asserts
that a family of functions whose Dirichlet integral (/|Vu|?dx) is at
most Ar” (0 <X < 1) over disks of radius r and all sufficiently small r,
satisfies a uniform Hélder condition on compact sets. (See Lemma 2.1
for a precise statement.) This is easily applied to prove a similar theorem
if S'|V™u|?*dx < Ar* (Lemma 2.2), and it is then possible to conclude
that V™ 'u is uniformly Hélder continuous on compact sets.

With the aid of (*) we extend to the case of arbitrary m a condition
sufficient to insure “Dirichlet growth” (Lemma 2.3; compare [1, The-
orem 6.1]). This leads easily to our first regularity result concerning vari-
ational problems for double integrals whose integrands depend on deri-
vatives of order m (see (2.8) and Theorem 2.1). The remainder of §2 deals
with uniformly elliptic systems of equations in integrated form (see Defi-
nition 2.1 for conditions). Uniform growth properties are established
in preparation for their application to the variational problem, hence no
regularity is assumed for the coefficients since none can be expected for
the coefficients arising from the variational problem.

Finally, in §3 a difference quotient procedure is applied to the integrated
form of the Euler-Lagrange equations. The difference quotients are shown
to satisfy a system of elliptic equations with uniform bounds. Solutions
to the variational problem are then shown to have Hélder continuous mth
derivatives on interior domains (Theorem 3.2). While this still is a step
shy of the classical Euler-Lagrange equations, further results may be
obtained by applying the continuity method to the integrated equations
whose coefficients are now Hélder continuous (for m =1 see, e.g., [2]).

0. Notation and background. E, is v-dimensional Euclidean space with
points x = (x',x% ---,x"). In any theorem or lemma » = 2 except if » ap-
pears explicitly. D or G is a bounded domain in E, (open connected set)
with boundary dG and G = GU dG; B(x,r) = open ball of radius r and
center x in E, (B, if no confusion arises); u is generally a vector or tensor
function (u!,...,u™; C™(G) = functions u continuous together with m
derivatives in G (m =0, ..., »); C™(G) = functions u in C"(G) extend-
able to C™(D) for some DD G; a= (aj,as --+,a,), a; a non-negative in-
teger.

D"=D:1D;2"'D:p’ Dj:aixh la| =a1+az+ -+ + a,;
forv=2,

D:f’:D:lD;Q’ Dp=—9 Dg'=i
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for polar coordinates p,6; if ¢ = {¢ and y = {y.}, for j=1,2,..-n, then
¢-¥v=2 .0 N ,C,ol., whereC,=|a|!/a)!, ---,a,). |$|’=0¢ -0. u,
=0u/oxr u,=Du a=(ay - ,a); V" u= {uf,}, || =m, i=1,2,
-, N, if u= (u'---u") - ff(x)dx = Lebesgue integral with respect
to v-dimensional Euclidean measure dx. H3(G) equals the “closure of
C=(G) functions with respect to the norm (0.1)”’ (more precisely, equiv-
alence classes of such functions).

fullZe = [, u)3c]™,

(u,v)56= fa( i Viu . Vi )dx.

j=0

0.1)

H3(G) is known to be a Hilbert Space (see, e.g., [4]). Hx(G) = “closure
of C7(G)” in the norm (0.1), where C7(G) = functions of G which vanish
outside some compact set A C G. We will say that an element u of HZ(G)
has a certain point property if some representative u of u has it. Sum-
mation convention is employed without mention. D™(u, G) = Jfg| V™u|%dx;
| V™a|? = weighted sum of squares of components of u.

THEOREM 0.1. Let GC E, be bounded and suppose
(0.2) f(x,z,p) Z s|p|*+1t

(for notation see paragraph below Lemma 2.3) and is convex in p for each
(x,2). Let F be a family of functions u of class H7(G) which is (i) closed with
respect to weak convergence in H3(G), (ii) contains a function u, for which
I(u,, G) < o, (iii) is such that for each u € F we may find a u* in a family
F* with |u*||5¢< B on F* so that u* — u& Hy3(G). Then I(u,G) takes
on its minimum in F.

Proof. For m = 1 see [1]. The proof for any m is a simple reworking of
the case m = 1 see, e.g., [5].

The following are standard results. Complete proofs may be found in
[4] or [5].

THEOREM 0.2. C®(B,) is dense in H7(B,).

LeEMMA 0.1. Suppose u(x) € H)G), v(x) € C%G) and Vu(x) =v(x) ae.
Then there is a function u(x) = u(x) a.e. such that u(x) € CY(G) and Vu(x)
= p(x).

We use the following form of Sobolev’s lemma.

LemMa 0.2. If u€ (3 HZ(B,) then u& C=(B).

LEmMA 0.3. Suppose ¢ € HY(G), e; is the x' unit vector, and D C G is
such that

én=h""[¢(x+ he) — ¢(x)]
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is drfined for 0 <|h| <hy. Then ¢,—¢,; in Hy (D).
LEMMA 0.4. Bounded sets in H3(G) are relatively compact with respect to
weak convergence.

LEMMA 0.5. If |u,} converges weakly to u in H3(G) then {u,} converges
strongly to u in H? Y(G).

LEMMA 0.6. If u € H3 (Bg), then there exists a constant n(m,v) and a
function U € H3%(Bsg) such that U(x) = u(x) for x € Bg and

D™(U, Byp) < n(m,») 3" R ﬁ | Viu|?dx.
j=0 R

1. An estimate for polyharmonic functions.
LemMa 1.1. Suppose u and v& C°(B,— {x,}). Then, if 0<p<r, 0
Sla| =m, 0|8/ =m, and m=0,1,.-., it follows that

(1-1) D:O(u;l)D‘:O(v’l) + D:o(u,z)Dfo(Ua) = bysDZoUD:ovy

where b.; = c;p %, p = p(y,8) is a non-negative integer, and the sum in (1.1)
is taken for 0 <|y| =m+1, 0<|5| Em+ 1, and c,; are constants.

Proof. Express u,, and u,; in polar coordim_ates, then use Leibniz’s rule
for differentiating products. Now let ( ); = d’( )/d¢’. The result is

Diy(u,;) = Al(u)(cosd); — Bi(u)(sin6),,
Dyy(u,3) = Bi(u)(cos6);+ Al(u)(sing);,
where j is summed from 1 to a, and

Aluw) = C.Dhu, y=+v(a,)), O=Z|y|=<m+1,
Bi(u) = Ki;p™"Déu, 0<|6|=m+1.

Hence, recalling that (cosf);= cos(§ + jx/2) and (sin6); = sin(f + jx/2)
we find

(1.2)

(1.3)

D:o(un) Dfo(v»l) + D:o(u)Z) Dgo(vﬂ)

(1-4) — jk[ A.L(u)Az(v) + Bﬁ(u)Bz(U) ] + Il»jh[ A{,(u)BZ(v) - B{.(U)As(v)] ’

where

Aje = (cosf)(cosf), + (sin)(sinb), = cos[ - k)%],

ujr = (sind)(cosb), — (cosf),(sin6), = sin [( j—k) ’5'] .
Thus \j and u; are constants. The proof is completed by substituting
(1.3) in (1.4).

LEMMA 1.2. Under the hypotheses of Lemma 1.1, we may find a.; = Cus(m)p P
such that
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(1.5) V™. V™ = a,D4%uDf, la| <m, |B] <m,
where p = p(a,B) is a non-negative integer, and c,; are constants.
Proof. Since
Vi VY = V™u,) - V™0,) + V™1, - V(1,9

we may use induction on m and Lemma 1.1.
DErFINITION 1.1. For u € C(B,) and p >0 we define

N
sn(u,0,0) = ag/2+ Y [a,cosnd + b,sinné],
n=1

where

1 2%
a,=a,(u,p,0) = - j; u(p,6) cosnode,
™

2x
b, = by(,p,0) = = ﬁ (o, 6) sin o do.
w

LEmMMA 1.3. Suppose u& C=(B,) and 0 <p =r. Then for each p and
m=0’1,.o. we ﬁnd

2r 2r 2r
(1.6) j;|v"'(u—s~)|2do=ﬁ |V’”u|2d0—ﬂ |7 ™sx|2do

and
2x

(§%)! lim , | V™u — sy)|?do = 0.

Now

Proof. Evidently, dsy/30 = sy(uy,p,0) and dsy/dp = sy(u,,p,0) hence,
by induction, we infer that

(1.8) oSN(U, p,0) = Sn(Diy, p,0).

From Lemma 1.2 and (1.8) we conclude that

2x 2r
(19) ﬁ | V™ — 58)|7d8 = 0y [ [ Dt — sn(Dp) [ Dt — 5Dl ),

where o and 8 are summed over |a| <m and |8| < m. (1.7) follows by
first applying the Schwarz inequality to the right side of (1.9) followed by
the Riesz-Fischer theorem in L,[(0,2)] applied to the functions D%u, and
Dfu. From a Fourier expansion for f and g in L, we see that

2x 2% 2r
(- oM@~ sw@nds = [ fads - f sx(Psx(g) db.

Apply this result to the right side of (1.9), taking f= D%u and g = D5u.
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Then, . usirg (1.8) to commute operations, a backwards application of
Lemma 1.2 proves (1.6).

THEOREM 1.1. If u € C=(B,) then

f | V™u — sp)|?dx < .
B,

Moreover,

(1.10) lim | |V™u —spy)|%dx=0
Norow B, .

and

(1.11) f | V™u — sy) |2dx =f | V™u|?dx —f | V™sn| 2dx.
B B B

Proof. First use (1.6) to establish dominated convergence of the integrals
in question in polar coordinates, then integrate (1.6) and (1.7).
DEFINITION 1.2. u € T(B,) if and only if for some a, and b, in C*[(0,r)]

N
u=ay(p)/2+ D [anlp)cosnd + b,(p)sinnd], O0<p<r.

n=1

LeEmMmA 1.4. T(B,) N H}(B,) is a dense linear subset of Hy(B,).

Proof. Theorem 1.1 shows that T(B,) N HF(B,) is dense in C®(B,) with
respect to the HZJ(B,) norm. Theorem 0.2 asserts that C=(B,) is dense
in H}(B,).

DeriniTION 1.3. If u € T(B,) we define J7: T(B,)— T(B,) by the for-
mula

N
Jru = ao(p) /2 + 3 [ balp)cosnd — a,(p)sinng).
n=1
LEMMA 1.5. If u& T(B,) then for 0 <p<r
2% 2x
J; (Jru) (J7v) d0=ﬁ u-vde.

Proof. By direct computation.
LEmMMA 1.6. If u€ T(B,) then so is Dju, and Jp(Diu) = Di(Jru).

Proof. If Dy, = 9/96 or d/dp we may compute directly. The general
case follows by induction.

Lemma 1.7. If ue T(B) N\ H3(B,) then

f Ivj(JTu)|2dx=f |V’u|2dx, j=0,1,...’m.
B B,

Proof. Use Lemma 1.2 to evaluate |V/(Jru)|%. In the resulting sum
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commute Dj; and Jr using Lemma 1.6. Integrate from 0 to 2x, then apply
Lemma 1.5. To complete the proof, reapply Lemma 1.2, multiply by »
and integrate from 0 to r.

THEOREM 1.2, There exists a unique bounded linear transformation
J: LZ(Br) - L2(Br)

whose restriction to T(B,) N Ly(B,) is equal to Jr. For every integer m = 0,
the restriction of J to H3(B,) is, in the norm of that space, a bounded linear
transformation. In addition, J has the properties enumerated below.

2x
(1.12) Ju = 1 J; udd — u (a.e.inp).
™

(1.13) As an operator on H3(B,), m = 2, J commutes with A.
(1.14) J is an isometric transformation on each space Hy(B,), m = 0,1,2, - - ..
(1.15) If u€ H3(B,) and j=0,1,...,m then

2z 2%
ﬁ|vf(Ju)|2da=J; | Viu|%ds,

for almost every p: 0 <p<r.

(1.16) If u € Ly(B,) then for almost every p, u is given by its Fourier series
in 0. Hence, Ju is given by the conjugate series for almost all p. That is, with
respect to convergence in L,[(0,2x)], we have

Ju = ayp)/2 + i [ ba(p)cosnd — a,(p)sinno].
n=1

Proof. From Lemma 1.4, Jr is densely defined. From Lemma 1.7, Jr
is isometric on T(B,) N H3(B,) (m =0,1,-..). Hence, a unique isometric
extension exists for each H3(B,). The extensions all agree since H7 con-
vergence implies Hj convergence for | <m. (1.12) and (1.13) are easily
checked on T(B,). They persist because of the continuity of J for all the
spaces Hy and that of A on HF (m = 2). (1.14) implies that

f | Vi(Ju)|*dx = f | Viu|?dx
B B

for u& H}B,) and j=0,1,.--,m. (1.15) then follows by differentiating
with respect to p. (1.16) follows from (1.15) for j =0, an application of
Fubini’s theorem in polar coordinates, and L,[(0,2x)] convergence of a
Fourier series.

REMARK. If J, and J, (o <r) are the maps of the preceding theorem
defined for B, and B,, respectively, then J, is a restriction of J,. This is
easily established by approximating on B, by functions of T(B,), then
cutting them down to T(B,). We often denote Ju by u.
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TaeoreM 1.3. C°(B)), C>(B,), and Hx(B,) are invariant under J.

Proof. If u€ C=(B) then u€ N3 HJ(B,) for 0<p<r. Thus, Ju
= n;=oH’2"(B,,). It follows from Sobolev’s lemma that Ju€& C*(B,),
0<p<r, and hence JuE C~(B,). Now if u€ C7(B,) it follows from
(1.14) for m = 0 that Ju vanishes outside the support of u. The remaining
assertion follows by approximation.

THEOREM 1.4. If u & HYB,) is harmonic in B, then so is u. Moreover,
u and u satisfy the Cauchy-Riemann equations u,, — u,, =0, u,,+ u,, = 0.

Proof. A= Au=0=0 hence Z is harmonic. It is well known that

u=ay/2+ Y (o/r)"(a,cosné + b,sinnd),

n=1

hence

u=ay/2+ Y (p/r)"(b,cosnd — a,sinng).

n=1

Evidently u, = p 'y, and u,= — p 'u,. But these are the polar Cauchy-
Riemann equations.

THEOREM 1.5. If u* &€ H3(G) and G is bounded, then there is a unique
function u € H3(G) N\ C*(G) such that u — u* € H%(G) and A™u =0 in G.

Proof. See [4].
LEmMA 1.8. If v and we C*([0,2x]) and v(0) = v(2x), w(0) = w(2x),

then
2x 1 2x
f vw,dd < —f (v + w)) de.
0 2 Jo

Proof. Expand in a Fourier series and use the inequality ab < i(a®+ b?).
LEmMMA 1.9. Suppose v, weE C=(B,). Then

L { Vo2 + | Vw|?}dx
§f3r[(v,1—wyz)2+(v.2+ w,l)z]dx-}—rzﬁB (| V|2 + | Vw|? db.

Proof. From Green’s theorem and a change to polar coordinates in the
resulting boundary integral we find

fB, (| Vv 4+ | Vw|? dx
= L [(vxl - w)2)2+ (U,2+ w)l)zldx"*' 2ﬁ8 Ung0.

An application of Lemma 1.8 yields
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zf vw,dogf (v,2+w,2)do§r2f (| Vu|2+ | Vw|>de
3B, 9B, 9B,

from which the desired result follows.

LeEmMA 1.10. Suppose v, w & H7(Bg). For each r: 0 <r <R let V. and
W, be functions in H3(B,), such that (V,—v) and (W, — w) € H%(B,).
Then, for almost all r: 0 <r <R, we have V™ and V™w & L,[(0,2x)],
and for such r

f‘ (V" V|2 + | V"W, dx
B,

1.17 |
(.17 gﬁ(|V"‘“F,|2+|V’"“G,|2)dx+r2];Br(|V"'v|"’+|V"'w|’)d0,

where F,=V,,—W,, and G.= V,,+ W,,.

Proof. Let v,, w, & C~(Bp) be such that v,—v and w,—w in H}(Bp).
By passing to a subsequence if necessary we conclude from the theorems
of Fubini and Fatou that (a.e. in r)

(1.18) lim | V™v — v,)|2ds = lim f | V™w — w,)|*ds = 0.
3B, n—o 9B,

n— o

Since (V, —v) and (W, — w) are in Hy(B,) we may find C:(B,) func-
tions ¢pr— V,— 0, Yu—W,—w in HF(B,). Let V, = v,+ ¢, Wp =w,
+ ¥ Evidently, V,—V, W,— W, in H}(B,). We apply Lemma 1.9
to find that

j;r (|V'”V,,,|2+|V”'W,,,|2dx
=fBrZCa(IVV,,,,a|2+|VW,.,,,|2)dx
= fBrZCa{ (Vars = War 2o 2+ (Ve + W), [P }dx
”L»Z Col| T 0n| + |V 0|9,

where the sums are taken for || =m — 1. From (1.18) and the HJ con-
vergence of V,, and W, to V. and W, the lemma follows.

THEOREM 1.6. Suppose u & H3(Bpg) and U, is the function of Theorem 1.5
for G=B, (ie, A"U,=0, U,—u& H}(B)). Then for l(m)=2"-1
and almost all r: 0 <r <R,

(1.19),, fIV'"U,|2dx§l(m)rf | V™u|%ds.
B, 3B,

Proof. Let u be the conjugate of u in By and let l_fL be the conjugate of
U, in B.. From Theorems 1.2 and 1.3 UE_H;"(BR), U, - ue& H%(B,), and
A"U,=0. Form=1take V.=U, W.,=U, v=u, and w=u in (1.17).
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From Tloorem 1.4 F,= G,=0 and thus (a.e. inr, 0 <r <R)
(1.20) fs, (VU + VU, dx < rﬁﬁ& (| Vu|? 4| Vi|? ds.

Applying (1.14) and (1.15) to the left and right sides of (1.20) respectively
we find (1.19);. Assuming (1.19),_, we again take V,=U, W,=U,
v=u, w=1u in (1.17) to find after an application of (1.14) and (1.15) to
the left- and right-hand sides as before, that for almost all r: 0 <r <R

f|V’"U,|2dx

B,

(1.21)
glf (|V’"—1F,|2+|V"’"1G,|2)dx+r2f | V™u|?ds.
2 JB, 3B,

However, since A" U, and A™'U, = A™ U, are conjugate harmonic we
observe that

Am_lF,- = (Am—l r) 1 (Am_l Ur)ﬂ = 0
A™1G, = (A" U),, + (a™ 1T, = 0.

If welet f = u, — u,,and g = u,,+ U, it is easy to check that f, g € Hy "}(Bp)
and (F.—f), (G.— g) € H% '(B,). Thus we may apply (1.19),_, to the
pairs F,, f and G,, g which, combined with (1.21), yields (a.e. in r)

f |V, dx
B"

I(m — 1)rf (|V”'“f|2+|V”‘“g|2)ds+rf | V™u|%ds.
3B, B,

=

DO =t

If we substitute for f and g their values in terms of u and u and use ele-
mentary estimates, this becomes (a.e. in r)

im — l)rj;B 2(|V"‘u|2+|V”'E|2)ds+rfB |V ™u|2ds.
T ar

Finally, another application of (1.15) to the right side of (1.22) yields
(a.e. in 1)

j; |V™U,|*dx < [2l(m — 1) + 1]rﬁB | V™u|?ds

which is just (1.19),.
2. Dirichlet growth and regularity.

LEMMA 2.1. Suppose a tensor v(x) € Hy)G) and, for some L independent
of r.
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@.1) fa, | Vo|2dx < L? (%)” 0<rs<R,

whenever B C G. Then
(2.2)  |u(xd —v(x)| = CLLR™|xy — x5, 0=|x;— x| SR,

for every pair of points (x,,x,) whose joining segment is at distance > R
from 8G; (C,(\) = 2*x~VE\ 7Y,

Proof. See [3].
LEMMA 2.2. Suppose a tensor u(x) € H3(G) and
r\a
2.3) f |V"'u|2dx§L2<—) . 0srsR
B, R
whenever B C G. Then, u € C*(G) and
(2.4) | V™ u(x) — V™ u(x) | < C,A) LR x, — xy|*

whenever 0 < |x, — x,| < R, for every pair of points (x,,x;) in G whose join-
ing segment is at distance > R from 4G.

Proof. Apply Lemma 2.1 to v= V™ 'u. The proof is completed by
applying Lemma 0.1 m — 1 times.

LeMMA 2.3. Suppose vE H¥(Bp), fo¥s '¢(s)ds < » and
(2.5) D™v,B)) < KD"(v,,B) +y¥(r), O0<r=R,
for every v.: v—v,E Hy(B,). Then for 0<r<R

r\* R
2.6) D", B) < D"(v, By) (ﬁ) + f o= (0) dp,

where y = [ Kl(m) ]~ (see Theorem 1.6). vand v, may be tensors.

Proof. Let ¢(r) = D"(v, B,), and for each V' take u =0’ and define v}
= U, as in Theorem 1.6. Letting v, = {v;} and recalling (1.19), we find
(a.e.inr)

D™(v,, B)) < l(m)r¢’(r)
and hence from (2.5) we find a.e. for 0<r<R
2.7, o(r) Su're’(r) + ().

The desired result follows after multiplication of (2.7), by the integrating
factor p ! and integrating from r to R.

In what follows, we consider functions f(x,z,p) where x = (x!,x?),
a= (apa),|la|=a;+ az z= {Zf,} i=1,2,...N0=|a|=m—-1; p= {pf,}
i=1,2,---N, |a|] =m. If u€ H7(G) we define 2(x) = {ui(x)} i =1,2,
...N, 0=|a|]=m—1 and p(x) ={ul(x)} i=1,2,---N, |a| =m. In
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order to insure the existence of a minimum for I(u,G) = Jof(x,2(x), p(x)) dx
w~ ‘mpose (vee Theorem 0.1)

(2.8), f(x, 2, p) is continuous in (x, 2, p)

and convex in p for all (x,2z). Moreover, there exist constants s, S,k such
that 0 <s < S and

(2.8), s|p|*— k = f(x,2,p) <S|p|*+ k.

LEMMA 2.4. Suppose f satisfies (2.8), and u, minimizes I(u,G) among
all u: u —uyE HY(G). Then, if B,C G it follows that

(2.9) D", B) <2 07w, B + 2

for all u,: u,— u,& Hx(B,).

Proof. Since Hyx(B,) C Hyx(G) we conclude that u, is minimal for I(u, B,)
among all u,u,—u,€ Hy(B). Thus I(u,B,) =< I(u, B,), and if we
apply (2.8); to this inequality, (2.9) follows.

THEOREM 2.1. Under the hypotheses of Lemma 2.4 u,€ C}7'(G). (uo
€ C"Y(G), V™ 'u, Hélder continuous for every D: D C G).

Proof. The “Dirichlet growth’ necessary to apply Lemma 2.2 follows
by successively applying (2.9) and Lemma 2.3 with v = u,. Thus we easily
obtain a local Holder estimate. The global condition follows from some
simple metric space lemmas.

DEFINITION 2.1. All integrals in this definition are over G.

A(u,v;G) = Svlaf(x)u’ ,dx; |a|=|8| = m,a¥ =al Bu,v;6 = fv)
b%(x)u*,; dx, where 0 < min(|«|,|8|) < max(|q|,|8]|) = m, b = b%. C(u,v; G)
= Sulich(x)u,k dx; 0 < max(|al,|8]) <m,cf=cl E@ G = fefv, dx;
|la| =m. F(v;G) = ffiv,. dx; 0 <|a| <m. a,b,c,e, and f are measurable,
ec L,(G) and

(2.10) sl|1r|2 = aﬂwﬂw"; < S|=|? 0<s, =8,
(2.11) fxr(x)(|b|2+|cl 1/]) dx < S

for all circles B,. x,is the characteristic function of B,. I(u,v; G) = A(u,v; G)
+ B(u,v;G) + C(u,v;G). L(;G) = E(v; G) + F(v; G). Finally, we con-
sider solutions of the equation

(2.12) I(u,v; G) = L(v),
that is, functions u € H7(G) such that (2.12) holds for every v € Hyx(G).
LemMa 2.5. If ue H3(G), G.=GNB,

(2.13) fG Ifldx < Lr®
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for every circle B,, and G C B(x,, R), then f.2z(x) and flz(x)|? are in L,(G)
and

(2.14),, fq |f-z| dx < Cog*[ D™(u, G) ]'2r®—+, 0<u<A,

2.15), fa, Ifllz|2dx < C* D™, G, 0<u <A,
u)here'“'g2 = IGI,Z(x) = ‘u,{;},j = 1127 o ';N, 0 é |a| <m. Ci =LKi(A’“’m:R):
i = 2,3, remains bounded for R—0. (u and f may be tensors.)

Proof. (2.14), and (2.15), are Lemmas 4.4 and 4.5 of [3]. Since z(x)
€ H} we apply these results to f-2z and f-2% respectively. The lower
order terms which then appear may be handled by Poincaré’s inequality
[3, Theorem 1.11].

LemMMA 2.5a. If u € H3(B,) and f& L,(Bp) satisfies (2.13) for G = B,
then f-z(x) and fz(x)? are in L,(Bgp) and

(2.16) fa, If-2]dx < ClulZar®>  0<p<A

2.17) ﬁ Ifllzl2dx < Cs(JulZ0?r®= 0 <u <,

C,' = LK,‘()\,;L,m, R), [ = 4, 5.

Proof. Let U & Hy(Bsg) be the function of Lemma 0.6. Extend f to be
zero outside of Bg, then apply (2.14) and (2.15) to f- Z and fZ° An appli-
cation of Lemma 0.6 completes the proof.

LEMMA 2.6. There exists an R, > 0 depending only on m,s,,S,, and \,
for which 0 < R < R, and Br C G together imply that

218)  (3)D"w By s Iw,u; By s (8:+%) 0w B,

for all u & Hy(Bpg).
Proof. From the Schwarz inequality, Lemma 2.5 and (2.11)
| B(u, u; Bg)| < 2C3[ D™(u, By) |R?,
|C(u, u; Ba)| < Cs[ D™(u, Bo) |R*,

where C; = infC; for u: 0 <u <. Since C; remains bounded as R—0
we may find R, so small that |B| +|C| < (s,/2)D™(u, Bg). The lemma
follows from (2.10).

LEmMMA 2.7. If u, vE C(G) GC E, then

pun= g (2)owon(s)=(3) (7).

a=g+y
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u and v may be tensors.
Proof. By induction on ».
LeMMA 2.8. | V™ (|x — x0]) | < F(v,m)|x — x| ™, x # xpand m=0,1-...
Proof. ¢(y) =|V™*'(|y|)| is positively homogeneous of degree — m,
hence let F(v,m) = supy-14(y).
LEMmMA 29. If h(t) €CS(E), &x)=h[(R—71)"(|x— x| —1)] and
r= R/2>0 then for constants h;= h;(»)
(2.19) | Vie(x)| < hi(R—1)~, j=0,1,...,
whenever |x — xo| = r.
Proof. By induction on j, with the aid of Lemmas 2.7 and 2.8. The in-
duction hypothesis is to be applied to h'[(R — r)~}(|x — x| — 1)].

LeEMMA 2.10. If h and & are as in Lemma 2.9 and in addition h(t) = 1 for
t<1/4, h(t) =0 for t = 3/4, and h(t) is monotone then t& C;7(Bgp) and
(2.19) holds for all x if r= R/2> 0.

LeEMMA 2.11. If ¢ is the function of Lemma 2.10 then D*(™) = £™ 1*l¢.(¢)
and

(2.20) |6.(8)| = K(m,»)(R— r)7ll
for 0<|a|] =m and r= R/2>0.
Proof. By iteration of Lemma 2.7 and application of (2.19).

LEMMA 2.12. Suppose that ¢ € C2(G), GCE, and u& H}(G) then ¢u
€ Hy%(G) and has compact support in G. Moreover, the formula of Lemma
2.7 continues to hold.

Proof. By approximation to u.

THEOREM 2.2. Suppose BrC G, 0 <R < R,, uc H7(Bp) and satisfies
(2.12) for each ve Hy(Bg). If a,b,c,e,f are as in Definition 2.1 then for
0<r<R
(2.21) D™u,B,) = Cs[(Jull7z")* + (lel2.n)*+ 1],

CS = Cs(", R’ m, A’ S1, Sb S2)

Proof. For ¢ as in Lemma 2.10, U(x) = "u(x) and v(x) = " U(x)
are in Hy(Bp). Since D™u,B, < D™(u,Bg;) for r< R/2 we assume
r = R/2. From Lemmas 2.7 and 2.11 we find for |«| < m, and J = {(8,7,9):
B+y+o=a,|B] >0} that v)=¢"[Us+ 2 " " "ps(2)0,(8)us]. Collec-
ting terms and applying the estimate of Lemma 2.11.

222) vl=¢[Ul+p®ul], 0=|y|<|a| =m, |p| £P(m,r,R).
Analogously,
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(2.23) "ul=UL+q®ul, 0=|v|<|a| =m, |q| =Q(m,r,R).
Hence, I(u,v; Bp) = (U, U; Bp) + I,, as follows from (2.12), (2.22) and
(2.23) where

IL=- ﬁR (a2 (x) + b2 - (%) + 58(s) |dx — L(v; Ba),

s=plulUt+ quitUL+ plghuju.t.

I, may be estimated using A(u,v) <[A(u,u)]"*[A(v,v)]"% and the ordi-
nary Schwarz inequality, followed by the estimates of Lemmas 2.5 and
2.5a. The inequality 2(ab) < ea’+ ¢ 'b% is used to handle terms involving
D™(U,Bg). We find
(224)  |L| =CeD™(U,Bp +C¢[(lullzz")* + (lelsn®+ 1],
Ci = Ci¢(r,R,m,\,S,,Sy), C¢ = C¢{(r,R,m,\,S,,S;,¢). Choosing, e.g., ¢Ci
<s,/4 we see that

0= I(u,v; B)) — L(v, Bp) 2 I(U, U; Bp) — | 1,| 2 (s,/2)D™(U, Bp) — | 1,|.
The theorem follows from (2.24) since D™(u,B,) < D™(U, Bp).

LEmMA 2.13. Suppose 0 <R <R, BrCG, u€ Hxn(Bp and (2.12)
holds for all v& Hy(Bg). Then if

2r A
(2.25) fBr|e|2dx§L2<§) , 0=r=<é 6=R-—|x— x|; 0<1<§;

for every circle B, = B(x,,r) contained in Bg = B(x,, R) it follows that

27
020 DB s(2)DwB)+G(5), osrss,
1
whenever u — u, € Hy(B). C;= Ci(m,s,, S, Sy, A\, 7,L,R,|ul|zr) is a quad-
ratic function of its last variable.
Proof. Define

k
E;=— 3 bius+ef,

|8l <m
k k
Fy=— 3 bfus— 2 cllug+ 1.
|8l =m |8l <m

From the Schwarz inequality and Lemma 2.5a, we see that
r T
IE1S, < CPlulgar 2+ L( ),

L |F| dx < S5r® + | u| 5rSar* + Coflu| 7 rr™ ™

Choosing, e.g, » = A/2 it follows that
r T
2.27) IE[S, < (CY0 i, Rym, S [l 3+ L)(é—)
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(2.28) f {Fldx < [CHSy RN + |4 52CHSz RN, m) ],

If we define
L*(v;B) = — J; [ S Evit T I",-’v,{,]dx.
r L lal=m laj<m
Then
(2.29) A(u,v; B) = L*,(v,B,) forallvE Hy(B,).

Since A (u,v; B,) is a scalar product, equivalent to the usual one on Hy(B,),
the Riesz representation theorem asserts the existence of U, & Hy(B)
which satisfies (2.29). Then, estimating the right side of (2.29) and employ-
ing (2.10), (2.27) and (2.28), we find

Dm(UnBr) § 31_2["E"g,r+ C4r)‘]-

Now, being careful to check the definition of C, (we have taken u = A/2)
it follows that

(2:30) DU, B) <57 Ci+ Cilulal(5)

Cl7 = Cfl(m’ S1, SZ’ Ar 7, L: R)’ l = 4) 5.

Let V.=u — U,. From the Pythagorean property of A, V, minimizes
A among all u,: u — u, € Hy(B,) and

A(u’ u; Br = A(Un Ur; Br) + A( Vr’ Vr; Br)
so that
D"(u,B) < s, Alu,u) < %D"'( U.B) + %D"'(u,, B).
1 1

The proof of the lemma is completed by applying (2.30) to the right side.

3. Final regularity results for the variational problem. In addition to the
previous notation and restrictions on f (see §2) we now require

3.1) fe C” forall (x,2,p).

(3.2) There are functions s,(R), S;(R) defined for all R = 0 such that
0 <s/(R) £S/(R) and

si(R)|x|? §f;’jpz7l'f;7l’§ <Si(R)|x|?

for all (x,2,p): |x|*+|2|*< R
(8.3) There is a function S,(R) defined for all R = 0 such that }.2_,¢;
< Sy(R)|p|* for all (x,z,p): |x|>+|z|* < R?, where

o= flh oa =2 F%0 4 o= 2IEA
04 = Z'fzixliy g5 = Zfzp{;.
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All indices except | are summed, and over their full range.

THEOREM 3.1. Suppose u € H7(G) N C™" ' (G) and ¢€ CHG). If y(N)
=I(u+ \,G) then

V(0 = j; Gifi[x,2(x), p(x) Jdx + L wifyi [ x,2(x), p(x) ]dx.

Proof. Expand f[x,2(x) + A¢(x),p(x) + Ax(x)] about (x,2(x),p(x)) us-
ing Taylor’s formula with integral remainder. Then integrate over G and
calculate the difference quotient [¢(A) — ¢(0)]/A. Because of the con-
tinuity of &, smoothness of {, and conditions (3.1), (3.2), (3.3) we obtain
dominated convergence for the sequence of integrands in question for
x| =1. Allowing A—0 completes the proof.

THEOREM 3.2. Suppose u & H7(G) N C"Y(G), ¢'(0) =0 and u has the
growth properties of Lemma 2.4. Then u& CG) N\ Hy (D). for each D:
DCG.

Proof. We show that the conclusions of the theorem hold in some neigh-
borhood of each point in G. It is then easy to prove the global result.

First suppose B(xo,R) CG, 0<R3<R;<R;, and R,— R;=R, - R,
=hy<d(Bg,0G). If v& C7(Bg), we let ¢=uv(x— he) —v(x), where
e, is the unit vector in the x, direction. Then

(34) 0 = ﬁR ‘fz‘L [vnj;(x - hey) - U’{:(x)] + fp“’;[vr{;(x - he.,) - U,{;(x)]’ dx‘
2

Now, break up (3.4) into four integrals; translate variables in those two
which involve x — he,; recombine and factor v,). Using the device g(1)
—g(0) = f'g’()dt we find that u,=h"'[u(x+ he,) — u(x)] satisfies
(2.12) with G = B(xo, R;) for all v& C7(Bg,) and

1 1
ath= [, rolPla b=~ [ APl
1 1
= [ AP, e= — [ foolPlds

1
f;j= —ﬁ fz‘ix’[Pt]dt;

P,= [x+ the,, (1 — H)2(x) + tz(x + he,), (1 — t)p(x) + tp(x + he,) ].

Using conditions (3.1), (3.2), (3.3) and the continuity of |z2(x)| we may
verify

(3.5) 51(Q) | 7% = afh(x) rint < S1(Q) | |?
and for |h| < hy, G, = B(x,,r) N B(x, R3)

3.6) fc(|bh|2+|ch| 1A + e dx = S22,
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The bounds are independent of A but depend on u. In making the estimate
(3.6) we must use the fact that the integral growth condition does not
depend on the center of the circle. If we let R, = min(R;, R,), where R,
is the radius of Lemma 2.6, we find that u, satisfies the requirements of
Theorem 2.2 on Bg,. From Lemma 0.3 we find that u,— u,, in H7 '(Bg,).
All the more, the H7 "'(Bg,) norms are bounded for some h,: 0 <|h| <h,
<h,. From Theorem 2.2 we infer that the Hj[ B(xy, R;)] norms of u,
are uniformly bounded for any R; < R,. Hence for a subsequence of h
tending to zero, the weak relative compactness implies that u,—u?*,
u* € H7(Bp)(Lemma 0.4). Since weak H7 convergence implies strong
H7™' convergence (Lemma 0.5) we conclude that u,, = u* & H3(Bg),
ie., u€ HF*(Bg,).

Finally, the uniform boundedness of the H7 norms on Bp, together with
Lemma 2.13 yields a uniform Hélder condition for V™ 'u, for |h| < h; on
Bg;, Rs< Rs. From equicontinuity, a subsequence converges uniformly,
hence, V™ 'u,, satisfies the same Holder condition on B(x,, Re).
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