PRIMARY IDEALS AND VALUATION IDEALS

BY
ROBERT GILMER AND JACK OHM(!)

1. Introduction. Let D be an integral domain, let 2 denote the set of primary
ideals of D, and let ¥ denote the set of valuation ideals of D. The object of this
paper is to investigate the significance of the relationships ¥ =€ 2, 2< ¥, and
2 =7". Our point of departure was the observation in [8, p. 341, Example 2],
thatif D is a Dedekind domain, then 2 = ¥". We prove here that 2 =¥ if and
only if D is a Priifer domain of dimension < 1. Also, ¥" < 2 if and only if every
proper prime ideal of D is maximal (i.e., dimD < 1). However, these results
are fairly immediate, and our main concern is with the implications of the con-
tainment 2 < ¥". If D is a Priifer domain, it is clear that 2 < ¥"; and under the
hypothesis that D satisfy the ascending chain condition for prime ideals, we are
able to prove 2 = ¥ implies D is Priifer. Moreover, in §5 we construct an example
of a domain which satisfies the condition 2 < ¥” but which is not Priifer.

Our terminology adheres to the conventions of [7], [8] with two excep-
tions: First, the domain D is not included in the ‘‘ideals’’ of D, and second
< will denote containment and < indicates proper containment.

2. Preliminary results on valuation ideals. We shall begin by reviewing some
definitions (found in [8, Appendices 3, 4]).

(1) Anideal 4 of a domain D is called a valuation ideal if there exists a valu-
ation ring D, 2 D and an ideal 4, of D, such that A, "D = A. When we want
to specify the particular valuation ring D,, we shall say A4 is a v-ideal. If 4 is a
v-ideal, then A-D, "D =A.

(2) If Ais an ideal of D and if S is the set of all nontrivial valuations of the
quotient field K of D which are non-negative on D, then A’ = ﬂ,,es A-D,is
called the completion of A. If A= A’, then A is called complete. D’ = nvesD,
is the integral closure of D (by [8, p. 15, Theorem 6]).

We now list some fundamental properties of complete ideals and valuation
ideals.

2.1. PROPOSITION. Let D be a domain. If A is any ideal of D, denote by A’
the completion of A and by A* the intersection of those valuation ideals of D
which contain A(?). Then
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(2) There exists at least one valuation ideal (# D) containing A, since every prime ideal
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(a) A'ND = A*.

(b) (x)'=xD’ for any xeD.

(©) If (x) =(x) for somexeD,x #0,then D= D’.((b) proves the converse.)
(d) (x) =(x)* for all xeD if and only if D =D"'.

Proof.

(@ A'0D = (),es(4°D)ND = (), es5(4-D,ND) 2 4*.

Conversely, if B is a v-ideal such that B 2 A, then B- D,n D = B 2 A implies
A-D, "D < B. Therefore, A’ N\D < A*.

(b) [8, p. 348, Proposition 1, (f)].

(c) If teD’, then txe D’x = (x)’ by (b). Thus tx = sx e(x) for some seD.
Since x#0, t=seD and D=D".

(d) D’ = D implies (x) = (x)’ by (b). Therefore, (x) = (x)* by (a).

Conversely, (x)=(x)* implies (x)=(x)) "D=x:-D'ND, by (a) and
(b). Then y/xe D’ implies yex-D’'ND=(x), so ye(x) and hence y/xeD.
q.e.d.

A Priifer domain is by definition a domain which satisfies any of the equiv-
alent assertions of the next theorem.

2.2. THEOREM. Let D be a domain. Then the following are equivalent:

(a) Every nonzero finitely generated ideal of D is invertible.

(b) Dpis a valuation ring for every prime ideal P.

(c) Whenever A #(0), B, C are ideals such that A is finitely generated
and AB = AC, then B=C.

(d) Every ideal of D is complete.

(e) Every ideal of D is an intersection of valuation ideals.

Proof.

(a) <> (b) by [4, p. 554, Theorem 7].

(@) <> (c) by [5, p. 127, Krit. 3] and [2, Theorem 2*].

(b) = (d):If A is an ideal of D and A4’ denotes the completion of A4, then
A'c n(A - D)), where the intersection ranges over all maximal ideals M of D.
But n(A‘DM) = A by [8, p. 94, Lemma]. Therefore, A’c 4, so A’ = A.

(d) = (c): AB< AC implies (AB)' < (AC)’, where ' denotes completion; so
B'’cC’'. But B'=B, C’'=C. Similarly, AC < AB implies C < B. (The prop-
erties of ' used here are found in [8, p. 384, Proposition 1].)

(d) > (e): Immediate from the definition of a complete ideal.

(e) = (d): Apply 2.1-(d) and the remark of [8,p.353], thatevery intersection
of valuation ideals of an integrally closed domain is complete. q.c.d.

COROLLARY. If every ideal of D is an intersection of primary ideals and
if every primary ideal is a valuation ideal, then D is Priifer.

Proof. Apply (e).
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If A4 is a valuation ideal of a domain D, the elements of A must satisfy cer-
tainrelations. For example, we have the following:

2.3. LEMMA. Let A be a valuation ideal of the domain D, and let R, S be
arbitrary subsets of D. Then

(@) RS<c A implies {r*| reR}c Aor {s*| seS}c 4.

(b) R*+S?>< A implies RSC A.

Proof.

(a) Suppose there exists s € S such that s> ¢ A4, and let D, be a valuation ring
such that A-D, "D = A. Then for any r e R, v(r?) = v(rs) or v(s?) = v(rs);
and accordingly, r?e A-D,ors*e A-D,. Since s>¢ A, s>¢ A+ D, and hence
r’eA-D,.Thus, {r’| reR} < A-D,ND=A.

(b) Suppose reR, se S and D, is a valuation ring such that A-D, "D = A.
We may assume o(r) < o(s). Then o(rs) = v(r?) = v(r? + s?), so
rse(r?+s*)D,< AD,. Thus, rse AD, "D = A. q.e.d.

These are the only such relations which we use in this paper, so we shall not
dwell on the subject. We would like to mention, however, the following general
result, based essentially on the fact that the ideals of a valuation ring are linearly
ordered:

THEOREM. Let F(x) = X, X4, Xog, and G(x) = X, X0y X0, be sym-
metric polynomials, o ranging over all permutations of 1,---,n and
1<t<s=n; and suppose F, G have the same degree and m; + --- + m,_;
sny+--+n,_jforj=1,---,t—1.1If Ay,---, A, are ideals of a domain D such
that G(A,,--+,A,) is an intersection of valuation ideals, then

F(Ala""An) S G(Ab"'aAn)-

One might hope to characterize a valuation ideal by relations of the form
F(A,,--,4,) = G(4,,---,4,), but the above theorem tells us that such relations
only characterize ideals which are intersections of valuation ideals. As a case
in point, every ideal of a Priifer domain is an intersection of valuation ideals
but we shall presently see that such an ideal need not be a valuation ideal.

2.4. COROLLARY. If every principal ideal of a domain D is a valuation
ideal, then D is a valuation ring.

Proof. By 2.3-(a), x? e(xy) or y*e(xy), for any nonzero elements x,y e D.
But then x/y or y/x € D, so D is a valuation ring. g.e.d.

2.5. PROPOSITION. Let Q be a primary ideal of a domain D and let M be
a multiplicative system in D such that Q"M =&. Let D, be a domain con-
taining D such that Q Dy D = Q, and let D§= (Dg)p, D* = Dy, Q* =Dy~ Q.
Then D§-Q* N D* =Q*.
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Proof. Q*<D}-Q*ND* is clear. Suppose then x € D§ - Q* ND*=D}- QN D*,
x=t/m=r/s, teDy,Q, m, seM, reD.

Therefore, st=rm.
ButsteDy-Qand rmeD,sormeD,-Q N"nD=Q.SinceQNnM=F, meM
implies m¢ Q. Thus reQ and x=r/seQ*. q.e.d.

2.6. COROLLARY. Let Q, D,and M be as above. If Q is a valuation ideal,
then Q* = Q- Dy, is also a valuation ideal.

Proof. If D, is a valuation ring such that D,-QND=Q, and if
D} = (D,)y, then D.f- Q* N D* = Q* by 2.5. Thus, Q* is a valuation ideal. g.e.d.

2.7. COROLLARY. Let D be a domain and let M be a multiplicative system
in D. If every primary ideal Q of D such that Q "M =& is a valuation ideal,
then every primary ideal of Dy, is a valuation ideal.

Proof. Let Q* be any primary ideal of Dy, and let Q =Q*ND. Then
QD) =0* and Q is a primary ideal of D such that Q "M =J. Therefore,
by 2.6, Q* is a valuation ideal. q.e.d.

2.8. LeMMA. Let D be a domain, and let A,,---,A, be v-ideals of D (for a
fixed v). If d; is an element of D such that d;¢ A;, i=1,---,n, then
d = dl "‘dn¢A1 "‘An-

Proof. Since A,D,nD=A,, d;¢ A; implies d; ¢ 4,D,. Therefore, v(d;) < v(a;)
for all a;eA;D,. But then v(d)=v(d,:-d,) <v(a,:-a,) for any
ay,++,a,,a;€ A;D,. Thismeansd ¢ A,D,---A,D,; andsinced,---4,= A,D,---A,D,,
d¢A, - A,.

2.9. COROLLARY. Let A, B be ideals of the domain D, such that A is a valua-
tion ideal and B"< A". Then B A.

Proof. If B4 A, then there exists beB, b¢ A. Therefore, by 2.8,
b"¢ A"; so B"¢ A". q.e.d.

2.10. LeMMA. Let D be a domain, and let A be an ideal of D such that A"
is a valuation ideal for all n. Then B=n‘,’,°=1A" is prime.

Proof. xye B implies xy € A*" = (4", for all n. But then by 2.8, xe 4"
or ye A". Thus, xe Bor yeB. q.e.d.

2.11. COROLLARY. Let Q be a primary ideal of a domain D, and suppose
0% is a valuation ideal for all i (where Q denotes the ith symbolic power
of Q). Then A=(\2;,Q% is prime.

Proof. Let P = \/ Q. By applying 2.6 and well-known properties of quotient
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rings [7, p. 223], we may assume D = Dp and hence that P is maximal and
0" =0 . Now apply 2.10.

2.12. LEMMA. Let P be a prime ideal of a valuation ring D, and let A be the
intersection of the primary ideals belonging to P. Then A is prime, and there
exists no prime ideal P, such that Ac P, < P.

Proof. There is no loss of generality in assuming D = Dp so that D is quasi-
local and P is maximal in D. If 4 = P, the lemma holds. If A< P so that there
exists a P-primary ideal Q< P, then given xeP, x¢Q, Q< (x) = P. Thus
if 0, is any P-primary ideal of D, then x* € Q, for some i so that (x) = Q,. Further,
J(x) = /(x) =P, and thus (x) is P-primary. It follows that 4 =()7,(x")
is prime by 2.10. Further, if B is an ideal of D such that Ac Bc P, then
B & (x") for some n, so that (x") = B. Therefore Bc P=,/(x")< /B and B
is not prime. q.e.d.

2.13. LEMMA. Let {4,} =% be a set of valuation ideals of a domain
D, and suppose for any A, A€ there exists an A€ such that
Ay Ay NA,. If A=()A;, then /A is prime.

Proof. xye./A implies (xy)"e A for some n. Then x"- y" € 4, for all ; so
by 2.3-(a), x2"€ 4, or y*"e A,. If x*" ¢ A, and y*"¢ A, for some A,,A,e ¥,
then there exists A3 € & such that A3 € A; NA,; and then x?"¢ A, y*"¢ A5,
a contradiction. Thus, we may assume x2"€ 4, for all A. But then x*" € 4 and
hence xe /A. q.e.d.

2.14. PROPOSITION. Let P be a prime ideal of a domain D, and let {Q,} be
the set of primary ideals belonging to P.If A = an and every Q, is a valuation
ideal, then A is prime.

Proof. Let Q be a primary ideal of D, and suppose D, is a valuation ring
such that Q, "D =Q, where Q,=Q'D,. If P,= J Q,, P, is prime and
P,ND = P. (The radical of an ideal is the intersection of all prime ideals which
contain it [5, p. 9]. The prime ideals of a valuation ring arelinearly ordered so
that every ideal of a valuation ring has prime radical.) Let P} be theintersection
of the P,-primary ideals of D,, and let P* = PN D. P} is prime by 2.12, so
P* is also prime. Then 4 < P* < Q, and thus \/4 = P* = Q. Since this is true
for any P-primary ideal Q, \/A < A and hence /4 = 4.

If Q, and Q, are P-primary ideals, then Q; = Q, NQ, is also P-primary.
Therefore, we may apply 2.13 to conclude 4 = \/A is prime. q.e.d.

Thus, if Q is a primary ideal of a domain D having /@ =P and if {Q,}
is the set of primary ideals belonging to P, then both 4, = nQ(‘) and
A= an areprime provided every Q, isa valuationideal. If Q P, 4, € 4, < P.
If D is a valuation ring, it is easily seen that 4, = 4,; but we do not know if
this is true in general. More important, we know of no case where there exists
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a prime ideal P, such that A, < P, < P, although it seems likely that this may
happen.

3. Relationships between 2 and ¥". Let 2(D) be the set of primary ideals
of the domain D and let ¥(D) be the set of valuation ideals of D. ¥{(D) con-
tains, in particular, all prime ideals of D [8, p. 12, Theorem 5]. When no con-
fusion can result, we shall simply write 2 and 7.

The next theorem characterizes domains D with the property that ¥ < 2.

3.1. THEOREM. Y < 2 if and only if every proper prime ideal of D is
maximal.

Proof. Suppose every proper prime ideal of D is maximal, and let 4 be a
valuation ideal. Then there exists a valuation ring D, 2 D and an ideal 4, of
D, such that A,ND = A. If P is the center of D, on D, then D < D, = D,, and
Dp is a one-dimensional quasi-local ring. Therefore, A,ND,= A’ is primary;
and since A'ND = A, A is also primary.

Conversely, assume ¥" < 2, and suppose there exist prime ideals P, P’ of D
such that 0 « P = P’ = D. By [6, p. 37], there exists a valuation ring D, having
prime ideals P,, P, which lie over P, P’, respectively. Choose xeP’, x¢P
and y# 0 in P, and let A=(xy)-D, "D. Then A is a valuation ideal and
A< P. Claim: A is not primary. For, if A is primary, xy € A and x ¢ P implies
ye€ A. But then y = rxy for some r e D,, and hence 1=rx e P,, a contradiction.
q.ed.

3.2. LEMMA. Let M be a prime ideal of a domain D, and suppose there
exists a prime ideal P = M such that there is no prime ideal P withP < P, ¢ M.
Then P is the intersection of the M-primary ideals of D which contain P.

Proof. By passage to D,/PD,, it suffices to prove the theorem under the
assumption that D is a one-dimensional quasi-local domain with maximal ideal
M and P = (0). The proof follows easily in this case since every nonzero ideal
is M-primary, and the intersection of all nonzero ideals of D, anintegral domain,
is (0). q.e.d.

3.3. THEOREM. Let M be a prime ideal of a domain D, and suppose every
M-primary ideal is a valuation ideal. If there exists a prime ideal P M
such that there is no prime ideal P, with Pc P, = M, then P is unique (and
is, in fact, the intersection of all M-primary ideals).

Proof. Let P, be the intersection of the M-primary ideals. By 2.14 and
3.2, P, is prime and = M. We shall show P < P,; it then follows that P = P,
and hence P is unique. By 2.6 and the 1-1 correspondence between prime
(primary) ideals of D contained in M and prime (primary) ideals of D,,, we may
replace D by D, and hence assume that D is quasi-local with maximal ideal M.
Let then Q be any M-primary ideal of D, and we shall show P = Q.
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Choose x€ Q, x ¢ P and set A = QP + (x*). Then 4 = Q and JA=2(P,x)o P;
so /A =M, and hence 4 is M-primary. By hypothesis, 4 is then a valuation
ideal, so there exists a valuation ring D, and an ideal A4, of D, such that
A,ND = A; and we may assume A,= AD,. Let also P,=P-D,, Q,=Q"-D,.
Claim: x*¢P,.

For, x> e P,implies x-x*€ Q,P,ND < A. Then x>=s + dx* seQ-P,deD.
Therefore, (1 —dx)x* =seP. ‘

Since 1 — dx is a unit of D, this implies x> e P and hence x € P, a contra-
diction. Therefore, x% ¢ P,.

Because D, is a valuation ring, the ideals of D, are linearly ordered; so x> ¢ P,
implies P, € x?-D,. Therefore, PZ = (x2-D,)-P,. But P? + (x?) is a valuation
ideal, so

x+P < P?+(x?) by 2.3-(b).

Therefore, x - P < P? 4 (x2)-P since x¢P.
(x*D,):P, = (P,)* +(x*D,)- P, = (x*D,)-P,.
Thus, (x*D,): P, = (x*D,): P,; and this implies
P,= (xD,):P, = (x*:D,):P, = (x°D,)- P, = --.

Therefore, P, = ()i~ (x'D,) = P;. P, is prime by 2.10, and x¢ P, implies
P, "D = M. Therefore, P = P,ND < P;N D =M, so by hypothesis, P=P,N D.
This means both A and P are v-ideals for the same v. Since A ¢ P, we must
have P=P,NDcA,ND=A. Thus, P A< Q. q.ed.

A domain D is said to satisfy the ascending chain condition for prime ideals
provided any strictly ascending chain of prime ideals P, c P, c Pyc--- is
finite. This is equivalent to saying that every nonempty family of prime ideals
contains a maximal element. The remainder of this section is devoted to proving
that if D satisfies the a.c.c. for prime ideals and 2 = ¥", then D is Priifer.

3.4. LeMMA. Let D be a quasi-local domain, and suppose for any nonzero
prime ideal P of D there exists a prime ideal N(P) < P such that if P, is a
prime ideal < P, then P, = N(P). Then D satisfies the a.c.c. for prime ideals
and the prime ideals of D are linearly ordered (and conversely).

Proof. If P, c P, < -+ is an ascending chain of prime ideals of D, then
U= UP, is also prime; so if U # P, for all i, then P,= N(U) for all i; and
we would have U=UP3§ N(U) c U, a contradiction. Therefore, D satisfies
the a.c.c. for prime ideals.

Now suppose there exist prime ideals P, P, of D such that P, ¢ P, and
P, & P,. Since D has the a.c.c. for prime ideals, there exists a prime ideal M,
maximal with respect to the properties P, < M, P, ¢ M. Since P, £ M, M is
not the maximal ideal of D and there exists a prime ideal M, > M. If {M,} is
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the set of all such prime ideals, then M # (| M, since P, = |M, and P, ¢ M.
Therefore, by Zorn’s lemma, there is a prime ideal M, minimal with respect
to the property that M, > M. Therefore, M = N(M,) = M, implies M = N(M,).
But then P, « M, means P, = N(M,) = M, a contradiction to the choice of M.
q.e.d.

3.5. COROLLARY. Let D be a quasi-local domain such that D satisfies the
a.c.c. for primeideals. If 2 = ¥, then the prime ideals of D are linearly ordered.

Proof. If P is any nonzero prime ideal of D, the set of all prime ideals P, = P
contains a maximal element N(P), since D satisfies the a.c.c. for prime ideals.
By 3.3N(P) is unique and hence contains every prime ideal P, = P. There-
fore, by 3.4 the prime ideals of D are linearly ordered. g.e.d.

3.6. LEMMA. Let D be a quasi-local domain which satisfies the a.c.c. for
prime ideals, and suppose 2 <¥". Then D is integrally closed.

Proof. Let S={xeD| (x)’ "D >(x)} (where ' denotes completion). By
2.1-(d), S =¥ if and only if D is integrally closed; so assume S # ¢J. By 3.5,
the prime ideals of D are linearly ordered; so there exists a least prime P con-
taining S (i.e., P is the intersection of all prime ideals which contain S). More-
over, applying the a.c.c., there exists a prime ideal P, = P such that there is no
prime ideal P; with Po< P, < P. Since S & P,, there exists xeS, x ¢ P,;
and then \/(x) = P. x-Dp is primary and hence a valuation ideal by 2.6. There-
fore, (x'Dp)'NDp=x-Dp, by 2.1-(a). Thus, ye(x)'ND implies ye(x-Dp)’
NDp = x-Dp. Since x€ S, there exists ye(x)’ND and y ¢(x); so

y=(a/b)x, b¢P, a¢(b).

But ye(x)' = x-D’ implies y/x e D’, where D’ is the integral closure of D (see
2.1). Therefore, a =y/x-beb-D’'=(b)’, so a ¢ (b) implies beS. But S<P
and b ¢ P, a contradiction. q.e.d.

3.7. LeEMMA. Let D be an integrally closed, quasi-local domain; and sup-
pose x,y are nonzero elements of D such that xy e (x?,y%). Then x/y or y/x
isin D(3).

Proof. If x or y is a unit of D, we are done; so assume X,y are nonunits.
Then xy = d,x? +d,y?, d;eD. If d, is a unit in D, the integral closure of D
gives the proposition. Therefore, we may assume d;, d, are nonunits also. Let
K be the quotient field of D. By [8, p. 12, Theorem 5], there exists a valuation
ring D, = K which dominates D. Then x/y or y/xeD,, say x/yeD,.

dyy/x = dady + (d2y/x)?

(3) This result can also be proved by putting together the proofs of [3, Theorem 2.5—(f)]}
and [4, p. 554, Satz 6].



1965] PRIMARY IDEALS AND VALUATION IDEALS 245

so d,y/x is integral over D and hence in D.
Therefore, d,=(x/y)-d for some deD.

1) u(dy) = v(x/y) + v(d).
But x/y(1 — d,; x/y) = d, implies
u(x/y) +v(1 — dyx/y) = v(dy).

1—d.x/y is a unit of D, since d, is a nonunit of D, Therefore,
v(l—d,;x/y)=0, so

2 v(x/y) = v(d,).
Combining (1) and (2), we get
v(d)=0.
Therefore, d is a unit in D. Thus
x/y=d,-1/deD. q.ed.

3.8. THEOREM. Let D be a domain which satisfies the a.c.c. for prime ideals.
If 2< ¥, then D is a Priifer domain (and conversely(4)).

Proof. By 2.2-(b) it is sufficient to see Dp is a valuationring for any prime
ideal P of D. Therefore, by 2.7 we may assume D is quasi-local, and by 3.6
and 2.1-(d) D is integrally closed. Suppose then there exist nonzero x, y € Dsuch
that x/y and y/x¢ D. x,y are then nonunits of D, so the fact that the prime
ideals of D are linearly ordered (by 3.5) implies \/(x, y)is prime. Consider then
the set & of all prime ideals of D which are of the form \/(x, y) for such x,y.
By the a.c.c., & contains a maximal element P and suppose x, y are the elements
of the above type such that P=./(x, ). (x?,y%)- Dp is then primary and hence
by 2.7 a valuation ideal. Therefore, by 2.3—(b), xye(x?,y*)-Dp. Applying
3.7, we may assume x/y € Dp. Then x/y =r/s, r,se€ D, s ¢ P. But this means
r/s, s/réD, and s ¢ P implies \/(r,s) > P, a contradiction to the choice of P.
q.e.d.

3.9. COROLLARY. A noetherian domain D has the property 2 <V if and
only if D is a Dedekind domain.

Proof. D is a Dedekind domain if and only if D is a noetherian Priifer domain
(use (a) of 2.2). Now apply 3.8.

3.10. CoROLLARY. Let D be a noetherian domain and let P be a prime

ideal of Dsuch that every P-primary ideal is a valuation ideal. Then P is a

(4) The converse follows from the fact that Dp is a valuation ring and Q - Dp N\ D = Q
for any prime ideal P of D and any P-primary ideal Q.
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minimal prime of D and Dp is a rank 1, discrete valuation ring (i.e.,Dp is a
noetherian valuation ring).

Proof. Let N be an ideal of D maximal with respect to the property that
N is a prime ideal = P. Then by 3.3, N is the intersection of all P-primary
ideals. Since D is noetherian, this intersection is (0) (for example, the intersection
of the symbolic powers of P is (0) [7, p. 216, Corollary 1]). Therefore, N = (0)
and P is minimal. Also, D; is a noetherian domain; and by 2.6, every primary
ideal of Dp is a valuation ideal. Therefore, by 3.8, Dp is Priifer and hence
a valuation ring. q.e.d.

4. Restricted ¥. We shall now deal with some special cases which occur
when the set ¥ is restricted.

4.1. PROPOSITION. Let D be a domain with a.c.c. for prime ideals. Then
the following assertions are equivalent:

(a) There exists a finite set D,,,---,D, of valuation rings such that every
primary ideal of D is a v-ideal for some i.

(b) D is a Priifer domain with < n maximal ideals.

Proof. (a)=>(b): D is a Priifer domain by 3.8. If M is any maximal ideal
of D, M is a v;-ideal for some v; and hence M is the center of D, on D. There
exist at most n such distinct centers.

(b)=>(a): Let M,,---,M,, t < n, be the maximal ideals of D. Since D is Priifer,
Dy, is a valuation ring, and then D, -, Dy, are the required valuation rings.
q.ed.

4.2. COROLLARY. Let D be a domain with a.c.c. for prime ideals, and sup-
pose every primary ideal of D is a v-ideal for a fixed v. Then D is a valuation
ring (and conversely).

Proof. By 4.1, D is a Priifer domain with one maximal ideal M, and hence
D = D, is a valuation ring. q.e.d.

In §5 we shall construct an example which shows this corollary does not re-
main true when the a.c.c. hypothesis is dropped.

4.3. THEOREM. Let D be adomain and M > N prime ideals of D such
that M is a minimal prime of N + A for some finitely generated ideal A and
such that every M-primary ideal is a valuation ideal. Let P be the intersection
of the M-primary ideals. Then P is a prime ideal such that N P < M and
there exists no prime ideal Py with Pc Pyc M.

Proof. Since M is a minimal prime of N + A, M is not a union of prime
ideals properly between N and M. Therefore, we can apply Zorn’s lemma to
conclude there exists a prime ideal P such that N < P < M and there exists no
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prime ideal P, with P = P, < M. By 3.3, P is the intersection of all M-primary
ideals. g.e.d.

4.4. COROLLARY. Let D be a domain such that 2=, and suppose for every
prime ideal P of D there exists a valuation ring D, of rank 1 such that P is a
v-ideal. Then dimD £ 1 and D is a Priifer domain.

Proof. Suppose there exist prime ideals N ¢ M in D. We shall show N =(0).
Choose xe M, x ¢ N; and let M, be a minimal prime of N + (x). ThenN = M,;
and by 4.3, N = P, where P is the intersection of the M y-primary ideals. There
exists a rank 1 valuation ring D, such that My-D,N D = M,; so if M, is the
maximal ideal of D, then M,ND = M,. Therefore, every M -primary ideal
of D, contracts to an M,-primary ideal of D. Since D, has rank 1, the intersection
of the M -primary ideals of D, is (0). Thus the intersection P of the M- pri-
mary ideals of D is also (0). Therefore, N = P =(0), so dimD = 1. D is then
Priifer by 3.8. q.e.d.

It is now natural to make the following conjecture:

Let D be a domain such that 2 < 7", and suppose for every prime ideal P of
D there exists a rank n valuation ring D, such that P is a v-ideal. Then dim D < n.

We have been unable to determine whether this is true or not.

4.5. COROLLARY. A domain D with quotient field K is almost Dedekind(5)
if (and only if) 2 < ¥ and for any prime ideal P of D there exists a rank 1,
discrete valuation ring D, < K such that P is a v-ideal.

Proof. Suppose there exists a proper prime ideal P of D. Then by 4.4
dimD =1 and D is a Priifer domain. Therefore, D is a rank 1 valuation ring,
and hence Dj is a maximal subring of K. But if P is a v-ideal, then D, < D, = K;;
so Dp = D,. Therefore, D is rank 1, discrete and thus D is almost Dedekind.
q.e.d.

5. Counterexamples. We saw in 3.8 that when D has the a.c.c. for prime
ideals, 2= 7" is equivalent to the assertion that D is a Priifer domain. We con-
struct in this section an example to show 2 < ¥~ does not necessarily imply D
is Priifer without the additional a.c.c. hypothesis.

5.1. PROPOSITION. Let D be a domain with quotient field K ; let A # (0) be
an ideal of D; let Dy and D, be subrings of D such that D, < D, < D. Let
S=Dy+ A, T=D, + A. Then

(@) If Q is a primary ideal of S such that \/Q < A, then Q is anideal in D.

(b) If D is quasi-local and D, is a field, then T is quasi-local with maximal
ideal A.

(¢) If Dy = D, and Dy, D, are fields, then S is not a valuation ring.

(%) A domain D is said to be almost Dedekind if for every proper prime ideal P of D,
Dpis a rank 1, discrete valuation ring [1].
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Proof. (a) We shall show that for any xeQ and de D, dxe Q. dx € A since
xeA so dxeS. Now choose aed, a¢./Q. Then

a(dx)=(ad)-xeQ

since ade A< S and xe Q. But then aeS, dxeS, and a¢.,/Q, a(dx)eQim-
plies dxeQ.
(b) A is clearly a maximal ideal in T. Suppose x + a€ T, x#0 in D, ac 4.

x+a)yt=xt1l—akx+a)?)

a(x +a)"'eA since x + a is a unit of D. Therefore, (x +a) ' eT.

(c) Since D, is a field < D,, there exists yeD; such that y,1/y¢D,. If
ye€S, then y =1z + a for some zeD,, acA. But y—z=aeD, impliesa=0
and hence y = ze D, a contradiction. Therefore y ¢S, and similarly 1/y¢S;
so S is not a valuation ring. q.e.d.

Let ko and k be fields with k, = k, and let x;,x5,--,X,,--- be elements from
an extension field of k such that x;,x,, -, x,, --- are algebraically independent
over k. There exists a valuation v of K = k(xy,x,,:*-,X,,-*) over k such that
v(x;) > v(x[,) for all i,m and such that m, = (x;, x5, ", X,, *--) is the maximal
ideal of the valuation ring D,(¢). Let T=k + m, and S = ko, + m,. S is quasi-
local with maximal ideal m, by (b). S is not a valuation ring by (c), so S=S,,,
is not a valuation ring and hence S is not Priifer.

Claim: Every primary ideal Q of S is an ideal in D, (and hence is a v-ideal).

Proof. If/Q = m,, Q is an ideal of D, by (a). On the other hand, if \/Q=m,,
X741 € Q for every i and some m(i). But v(x;/x;},) > 0 implies x;/x,t; em, = S.
Therefore, x;e€x% ;- S< Q. Since this is true for all i, m,< Q; so m,=Q
and Q is an ideal of D,. q.e.d.

Thus, S is a domain such that every primary ideal is a valuation ideal (in fact,
a v-ideal for a fixed v), but S is not a Priifer domain. By choosing k algebraic
over ky, we see that S is not even integrally closed, since k NS =k, c k.

The following addition to Proposition 5.1 shows that whenever P is a prime
ideal of S and P = m,, then Sp= D, and hence every such S, is a valuation
ring:

(d) (5.1 continued). If P is a prime ideal of S such that P < A, then D < Sp.

Proof. Choose xe A, x¢ P. Then 1/xeSp, so for any yeD, yxeA< S
and y = (yx)-1/x € Sp. Therefore, D = Sp. q.e.d.
Thus, the above example has the property that for any prime ideal P of S,

(%) Such a v, having value group the weak direct sum of the integers ordered lexico-
graphically, may be constructed as follows: Define v(x{'* x3%" --- * xi")=(ry, +++, rn,0,++);
v(f(x)) = minimum value of the power products occurring in f(x), for any f(x) €k[x1,*+, Xn,**];

and v(§) = v(f) — v(g) for any § = flg€k(xy, -+, Xp, *+*).
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either S, is a valuation ring or P is the only ideal having radical P (which indeed
happens for P=m,). [t seems reasonable then to make the following conjecture:

If D is a domain such that 2 = ¥/, then for any prime ideal P of D either Dp
is a valuation ring or P is the only ideal having radical P(7).

To show this conjecture is false, we must make some modifications in the ex-
ample. Let then D, be a valuation ring having quotient field kq; let Y, x,, -+, X, -+
be quantities algebraically independent over k,; and let k=ky(Y) and
K = k(xy, -+, x,,--*). As before, there exists a valuation v of K over k such that
the valuation ring D, has maximal ideal m, # O with the property that m, is the
only m,-primary ideal of D,, and moreover D, = k + m,(%) (see the preceding
remarks). Let S=D,, + m,.

The set M of polynomials f(Y) e D,[ Y] such that the coefficients of f generate
all of D, (i.e., at least one coefficient is a unit in D,)is multiplicatively closed
in D,[Y], and the quotient ring (D,[Y]),, will be denoted by D,(Y) (see [6,
p. 17]). Let T= D (Y) + m,.

5.2. LEMMA. Let D,, be a valuation ring and let Y be a transcendental ele-
ment over D,,. Then D,(Y) is also a valuation ring.

Proof. Any element of the quotient field of D,(Y) has the form
f(Y)/g(Y), f, geD,[Y]. Let ¢ be the element of least value in the set of (non-
zero) coefficients of f and g. Then f/c or g/c is in the multiplicative system M
so f/g = (f/e)/(g/c) or g/f is in D,(Y). q.e.d.

Before proceeding with the example, we shall make some further additions
to the proposition of 5.1. (5.1. continued):

(¢) If D, is the quotient field of D, and if T, D, are valuation rings, then
S is a valuation ring also.

(f) If D is quasi-local with maximal ideal A and B is an ideal of S such
that B& A, then B=(BND,) + A.

(8) If Ay is an ideal of Dy such that Ay-D,NDy= A, and if D,NA=0,
then (Ag+ A)' TNS=A,+ A.

Proof.

(e) Since Tis a valuation ring, we need only see that for any y#0 in T, either
yeSorl/yeS. A< S,sowe may assume y¢ A. Therefore, since 4 is the
maximal ideal of T, y is a unit in T. If y=x+a,x# 0 in D,, a€ A4, then
1/y—1/x=1/x(—a/(x + a))e A. But D, is a valuation ring with quotient
field D,, so xe D, or 1/x€ D,. Thus, yeS or 1/yeS.

(f) If xeS, x¢ A, then 1/xe D. Therefore, for any ac A, a/xe A< S;
and then a e x-S. In particular, B ¢ A implies A < B. For any be B, dy+a=»b
with dy,e Dy, ae A. Therefore, dy=b —aeB.

(") Note that the converse is obviously true.
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(8) (Ag+A) D1+ AN Dyg+A)s(Ag" D1+ A)N(Dy+A) = (4g-D;NDy) + A
since D= D, and D;NA=0.

But by hypothesis, Ay - D; N Dy = Ay; so we have (4g+ A4) - (D + A)N(Dy+ A)
< Ao + A. The opposite inclusion is obvious. q.e.d.

Continuing with the example, if Q is any primary ideal of S, we next show
that Q is a valuation ideal.

Case 1. Q<= m,. If \/Q<=m,, then Q is an ideal in D, by 5.1-(a),
and hence Q is a v-ideal. If \/Q = m,, then Q = m,. For, \/Q = m, implies
J(@-D,) = m, and hence Q-D, = m, since m, is the only m,-primary ideal
of D,. But then for any x, y € m,, xy = x(dq) for some de D,, q € Q. Therefore,
xy=(xd)gem, Q=Q, so mlcQ. But /m?=m, implies m,=m?, so
m,< Q and thus m,=Q.

Case 2. Q ¢ m,. By 5.1«(b), Q = Q,, + m,, where Q,, is a primary ideal of
D,. 0, D(Y)nD,=29,, by [6, p. 18, (6.17)].

Therefore, Q- TN S = Q, by 5.1-(f). Using the fact that D, =k + m, is a
valuation ring and D, (Y) is a valuation ring (by 5.2), we can apply 5.1-(¢)
to conclude that Tis also a valuation ring. Thus, Q is a valuation ideal.

We have therefore proved that 2(S) < ¥(S). Consider then the maximal
ideal P =m,, + m, of S. If D,, is chosen to be, for example, rank 1, discrete,
then m2 = m,,. Therefore, Q = m% + m, is P-primary and Q = P. However,
Sp & S,, = ko + m,; and as before, k, + m, is not a valuation ring by 5.1-(c).
Therefore, Sp is not a valuation ring either. Thus S is a domain such that
Q(S) = 7(S), yet there exists a prime ideal P of S such that S has a P-primary
ideal other than P and S; is not a valuation ring.

REFERENCES

1. R. Gilmer, Integral domains which are almost Dedekind, Proc. Amer. Math. Soc. 15
(1964), 313-317.

2. , The cancellation law for ideals in a commutative ring, Canad. J. Math. (to appear).

3. R. Gilmer and J. Ohm, Integral domains with quotient overrings, Math. Ann. 153 (1964),
97-103.

4. W. Krull, Beitrige zur Arithmetik kommutativer Integrititsbereiche, Math. Z. 41 (1936),
545-569.

5. , Idealtheorie, Chelsea, New York, 1948.

6. M. Nagata, Localrings, Interscience, New York, 1962.

7. O. Zariski and P. Samuel, Commutative algebra, Vol. I, Van Nostrand, Princeton, N.J.,
1958.

8. ———, Commutative algebra, Vol. II, Van Nostrand, Princeton, N. J., 1961.

FLORIDA STATE UNIVERSITY,
TALLAHASSEE, FLORIDA

UNIVERSITY OF WISCONSIN,
MADISON, WISCONSIN



