SOME THEOREMS ON INTEGRAL CURRENTS (9

BY
HERBERT FEDERER

1. Introduction. A few years ago, in [FF], W. H. Fleming and I began the
systematic study of the class of integral currents, which appears to be particularly
suitable for the natural formulation and solution of various basic problems in
geometric measure theory. The subject of integral currents was developed further
in papers by F. J. Almgren, Jr. [A], W. H. Fleming [FL], W. P. Ziemer [Z] and
myself [F4], [F5]. Moreover, recent investigations by E. De Giorgi [DG],
J. H. Michael [M] and E. R. Reifenberg [R] are closely related to this subject.

The present paper has two aims, to contribute to the basic general study of
integral currents, and to establish a connection between this part of analysis and
the algebrogeometric theory of complex varieties. The content of §2 is a new
measure theoretic characterization of integral currents, which makes it easy to
recognize complex algebraic varieties as integral cycles. Then §3 treats the slicing
of a normal current T'in X by a locally Lipschitzian map f : X— Y. With almost
every point y in Y there is associated, by means of relative differentiation of
measures, a current {7,f,y)> of dimension dim(7T)—dim(Y), which may be
thought of as the slice of Tinf~*{y}. The structure, norm and continuity
properties of such slices are examined in detail. This general study seems timely in
view of the occurrence of slices in particular cases in [F3], [FF,3.9], [FL, 1.2],
[A], [R] as well as in §4 of the present paper. That last section was motivated
by the classical problem of Plateau, now formulated in terms of minimal currents
[FF, §9]. The existence of solutions has been assured, but the determination of
the local structure of minimal currents remains a difficult problem. It is now
understood that, except in special dimensions, minimal currents will ordinarily
have some singularities. One hopes ultimately to prove that almost all the support
of aminimal currentis a real analytic manifold, and to gain scme insight concerning
the nature and distribution of the singularities. Considerable progress, though still
short of complete success, has been made in [DG], [FL], [R] on the first question,
very little on the second. It would certainly be helpful to know many examples of
minimal currents with interesting singularities. Examples of this type, and just
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about the only ones now known to me, are the complex algebraic varieties. The
fact that these varieties are minimal currents is proved in the first part of §4,
essentially by the classical method of Wirtinger [W], [DR2]; the details are
simplified partly by use of the theory of integral currents, but mainly by an
extremely short proof of Wirtinger’s inequality(?). Then it is shown that the
plane sections of a variety depend continuously, as currents, on the cutting planes.
The final theorem asserts that one of the algebraic geometer’s ways of describing
a singular point, by means of a tangent cone whose irreducible components
occur with certain intersection multiplicities, is equivalent, for complex varieties,
to the purely measure theoretic device used in the theory of minimal currents.

For use this paper we readopt without change the terminology and notation
introduced in [FF].

2. A characterization of integral currents. It was proved in [FF, 8.14] that
every k dimensional rectifiable current, whose boundary has finite mass, is an
integral current. Here it is shown that this condition on the boundary may be
lifted on a closed set of k—1 dimensional measure 0.

By N(f,A,y) we mean the number (possibly o) of elements of AN f "{ v}

2.1 LemmA. If T is a k dimensional rectifiable current in R", B is an H*
measurable subset of R", A€ A(k,n) and

H{p"(B)] =0,
then
T A p**(0) NB = 0.

Proof. We know from [FF, 8.16] that H* almost all of the set
A={z:0%|T|,2)>0}

is contained in the union of a countable family of k dimensional regular subman-
ifolds of class 1, with tangent spaces spanned by T. It follows from the classical
area formula [F1, 5.9] that

[ 1 orTn | antz = f N(p", A "B, y)dH".
ANB Rk

Since H*[p*(B)] = 0, the right integral equals 0, hence
p**(w)[T(2)] =0 for H* almost all z in A N B.
Therefore, if ¢ € E°(R™), then

[T A p™ (@) NBI() = j _@r@IIT@] O T2z = 0.

(2) Wirtinger’s inequality (Theorem 4.1) involves only linear algebra, and may be read
independently from the rest of this paper.
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2.2 THEOREM. Suppose TeE, (R") and U,VeE,_,(R"), with
oT=U + V.

If Tis rectifiable, M(U) < oo and H* *(spt V) =0, then M(0T) < oo ; hence
TeI(R").

Proof. Assuming that feE°(R"), peA(k—1,n)and
¢ =f A p**(0%-1) e (R,

we shall verify that | (9T)(¢) | < M(U) - M(¢).
Let S = p*(spt V) and choose Yy, Y5, Y3, - € EAR*™") such that

spty;cR*"'—8, 0<y,(y») <1 foryeR*?,
for each positive integer j, and

lim y(y)=1 foryeR*'—S8.

Since dy/; A w,—; =0, hence d(y;0 p*) A p** (w;-4) =0, one obtains
T[(Y;0 P*) Adp] = T[d[(¥;0 p*) A $]]1 = @T)[(¥;0 p*) A ¢]
= U[(;o p*) A ¢],

because spt(y; o p*) Nspt(V) is empty.
Next observe that d¢ is the sum of n — k + 1 forms of the type

Dif NdX* A p"*(@4-1) = = Dif Ap**())

whereie{l,---,n} —rngu, Ae A(k,n), mg A = {i}U rng p. For eachsuch i and A
we can factor p* = p’ o p*, where ve A(k — 1,k); if B=(p"*)~(S), then

H'[p'(B)] = H{(») ()] =0,
and Lemma 2.1 implies that T A p**(w,) N B =0; inasmuch as
lim (y;o p*)(z) =1for zeR"— B,
we find that "
T[D:f A p**(@0)]:= lim T[(;0 p*) AD;f A p**(@))].

Summation with respect to i yields

T(d$) = lim T[(Y;0 p*) Ad¢]

J—©

= lim U[(y;0 p) A o],

Jjoo

whence | T(d) | < M(U) - M(¢).
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Thus we have shown that M(0T)< «o. Reference to [FF, 8.14] completes the
proof.

3. Slices of normal currents. The beginning of this section deals with the
problem of extending the definition and elementary properties of T Af*(¢)
from the case where f is of class co to the case where f is locally Lipschitzian.
Then the slices {T.,f,y), into which a map f cuts a current T in its domain, are
introduced through a procedure motivated by the coarea formula [F.3, 3.1] and
the proof of [FF, 3.9]. A general treatment of the behavior of these slices, with
respect to various norms and transformations, is followed by two theorems
which show that under certain special conditions the slices vary continuously.

If ¢ is a differential form and E is a set, then ¢ N E denotes the product of ¢
and the characteristic function of E.

3.1 DerINITION. With each locally Lipschitzian map f: X—Y, of Riemannian
manifolds of class co, we associate the commutative diagram

X
| % f
X F Y
p q
Y
X xY

where p(x,y) = x, q9(x,y) =y, F(x) = (x,f(x)) for xe X, y € Y. Then we define
(T.f,0> = pe[Fo(T) A q%($)] € Ex_«(X)
whenever k = i, Te Ny(X) and ¢ is a bounded Baire form of degree i on Y.

3.2 THEOREM. Under the conditions of 3.1 the following statements hold:
(1) In casef is of class c, then

(T.1,¢>=TAf*(#).

() If ¢ € E\Y) and f1,f2.f3,- are maps of class o which are equi-Lipschit-
zian and converge uniformly to f, on sptT, then
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jlim F[TAf]($)— <T.f,¢>]=0.

) If ¢,,¢,,03,--+ are Baire forms converging boundedly to ¢, then
lim (T.f,¢;>=<T.f,¢).

(4) For each y eE*"(X),
(TS, 0> ) = (= V'PLAT A1)
(5) In case k > i and ¢ eE'(Y), then
(T.f,0)> = (- 1'OTf,¢> + (- D" (T.f,d$).

(6) In case k> i=dim Y, then 0(T,f,¢> = (—1)'(0T,f,¢).
(7) If either ¢ eE(Y) or i=dim Y, then (T,f,¢)»eN,_(X).
(8) If A is a Lipschitz constant for f on spt T, then

MTren < (§) 2 U THIA 6 D

In case ¢(y) is simple for y € Y, the factor

k
i
may be omitted.
(9) For every bounded Baire function y:Y— R,

(TS, AN¥>=<T.f,¢> Ao ).

(10) In case i =0, then {T.f,¢> =T A(do f).
(11) If q<k—i and Y e EYX), then

TAYL9)=(—D'UTf,¢) AY.
(12) If Y=R,a<b,E={t:a<t<b}and $: R>R,
¢ =[|t-b|-|t-a|+a—b]/[2a—b)]
whenever t€R, then

(b—a) ' (T.f,0, NEY=(@T) A(po f) — [T A($o f)].
Proof. (1) holds because, for each y e E*"{(X),

(T.f,>W) = [Fu(T) Aa"@)][p"W)]
Fi(D[a"($) A" W)]=TI(F* 0 4")(¢) A(F" 0 p*)(¥)]
TLF(9) A¥1=[T ASf*($)IW).

]
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To verify (2) we note that the maps
Fi: X—> X x Y, Fy(x) =(x,f{(x)) for xe X,

are equi-Lipschitzian and converge uniformly to F, on spt T, and apply [FF, 3.4].
(3) holds because M[F(T)] < co.
The statements (4)—(11) are readily verified by reference to [FF, 2.3, 2.4] in case
fis of class co and ¢ € E'(Y), and then extended by approximation. Regarding (8)
we observe that, in the smooth case,

Mir Ar@] s (§ ) 1Tl @D s (§) 171 s o,

To prove (12) we approximate ¢ uniformly by a sequence of equi-Lipschitzian
functions ¢; € E°(R) such that

lim ¢(y) = ¢’(y) whenever yeR — {a,b}.

From (5) and (10) we obtain the equations
(T.f,d¢;> = (T) N(¢;0f)— [T N\(¢;0 f)]

whose right members clearly converge to the right member of (12). Moreover, if
Y e EF"Y(U), then f.(T Ay)eN,(R") and [FF, 6.4] implies that the measure
f+(T AY) A o, is absolutely continuous with respect to L, ; applying (4) we
find that

(T.f,dé;>¥) = (= D7 fuT AY)[¢jos]
converges to
(=D (T AW - a) o, NE],
which equals the left member of (12).
3.3 THEOREM. If

xLsy 8,7

are locally Lipschitzian maps of Riemannian manifolds of class o, k=i,
T e Ni(X) and ¢ is a bounded Baire form of degreeion Z, then

f#(KT, g0 £,¢5) = {f(T), 8, 9>
In case g is of class oo, then

(T,g0 f,9) = (T.f.g"($)>.
3.4 REMARK. Whenever ye R"and E,,E,,E;, - are subsets of R"such that
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inf {diam(E;)""L(E;):j=1,2,3,--:} >0,
lim diam (E; u{y}) =0,

Jj= o

one refers to E,,E,,E,:-- as a regular sequence of sets tending to y. We shall
compute the general derivates of certain measures with respect to such regular
sequences [S, Chapter IV].

3.5 THEOREM. Suppose X is a Riemannian manifold of class o, f: X - R"
is locally Lipschitzian, T € N(X) and k = n. For L, almost all y in R" there
exists a unique current

<Taf’y> € Nk—n(X)

such that, if E,,E,,E;,--- is any regular sequence of closed sets tending to y,
and if

Aj=Ln(Ej)—l, Sj=lj<T,f,a),,ﬁEj>
for j=1,2,3,---, then

(LY@ = (- 1)"¢" jlfg 4j [T AY) A @, ](E))

whenever € E*™"(X), and
lim sup M(S;) = lim sup 4; [fe (| <T.fr 0, |DI(E) < oo,
Jjo o

Jj=ro

lim sup M(9S;) = limsup 4; [f«( | <OT.f,0,> |DI(E)) < oo,

jo o

lim F(S;— (T.f,y>)=0,

j—o
spt{T.f,y> = (sptT)N f ~*{y}.

Proof. Assuming X separable, let D be a countable M dense subset of
E*~"(X). For L, almost all y in R", the measures

f#( " <T’fswn> " )9f#( " <6T9f:wn> " )a
and all the measures
f+(T ANY) A @, corresponding to Y € D, 1

are derivable in the general sense with respect to L,,.

We now fix such a point y and let a,b,c(y) be the values, at y, of the
general derivates of the above measures.

Considering any regular sequence of closed sets E; tending to y, we see from
3.2 (7)), (5) that
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i = 4<{T.f,0,> N f1(E),
M(S) = A|| <T.f,0.> | [FH(E)]
= 4 fe(| <T.f,0,) D(E,
0S; = A;(—1)"OT.f,w,> N f~ ' (E),
M@3S)) = 4;f«(|| <OT.f,@,> |)(E)),
lim M(S;) = a, lim M(3S;) = b,

Jj—= o Jj o

and from 3.2 (3) that, for every Yy € D,
S;¥) = (= D)""4 [f (T AY)](0, NE))
= (= D"""4 [f T AY) Aw,)(E),
lim S;¥) = (= 1" c(y).

Jj= oo

]
]

It follows that the currents S; converge, with respect to the norm F according
to [FF, 7.3], to a current S € N, _,(X) for which

SW) = (= 1)"*""¢(y) whenever Y € D.

From this formula we also see that S is independent of the choice of regular
sequence, and may be denoted <{T.f,y ).
The last conclusion of the theorem holds because

spt(S;) = (sptT) N f~Y(E)).
3.6 COROLLARY.
(1) Whenever k> n and {T.f,y) exists, so does

COT.f,y) =(—1)'oKTf,y>.
(2) Whenever Yy e EX(X), q<k—n and (T.,f,y) exists, so does

KTALY>=(=D"YTf,y> AY.
(3) For every bounded Baire form Y of degree k — n on X,

(Tfoa0) = [ <TLy>UdLy.

(4) M(<T’f’wn>) = IR”M(<T;f,y>) dLny'
(5) For every bounded Baire function y: X - R,

| <Thon> l)= [ | <Thy> | dLy.

(6) Ifu:R"> R is a bounded Baire function, then
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(Tfuo,y0) = [ (Thy>0)-ut) dyy
whenever y e E*¥™" (X), and
M(Tfu0) = [ MTLy3)- |u0)] dLy.

(7) In case n=1 and (T,f,y) exists, then
(Tf,y>=@T) N{x:f(x) >y} — AT N {x:f(x) > y}).

(8) Suppose V and W are open subsets of R", g is a diffeomorphism of class
oo mapping Vonto W, f(spt T) = V, and ye V. If {T.f,y) exists, so does

(T,go f,8(»)> =e<T.£,y),
where ¢ = det Dg(y)/|det Dg(y) |
(9) In case X is an open subset of R", then

| FcTsyy ay <E.

Proof. (1) and (2) are obvious. To obtain (3) in case y € E*~"(X), we note that
f+(T AY) € N(R") and infer from [FF, 6.4] that the measure f.(T AY) A w, is
absolutely continuous with respect to L,; looking up its derivate in the statement
of our theorem, we find that

| Tsmy WLy = (= 0% L@ an Aod@)
= (= AT A D)@ = <Tfr0,5(#)
by 3.2(3). Next we infer from (3) that

M(Tfo) S [ ML) dLy;

moreover our theorem shows that the above integrand is dominated, L, almost
everywhere, by the derivate of f.(|| (T.f,w,) [); hence the integral does not
exceed

= M({T.f,w,)).

Thus we have verified (4), from which (5) results for € E°(X) through replacement
of Tby T AV, and then for general y through approximation.

The first part of (6) is obtained from (3) with Y =y - (uo f), the second from
(5) with y=uof.

To prove (7) we consider the sequence of intervals
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E;={t:ystsy+j '}
defining ¢; as in 3.2 (11) we find that
S;=Jj{T.f,0s NE;>=(0T) A(¢;0 f) — [T A(¢;o )],

and observe that the functions ¢; o f converge boundedly to the characteristic
function of {x:f(x)> y}.

As for (8), we note that the regular sequences tending to y correspond under g
to the regular sequences tending to g(y). Letting

pi=L[gE)]", 0;=puT,g0 f,0,0g(Ep>,
we see from 3.3 and 3.2 (9) that
0; = w<Tf.8" [0, NgEN]>
1i<T.f,(detDg)w, NE;,
A;{T.f,(u;A; 'det Dg — &) 0, NE;
= S; AN[(w;A; 'det Dg — e) NE;]o f,

O'j—8Sj

hence
M(o; — £S;) < M(S;) - M[(;2;' det Dg — &) NE;]

approaches 0 as j approaches co.

In verifying (9) we may assume, possibly modifying f on X — spt T and
performing a Lipschitzian extension, that X is convex. Then we use [FF, 7.2] to
choose K € N, ,,(X) so that

F(T) = M(T- 0K) + M(K),
infer from (1) that

(Lf,y>=<KT=0K,f,y>+(—1)'0(K.f,y>
for L, almost all y, and apply (4) to obtain

[ Fcnsyaty s | MQT- 0K £y + MK Sy dLy

< M(T- 8K) + M(K) = F(T).

3.7 REMARK. In view of 3.6 (8) one may define <T,f,y) not only for maps f
into R", but for maps into any oriented n dimensional manifold Y of class co.
When Y is given a Riemannian metric, inducing the Hausdorff measure H" over Y,
then {T,f,y exists for H" almost all y. All statements of 3.6 remain true when L,
and o, are replaced by H" and the orienting unit n form of Y.

3.8 ReMARK. It follows from 3.6 (9) and Fatou’s lemma that, if Ty, T,, T3, -+
are normal currents which converge to T with respect to the norm F, then
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lim inf F[<Tp.f,y>— <Tfiy>]1=0

Jj=roo
for L, almost all y in R".

3.9 THEOREM. Under the conditions of 3.3, if Z is oriented, zeZ, and
(T,go f,z) exists, so does {fu«(T),g,2> =f+({T,go f,z)).

Proof. If Z=R"and E,E,,E,,-- is a regular sequence of closed sets tending
to z, with A; = L(E;) ™", then 1;{f«(T),g, ®, NE;>=f,(Ai{T,go f,w,NE;}).

3.10 THEOREM. If the conditions of 3.1 hold and ye Y = R", then
(1) <F#(T)’qay> = F#(<T,f,}’>),

Proof. Since f = qo F, (1) holds whenever {T,f,y) exists. On the other hand
3.1and 3.2 (1) yield the equations ;{T,f,w, NE;> = p4(A;{F#(T),q,w, NE;}),
which show that (2) holds whenever (F,(T),q,y ) exists.

3.11 THEOREM. Consider a commutative diagram

X
f: g
Y h VA
7] C
Y
Y x Z

of locally Lipschitzian maps of Riemannian manifolds, where 1 and { are the
projections, and suppose T € N(X), k= m + n.
(1) If ¢ € E™(Y), Y € E'(Z), then

(T (@) AW = KT.f,6).8.¥)
= (- D)"KT,8¥>.f, ¢
(2) In case Z=R" and ¢ e E™(Y), then
KTLf,9>,82)=(—- D", 82).f,¢)

for L, almost all z.
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(3) In case Y=R" and Z = R", then
(T.h,(y,2)) = (T.f,¥>:82)
(= D)"LKT8,2).f, 9>

for L, ., almost all (y,z) in R™ x R".

Proof. One readily verifies (1), first in case h is of class oo, then in general
using 3.2 (2). Similarly (2) follows from 3.6 (2) in case f is of class oo, and is
extended with the help of 3.6 (9).

In proving (3) we apply (1) and (2) with ¢ =uw, and ¥ =vw, where
u € E%(R™) and v € E°(R"), together with 3.6 (6) to obtain, for each y € E“"™"%(X),
the equations

[ A TROD DA Ler,2)
- [ «Tpuongo> @i

- f f (= ™((T, 2,25,y Y (D u(y) dLpyA2) dLz.

The equality of the first and third members of (3) now results from Fubini’s
theorem and the arbitrary nature of u and v.

3.12 THEOREM. Iff:X —R" is locally Lipschitzian, k = n and TeI(X),
then
(T.f,y> € I,_(X)for L, almost all y.

Proof. In case n =1 the conclusion follows from 3.6 (7) and [FF, 8.14 and
3.9 (3)]. The general case may be obtained by induction using 3.11 (3).

3.13 ReMARK. Assuming that TeI(X), k= n and f: X - R"is of class oo,
one may compute the currents T Af* (w,) and S, = (T,f,y) as follows:

For | T| almost all x in X, T(x) existsand is a s:mple unit k vector. Let J (x)
be the norm of the restriction of f*(w,) to the k space of T (x) In case J(x) # 0,
there exist a unique simple unit k — n vector w(x) and a unique simple unit n vector
v(x) such that the k — - n space of w(x) is the intersection of the kernel of Df(x)
with the k space of T(x), and

T(x) = 0(x) Aw®),  J(x) =f*(@n) [o(x)].

These definitions immediately imply the first two of the three statements:
1) If ¢ e E*""(X), then

[TAS*(@)](é) = f () - $w]d ] Tx.
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(2) If Y: X > R is a bounded Baire function, then

|75 *@) | = [ 99 39d] Tl

(3) For L, almost all y in R" it is true that
S_';(x) = w(x) for || S, | almost all x in X,
0 (| S, |.x) = ©%(| T||,x) for H*™" almost all x in f~*{y}.
To verify (3): we take any g€ E°(R") and ¢ € E*""(X), let
h(x) = g[f(x)] - ¢(x)[w(x)] for xe X,
and use 3.6 (3), the above (1) and (2), and 3.6 (5) to obtain

(T.f,0.>[(g0 f) " ¢]

f £()S,($)dLyy
I T - B =] <Tf 0. || (h)

- {15, I dL.y

= [s [orvndls, x d..
Consequently, for L, almost all y,
Sy(¢) = f ¢ (x)[w(x)]d|S,|x whenever ¢ € E*"(X),

whence the first conclusion follows. To obtain the second, we take any y € E°(X)
and infer from 3.13, [FF, 8.16], 3.6 (5), the above (2), the coarea formula [F3, 3.1]
and the generalized Eilenberg inequality [F2, 3.2] that

Je) [yt s, |0 arr-rsaL.y
= f I's, | go ) v1dLy =T A f* (@) [ [(g o) - 7]
= [etsemeima) T
- f g[f VIO T, x)dH

- s | . 700k T|, " xdLy,

and use the arbitrary choice of g and y to complete the proof.
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3.14 THEOREM. If h:R x X — R"is locally Lipschitzian, k = n, T € Ny(X),
a<b, J={tta<t<b} and

f(x)=h(a,x), g(x)=h(b,x), q(t,x)=x

whenever x€ X and teR, then:
(1) For every bounded Baire form ¢: R"— A\"(R"),

(T,8,:9> — (Tf,¢> = qe[{J x T,h,¢> +(—1)"3<J x T,h,¢3].
(2) For L, almost all y in R",
(T,8,y> —<T.f,y> = q:[{J x0T, h,y> + (= 1)'0<J x T,h,y}].

Proof. To prove (1), we apply 3.2 (6) and 3.3, with A(x) = (a,x) and
B(x) = (b,x) for x € X, to obtain

2.[( =10 x T,h,¢>] = q4[<0(J x T),h,$>]
= q#[<B#(T)’h3¢>— <A#(T)9h’¢>
— {(Jx 8T, h,¢)]

Then we deduce (2) from (1), with ¢ = w, NE;.

3.15 THEOREM(3). If k =2 n, Te N(X), f: X — R" has the Lipschitz constant A
on spt T, and there exists a finite positive number u such that

(“ 6T|| + || T|[)[f' Y(E)] £ uL,(E) whenever E < R",

then the following two statements hold for all y and z in R™:
(1) (T,f,}’> ENk—n(X)’N(<Tsfsy>) é ;Lnﬂ’
) FKT.f,y + 2> = <KTfiy)) £ | 2|3

Proof. Using 3.2 (8) we see that
M(Tf,0, NE}) + M({0T.f,w, NE)) < A"uL,(E)

for every Borel set E = R", hence (1) holds whenever {T,f,y) exists.
Next suppose 0 #zeR"andlet J={t:0<t<|z|A'},

g =f) =z, h(t,x)=f() - t2|z]| 'z
whenever te R,xe X. Forevery Borelset E c R" we kpow from 3.3 that
(T.g,0, NE) = (T.f,0, N (E + 2)),
and use 3.14 (1), 3.2 (8) to infer that

(3) This theorem may be used to verify the contiﬂuity of the map f occurring in [A, 3.3].
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FIKT.f,0,N(E + 2)} = (T.f,0, NE}]
< M(KJ % 8T, h,, NED) + M({J x T,h,0, NEY)
S| xoT| +|J x T|N[R™*(E)]
2T ot + I < IThrrE]

=2 [ (Jor] + 1T PIte: €9 e @)L

=2 [ AoT)+ | TDL T B+ 2| 2Lyt

< I z I A"yl (E).

From the preceding inequality we see that (2) holds whenever {T,f,y + z) and
{T.f,y) both exist.

Now it follows immediately that (T,f,y ) exists for every y in R".

3.16 REMARK. If k=n, TeN(X) and the maps f:X—>R", g: X—>R"
have the common Lipschitz constant A on spt T, then

| F<Teyy— TaynaLy s 2or |+ TP - 81
This may be verified by applying 3.14 (2) to the linear homotopy h from fto g,
with J ={t:0<t <1}. In case f and g are of class oo one readily computes
W (@) =dp Aqg"(0) + ¥ A q"(0),
where p: R x X - R, p(t,x)=t,and
ceE"(X), 1e E(X), y € E°(R x X),
[e(x)| < 4"~ !|f(x) — g(x)| whenever xesptT;
therefore, if S is either T or 8T, then
M(<I x S,h,0,) < 271 S| (|f - g]-

This inequality clearly extends to the general Lipschitzian case, and then 3.6 (5)
completes the proof.

3.17 THEOREM. Suppose f: X — R" is of class o, T el (X), sptT — sptdT
is locally connected, u and v are positive integers,

O*(| T|,%) < u whenever xe X,
(sptT) N f~'{y} has at most v elements whenever y € R" — f (spt 0T).

Let G be the class of all nonempty connected open subsets of R" — f(spt 0T);
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for each WeG let T(W) be the set of all components of (spt T) N f~Y(W);

also let
H=J{T(W): WeG}.

Then:
(1) Foreach V eI'(W) there exists an integer A(V) such that

(T NV)=AV) W.

) IfVeIl(W)and A(V)#0, thenf(V) = W.
() T(W) N {V: A(V) # 0} has at most v elements.
(@) If W =« W' belong to G and V' e I'(W’), then

AVY= T AW).

V'OVel (W)

(5) H is a base for the relative topology of sptT — sptoT.

(6) If xesptT — sptdT, then A(V) has the same value, hereafter denoted
A(x),for all sufficiently small neighborhoods V of x, belonging to H.

(7) For every Borel set E c R" — f(sptdT),

M(Tf,0, NE}) < pvL,(E).
(8) For ye R" —f(sptdT) and ¥ € E°(X),
(Tf,y>W¥) = IE‘ ) A(x) - Y(x).
xef 1y

9) (T.f, - > is M bounded and F continuous on R" — f (sptoT).

Proof. To verify (1) we first use [FF, 3.8] to infer that f.(T NV)=Cy,
where ¥ is an integer valued function vanishing outside W. Recalling the last
statement in [FF, 2.3] we then prove that  is constant on W, by showing that

spt If (T NV) < R" — W.
If $ e E"*(R") and spt¢$ = W, then the sets
VN f Y (sptp) and (sptT) — V
are compact and disjoint, hence there exists u € E°(X) such that
u(x) = 1 whenever xe V N f ~'(spt¢),
u(x) = O whenever xe(sptT) -V,
du(x) = 0 whenever x e (sptT) N f~ ! (spt¢);
inasmuch as f ! (spt¢) = f “{(W) c X — spt(dT), it follows that
AT OV)[dg]= TV Ndf*($)] = T[u A df*($)]
= T[—duA f(¢)]=0.
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Next we observe that (2) is obvious, and implies (3). To obtain (4) we compute
AV) W= fe(TAVIONW =f,[TNV' N f(W)]
= f.[UK] = Vi AWV) - W,

where K=T(W)N{V:VcV'}.

To prove (5) suppose x e spt T — sptdT, choose sets W, oW, oW; o ---in G
whose closures have the intersection {f(x)}, and choose V; e I'(W,) so that x e V/;.
The closures of the sets V; are continua whose intersection is a continuum con-
tained in the finite set f ~'{f(x)}, hence equals {x}.

To obtain (6) we choose W’ e G and V' € [(W’) so that V' N £~ {f(x)} = {x}.
For any V" e H suchthatxe V' < V', say V' e (W”"), welet W = W’'N W”, note
that V" belongs also to I'(W), and infer from (4) and (2) that A(V') = A(V").

To prove (7) we choose F according to [FF, 8.16], let

B=(|JF) N[sptT —sptdT]Nf~(E),
and infer with the help of the classical area formula [F1, 5.9] that
M[TAf* (w0, NE)]

J;_ l(E)lf #((D,.)[T"(x)] | o( " T ", x)dH"x

IIA

p f | (@) [T(0)] | dB"x
B

p f N(f,B,y)dL,y < uvL,(E).
R'I

Finally, to verify (8) and (9), we fix y e R" — f (sptdT) and ¢ > 0, and abbreviate
(sptT)Nf~'{y} = A. Then y has a neighborhood W’e G such that the sets
V. e T(W’) corresponding to x € A, for which x € V., satisfy the conditions

diam(V;) <& and A(V}) = A(x).
We note that the set

Z=W'N {z:f"{z} < UV;}

xed

is a neighborhood of y in R".
Taking any Y € E°(X) with F(y)) < 1, we define the function y on | J{V,:xe 4}
by setting

9(v) = Y(x) whenever ve V,/,

whence | y(v) — Y(v)| S .
If W < Z and W € G, then (7) yields
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| <'T,f,(l),, N W>(‘/I - ')’)I é 8FVLn(W)'
Moreover

TL(G) Ay O f 0]
= Z YT (@) NV O (W)]

xed

(T.f,0, "W X(7)

= ZY)f T NV)[0, "W]
xed

= X Y(x)AX) L, (W)

xed

and we obtain the inequality

We can immediately generalize this inequality, replacing We G by an arbitrary
Borel subset of Z; then (8) and (9) become obvious.

4. Complex varieties as minimal currents. Following a simple proof of
Wirtinger’s inequality it is shown that, in a Kihler manifold, integral currents
with almost everywhere complex tangent spaces are minimal currents. Then
(locally) integral currents are associated with complex algebraic varieties, through
integration over the nonsingular part. It is proved that the plane sections of a
variety, which are defined algebrogeometrically but which also correspond to
slices in the sense of §3, vary continuously as currents. This fact is used in the
final theorem, concerning the tangent cones of complex algebraic varieties.

Basic information on Kihler manifolds and algebraic varieties may be found
in [WK] and [SM].

4.1 THEOREM. Suppose V is a complex vectorspace with a positive definite
Hermitian form
H=S+i4,

where S and A are symmetric and alternating real bilinear functions, respec-
tively. Consider V as a real vectorspace with the inner product S, and with the
alternating forms

B,=A"/r!

of degree 2r, where A" is the r-fold exterior product of A.
If wy,-+-,w,, are mutually orthogonal unit vectors in V, then

Br(wb ""WZr) =< L

Moreover, equality holds if and only ifthe real vectorspace spanned by wy,:--,w,,
is in fact a complex vector subspace of V, and its natural orientation is w,
wy /\ oo /\ Wo,.
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Proof. First consider the case r = 1. If u and v are orthogonal unit vectors
in V, then
H(u,v) = iA(u,v),

hence Schwarz’s inequality yields A(u,v) <1, with equality if and only if
H(u,v) =i, which is equivalent to v = iu.

Proceeding to the general case, suppose W isany real 2r dimensional vectcr
subspace of V, and @ is the restriction of A to W. Then W has an orthonormal
base e,,---,e,, with the dual base ¢4,::-,¢,, such that

- }_i,l 3251 A b2,
where ;= A(e,j_y,e,j). It follows that
"= r!j/;\1 Afb2j-1 A ¢2)),
B(ey, +,e3,) li[

Applying the special case first considered to each pair (e ;,e,;) we find that

11 45t

and that equality holds if and only if 1; = + 1 for each j, with minus occurring
aneven number of times; moreover each minus can be made a plus by interchanging
eyj—; and e,;.

4.2 THEOREM. If X is a Kdhler manifold with the fundamental form Q € E*(X)
and if Tel,(X), then:

(1) T(Q"/rY) < M(T). Moreover, equality holds if and only if for | T|
almost all x in X the oriented 2r dimensional real vectorspace of T(x) is a natu-
rally oriented complex subspace of the tangentspace of X at x.

(2) In case T(Q'/r!) = M(T), then

M(T) < M(T + 0U) whenever U €1,,, ;(X).
(3) In case T(Q'/r!)=M(T) and Q'/r! = d¥ for some ¥ € E*~1(X), then
M(T) < M(Z) whenever Ze1,(X) and 0Z = 0T.

Proof. Since

M(T) — T@/r!) = f (1 A0 ) d| T|x,

we obtain (1) by applying Theorem 4.1 to each tangentspace of X.
To verify (2), note that
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M(T+ dU) = (T+ dU)Q'/r))
M(T) + U’/ r!) = M(T),

because dQ = 0.
Finally, (3) holds because

M(Z) — M(T)

v

Z(Q/ ) — T(Q'/ 1Y)
©@Z)(P) - @T)(¥) =0.

4.3 REMARK. Clearly (3) implies that T'is a current of least mass [FF, 9.1];
it is applicable in case X = C". Moreover (2) implies that Tis a minimal current,
because all cycles with small supports are boundaries; it is applicable in case
X = P"(C).

4.4 LOCALLY NORMAL CURRENTS. Following [DR1] we let D(X) be the
topological vectorspace of allreal valued k forms of class co on X with compact
support, and D,(X) the dual space of all real valued k dimensional currents, whose
support need not be compact.

Assuming Te D, (X), we call T locally normal if and only if for each xe X
there exists a normal current S € E(X) such that x¢ spt(T— S). It is obvious
that, on each compact subset of X, locally normal currents behave just like
normal currents. For instance, while M(T) may be infinite, the measure || T ||
remains finite on compact sets. If f: X— Y is locally Lipschitzian, then locally
normal currents {T,f,¢ ) and {T.f,y) may be defined essentially the same way as
when Tis normal; moreover f,(T) may be defined in case the restriction of f to
spt T is proper.

Similarly we define locally rectifiable and locally integral currents.

4.5 COMPLEX ALGEBRAIC VARIETIES AS CURRENTS(4). Suppose V is a complex
r dimensional irreducible algebraic variety in complex n space C". We shall verify
first, by induction with respect to r, that

H¥(V N B) < o for every bounded Borel set B < C".

Since the singular subset S of Vis a complex algebraic set of dimension < r —1,
we may assume that H*~%(S N B) < oo for every bounded Borel set B < C",
whence

H 2r—-1 ( S) =0.

Werecallthat ¥V — S is a connected complex r dimensional analytic submanifold of
C" and that the Kahler form of C" is given by the formula

Q=_0i)! El dZ; NdZ; = jz=:1 Z5 (wy)

(4) Complex varieties have been previously studied as currents in [ST], [L], [DR 2]. The
irrelevance of the singular subset is proved here by a new method.
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where Z;: C"—> C~R? is the jth complex coordinate function. Consequently

Q/rt= X ¢*(w),

AeA(k,n)

where g*: C"—> C"~ R*,q%(z) = (z31),***» 2a¢r)) for ze C", and we use 4.1 and
the classical area formula to compute

H>”(VNB) = j Q/r!
VnB-S
= X | N@ VNB-S,y)dL,y
AeA(k,n)
< X degree(V) - L, [¢'(B)] < .
AeA(k,n)

We may now define a locally rectifiable current Te D,,(C") by the formula

T(¢) = ¢ for ¢ e D¥(C").
V-S

Clearly spt T< Vand spt 0T < S, and we see from 2.2 (localized, and with U = 0)

that

oT=0.

Hereafter we shall not distinguish notationally between the affine variety ¥V and
the corresponding locally integral current T. Similarly we may regard a complex r
dimensional algebraic variety in the projective space P(C) as a member of
1,,[ P*(C)]. Of course the usual nonhomogeneous coordinate systems do not map
the Kihler form of C" onto the Kéhler form of P"(C), but they do map locally
integral currents onto locally integral currents, and preserve all local convergence
properties of currents.

Whenever the intersection Ve W of two algebraic varieties ¥V and W, with
complex dimensions r and s, exists in the sense of algebraic geometry, then
Ve W is a linear combination of complex r + s — n dimensional varieties with
positive integral coefficients, hence will be regarded as a (locally) integral current
of dimension 2(r + s — n).

4.6 REMARK. Suppose V is a complex r dimensional irreducible algebraic
variety in P*(C) and W is a complex s dimensional projective subspace of P*(C)
such that Ve W exists. Letting

p:C" > PC), p(2) =(21:23: -1 2,1 1),
f: C'— C.”—s’ f(Z) = (21’22’""2"—3)’

we assume that p~'(W)=£"'{0} and that VW — p(C") has dimension less
than r + s — n. We shall eventually prove the formula
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VeWw= p#((f’p_l(V)90>)'

In the special case s = n — r, this formula becomes obvious when one combines
3.17 with the classical definition of algebraic intersection multiplicity. In fact one
may assume (after replacing Z,. by Z, ., + Z}'=,+2 ¢;Z; for suitable c;eC)
that Z,, , is one-to-one on p~!(V'N W), and that the function field of p~ (V) is
generated by the images (;,-,{,+, of Z,,---,Z,,,. If F is an irreducible polyno-
mial such that F({,,---,{,+1) =0, and if the point ¢ occurs with multiplicity
m(&)in V @ W, then m(&) equals the multiplicity of ¢, , ; asaroot of F(0,---,0,Z, . ,),
and L,, almost all points of C" near 0 have m(£) counterimages near £ on p~!(¥),
with respect to f, hence A(¢) = m(&).

This special case will be applied in the proof of Theorem 4.7, which will in turn
be used for obtaining the general formula in 4.8.

4.7 THEOREM. Suppose r +s=n, V is a complex r dimensional algebraic
variety in the n dimensional projective space P"(C), and G is the set of those
complex s dimensional projective subspaces W of P"(C) for which the intersection
V ® W exists. Then the function mapping We G onto Ve Wel,.,_,[P'(C)] is
continuous with respect to the F topology.

Proof. In the special case when r + s = n, this theorem is essentially well
known; it is merely a reformulation of the classical principle that the roots of a
system of algebraic equations depend continuously on the coefficients.

Proceeding to the case when r + s > n, suppose W,, W,, W, -- € G converge to
WeG, and let

V. W= 2 O'ka
k=1

where o, --,0,, are positive integers and Q,,---,Q,, are complex r+s—n dimen-
sional irreducible varieties, the algebraic components of ¥ N W. Also let S be the
subset of ¥ N W consisting of all those points which either belong to more than
one Q,, or are singular points of some Q,. Note that each Q, — S is a connected
complex variety.
Since degree(V e W;) = degree(V) for all j, the sequence of integral cycles
V @ W; is M bounded. Therefore, according to [FF 8.13, 7.3], this sequence has
subsequences which are F convergent to integral cycles. It will be sufficient to
show that the limit of each such convergent subsequence must be Ve W.
Replacing the given sequence by a subsequence, we henceforth assume the
existence of a current T € I, ;5[ P"(C)] for which
lim F(VveW;—T)=0.
J—
Since spt T VN W, dT =0 and H*"**7"X(S) = 0, there exist integers 7,,:-,,,
such that
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m
T= Z Tka.
k=1

In view of 3.8 and 4.6 we may choose a complex
n—(r+s—n=2n—r-—s
dimensional projective subspace E of P’(C) — S such that
liminf F[(Ve W,)®eE—TeE]=0

Jjo

and W; NE, WN E are complex projective spaces of dimension n — 5. Using the
associative law, and the special case of the theorem mentioned initially, we find
that also

lim F[Ve(W;eE)—Ve(WeE)]=0,

Jj= o

hence TeE=(Ve W) e®E.
Finally we choose ¥, € E°[P"(C)] so that

¥i(x) = 1 whenever xe E N Q,,
V(x) = 0 whenever xe Q, with t £k,
and conclude that
7, degree (Q, ® E) = (T @ E)(p)
= [(Ve W) e E](Y,) = 5, degree (Q; ® E),

hence 7, = 0}.
4.8 REMARK. We shall now see why the formula stated in 4.5 holds also in
case s > n —r. Letting

8- Cc'> Cr+s-n’ g(z) = (zn-s+1$""zr H
h:C"> C', h(Z) = (Zl,"',Z, ’

we infer from 4.6, 3.12 (3) and the associative law that, for L,, almost all (#,v) in
Cn—s X C'+s_",

T Mfiud e g v}
KpT W) fou )8, 0)
= 7'Mk (u,0)) = p~ (V) @ h™H{(u,0)}
= p ' el H{uy e g o}l =07 (V) of T {u}] @ g7  {u}.
It follows that the formula
G W)Sud = p7 (V) of “Hu}
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holds for L,,_,, almost all u in C"™°, Moreover the preceding theorem implies
that the right member is continuous with respect to u, wherever it exists. Then
3.5and 3.6 (3) show that the formula holds whenever p~ (V) @ f ~*{u} exists.

4.9 TANGENT CONES. By a k dimensional cone in R™, with vertex at the origin 0,
we mean here a current 0S (see [FF, 9.2]) where Sel,_;(R"N{x:|x|=1}).
Such a cone is called the measuretheoretic tangent cone of a k dimensional
locally integral current Tat 0 if and only if it equals the F limit,as ¢ — 0 +, of the
currents

T=py(T) N {x:| x| <1},

where p;,(x) = x/ & for x € R™. The problem discussed in [FF, 9.2], whether the
measuretheoretic tangent cone always exists in case T is a minimal current, is
still unsolved.

Now suppose T is a complex r dimensional algebraic variety in C", with Oe T.
Choosing a generic point { = ({4, -+,{,) of Tover C, and a quantity ¢t transcendental
over the field C({), one considers the complex r + 1 dimensional variety V in
C™*! with the generic point ({,/t,---,{,/t,t), and the complex n dimensional plane

W=C"'n{w:w,,,; =0}
Theintersection V @ W exists. Using the projectionp: C"* ! —C", p(w)=(wy,*--,w,),
one may define the algebrogeometric tangent cone of T at 0 as the current
ps(VoW)n{z:|z|<1}.

In all these definitions, the restriction to the unit ball is only a device yielding
currents of finite mass, and is not essential.

4.10 THEOREM. The algebrogeometric and measuretheoretic tangent cones
of a complex algebraic affine variety coincide at every point.

Proof. We readopt the notation of 4.9, let
g:C""1>C,  q(W) =Wysy,
and choose Y € Dy(C) so that Y(e) = 1 for all ¢ near 0. Note that, if ¢ £ 0, then
Veq e} = e (T) x {8},
Pe(VO g7 {e}) = py (7).

Since the planes g~ *{¢} converge to ¢~ *{0} = Was & — 0, it follows from 4.7 that,
for each ¢ e D*'(C"),

p«(Ve W)(9)

Ve wW)[p*(¢) Aa"(¥)]
= lim (Ve a "N p*(®) Ag"W)]

= lglg H1e2(T)(9)-
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