EIGENFUNCTION EXPANSIONS ASSOCIATED
WITH AN INTEGRAL OPERATOR

BY
MARVIN SHINBROT(!)

1. In attempts to develop a theoretical foundation to describe the behavior
of subjects engagedin simple learning experiments, certain authors (see, e.g., [1])
have been led to study the eigenfunctions of the operator K defined by

&N = [ k= anr0) a.

Here, a is a real constant between zero and one, and, at least in thelearning
theoretical application, k(x) is a probability density.

It has been conjectured that under reasonable hypotheses the eigenfunctions of
K are complete (in L?, say). If this were the case, it would come as something of a
surprise, for in the two extreme cases ¢ =0 and a =1 the conjecture is certainly
false. When a =0, K has a one-dimensional range, and its eigenfunctions cannot
be complete. When a =1, the only eigenfunctions are exponential polynomials
[2, Theorem 146], and no nontrivial exponential polynomial can be in L2.

It is of some interest, therefore, to attempt to derive a spectral theorem for K.
The character of ourresults is of interest too. To describe them, we need some
notation. Let K, denote theadjoint of Kand A°(KY) the null space of K. Also,
define

N = ,.LJI H(K}).

We derive several expansion theorems. The last of them can be described as
follows. Every point in a certain punctured discabout the origin is an eigenvalue
of K. Choosing arbitrarily anyuppg'pt_jle\y@pdjsi;lvve can find a sequence of eigens
values having the chosen point as its only limit«point and such that the corre-
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point as zero (the case of particular significance for the learning problem;
see §5), we note the following interesting fact. Although K is not self-adjoint
(it is not even normal) and certainly is not compact, it behaves with regard to
eigenfunction representation almost as if it were both: There exists a sequence of
eigenfunctions whose only limit point is zero,and the corresponding eigenfunctions
are complete if and only if K;‘ exists(2).

We havesaid that in the application, k is a probability density. We shall not
assume this here, since that much will not be needed. However, none of the
assumptions that we do make is inconsistent with k being a density. To avoid
having to repeat our hypotheses in the statement of every theorem, we list them
here and state once and for all that we assume them to be valid. Let k= denote
the Fourier transform of k. The assumptions we make, then, are:

(i) O<axl,

() 1+ ]|xDk(x)eL',

(iii) | K°@)| = [k"© ],

(iv) k~ e L? for some finite p > 0.

Also, to avoid trivial situations, we assume throughout that k is not almost every-
where zero.

Finally, a bit more notation. The symbol C" will be used to denote the set of all
functions with n derivatives, continuous on the whole real line and approaching
zero at infinity. A function will be said to be in Cj if itisin C" and has compact
support. As in (iii) and (iv), the Fourier transform of a function will be denoted
by placing the symbol ™ after it.

2. Our first goal will be to prove
TaEoREM 1. k7(0) is an eigenvalue of K of infinite multiplicity.

In view of (iii), k~(0) cannot be zero. Since a multiplicative constant may be
absorbed into A in the equation Ar = Kr, we are free to assume that

2.1) K~ () =1.

To prove the theorem, consider the infinite product
2.2) I1 k" (a"w) =75 (w) .
n=0

It converges absolutely. To see this, note that if (1 +| x |) k(x) € L', then k™ € C?
[2, p. 174]. Thus, Taylor’s theorem and (2.1) tell us that k™ (w) =1 + O(w) as
o —0. For each fixed w, therefore, the nth term in (2.2) is 1 + 0(a"w) as n — .
Since the series X (a"w)converges absolutely, it follows that the product does too.

Next, we show that (2.2) is in L. Let kK~ € [?, and define the positive integer N
by the inequalities 2(N — 1) <p <2N. We assert that

. (2) When K ! exists, the ascent of K, is zero, so that A" = A" (K,) = {0}.
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N-1 p/2N

(2.3) Py E[ T k*(a"w)]
n=0

is in I2. This is obvious for N = 1. Suppose Py_, € 2. For any g, denote the
norm in L? by || ||,. Using the Holder inequality in the second step, we find that

N-to
IPvlE = | I [ @) |
N-2 ) .
s “ l:lolk (a"w)|"™ IN/(N—l)' I [k~ @ @) PP ||w

(RS PRl L Chal
< oo,

by the induction hypothesis and the assumption that k™ € L?. Thus, Py e L2.
By (iii) and (2.1), no term in the product

N-1 1-(p/2N) [
(2.4) [ IT k‘(a"m)] [ IT kA(a"w)]
n=0 n=N
exceeds unity. Consequently,(2.4) is bounded. (2.2) can then be written as a product
of two factors, one of which, (2.3), is in L2, while the other, (2.4), is bounded.
Therefore, (2.2) in is I2. We can conclude that (2.2) is the transform of a function
ro(x) € L2
This function is an eigenfunction of K corresponding to the eigenvalue unity.
In fact,

5@ = I1 k@)

k™ (w) li K (a"w)

= k™ (0)ry (aw).

Since keL' and roeL?, this is equivalent to the equation ro =Kro[2, Theorem 65].
It remains to prove the eigenvalue has infinite multiplicity. Let s(w) be any

measurable, bounded, periodic function with period log (1/ a). Define r, as before,

by (2.2), and let

(2.5) " (@) =75 (w)s(log| @ |),

r™ e I? since ry € L? and s is bounded. Moreover,
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r*(®) = rg(w)s(log|w|)
= k™ (0)rg (aw)s(log| o |)
= k™ (w)ry(aw)s(log| w | —log 1/a)
= k™ (0)r"(aw).

Thus, r, the inverse transform of r”, is an eigenfunction of K, with eigenvalue
one. This proves the infinite multiplicity of the eigenvalue.

3. Perhaps it is worthwhile to point out that all of the eigenfunctions we have
so far discussed are not only in I2? but also in C°(and so in L? for all g = 2).
To see this, we note that a similar argument to the one used before shows that
ro € L. Since s is bounded, ", given by (2.5), is also in L', so that r e C°.

It is not true, however, that all eigenfunctions with eigenvalue k™ (0) are in C°
for the assumption that s is bounded was more than was needed. In fact, if s is
any measurable function with period log(1/a) such that (2.5) € L?, the corre-
sponding function r must be an eigenfunction.

4. If, as we have assumed, ke L!, then k™ € C° and, in particular, k" (w)—0
as w - oo. Thus, the function ry of §2 is the product of infinitely many func-
tions, each of which approaches zero. It may then be expected that, unless k™
goes to zero very slowly indeed (which can, however, happen), r, will go
to zero rather fast. In this section, which will be concerned with eigenvalues
other than k7(0), it will be seen that the spectrum of K depends on how fast
ro approaches zero.

Since ry is known explicitly in terms of k”, we shall have no compunctions
about making hypotheses that refer directly to ro rather than to k™. However,
the following fact, which is a trivial consequence of the definition of ry,
should, perhaps, be noted: If there exists an a > 0 such that | ® |’k"(w) - 0 as
|w|— 0, then |o|?: 5 (@)—0 as |w |- o for all §>0.

To find the other eigenvalues of K, we shall use the easily proved

THEOREM 2. Let keL'. Let A be an eigenvalue and r the corresponding
eigenfunction of K. If the integral of r exists and does not vanish, then A = k™(0).

The proof takes less than a line: Ar~(0) = k™(0)r"(0).
If r “(0) # 0, the corresponding eigenvalue is k™ (0). Since we wish to discuss
other eigenvalues, we must assume that r” (0) = 0. Accordingly, let us write

r(0) =| o |’s(w),

where Rea > 0. If r is an eigenfunction and A the corresponding eigenvalue, the
equation Ar = Kr becomes, in its transformed version,

Aa"%(w) = k™ (w)s(aw).
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Solutions are obtained by taking A = a%~(0) and s as any of the eigenfunctions
with eigenvalue k”(0) found in §2. Thus, we have proved part of

THEOREM 3. Let ry(w) be given by (2.2) and suppose that | |* rq(w) e L2.
Then 1 = a% (0) is an eigenvalue, of infinite multiplicity,of K. A corresponding
eigenfunction is just the function whose transform is |o |'rg (). If rg(w)
goes to zero faster than any power of w, the spectrum of K is the disc of radius
[| k™ (0) I/\/a] centered at the origin. Every point inside the punctured disc is
an eigenvalue of infinite multiplicity.

We have seen that the functions
r7(@) =|w[rg (@)
formally satisfy the eigenfunction equation
[£7(0)a"]r (@) =k (0)r"(aw),

no matter what « may be. Thus, ¥~ is the transform of an eigenfunction whenever
it is in L. This is clearly the case when — 1/2 < Rea < 0. If ry goes to zero fast
enough, it is also true when Re « > 0. Since the function a* maps the half-plane
Re a> —1/2 onto the disc of radius 1/,/a, we see that the disc of radius
| k°(0)|//a is contained in the spectrum.

On the other hand, the spectrum can contain no more than this disc, for
| K| £|k7(©]/y/a. In fact, whenever relL?

Ikrl3 = | &)™

| ™ (0)r"(aw) |3
|0 7] r(aw) [
KO @ 3

Al

5. As we have seen, K has many eigenfunctions. Among them, r, playsaspecial
role. Our purpose in this section is to illuminate that role a little further. This will
have pertinence in §6 when we discuss an eigenfunction expansion.

Consider the situation when the kernel k has compact support. (This is the case
in the learning theoretical application discussed in [1].) From one point of view,
this assumption cannot make any difference, for it is not incompatible with our
earlier hypotheses. From another, however, things are vastly changed and sim-
plified.

The reason is this. Let the support of K be contained in an interval [ —g,0].
Let H, denote the subspace of L?( — o0, c0) consisting of functions with support
in [— 7,7]. Then, as we shall presently prove, there exists a 7 such that H is an
invariant subspace of K. On H, moreover,
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(Kr)(x) = f “kx—apr)dy (reH)).

As an operator on H, therefore, K is compact. Consequently, its spectrum cannot
be nearly as large as indicated in Theorem 3.

Since in the application it is only the functions in H, that have significance
(cf.[1]),itis worthwhile to study K on that space. We shall prove that on H., k "(0)
is still an eigenvalue of K. However, in contrast to the situation on L2,k ~(0) is a
simple eigenvalue with eigenfunction r,. Moreover, we shall also prove that all
the eigenfunctions of K on H, are related to r, in a very simple way.

Before proceeding with this program, we must show that K maps H, into
itself. We state this fact as

LeMMA 1. Suppose that k is zero outside an interval [ —o,6]. If

_Ga
T 1-a

(5.1) T

then H_ is an invariant subspace of K.

Since the support of k is in [ — 0,0], k™ is an entire function of exponential
type o. Similarly, if re H, (for any 1), r” is an entire function of exponential
type . Therefore,

(Kr)” = k™ (w)r (aw)

is also entire, of type o + at. Taking 7 to be defined by (5.1), we find the type of
(Kr)" to be just 7 again. If k € L', the Paley-Wiener theorem [3] can be invoked to
assert that Kre H,, as claimed.

With the machinery developed in the preceding sections, it is easy to prove the
following result.

THEOREM 4. Let k satisfy the conditions of Lemma 1. Then, k™(0) is an
eigenvalue of K. Exactly one of the corresponding eigenfunctions isin H_ (wheret
is related to @ by (5.1)). Thus, as an operator on H,, K has k™(0) as a simple
eigenvalue. The corresponding eigenfunction is r,.

The first conclusion is just Theorem 1. To prove the rest, define
ro as before, by (2.2), and consider the functions

N
pu(@) = l;[0 k”(d"w).

Since k” is entire, so is py , and py is of exponential type

N — g+t

Y a%= 1

n=0 1-a
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It follows that roe H,.

To prove r, to be the only such eigenfunction, let r be another. Then, r has
compact support, and r” is entire. In particular, r” is continuous. Since, by
hypothesis (see (2.1)) r5(0) #0, we may write

(@) = rg(@)s(w),
where s(w) is continuous in a neighborhood of w =0.
Also, s(w) satisfies the equation
s(w) = s(aw),

so that
s(w) = s(a"w)

for all n. The continuity property of s can now be seen to entail s(w) = s(0), so
that r” is a constant multiple of ry, as required.

As we saw in §3, r,eC°® Actually, when k has compact support,
ro € CJ, 5o that r, is not only continuous in [ — z,7] and zero outside this interval,
but goes continuously to zero at the ends. Under the conditions of Theorem 3,
however, much more than this is true. Then, in fact, | @ |'rg € L' for any n, so
that ro e Cg’. This is crucial for

THEOREM 5. Let k satisfy the conditions of Lemma 1, and let ry approach
zero faster than any power. Then, for any non-negative integer n, 1, = a"k" (0)
is an eigenvalue of K with a corresponding eigenfunction in H,. For each n
there is only one such eigenfunction, and it is the derivative ry".

To avoid carrying the constant factor k “(0) in the computations, normalize k
as before, by (2.1). Define r, =r{"”, and consider

a'ri(®) = a"(—iw)'ry (w)
a'(— iw)k” (w)ry (aw)

= k™ (w)r, (aw).

Thus, a" is an eigenvalue with corresponding eigenfunction r,. r,€ H,, since
roeCynH.,.

Again, let p, be another such eigenfunction. According to Theorem 2,
p2(0) =0. Since p, is entire, we may set p, (@) = w*"g,(w) for some integer u,
and some entire function o, that does not vanish at @ =0. The eigenfunction
equation gives

5.1 o, () = a" " "k" (w)o,(aw),
so that
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N-1 ’
o (0) = [a" (kn=m) l;[o k" (a"w) ] o (a"w).

If u,—n>0, it follows that g, is identically zero, since a < 1. If u,—n <0,
6, must beinfinite almost everywhere. Thus, u,=n. It now follows from (5.1)
(with p, =n) and Theorem 5 that o, is a constant multiple of r,. Consequently,
apart from a constant factor, p, is r,, and this completes the proof.

6. In this section, we derive a sort of spectral theorem for K. Although the
spectrum of K is an entire disc, an expansion theorem will be found involving
only the eigenvalues a"k”~(0) and the corresponding eigenfunctions r, =ry’.
As we pointed out in §5, these are the only eigenfunctions of interest in the appli-
cation.

First, we need

LEmMA 2. Let ™ f(x) e L! for some 8> 0. Then, the equations
]
6.1) [ svwas=o, n=o-,
— o0

imply that f is zero almost everywhere.

The following proof is a modification of one due to Hardy [4]. Consider

l)n 2n 2n

f-: f(x) cos wx dx = J:; fxX LW_ dx
-3 (—(213)' i f_:xw(x) dx
=0
by (6.1), the interchange being justified for | | < § by the convergence of
f [fx) | X I?le)' dx = f:o f(x) cosh |wx | dx.

In a similar way, we can show that

Jm f(x) sin wxdx =0

for || < 8. Thus, f (@) =0 for |w|<d. But &lf(x)eL!, so that f"(w)
is analytic in the strip |Im o | < 4. Thus, f "(w) =0 and the lemma follows.

The condition e’™*!f(x) e L! is rather strong and in Theorem 7 below we shall
assume (essentially) that k~ satisfies it. To see that we shall not beassuming too
much (or at least not much too much), let us note that the condition cannot be
replaced by *I’f(x) e L} for any a <1. For, the function
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f(x) =| x|exp( - |x l“cos—ag) sin(l x |?sin _051)

clearly satisfies e’™*!’f(x) € L!. On the other hand, it also satisfies (6.1) whenever
0 <o < 1,as astraightforward computation shows.
We shall also need

LEMMA 3. Define the set & by (1.1). Then,
N ={fel?: f (0)rq(w)=0 a.e.},
so that A is a closed linear subspace of L*.

Consider the operator K, . It is defined explicitly by the formula

- 1 [fo),~[o
K.y = 5 ()5 (5),
the bardenoting the complexconjugate. Thus, f € #(K,)if and onlyif k “(@)f ()
is zero almost everywhere. In a similar way, one can see that fe A (K}) if and
only if

N-1
(o) ll k™(a"w)

is zero almost everywhere. It is now but a step to prove (6.2). That A" is closed is
then a consequence of the fact that r, is bounded.

Since A" isclosed, it makes sense to speak of its orthogonal complement and
of the orthogonal projection on A4”. We denote these objects by A"+ and P,
respectively.

The problem of finding a spectral resolution of K is, of course, the same as that
of finding projections that reduce it. As a first step in this program, we note that P
does this job.

THEOREM 6. P reduces K. Moreover, if r is any eigenfunction of K witha
nonzero eigenvalue, Pr =0.

We have to show first that PK = KP. Define the set E to be the set of all real
zeros of ry (w), and let y be the characteristic function of the complement of E.
Then, P is just multiplication by x:

(Bf)" = 2(0)f "(@).

Therefore,
(6.3) (KPf)" = K~ (o) x(aw)f “(a0)
while

6.4) (PKf)” = y(@)k™(0)f "().
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If k “(w) =0, (6.3) and (6.4) are obviously equal. Now, y(w) is zero if and onlyif
ro (@) is. At any point where k™ (w) #0, however, r, (w) is zero if and only if
ro (aw) is zero, as (2.2) shows. Thus, at those points where k“(w) # 0, y(w) = x(aw)
and (6.3) and (6.4) are again equal. This proves the first part of Theorem 6.

The second parttells us that none of the eigenfunctions we have so far considered
can be in A", Its proof is very simple. If fe A", there is an integer n suchthat
K" f=0. Letting parentheses denote the inner product in L2, we see that if r
satisfies the conditions of the theorem,

(rf) = 5 (K'n.f)

- (RKL)

=0.

Thus, r€ #* and Pr=0.
We now derive

THEOREM 7. Suppose that for some 6>0, k™ (0)=0(e™*'"") as w— + .
Then, the function ryo(x) is the restriction to the real axis of a function ana-
lytic in the strip

)
(65) lImX|<m.

All its derivatives, as well as r, itself, are eigenfunctions of K, the eigenvalue
corresponding to the nth derivative being a"k"(0). Moreover, the eigenfunctions
r®™ span the space #™*. Finally, if the set of real zeros of k (w) has zero
Lebesgue measure, 4" = {0}, so that the sequence {ry’} is complete.

As usual, let us normalize k by (2.1). Then, by hypothesis, | K | <1, sothat
N-1

15 @] s 1 |K @)

(6.6) =0

1-a"
O(exp[—5|w| -1—_—‘—1—) as 0> +

for every positive integer N. Let x be acomplex number in the strip (6.5). Choosing
N so large that
1-a"

6.7 |Imx| <6 5=,

we see from (6.6) that the function
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1 ® —iox ~
ro(x) = o ﬁ e '"ro (w) dw

0

isdefined at x. It is also analytic there for, by (6.6) and (6.7), differentiationcan be
carried out under theintegral sign. Thatall the derivatives r{” are eigenfunctions
with corresponding eigenvalues 4" now follows as in the proof of Theorem 5.

To prove the completeness, we have to show that whenever fe/” * the equations

(6‘8) j_oo f(x)r(()n)(x) dx = 09 n= 09 1’ RS

imply that f is almost everywhere zero. Let f satisfy (6.8). Then, by virtue of
Parseval’s equation,

f (o) (w)o" do=0, n=0,1,---.

But f “(w)ry (w) satisfies the conditions of Lemma 2, so that
f(0)rg(w)=0 a.e.

By Lemma 3, this means that fe A" If f e & also, f must be zero almost every-
where, as we wanted to prove.

The last sentence of the theorem is an immediate consequence of Lemma 3,
for if k™ is zero on a set of measure zero only, the same is true of rg . Thus,
(6.2) givesthat fe A" if and only if f~ (and, therefore, f) is zero almost every-
where.

7. As we have pointed out, the growth condition in Theorem 8 is very re-
strictive. It excludes many interesting cases, the mostimportant occurring when k
has compact support. (If k™ (w) = 0(&°'®'), k is the restriction to the real
axis of an analytic function ; it cannot, therefore, have compact support.) It is our
purpose in this section to derive a theorem without use of the offending condition.

There is difficulty here. As the example following the proof of Lemma 3 shows,
the eigenfunctions r{” cannot be expected to be complete (even when A" = {0})
unless a strong growth condition is satisfied. The possibility of gettingaround
this by utilizing the other eigenfunctions of K will be explored in §8. Because of
the discussion in §5, however, we proceed otherwise for now. As will be seen, it is
possible to derive an interesting and unusual form of expansion theorem even
when k™ is not exponentially small at infinity.

Set

k™ (@,8) = 7?1l (w),

and define the operator K(6) by

(K@rIe) = [ ke an, o) dy.
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The eigenfunctions of K(8) depend on those of K in a very simple way, as the
following result shows.

THEOREM 8. Ifrisany eigenfunction of K, then the function whose transform
is
™ (w,8) = e 1211 =0p" ()
is an eigenfunction of K(8) with the same eigenvalue as r. In particular, defining

ro (@,6) = e~ 12V =9l (w),

the functions
n

P (x,0) =

ro(x,0)
are all eigenfunctions of K(5) with eigenvalues a"k”™(0).
In fact,

k™ (w,8)r" (aw,d)

[e™ k™ (@) ][e !V~ F (aw)]
= iF (@),

if r has the eigenvalue A. The rest of the theorem is just the first part of Theorem 7
applied to K(6).

k(x, d) satisfies all the conditions of Theorem 7. Also, since the zeros of k™ (w, 8)
and k™ (w) coincide,

# () CJO H(KE(S))

=,

as Lemma 3 shows. Thus, the sequence {r‘(;"(x,é)} is complete in A, a set
that depends only on K and not on 4.
We have therefore proved

THEOREM 9. The function ry(x,0) defined by
"o(x, d)=e -dloj/(1 -a)r; ()

is an eigenfunction of K(5) for every 5> 0, as are all of its derivatives. These
eigenfunctions span N, If the set of real zeros of k"(w) has Lebesgue measure
zero, P =0, so that ry(x,8) and its derivatives are complete in I?.

Because of the importance of that case, it is worthwhile mentioning that if k
has compact support, the set of zeros of k™ has measure zero, so that P =0.
For then, k™ is entire.
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8. We have just seen that the functions r{” (or at least approximations to them)
are complete in A"*. However, this result is somewhat unsatisfactory since the
functions r{™(x,6)are noteigenfunctions of K, but of K(8). To obtain an expansion
in terms of eigenfunctions of K itself, it is necessary to abandon the restriction to
the functions r{™. We shall do this now and shall see that Theorem 9 is a special

case of the much more general result described in §1.
We shall, in fact, prove

THEOREM 10. Let A, be any point in the annulus
|K°O)| = | 2. | S[k°©) |/ Y a.

Then, there exists a sequence {A,} of eigenvalues and a sequence {r,} of cor-
responding eigenfunctions of K with the following properties:

I. 4,24, as n—>0;

II. the sequence {r,} is complete in A",
If, for some B> —1/2, | |’ro(w) e L?, 1., may be taken to lie in

8.1 | k70) |a" < |4 | S| K7(0) [a™ 172,

and if ro(w) approaches zero faster than any power, A,, may be any point in the
disc
|20 | | k70) |a™12.
Since @’ry(w) is always in L? if —1/2< B <0 the last part of the theorem

implies the first. It therefore suffices to assume | @ |5 (w)€ L? and 1, lies in
(8.1).

We have seen in Theorem 3 that, with this hypothesis, the interior of (8.1)
is in the point spectrum of K, and that if 1 =k"(0)a® an eigenfunction with
this eigenvalue is just the inverse transform of |co |“r3 (w). It can be verified
immediately that the transform of another such eigenfunction is | @ | (w)sgn .

If Theorem 10 were false, then, there would exist a function f € A" such that

J:of “(@)ry (@)™ dw

is zero for any sequence {a,} lying entirely in the strip —1/2 <Re a < and
whose limit, o, say, satisfies

Ao =k (0)a™.
If 1, #0, it follows that the function

b(e) = j:f @) (@)e® do
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isidentically zero in a neighborhood of «,,. But ¢(a) is analytic for —1/2<Rea<§g;
its derivative, in fact, is

¢'(0) = J:} “(w)ry (w)o® log » do.

Consequently, ¢(a) =0 for — 1/2 < Re a < B. Writing ¢ in the form
s = [ U@ e a,

we see that it is a two-sided Laplace transform zero in a strip. This is enough
[5, Theorem VI.6.6b] to imply that

(8.2) [ (@)rg (@) =0

for almost all positive w. A similar proof applies when 1, =0.

Since we can show just as easily that (8.2) holds when @ is negative, we conclude
from Lemma 3 that fe #”. By assumption, fe 4™, so that f =0 almost everywhere.
This completes the proof.
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