ON THE BEHAVIOR OF QUASICONFORMAL
MAPPINGS AT A POINT(})

BY
EDGAR REICH AND HUBERT R. WALCZAK

1. Introduction. A sense-preserving homeomorphism w(z) of the domain G in
the z-plane onto the domain w(G) of the w-plane is called quasiconformal (more
precisely, K-quasiconformal) if there exists a constant K = 1 such that for every
quadrilateral Q, § < G, the modulus M(Q) of Q, and the modulus M(w(Q)) of the
image quadrilateral w(Q), satisfy

MWw(Q)) = KM(Q).
If w(z) is quasiconformal in G, then the Jacobian J(z) # 0 a.e. in G; also the
complex dilatation

k(z) = =

wr  we+iw,
w, w,—iw

y

existsa.e.in G, and sup, .¢ | x(z) | < 1.(Cf., forinstance, [3].) Conversely, it is well
known that if u(z) is any complex-valued measurable function, specified a.e. in G,
with sup,eolu(z)l < 1, then there exists a quasiconformal mapping w(z) with
complex dilatation u(z) a.e. (Cf., the exposition in [4, p. 115], or, for a direct
proof, [5].) Moreover, wy(z) and w,(z) are two such mappings if and only if
w,(wy *(2)) is conformal.

If x(z,) exists, then the (‘‘real’’) dilatation at z, is defined as

1+|x(zo)|
1—|x(zo)|

This is the ratio of major to minor axis of the infinitesimal ellipse onto
which w(z) maps an infinitesimal circle centered at z,, providing w,(z,) exists and
is different from 0. If w(z) is K-quasiconformal, then D(z) £ K a.e. in G.

The present work is motivated by the following consideration, evident from
the above. If x(z) is specified a.e. in a neighborhood of a particular point z, of G,
then whether or not x(z,) exists, and what the value of k(z,) is, if it does exist, is
completely determined. The problem is to explore the qualitative properties of x(z)

D(zo) =
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QUASICONFORMAL MAPPINGS AT A POINT 339

in a neighborhood of z, which cause x(z,) to exist and have some particular
value. The important special case of this question to which we shall restrict
ourselves here is the following. Suppose w(z) is quasiconformal for |z| <1,
w(0) = 0. It is desired to explore the properties of D(z), or, more generally, x(z),
which affect the existence of lim,_, o (W(2)/2).

The chief result in this direction that is well known is the following. Let

2z
br) = 21_71 L D(re®y do, 0<r<1.

Then the following holds ([2], [6], [7], [8])-
THEOREM A. If w(z) is quasiconformal for |z| <1,w(0) =0, and if

L D(r-1
(1.1) J; -—r—dr <
then
(1.2) lim M
z—=0

exists and is different from 0.

Historically, the first complete proof of this result, using the modern definition
of quasiconformality, appears to be Lehto’s [6]. The proof that the hypothesis
of the theorem implies convergence of the modulus, that is,

(1.3) [w@)| =¢|z]| +o(|z]) (c#0), as 20,

is due to Teichmiiller [7] and Wittich [8], using a somewhat narrower definition
of quasiconformality than the present one. The very interesting result that the same
hypothesis implies that
(1.4 lim [arg _w_z)_] exists

z-0 2
is due to Belinskii [2] and Lehto [6].

Contributions to the following two questions will be made in the sections that
follow.

(a) To what extent is (1.1) necessary for (1.2)?

(b) How can one separate those properties of x(z) which imply (1.3) from those
properties which imply (1.4)?

Our approach will be to take advantage of knowledge provided by the specifica-
tion of the complex dilatation x(z) (instead of merely the real dilatation D(z)), so
as not todiscard the data contained in arg k(z)(?). In this connection, we define the
notion of ac(«) (asymptotically conformal on a logarithmic spiral of inclination a).

(2) We wish to point out that this idea is also exploited in the work of Andreian Cazacu [1].
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A function w(z), quasiconformalfor |z] < 1, will be said to be ac(«) at z = 0 if
2rn i0y |2
1.5) J‘ J‘ |Da+ow(re )I _1 l d0dr<

J(rei) r
where D, is the directional derivative of w in the direction . Since

b

| Dpw(2) |? _ |1+ e ()|

b

Jz2) = 1- | (2) |
the condition (1.5) depends only on «. If w(z) is K-quasiconformal, then
1 1+ e 2(2)|?
(16) Lo L Ne™@F poex.
K =~ D(2) 1—|x(2)|?
Hence
Il - 2ip. (Z)IZ
A ls D(z)—1].
o x(z)lz < [D(2)-1]

Therefore, we see that (1.1) implies that w(z) is ac(6) for all 6,0 < 0 < 2n. In view
of this fact, and also that if the integral (1.5) equalled zero, for say, « =0, and
o = /2, then w(z) would be conformal for |z| < 1, it appears natural to explore
the consequences of assuming that w(z) is simultaneously ac(0) and ac(=n/2).
This is done in §§ 3 and 5.

2. Lemmas on moduli of quadrilaterals and rings.

LEMMA 2.1. Suppose the function w(z), quasiconformal in the rectangle
R ={(x, y)| 0 £x=<a,0= y<b} has the following properties:

() |wx+ib)—wx)|2b'>0, forallx, 0<x=Za.

(i) |w(a+iy)—w(iy)|=Za’>0, forally, 0<Sy<b.

(iii) Area W(R)) =< a'b’.
Then, if k(x + iy) is the complex dilatation ofw atz=x+iy,

Lff___dx  fa_a b | s
21 la 1 [t|1—x|? b=b' = |1+rc2 b’
o _ | ———"dy —dx
bJo1-|x]? o 1—|x]?

Proof. For those x (thatis, a.a. x),0 < x < a, for whlch w(x + iy)is absolutely
continuous in y,

b
b’ < f [w,(x + iy)| dy.
0

Now
1_|wl?_[1=x]? _ .
_Eg 7 = I—I’CIZ =<Kk, a.e. in R,
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Hence, by Fubini’s theorem, [5(|w,|?/J)dy exists for a.a. x. Similarly, [¢J dy
exists for a.a. x. Therefore, by Schwarz’s inequality,

b”<fb—ll—_—'i dyy Ty @a®)
“Jo 1— |k y.’o ¥ B
Solving for ng dy, then integrating over 0 < x < b, yields the left side of (2.1).
Therightside follows oninterchanging the roles of x and y.

Aninequality, weaker than (2.1), and to be used later, is obtained, by Schwarz’s
inequality, if the right side of (2.1) is replaced by

2.2) < [ab ff 11_+|"|2 dxdy]%.

For the remainder of the section we assume that w(z) (z = re'’) is quasiconformal
in the annulus A = {r, < r <r,}, and has complex dilatation x = x(re"). We
map U, slitalong an arbitraryradius, @ = B,ontoarectangle Rinthe ¢ =log (z/r,)
plane. The two sides of (2.1), evaluated in the o plane, become, respectively, when
expressed as integrals in the z plane,

dr/r
2n)" (ry,r)) = J 2% |1_e/z.o,c|z ’
——db
C1-kP
and
_ - -1
_ 2n do
@n)~J(rur)=| | [ [1+e 292 dr
[ 5= v

Theimage, R = w(N), of A under w, is a certain ring domam (doubly connected
domain), whose modulus we denote by M(ry,r5). Let 91 denote U slit along the
radius referred to above, and let R = w(l).

LEMMA 2.2. The modulus of R satisfies the inequality
(2.3) I(ry,r3) S M(ry,r3) £ J(ry,75).

Proof. Since the left and right sides of (2.3) depend on w(z) only to the extent of
depending on k, we can assume (if necessary, after a conformal transformation)
that R is the annulus

1< |w| < eMerra,
Byintroducing n =logw we map R onto a quadrilateral Q in the  plane bounded
by two verticalsegments of height 2, and distance M(r 4, r,) apart. Since n(w(z(c)))
has period 27i, Lemma 2.1 applies witha = log(r,/r;),b = b’ =2x,a’ = M(ry,r).
This yields (2.3).
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The above estimate is closely related to a similar estimate for extremal length.
If T is the family of locally rectifiable arcs in R which join the boundary com-
ponents of R, then the extremal length A(T") of I is, of course, (21)” 'M(r,,r,).
Consider, hAowever, the subset I'; = T which consists of the curves of T" lying
entirely in R. By the monotonicity property of extremal lengths, we have, clearly,

27"1(1-‘;9) 2 2nM() = M(ry,r5) 2 I(ry,15).

But 271A(T) also turns out to satisfy the same bound that we have obtained for
M(ry,r,) from above:

(2.4 I(ry,ry) S 27M([p) S J(ry,75).

The proof of (2.4) is as follows. We map Q conformally onto a rectangle of di-
mensions a”, b”, corresponding to the sides of length a, b of R. Then A(I'y) = a"/b".
We obtain (2.4) on noting that the mapping from R to R’ satisfies the hypotheses
of Lemma 2.1.

3. Convergence of the modulus. According to a result of Teichmiiller [7], if
w(0) =0, and if there exists a function ¢(r), lim,_, o ¢(r) = 0, such that

3.1 lM(rl,rz) —log ;’2’ < ¢(r,), whenever r; <r,,
1
then (1.3) holds. Hence, by Lemma 2.2, the hypothesis w(0) = 0,

(32) lim [I(rl,rz)—log D2
(r1,r2)-(0,0) ry

] = lim [J(rl,rz) —log fz—] =0
(1,72)(0,0) 1

implies (1.3). In fact, as may be verified by direct computation, for the special

case when w(z) is of the form

w(re®) =f(e'* @,

the relation (3.2) is both necessary and sufficient for (1.3). This is a consequence
of the fact that both sides of (2.1) become equalities for functions of the form
F(x) + iG(y). For more general w(z), however, (1.3) may hold, in spite of the fact
that (3.2) is not satisfied. An example is

w(re'’) = {

ré@ g0 o< r<i,

0, r=0.

In this case, e %" k(re'®) = (1 + 2i) "1 (z # 0), J(ry, r,) =2log(r,/ry), so that the
second limit in (3.2) fails to exist.

The following sufficient condition for convergence of the modulus is somewhat
weaker, but more intuitive than (3.2.)
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THEOREM 3.1. Suppose w(z) is quasiconformal for |z| <1, w(0) =0, and
w(z) is ac(0) and ac(n/2) at z = 0. Then convergence of the modulus takes place,
i.e., (1.3) holds.

Proof. In accordance with (2.2),

r , r
J(rl’rz)_IOgr—z' é J("la"z)—IOg ri

z"f [14 e % [1+e Pk ? 1 drdo
11—k r

2n pr

: if J;
“2n Jo Jo

1 2n ll_e—ZiOK_IZ
A(r) = Eﬁfo T-xE do.

3.3)

L4k 1] drdg.
T 1|k

Let

In view of (1.6),

f’ L= A(r) dr

—log "2 —
I(ry, ry) —log r A(r) T

1

f J-Zn Il —210K|2 1] dodr
3.4) " [ 1—|xf? rA(r)

IR

Therefore (3.1) is satisfied, with ¢(r,) the difference of the rightmost terms
of (3.3) and (3.4).

—210 12_1, dodr
1—|1€|2 r

4. A class of mappings with given D(z). Let & be the class of measurable,
real-valued, bounded functions, with lower bound at least 1, defined for | | <l1.
It is known [6, Theorem 4](®) that there exist w(z), quasiconformal for
| z] < 1 for which (1.3) and (1.4) hold simultaneously, but for which
— 1 —
ess lim D(z) > 1, f ﬁ(—r)—idr
20 0 r
More generally, it would be of interest to characterize the subclass &, of #
which has the property that if H € &, then there exists a quasiconformal mapping

(3 Simpler examples also exist, and can in fact be provided by specializing the construction
in the proof of Theorem 4.2.
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of | z| < 1 with real dilatation H a.e. such that (1.3) and (1.4) hold simultaneously.
Our conjecture, which is partially confirmed by the two theorems which follow, is
that #p,=&.

THEOREM 4.1. If H € &, and H satisfies a Holder condition at z = 0 then there

exists a quasiconformal mapping w(z) with real dilatation H a.e., for which
(1.3) holds.

Proof. Given H(z) (| z| < 1), we shall specify the complex dilatation x(z).
Let S,, S, be disjoint sets with union (0, 1), to be described in more detail later.
If reS,, (k=0,1), we define

k _2i0 H("ew) -1

4.1) k(re'®) = (— 1) Hre) 71 0<6<2n.
Let
1 2% 1 2nr do
H(r) = 2—7£ fo H(re“’) d0, I’:(r) = '2—”' H—(rei—o),

and

k(r), resS,
v(r) = { A0, reS,.. (k=0,1).

This gives, after a short computation,

2y, (r) -1
r

J'(ry,ry) —log :—: =f dr,

ry

and

"2 grh(r) -1

ri "Vo(") dr.

J'(ri,ry) = I(ry,ry) =
Since the integrand is nonnegative,

T2 dr
Frur)-1Cur) SsupHE [ AER) -1
ry
Hence, by §3, a sufficient condition for (1.3) is that the two quantities
1 _ 1
42 A= lim J 2O~ 14t and B = f (A 1] &
r-0 r 0o

exist.
The fact that H is not merely in &, but also satisfies a Holder condition at
z =0, as postulated in the hypothesis, is used solely to insure the existence of B.
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The assumption | H(z) — H(0)| < C,|z|" (h > 0), implies | H(r)— H(0)| < C,",
| K(r) — 1/H(0)| < C,#*. In view of the identity

4.3) HANA@r) -1 =[AF@) -c][h(r)—c ]+ [HFP)—c] + c[A(r)—c™1]

valid for any ¢ # 0, the existence of B follows. (Put ¢ = H(0).)
Next we show that S, can be chosen so as to force A to exist.
Since B exists, the integrals

4.4) Jﬂ _—ﬂ(ri— 1 dr, Jd i(r) — 1 dr
0 0

r

converge and diverge together. (Consider (4.3), with ¢ set equal to 1.) If they
converge, A exists for any choice of S,. If both integrals (4.4) diverge, and
XX o(—1fa, (0< ay+q1 < a,) is an arbitrary alternating conditionally conver-
gent series, let {r,}, 1 =r,>r; >, be determined, successively, in such a
manner that

" Ar) -1
r

1 — k(r)

k+1

dr=a,, k=0,2,4,-, J‘ dr=a,, k=1,3,5,--.

Fk+1

Evidently, lim,_, ,r, =0. Defining S, as the union of the intervals (ry4,7%),
k=0,2,4,---,weobtain 4 = L= ,( — 1)*a,. This completes the proof.

THEOREM 4.2. Suppose F(r) is an arbitrary bounded measurable function,
F(r)21 (0 < r <1). There exists a quasiconformal mapping w(z) (|z| <1),
with real dilatation D(z) satisfying

D(ré®) =F(r) a.e.
for which (1.3) and (1.4) hold simultaneously.

Proof. We define H(ré®)=F(r) (0<r<1, 0<6<2n), and construct
¥(z),v,(r),and A asin the previous proof.As may be verified, directly, the function

w(re®) =exp [ _f,l -—‘-’Q dt + i0]

defines a quasiconformal mapping of |z| < 1 with real dilatation D(re"’) = F(r)
a.e.,and

. w(z _
hm—(2=e 4,
z—-0 z

5. Behavior of arg[w(z)/z]. We have seen that if w(0) =0, and w(z) is

ac(0) and ac(n/2) then (1.3) holds. We will now see that the same hypotheses do
notimply (1.4). On the contrary, arg w(re) may go to infinity as r — 0, for fixed g.
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In this section we will obtain a sharp estimate of the worst rate at which this can
occur.

First we need an estimate of the effect of ‘‘obstacles’’ on extremal length.
The situation we need to consider is the following. Suppose A4 is the annulus
{p <|z| < pe’} (x> 0). Let Q = 4 be a connected set (the “‘obstacle’’) on which
there is a single-valued, continuous determination of argz. We wish to compare
the following two measures of the size of Q.

(i) h(Q), the diameter of the range of argz on Q,

(ii) A(T'g), the extremallength of the family I'g of curves in A, joining { | z | =p}
to {|z| = pe*}, without intersecting Q.

Lemma 5.1. Suppose 2nA(T'g) < o + & for some & > 0. Then(*)
solution of (5.3)for h as afunction of ¢, 6, if 0 < h(Q) < 6m.
3/ (@d), if h(Q) = 6m.

Proof. Choose §, so that the range of arg z on Q covers the interval (6,, 0, + h).
Suppose, first, that h < 6n. Consider the sector

HQ) < F(a,0) = {

S = {zl 00+—§-§arg2§00+%, pélzlgpe‘}.

For any y e I'g we have
5.1) f d|logz| = .
b4

If y NS # & we obtain a sharper estimate, because in this case y must detour
through an angle of at least h/3 in order to intersect Q; that is,

(5.2) f dllogz| 2 \/(&® +(k/3)®), if y NS#.
r
Let us introduce the following metric in A.
—1—, zeAd -8,
I BE
p*(2) = PRI
1+ 9—a'5) I—'z'-l-, zesS

By (5.1), (5.2),
inf p*(2)|dz| 2 a.
vyelg J7
(4) We shall need Lemma 5.1 only for the case #(QQ) = 6, but have not restricted ourselves
to this case to suggest that the problem of finding the best inequality for arbitrary 4 is of some
interest.It may be conjectured that the extremalQ is an arc of a spiral, depending continuously

on k(Q).
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On the other hand,

ff[l’*(z)]zldzlz J‘ drdd ( ) J’J‘ drdf
o Eer (14 )
2mx—hsi [1 - (1 +-9§:—)~1].

1 _2n h h3\~!
—_ < - — -
AT «a Sa[l (1+9a2) ] )

Hence, by hypothesis,

Therefore,

2
(5.3) 2no(a+06) < 2m— % [ (1 + ) ] if(°) h < 6m.
If h 2 6n, we take p*(z) =1/|z| in A. As a crude estimate, for any yeI'q,

f d|logz| 2 (@ + (h/3)?).
Y
Obyviously,

f [p*(2)]?|dz|? = 2na.

Therefore, if h = 6m,

a+o 1 a® + (h/3)* % h?
2n 2na T 27 18ma’

1\
v

This completes the proof.

THEOREM 5.1. Suppose w(z) is quasiconformal for |z| <1, w(0) =0, and
w(z) is ac(0) and ac(n/2) at z =0. Then, for every fixed 6,0 < 0 <2,

argw(re’) = o(\/(—logr)), asr—0.

Proof. As in §2, we consider w(z) in the annulus U(ry,r,) = {ry <|z| <72},
0<r, <r,<l,andlet R(r,,r,) = w(UA(r,,r,)), M(ry,r,) = modulus of R(ry,7,).
For fixed §,0 < f < 2m, let

Qry,ry) = {w|w=w(z), argz =8, r; <|z| <r;}.

Also, let A(r{,7,) be the extremal length of the family of curves in R(ry,r,) joining
the boundary components of R(r,,r,), and not intersecting Q(r,,r,). The quantity

(5) Equation (5.3) implies that #(Q) = 0(61/3), as § — 0 (a fixed).



348 EDGAR REICH AND H. R. WALCZAK [May

A(ry,r,) is clearly identical with the quantity denoted by A(T'y) in §2, and satisfies
(2.4).
Furthermore, let

ri(risr)) = inf IWI, ry(risry) = sup |W|,
w e Q(ri,r2) w e Q(ry,r2)

p1(ry,1y) =inf{|z|”w(z)|=r1'(r1,r2)}, Pz("1,"2)=5u13{|z|“W(Z)|=r£("1,"2)}-
We also denote by U'(r,,r,) the annulus {r{(ry,r,) < |w| <ry(ry,r,)}, and by
A'(ry,r;) the extremal length of the family of curves in U'(r,, r,) joining the

boundary components of U’(r;,r,) without intersecting Q(r,,r,). Note that,
by Lemma 5.1,

l argw(r,e’)— arg w(rle”’) |

’ rl
= h(Q) £ max { 6m, 3A/((log;,2— [an’(rl,rz) —log —z])}
1

ry

5.9

Since Q(ry,r,)c W(ry,r,) < R(py,p,), we conclude that p, ry, p, 272,
Q(py,p,) >Q(ry,r,). Hence every curve in R(p,,p,), joining the boundary
components of R(p,, p,) without touching Q(p,, p,), contains an arc in W'(ry,7,)
which joins the boundary components of U'(r,,r,) without touching Q(ry,r,).
It follows that

Mp1,p2) Z A'(ry573),
and, therefore, by (2.4),
(5.5) 212 (rysr3) < J(p15p2)-

If r, is small, then, by Theorem 3.1, the image of {|z| = p,} under w(z) is very
close to the circle {|w| = r;}, k = 1,2. More precisely, given ¢ > 0, there exists
a d(¢) > 0 such that

logg = M(py,p,) — &, whenever0 <ry <r, < (e).
1
Therefore, by (2.3), and (5.5),
20 (riar) = log 2 S £ 4 J(p1,p2) = Hp1,po), i 0 <1y <1, S 3(6).
1

Hence (consider (3.3) minus (3.4)), there exists a §,(g) > 0, such that

(5.6) 2MA'(ry,7y) — 1ogfr£, <2e, if0<r, <r, <8,
1



1965] QUASICONFORMAL MAPPINGS AT A POINT 349

Again, by Theorem 3.1, there exists a d,(¢) > 0, such that

(5.7) log:% < log;i +e,  if 0<r <r,<de).
1 1

Substituting (5.6), (5.7) into (5.4), we find that

|argw(rze”) — argw(rie”)| < max {6"’3A/ (28(8 + log ;2') ) } ,
1
O<r,<r,<d'(e).
Letting r; — 0, for fixed r,, we obtain the desired conclusion.

THEOREM 5.2. The estimate of Theorem 5.1 is sharp in the sense that, given
&> 0, B, there exists a w(z), quasiconformal for | z| < 1, and ac(0), and ac(n/2),
such that arg w(re'®) is not o[( — logr)'/>~¢], as r - 0.

Proof. We can choose w(z) independently of . Namely, let

(re® ret@+vm) O<r<l,
w(re'®) =
{ A r=0,
where
2 1/2-¢
Y(r) = [log;—] .
We find that
(5.8) e~ % (re'%) = _inm O<r<l1.

2+’ ()

Since ry’(r) is bounded, sup,<q|x(z)|<1.
By (5.8),

|1+ e ?¥k(re")|? 20 10\ 12
= 1+r[y'(n]
1- |K(rei") |2 0 1
Il - e—ZiOK(reW) |2 _ ( <r< ).
1 — [k(re®) |2

Thus, w(z) is trivially ac(n/2). The fact that w(z) is ac(0) is due to the fact that
Jor[¥'(r]?dr converges. ’

As a concluding consideration, let us suppose that the hypothesis of Theorem
5.1holds,and that, in addition, w(z) is asymptotically conformalin a third direc-
tion at z = 0; that is, assume that for some , (not a multiple of 7/2),

69 w(z) is ac(0), ac(n/2), and ac(f,).
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It is natural to ask whether we can now prove that (1.2) holds. The answer is
affirmative. This is a trivial consequence of the following observation: Condition
(5.9) implies condition (1.1). To see this, we note that

l|1+e'2"’x|2_ ’ _ 2
T=[x]? = TP

[x]* + Re(e™ k)| .

Therefore, (5.9) implies that

100 [

|x|2 + Re (e~ %) '@<

1 2n
(5.10b) f J' le,z_ Re(e~710) | 4097 _ o
o Jo r
and
1 2n
(5.10¢) f f [x[? + Re(e™ 2= | dodr_
0 1] r
Hence,
2z
(5.11) ff [re[? d0dr< o,
and

1 2= 1 2n
(5.12) f f ,Re(e"“’x)|‘ﬁd_r< o, f f | Re (e =210 280y) | dbdr _
0o 0 r o 0 r

For any complex number Z, and real ¢, we have
Zsint = — ie''Re(Z) + iRe(e"Z),
so that
|Z||sint| < |Re(Z)| + |Re(e™"Z)|.
Applying this with Z = e™?"k(re'®), t =2p,, we deduce, using (5.12), that

e

This is equivalent to (1.1).
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