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Introduction. The main problem we shall consider concerns the various
kinds of homological dimension that can be attached to a ring or to a pair con-
sisting of a ring and a subring. We begin by investigating the functorial behavior
of the relative Tor and Ext functors for pairs of rings R > S under a ring epi-
morphism R — R/I. §1 contains a general result describing this behavior.

In §2, this is applied to the case where R is the ordinary universal enveloping
algebra of a restricted Lie algebra and R/I is the restricted universal enveloping
algebra of that Lie algebra. We thus obtain an identification of the Tor and
Ext functors of the restricted universal enveloping algebra with the relative
Tor and Ext functors for the pair (R,S), where S is a subalgebra of R defined
from the p-map of the restricted Lie algebra.

The main purpose of §3 is to prove a theorem on the coincidence of the several
kinds of homological dimension for a restricted Lie algebra, which is precisely
analogous to the well-known result of this type for ordinary Lie algebras. The
proof is obtained from an appropriate adaptation of the requisite mapping
theorem of Cartan-Eilenberg.

§4 gives an application of the general technique to the partial determination
of the global homological dimension of certain factor algebras of the universal
enveloping algebra of a Lie algebra, corresponding to a special subclass of the
representations of the Lie algebra. These particular factor algebras of the uni-
versal enveloping algebra are of special interest, because as was shown by Sridha-
ran in his Columbia thesis, they are precisely those algebras which possess a
filtration such that the associated graded algebra is an ordinary polynomial
algebra.

In §5, we show that the global homological dimension of the restricted universal
enveloping algebra of a restricted Lie algebra is always either 0 or infinite. For
a solvable restricted Lie algebra, we show that this global dimension is infinite
if and only if the p-map has a nontrivial kernel.

I would like to express here my deep indebtedness to Professor G. P. Hoch-
schild for his generous help, kind advice, and guidance while this paper was in
preparation. I am thankful to the referee for his helpful suggestions and im-
provements.
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1. Isomorphism of the relative Ext and Tor functors induced by a ring epi-
morphism. All the rings and subrings we consider are assumed to contain an
identity element 1, and all the modules we consider are assumed to be ‘‘unitary,”’
in the sense that the identity of the operator ring acts as the identity operator.

Let R be a ring with an identity element 1, and S a subring of R containing 1.
An R-module will be regarded also as an S-module, in the natural way. Let I
be a two-sided ideal of R, and write R/I = R’ and (S + I)/I = S’. An R’-module
will be regarded also as an R-module, in the natural way. Then any (R’,S’)-pro-
jective resolution of a left R’-module 4, or any (R’,S’)-injective resolution of a
left R’-module B, can be regarded as a R-complex annihilated by I. Let

L d Xl. had Xo - A4 -0
be an (R’,S’)-projective resolution of a left R’-module 4, and let
> Y, >Y - A4A-0

be an (R,S)-projective resolution of A. Then the X-sequence is (R,S)-exact.
Hence we can successively find R-homomorphisms Y;— X; such that the re-
sulting diagram

~-f>2le>1Xo—>A—>0

i i i
o Y, o> Yy > A->0

Y2 Y1
is commutative, where I is the identity map from A to A. Moreover, if (s;) and
(t;) are any two such systems of R-homomorphisms, there is an R-homotopy
connecting them, i.e., a sequence of R-homomorphisms h;:Y;— X;,; such that,
if x; and y; are the maps of the above sequences, s; — t;=x;.1 h;+ h;_, -y,
for all i (where h_, =0).

Hence we can proceed exactly as in the usual theory of Tor® and get the
following fact. Let A be a right R’-module, and let B be a left R-module. Then
B/I-B is a left R’-module. The canonical map B — B/I - B induces the natural
homomorphism

Tor®5X(4,B) - Tor®5)(4,B/I"B).
The above map of the resolution of A4 gives the canonical homomorphism
Tor®5(4,B/I-B) - Tor®>57(4,B/I-B),

which is independent of the choice of the resolutions.
Similarly, if 4 is a right R-module and B is a left R’-module we have a canon-
ical homomorphism

Tor®*)(4,B) —» Tor*"% (4/4-1,B).
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Now let 4 be a left R’-module, and let B be a left R-module. Let B’ be
the submodule of B consisting of all elements annihilated by I. Then we find
as above that maps of (R,S)-projective resolutions of A4 into (R’,S’)-projective
resolutions of 4 and theinjection map B '— Binduce a unique canonical homomor-
phism

Extg:,s)(4,B") - Ext 5,(4,B).

Dually, we observe that the (R’,S’)-injective resolutions of 4 can be mapped
into the (R, S)-injective resolutions of 4, whence we obtain a unique canonical
homomorphism

EXt(RI'sI)(B/I'B,A) - Ext(R’s)(B,A).

We shall see that, under certain conditions, these homomorphisms are actually
isomorphisms.

LemMA 1.1. Suppose that I =R(INS), and let A be a left R'-module.
Then an (R',S’)-projective resolution of A is an (R,S)-projective resolution
of A, when regarded as an R-complex annihilated by I. If I =(I NS)R then
an (R’,S’)-injective resolution of A is an (R,S)-injective resolution of A, when
regarded as an R-complex annihilated by I.

Proof. Let
= X, 2 Xy>A4-0

be an (R’,S’)-projective resolution of A. If we regard this as an R-complex,
it is clear that an S’-homotopy of the resolution is an S-homotopy of the R-com-
plex. Hence the above sequence is (R, S)-exact.

Since X, is (R’,S’)-projective, X; is R’-isomorphic with a direct R’-module
summand of R’ ® ¢ X;. Hence X, as an R-module, is isomorphic with a direct
R-module summand of R’'®g X;. We have the following exact sequence of
R-module homomorphism:

I®in-)R®S'Xi - R’®S'Xi - 0.

Since I = R(I N S), the first map is the 0-map. Hence R’ ®g X; is isomorphic,
as an R-module, with R ®sX;. Hence it is (R,S)-projective, whence also X;
is (R, S)-projective. Thus X is also an (R, S)-projective resolution of 4.
Now let
0->A4->Y->Y - -

be an (R’,S’)-injective resolution of 4. As before, we see that this is an (R, S)-exact
sequence of R-module homomorphisms. Since Y; is (R’,S’)-injective, it may be
identified with a direct R’-module summand of Homg.(R’,Y;). We have the fol-
lowing exact sequence of R-module homomorphisms.
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0 - Homg(R’,Y;) > Homg(R,Y;) » Homy(1, Y;).

Since I =(I NS)'R, the last map is the 0-map. Hence Homg.(R',Y,) is iso-
morphic as an R-module with Homg(R,Y;), and is therefore (R,S)-injective.
Hence Y, is also (R,S)-injective, so that the sequence Y is an (R, S)-injective
resolution of A.

PROPOSITION 1.1. Let A and B be left R-modules. Suppose that IA = 0, and let
B! be the submodule of B consisting of all elements annihilated by 1. Then,
if I=R(INS), the canonical homomorphism of Ext(R,,s,)(A,B') into
Ext(g,s5)(4,B) is an isomorphism. Similarly, if A is arbitrary, IB=0 and
I = (I N S)R, the canonical homomorphism of Extg. s.(A/I-A,B) into
Ext(g,sy(A4,B) is an isomorphism.

If A is a left R-module with I - A = (0), B is a right R-module and 1=R(INS),
then the canonical homomorphism of Tor'®*(B,A) into Tor'*"5?(B/B-1, A)
is an isomorphism. If B:1=(0), A is an arbitrary left R-module and
I = (I N S)R, then the canonical homomorphism of Tor®SY(B, A) into
Tor®R"5YB,A/I- A) is an isomorphism.

Proof. If I-A=0 and I =R-(INS), then an (R’,S’)-projective resolution
of A is also an (R,S)-projective resolution by Lemma 1.1.
Let ---» X, > X,—>A—->0 be an (R’,S’)-projective resolution of A. Then
Ext(g: s(4,B") = H(Homg.(X,B")).
Now
Hompg(X;, B) = Homg(X;, B") = Homg.(X;, B").
Hence
Extg-,s+(4, B") = H(Homg(X, B)).

Since X is an (R,S)-projective resolution of A, this identifies Extcg- s.(4,B")

with Ext 5(4,B).
If IB=0and I =(I NS)-R, then an (R’,S’)-injective resolution of B is also

an (R,S)-injective resolution, by Lemma 1.1.
Let

0->B->Y,> Y — -
be an (R’, S’)-injective resolution of B. Then
Ext(g,s5)(4,B) = H(Homg(4,Y))
and
Ext(g- s:(A/1A,B) = HHomg.(A/IA,Y)).
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e Homg.(4/1A4,Y;) = Homg(A4/IA, Y;) = Homg(4, Y)).
Hence Extg. s:(A/IA,B) is identified with Ext g s,(4,B).
IfI-A=(0)and I = R-(I N S), then we have
Tor®*X(B,4) = H(B®zX,)
and

Tor®5YB/B-1,4) = H(B/B-1 ®g. X,).
Now
B®gX; ~ B/B'I1®zX; ~ B/B- ®g-X;.
Hence Tor'®S(B, 4) is identified with Tor® 5 (B/B-1, 4).
If B is a right R-module such that B-I=(0) and I =(I NS)‘R, then an
(R’,S’)-projective resolution X' of B is an (R,S)-projective resolution of B,
by Lemma 1.1. Hence

Tor®SY(B,4) = H(X,®zA)

and

Tor®SYB,A/I - A) = H(X, Qg A/I+ A).

Now
X/ Q@rA/l'A ~ X;®rA/I'A =~ X;®grA

Hence Tor®S(B, 4) is identified with Tor® 5B, 4/I4). This completes the
proof of Proposition 1.1.

2. Restricted Lie algebras. Let L be a restricted Lie algebra over a field F
of characteristic p # 0. Let R be the ordinary universal enveloping algebra of L,
and let R’ be the restricted universal enveloping algebra of L. Let
x'?1 be the image under the p-map of an element x of L, and let S be the sub-
algebra of R that is generated by the elements x? — x!?), with x € L, and the ele-
ments of F. Let I be the two-sided ideal of R generated by the elements
x?—x'" with xeL. Then R°"=R/I, S’=(S+I)/I=F and R-(SND)=1I
=(SNI)-R. Hence we can apply Proposition 1.1. We obtain the following
result.

THEOREM 2.1. Let L be a restricted Lie algebra over a field F of characteristic
p#0, and let A and B be restricted L-modules. Then

Ext(R’s)(A, B) ~ EXtR.(A, B)

and
Tor®(4,B) ~ Tor®5X(4,B).
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Proof. From Proposition 1.1, we get
Ext:,r(4,B) & Exty s(4,B)
and
Tor®®"“F)(4, B) ~ Tor'®-5(4, B).

Since F is a field, every (R’, F)-projective (injective) resolution is an R’-projective
(injective) resolution. Hence

Ext(R',F)(A,B) = Exth(A,B)
and

Tor®F)(4, B) = Tor® (4, B).

THEOREM 2.2. Let L be a restricted Lie algebra over a field F of characteristic
p#0. Let R*, S* and R'* be the opposite rings of R, S and R’ respectively.
Let A and B be R’ ® g R'*-modules. Then

Extg: @ r'+(4,B) ® Extz @ r+,s ®s+(4,B),
and
Tor®®**S®5(4,B) ~ Tor®®*'"Y(4,B).

Proof. I@rR*+ RQ@®pI*=J is a two-sided ideal of R®R*, where I*
is the opposite ring of I.

R®:R*/J ~ R'®R'*,

(S®S*+J)/J ~ F,
and

(S®FS* ﬁJ)'(R ®FR*) = (R ®FR*)'(S®FS* nJ) = J.

Hence Proposition 1.1 applies, and Theorem 2.2 is proved in the same way as
Theorem 2.1.

3. The enveloping algebra in relative homology. If R and R’ are rings
with a homomorphism E of R into R’ then any R’-module can be regarded as
an R-module via the homomorphism E. We denote this R-module by Ay or g4
according to whether A is a right R’-module or a left R’-module.

LEMMA 3.1. Let R and R’ be rings with a homomorphism E of R into R’,
and let S and S’ be subrings of R and R’ respectively such that E(S)c S’.
Then, for any left (R,S)-projective module A, (R")g ® g A is an (R’,S’)-projective
module.

Proof. Since 4 is (R, S)-projective, it is a direct R-module summand of
R®gsA. Hence (R");®@gAis a direct R’-module summand of (R"); @ x(R® s A4).
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But this is isomorphic with (R");®s4 = R’ ®4.(S")s ® s 4. Hence it is (R’,S’)-
projective. Hence (R);®z4 is (R’,S’)-projective.

Now let R be an algebra over a commutative ring F containing 1, and let S
be a subalgebra of R containing 1. Assume that R and S are F-projective. Let
R* be the opposite ring of R and write R = R ®R*. Then R® is the enveloping
algebra of R in the sense of [1, p. 167]. Since R and S* (or R* and S) are F-pro-
jective, we may identify S° with its canonical image in R°.

Let E be an algebra homomorphism of R into R such that E(S) c S ®S*,
and let 4 be a left R-module. Let

= X > Xo>4-0
be an (R, S)-projective resolution of A4, and let
- X > Xo > (R)®r4 - 0

be an (R®, S°)-projective resolution of (R®);®zA4. Lemma 3.1, (R®);®rX; is
(R®, S®)-projective, for all i. Hence there is a map of complexes

G:(Re)E®RX - X,

over the identity map of (E*)g ®z A4, and G is unique up to a homotopy. This
yields a homomorphism

H(B®z+(R);®rX) —~ Tor®™ *B,(R); ®x4),
for an R°right module B. But
B®g(R):®@rX ~ Br@pX.
Thus we have a natural homomorphism
Tor®S(Bg, 4) —» Tor®"5)(B,(R);®r4).

We call this the canonical homomorphism induced by E.
Dually, if C is a left R*module, E induces a homomorphism

Homg(X’,C) » Homg((R)r® X,C),
and hence a homomorphism of Extig. se((R)r®z4,C) into
H(Homg.((R)r ®r X, C)).

But Homg.((R.); ®xX,C) may be identified with Hompg(X, (C). Thus we
have a natural homomorphism

EXt(m,s-)((Rc)E ®r4,C) » Ext(R,S)(A’EC)’

which we call the canonical homomorphism.
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PrOPOSITION 3.1. Let I, be the map R — R® such that I,(r)=r® 1, for all
re R. Suppose that S is contained in the center of R, and that the F-linear maps
I, ®rE; R®R—>R°and I, ®5.E:S ®p S— S®are isomorphisms of F-mod-
ules. Then the canonical maps

Tor® (B, 4) - Tor®"5)(B,(R%); ®rA)
and
Ext(Re’se)((Re)E ®R A, C) - Ext(R.s)(A,EC)

are isomorphisms.

Proof. Let ---—> X, > X,—>A—0 be an (R, S)-projective resolution of A.
We have

(R)e®rX; = (RQrE(R))®rX; * R®rX;.

Let = be an S-homotopy of the resolution X. We define an endomorphism =’
of R®rX such that, with reR and xe X, n'(r ® x) = r ® n(x). We show that
7’ is an S®-homomorphism. Note that when (R®®*®,X is identified with
R®rX, and S° with S ®yE(S), the S>-module structure takes the following
form:

(5,9Dr®x) =(; DR ®@x=57r®x.
Also if E(s;) = Xs;®s} then
E(s)(r®x) = (Zs®@sNr®N®x
(Zsr@sH®x = (Xrs;@sH®@x
(r®1DE(;)®@x=r®s,x
because S was assumed to lie in the center of R. Hence
(1 RE(s)(r®x) = 5,7 @ s,x.

Hence it is clear that n’ is an S® homomorphism and thus an S,-homotopy, of
the complex (R®)y ®zX. Thus we conclude that (R®);® gX is an (R®,S°)-pro-
jective resolution of 4. Hence it is clear from the definition of the canonical
homomorphisms in question that under the present assumptions, they are iso-
morphisms.

As a particular case where Proposition 3.1 can be applied, consider a restricted
Lie algebra L of finite dimension over a field F of characteristic 0 # p. Let R
be the ordinary universal enveloping algebra of L. Denote the p-map in L by
x = xI?). Let S be the subalgebra of R that is generated by the elements x? — x[P!
with x € L, and the elements of F. Let u — u* be the anti-isomorphism of R onto
its opposite algebra R*. Let E be the algebra homomorphism from R to R® that
is characterized by: E(x)=x® 1 — 1 ® x*, for all xe L. Then all the condi-
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tions of Proposition 3.1 are satisfied. In order to see this, let L* be the canonical

image of Lin R*, and identify L* and L with their canonical images in R®.
Every element of L commutes with every element of L*. Hence L+ L* is a

Lie algebra, and E(L) = {x — x*,xe L} is a subalgebra of L+ L*, because

Xy — yx 4+ x*p* — p*x*

L6 y1+ [y, x]* = [x,0] = [xy]* € E(L).

[x —x* y—y*]

Moreover
E(x? — x[p]) = E(xP) — E(x[p]) = E(x)? — E(x[”)
= xP_ x*P_ x[p]_|_ x[p]‘ = xP— x[n] _ (x*p _ x[p]‘)
= xP_ xPI_ (xp — x[p])* eS® S*,

where we take L* as a restricted Lie algebra with the p-map given by
x*P1 = x[P* Hence E(S) < S® S*.
Consider the natural F-linear map

11®R9E: R®FR b d Re.

Note that R* is the ordinary universal enveloping algebra of L*. Hence R®
is the ordinary universal enveloping algebra of L+ L*, and E(R) may be iden-
tified with the ordinary universal enveloping algebra of E(L). Let (xy,-:+,X,) be
an F-basis of L. Then (x,, -+, X,, E(x,), -+, E(x,)) is a basis for L+ E(L) = L+ L*.
Writing the elements of R° as F-linear combinations of ordered monomials in
these basis elements, we see (using the Poincaré-Birkhoff-Witt Theorem) that
our homomorphism I; ® g. E is an F-linear isomorphism. Since S lies in the cen-
ter of R, it is now clear that the conditions of Proposition 3.1 are satisfied.
Hence we obtain the following result immediately from Proposition 3.1.

THEOREM 3.1. Let R be the ordinary universal enveloping algebra of a restrict-
ed Lie algebra L of finite dimension over a field F of characteristic p # 0. Let
x = x ldenote the p-map in L, and let S be the subalgebra of R generated by
the elements of the form x” — x'"), with x € L, and the elements of F. Let E be
the homomorphism R — R¢ defined above. Let B be a right R°-module, A a
left R-module and C a left R°-module. Then E induces isomorphisms:

E*: Tor ®5(B, 4) > Tor'’®**5(B,(R)E ®@r A4),
E*: Ext (ge s(R)g®gA,C) - Ext(g 5(4,C).

Now let I be the ideal of R generated by the elements x?— x'?), with
xeL. Let R’ = R/I be the restricted universal enveloping algebra of L. Since
E(DcI®R*+ R®I*, E induces a homomorphism E’ from R’ to (R')".
We have S’ =S + I/I = F and E'(F) = F. Let I, be the homomorphism of R’
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into (R’)® such that I,(r)=r® 1. As before, using Poincaré-Birkhoff-Witt
Theorem for R’, we see that the map

Il ®(Rr)¢E, :R’ ®FR' - (R’)e
is an isomorphism. Using Proposition 3.1, we obtain the following result.

THEOREM 3.2. Let L be a restricted Lie algebra of finite dimension over a
field F of characteristic p # 0. Let R’ bethe restricted universal enveloping algebra
of L, and let E' be the homomorphism R'— (R')® defined above. Let
B be a right (R')*-module, A a left R'-module and C a left (R')*-module. Then
E’ induces isomorphism:

(E)y: Tor™(Bg,4) = Tor®”'(B,(R")z ®r-4),
(E')*: Extgy(R)E Qg A4,C) = Extg(4,pC).
COROLLARY 3.1.
dimge(R") = dimg(F) = gl.dim(R").
Proof. By Theorem 3.2,
Ext(R’).((R,)z’ ®R' F’ C) z ExtR’(F, E’C)’
where F is regarded as a left R’-module via the supplementation E:R’—F.
We have
(R)e®rF = (R"@rE'(R"))p ®ry F = R’.
We wish to determine the (R’)*-module structure induced on R’ by this ident-

ification. Identify L with its canonical image in R’, and let r — r* be the anti-
isomorphism R’—(R’)*. Let xe L and reR’. Then r is the natural image of

r®1)®1in (R); Qg F.
xRNEreN®L = xre)e1,
and the natural image of this in R’ is xr. On the other hand,
1®x")(re)®) = rex"e1
= (rN:x®1-E(x)®1
= (x@N®1-(r®DE'(x)®1
=(rx1HR1.

The natural image of this is in R’ is rx. Hence it is clear that the (R’)*-module
structure induced on R’ is the usual one, where

ry®r¥)r =ryrr,.

Thus we have
EXt(R;)c(Rl, C) ~ EXtRl(F, EC) .
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Hence dimge(R") < dimg.(F) £ gl.dim(R"). On the other hand, by Corollary
4.4, p. 170, of [1],

Ext z-«(R’,Homg(B,C)) ~ Extg.(B,C),
for all left R’-modules B and C. Hence
gl.dimR’ = dimg-)(R").
With the above, this gives the conclusion of the corollary.

4. An application of relative homological algebra to Lie algebras. Let R be
an algebra over a commutative ring F. Let R* be the opposite algebra of R. Let
r—r*bethe anti-isomorphism of R onto R*. Suppose we are given a homomorphism

D:R - R ®r R

and an F-algebra anti-endomorphism ¥ of R. Let w be the homomorphism of
R into R* defined by w(r) = Y(r)*. Let U and V beleft R-modules. Then U @ ¢V
is a left R @ p R-module, and Homg(U, V) is a left R ® p R*¥-module, inthe natural
fashion.

We define left R-module structures on U ® ¢V and Homg(U, V) from these
structures and the homomorphisms

D:R -» R®R,
(R®w)D:R > RQ@yR*,
respectively. Nowlet A, Band C beleft R-modules. Then, by double applications of
the above definitions, we obtain left R-module structures on Homg(A4, Homg(B,C))
and Homy(B®zA,C). There is a canonical F-module isomorphism h — h* of
Homg(A4,Homg(B,C)) onto Homg(B®pA,C) such that h*(b ® a) = h(a)(b).
Now assume that our ‘‘diagonal map’’ D is associative and y-symmetric,
in the sense that

(R®D)D = (D®R)D
Dy = (Y @Y)D.

We claim that then the above F-module isomorphism is actually an R-module
isomorphism. Write D(r) = Za,pra® rg. Let he Homg(4,Homg(B,C)), a€ 4,
beB. Then we have

(r-h)(b®a)

and

I

((R® ») D(rh*)(b ® a)
F; [(r, ® o(r))h*] (b ® a)

% re" B*(DY(rp)) (b ® a))
Eg' rh(Y(rg)g: - a) (Y(rg), * b).

a,pia’,
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On the other hand, we have
(r-h*(®®a) = (r-h)(a)(b)
((R® w) D(r)- h)(a)(b)
Eﬁ ((rs ® o(rg)) - ) (a)(b)

= E,, (ra* h(Y(rg) - @))(b)
= E, [(R® 0) D(r) h(¥(rp) a)](b)

z , (r)a [R(U(rg) @) (Y(r g - b)].

a,B;a’,B’

Now we have

(R® D)D(r) = (D® R)D(r),

ie.,

(R®D)X r,®@rs = (D®R) X r,Q7,.
a,f a,p

Hence, applying RQ Y ® ¥,
L . ®U((rpe) ® U((rey) = Zﬁ, (rdar ® Y((ra)s) ® Y(rp).

a,p;a’,p’ a,Bia’,
Since (Y @ ¥) D(r) = Dy(r), this gives
L r®br)e Uy = L (r)e ®V(rdy) ® Y-

a,p;a’,p’
Hence (- h)*(b ® a) = (r- h*)(b ® a), whence (r-h)* = r-h*, showing that our
isomorphism is an R-module isomorphism.

Now assume that the F-algebra R is supplemented by an F-algebra epimor-
phism &:R—F with kernel I. Let J be the kernel of the canonical map
R ®pR* >R, sending r ® s* onto rs. Assume that J =(R ®R*)(R ® w)D(I).
Let U and V be left R-modules, and consider the left R-module Homg(U,V)
as defined above, using

(R® w)D:R—>RQpR*.

We claim that Homg(U, V) is the F-submodule of Homg(U, V) consisting of all
elements annihilated by I. Clearly, Homg(U, V) consists precisely of all the ele-
ments of Homg(U, V) that are annihilated by J, under the natural R ® R*-module
structure of Homg(U, V) (note that J is the left ideal of R ® s R* that is generated
by the elements of the form r® 1 — 1 ® r*). Since (R ® w)D(I) = J, it follows
that every element of Homg(U, V) is annihilated by I, under our R-module
structure of Homg(U, V). Conversely, suppose that h € Homg(U, V) and is an-
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nihilated by I. Then, under the natural R ® R*-module structure of Homg(U, V),
h is annihilated by (R ® w) D(I) and hence by (R ® r R*)(R ® ) D(I) = J. Thus
h e Homg(U, V). It follows that under the present assumptions our above iso-
morphism Homz(4, Homg(B,C))-»Homg(B ® ¢ A4, C)sends Homg(4,Homg(BC))
isomorphically onto Homg(B ® (4, C). The essential part of above is contained
in Chapter XI, Proposition 8.1 of [1].

LEMMA 4.1. Let R be a supplemented algebra over a commutative ring F,
with the supplementation ¢:R— F, and let S be a subalgebra of R. Let D be
a homomorphism R— R®rR and Y an anti-endomorphism of R satisfying
all the above conditions. Assume also that D maps S into the canonical image

of S®FS in R®; R and that y(S) = S. Let C and B be left R-modules. If the
sequence

0-—>C-;>Yo-—>Y1->'-'
is an (R,S)-injective resolution of C, then the sequence
0 - Homg(B,C) - Homg(B,Y,) — -

is an (R,S)-injective resolution of Homg(B,C), where Homy(B,C) and the
Homg(B,Y,) are regarded as left R-modules via (R ® w)D, with w(r) = y(r)*.

Proof. First, we show that Homg(B, Y)) is (R, S)-injective. Let
0-U, »-U,>U; >0
be an (R,S)-exact sequence of left R-modules. We have seen above that
Homg(U;,Homg(B, Y;)) * Homg(B®,U;,Y)).
Since the sequence
0->U, »U,>»>U; >0
is (R, S)-exact, so is the sequence
0-B®rU;»B®U,>B®rU;-0,
because F operates on U; via S. Hence
0 — Homg(Uj;,Homg(B,Y;)) » Homg(U,,Homg(B,Y)))
— Homg(U,,Homg(B,Y;)) -0

is exact and we conclude that Homg(B,Y)) is (R,S)-injective. Also, it is clear
that the sequence of the Homg(B,Y)) is (R,S)-exact. This completes the proof
of Lemma 4.1.

LEMMA 4.2. Let L be a Lie algebra of finite dimension n over a field F,
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and let z be an element in the center of L. Let M be the ideal of the universal
enveloping algebra R of L that is generated by z — 1. Then

gl.dim(R/M)<n—1.

Proof. There is a homomorphism D of R into R ®R that is characterized
by x-»>x®1+1®x, for xeL. There is also an anti-automorphism ¥ of R
characterized by Y(x) = —x, for x e L. These maps satisfy all the assumptions
we made above. Also, if S is the subalgebra of R generated by the elements of F
and the element z — 1, we have D(S) = S ®FS. The only assumption needing
verification is that

J =(R®R*) (R®w) D),
where I is the ideal of R generated by L. If xe L, RQ w)D(x) =x® 1 — 1 @ x*.
Hence it is clear that (R ® w)D(I) = J. To prove that

J=(R®R*) - (R®w)-D(),

it suffices to show that the elements of the form r® 1 — 1 ® r* with reR lie
in the left ideal generated by the elements x ® 1 — 1 ® x*, with x € L. Suppose
this has already been shown for some reR, and let xe L. Then we have

R1-1(rx)*=0r®N:xR®1-1x*)+r@x*—1®x*r*
= (rFrRNER®1I-1®x)+(1Xx¥)(r®1l—-1Qr*).

Hence the same is true for rx in the place of r. Hence an evident induction shows
that this holds for all reR.

We have (SNM)-R=R(SNM)=M and (S + M)/M = F. Hence, if A and
B are left R/M-modules, Proposition 1.1 gives

Extg/m(4,B) ~ Ext s(4,B).
Hence
gl.dimR/M < gl.dim(R,S).

Let Y be an (R, S)-injective resolution of B. Then Homg(4, Y)
~Homg(F. Homg(4,Y)), where the R-module structure of Homg(4, Y)is via the
homomorphism (R ® w)D of R into R® R*. By Lemmad4.1, Homg(A4,Y) is an
(R, S)-injective resolution of Homy(A4,B). Hence,

Extg, 5)(4,B) & Ext g s5(F, Homg(4, B)).

Hence
gl.dim(R,S) = dim 5/(F).

Let C be any left R-module, and let N be the ideal of R generated by z. Then
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R-(NNS)=(SNN)-R=N,
and (S + N)/N =~ F. Hence, by Lemma 1.1,
Extg,s,(F,C) ~ Extgy(F,C").
Hence
dimg s5)(F) < dimg y(F).

Since R/N is isomorphic with the universal enveloping algebra of the Lie al-
gebra L/N,

dimR/M(F) = n-— 1.
Therefore
gl.dimR/M < n—1.

This result also can be seen from Theorem 5.4 of Filtered algebras and rep-
resentation of Lie algebras, Trans. Amer. Math. Soc. 100 (1961), p. 542.

THEOREM 4.1. Let L be a Lie algebra of finite dimension over a field F, and
let P be an ideal of L. Let { be a nontrivial 1-dimensional representation of
P (i.e., a nonzero Lie algebra homomorphism P — F) such that {([L,P]) = (0),
and let M be the two-sided ideal of the universal enveloping algebra R of L
that is generated by the elements x — {(x) with x € P. Then

gl.dim(R/M) <[L/P:F].

Proof. Let T be the kernel of the representation {. Then P/T is one-dimen-
sional. Let x,,---,x, be a basis of P such that x,,--,x, is a basis of T. By assump-
tion, [T,L] = [P,L] = T, so that T is an ideal of L. Hence the universal en-
veloping algebra R of L/T is isomorphic with R/Q, where Q is the ideal of R
generated by the elements of T. Clearly, M is the ideal of R generated by the
elements x; — {(x,),X,,--,X,. Hence M/Q can be identified with the ideal A7
of R generated by x; — {(x,), regarding x, as an element of L/T. Therefore
R/M~R/Q/M/Q ~ R/M. By Lemma 4.2, this gives gl.dimR/M = gl.dim R/M
Sn=x(r—1)—1 = n—r. This proves Theorem 4.1.

5. Projective dimension of restricted universal enveloping algebras.

LeEMMA 5.1 (N. JACOBSON). Let L be a finite-dimensional restricted Lie algebra
over a field F of characteristic p # 0, and let R be the ordinary universal en-
veloping algebra of L. Let x,,---,x, be an F-basis for L. Let F[ty,--,t,] be
the polynomial algebra in n variables t,,-+-,t, over F. Then the homomorphism
Y of F[ty,-,t,] into R that sends each t; onto x?— x!P is an algebra
monomorphism of F[t,---,t,] into the center of R.
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Moreover R is a free Y (F[t;,---,t,])-module with the ordered monomials
x{'x5? .- xtn, 0 < e; < p as a free basis. A proof of this is contained in [S]; the
result follows easily from the Poincaré-Birkhoff-Witt Theorem.

COROLLARY 5.1. For i=1,---,n, let P; be the ideal of R generated by the
elements x} — xE."], 1<j<iand let Py =(0). Then, for each i, the canonical
image of xP — x!"V in R/P;_, is not a zero-divisor.

Proof. Immediate from Lemma 5.1.

LEMMA 5.2 (KAPLANSKY). Let R be a ring with identity element, and let x
be a central element of R that is not a unit nor a zero-divisor. Let I be the two-
sided ideal generated by x. Then, for any R/I-module A with dimg,(4) < 0

For a proof, see Theorem 1.3, p. 6, in [6].

THEOREM 5.1. Let L be a restricted Lie algebra of finite dimension n over a
field F of characteristic p# 0. Let R’ be the restricted universal enveloping
algebra of L, and let R be the ordinary universal enveloping algebra of L.
Then, for any R’-module A, dimg.(A) is either 0 or oo. If dimg(A4) =0, then
dimg(A)=n.

Proof. Let P, 1< i< n,be the ideal of R generated by the elements x? — xi!
1 <j £i, and let Py = (0). Let u; be the canonical image of x? — x/?inR/P;_,.
By Corollary 5.1, u; is the center of R/P;_, and not a zero-divisor. If
u;r = 1€ R/P;_, for some r e R, then 1 € P, so that P; = R, which is impossible
by Lemma 5.1. Hence u; is not a unit of R/P;_;. From Lemma 5.2, if
dimpgp, (4) < oo, then

dimR/Pi_ |(A) == dimR/PiA + 1.

Hence dimg;p (4) < co implies dimgp (A4) = dimg/p (4) + n. Since dimgp(A4)
= dimg(A) < gl.dim(R) = n, we conclude that dimg.(A4) < co implies dimg(4) =0.
Moreover, if dimg.(4) =0, we must have dimg(4) =n. This completes the
proof of Theorem 5.1.

It is known from [3] that gl.dim(R’) =0 if and only if Lis abelian and the
elements x'”) with x € Lspan Lover F.

THEOREM 5.2. Let L be a restricted Lie algebra of finite dimension over a
field F of characteristic p # 0. Suppose that, as an ordinary Lie algebra, L is
solvable and that, for every 0 # x €L, x'¥V# Q; then the global dimension of
the restricted universal enveloping algebra of Lis 0, so that L is abelian.

Proof. Since Lis solvable, there is a basis (x4, -+, x,) of Lsuch that, for all i
and j with i <j,[x;,x;] is an F-linear combination of the x,’s with k <j. For
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each i, let L; denote the smallest restricted Lie subalgebra of L containing x;.
Let R; denote the restricted universal enveloping algebra of L,. We identity
R/ with its canonical image in the restricted universal enveloping algebra R’ of L.
Let I; = L;R;. Consider the left R’-module V;=R’I{ + --- + R'I; of R’. We
claim that V;R],, = V,. In order to prove this, it suffices to show that, for all
k <i, x;x;+,€V;. But this is clear, because x,x;;; = [X;,X;+1] + X; 41X, and
[x4>x;+1] is a linear combination of x,’s with e < i. We shall show that for each
i, R’/V;is R’-projective. Note that L, is abelian and that the p-map annihilates
no nonzero element of L, Hence L; is spanned over F by L!”! From
this, it is easily seen that R; is semisimple as an F-algebra (cf. [3]). In particular,
F is projective as an Ri-module. Now R’/V;~R’Q®pg, F, and, since F is
R|-projective, this shows that R’/V, is R’-projective. Generally R'/V; ., = (R/V})
®r, ., F. Hence we see successively, by repeating the argument just made, that
each R’/V,is R’-projective. Since R’/V,~ F, we conclude that F is R’-projective.
Now, by Corollary 3.1,

gl.dim(R") = dimg(F)=0.

This completes the proof of Theorem 5.2.

It is shown by the author that the solvability in Theorem 5.2 can be removed
by assuming F is a perfect field (to appear in Proceedings of the American
Mathematical Society).
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