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0. Introduction and summary. We call a Markov operator P which has
a representation P(x,4) = [,p(x,y)A(dy) with p(x,y) bivariate measurable a
A-continuous Markov operator. It is a special kind of A-measurable Markov
operator of E. Hopf. If the state space is discrete, every Markov operator is
A-continuous where A assigns measure 1 to every state. In §I various definitions
and preliminaries are given. In §II the existence of invariant measures for a
A-continuous conservative P is proved. It is shown that the space is decomposed
into at most countably many indecomposable closed sets C,,C,,:--. For each
C; there is a o-finite invariant measure y; which is equivalent to 4 on C; and
vanishes outside C;. Every invariant measure is shown to be of the form Xou;.
In §III convergence properties of XN_,p"(z,x)/ X~ ,p"(z,y) are studied. It is
shown that for a conservative ergodic P the limit of the ratio is f(x)/f(y) where
f is the derivative of the invariant measure with respect to A. All these theorems
are well known for a discrete state space (cf. [2, 1.9]).

§IV treats laws of large numbers. The approach used here is similar to that
of Harris and Robbins [7]. It contains generalizations of theorems of Chung
for discrete state spaces (cf. [2, 1.157]). The theory of A-measurable Markov opera-
tors is extensively used here.

§VI is devoted to some new results on A-measurable Markov operators which
are used in this paper. In §V the theory of Martin boundaries is investigated.
The kernel K(x,y) used here is

N
X P, ¥)
K(x,y) = lim —=1 ,
"+ adz) 2 pey)

=1

where # is a finite measure equivalent to A. By using this kernel the space X
is embedded in a compact Hausdorff space X. Every z-integrable invariant
function h is shown to have the representation h = [j#(dy) for a Baire measure
#i on X. The techniques used here are essentially extensions of that of G. A.
Hunt [9]. The space X is assumed to be irreducible, i.e., X is the support of
measure X2 "nP".
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I. Preliminaries. Let X be a nonempty set, Z, a g-algebra of subsets of X
and A, a o-finite measure on X. Let p(x,y) be an & x & measurable function
defined on X x X satisfying the following conditions:

1. p(x,y) =0 for (A x A) almost all (x,y),

2. for (2) almost all x, [p(x,»)A(dy)<1.

Let L,(4) be the collection of A-essentially bounded functions and /(4),
the collection of all finite real valued, countably additive functions on Z which
are absolutely continuous with respect to A. Let &/ +(1) be the collection of
all non-negative elements of &/(1). For any fe L, (1) define Pf by

(L1) Pf(x) = f PG D)) Ady).

For any ve «/(A) define vP by

(1.2) vP(A) = J v(dx)‘[4 p(x,y) A(dy).

The operator P here is a special case of A-measurable Markov operators of E.
Hopf (cf. Appendix). We shall call it a A-continuous Markov operator and
(X,Z,2), the state space of P. The iterates of P are then given by

PYf(x) = f PP, DF ) AdY),

) = [ [ pena,
where p™(x,y) are defined inductively by

P(x,y) = f P Ox, 2) plz, y) A(dz).

The function p shall be called the density function of the operator P. (1.1),
(1.2) remain meaningful for non-negative f not necessarily A-essentially boun-
ded and non-negative, o-finite measure v. All subsets of X discussed in this
paper are elements of & and all functions on X are Z-measurable functions.
For two sets A,B, Ac B, A=B mean that A(4— B)=0, A(4AB)=0 re-
spectively. For two functions f,g on X, f = g, f < g mean that the equality and
the inequality, respectively, are satisfied except on a A-null set. For any set 4,
1, represents the function which equals to 1 on 4 and O on the complement
A’ of A. For any function f and any additive set function v define

Lif(x) = 140f(),
vI(B) = v(ANB).
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I, is a A-measurable Markov operator. Define

(13) Pl = X (LP),
n=0
(1.4) P, = i_o:OP(IA,P)".

P%, P, operating on either non-negative functions or measures have well-de-
fined meanings. In our case of A-continuous P,

Paf(x) = f P V() Ad),

VP(B) = f W(dx) fB pa(x, ) A(dY),

where

(1.5) PA%y) = T panC,)) with

n=1
pantn) = [ o [ B0z D1z P10V ) - M),

However P41, and P,I, are A-measurable Markov operators and P,I, has
density function p (x, y)1 ,y) [Appendix, Theorem 6.1]. Following E. Hopf and
J.Feldmanwecalla set A a conservative setif, for every A-non-null subset B of
A, Pglz=1o0n B. Let C be the largest conservative set which is then called the
conservative part of X. D = X — C is called the dissipative part of X. A set 4
is said to be transient if there is a non-negative number g < 1 such that P,1,<¢q
on A. Then D is the union of at most countably many transient sets [Appendix,
Theorem 6.3]. For any finite measure v which is equivalent to 4, 22, vPY(A) = ©
if Ac C and A4 is A-non-null and X ,vP" is o-finite on D. A set 4 is closed
if Pl,=1 on A. C is closed. It follows that X®_, p"(x,y) < oo for (1 x A)
almost all (x,y) € X x D, in particular, X%, p"(x,y) =0a.e. (A x A) on C x D.
The collection of all closed subsets of C form a o-algebra of subsets of C which
we shall designate by €. P is conservative if C = X . P is dissipative if D = X .
Anextended real valued non-negative function h is said to be P-excessive if Ph < h,
P-invariant if equality holds. h is a P-potential if P"h |0 a.e. (4). A o-finite meas-
ure u is P-excessive if uP £ u, P-invariant if equality holds. u is a P-potential
if duP"/d2 |0 a.e. (). Let

(1.6 s = £ 5.
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Then P"g(-,y) = XP-p+10"(:,y). Hence for (1) almost all y, g(-,y) is P-ex-
cessive, in particular, if ye D, g(-,y) is a P-potential.
For a finite valued P-excessive function h we define

(1.7 Pu(xy) = ,—l(—iymx,y).

py is well defined, a.e., (4, x 4,) where 1, is given by
(4) = J h(x) A(dx).
A

Since | py(x,) A4(dy) = (1/h(x)) [p(x,y)h(y) A(dy) <1, a A,-continuous Mar-
kov operator P, may be defined by:

(1.8)  Puf(x) = fph(x,y)f ) u(dy) = h% j p(x, y) h(»)f (y) A(dy),

(L9)  vPy(A) = f W(dx) Lp,.(x,y)xh(dy) - f e L P(e, YHIAAY).

The iterates Pj are then given by

PIf(x) = f PP ) (0) aldy),

VPI(A) = f W(dx) f e, A(dy).,
where

Px,y) = ,%pm(x,y).

For the operator P, it is easy to see that the space still has the same decom-
position C U D although sets of 4, measure 0 have no significance.

II. Invariant measures.

THEOREM 2.1. Let P be A-continuous and € be the c-algebra of all closed
subsets of the conservative part C. Then A is purely atomic on €. Let € be
generated by distinct atoms C;,C,,-- and P;= Pl¢; then P,P;=0 if i#j
and IcP = I(P, + P, + ---).

Proof. Suppose that % contained a nonatomic set 4. We may assume
0 < A(4) < . For every positive integer n there isa partition E{",---,E{™ of
A such that every E{™ belongs to € and A(E™)<n~!. We may assume that
each E{"*") is a subset of E{” for some j. Let 4, = J,[E®™ x E{™]. Since both
E™ and A — E{™ are closed sets, p(x,y) =0 a.e. (1x A) on 4 x 4 — A,. Since
A, is monotonically decreasing and 4 x 4(4,) £ n~*A(4) > 0asn— oo, p(x,y) =0
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a.e. (Ax 1) on A x A which contradicts the fact that [, [,p(x,y) A(dx)A(dy)
= A4)>0.

For every closed set A4, I,P = I,PI,, hence P,P; = PIc Pl = PIcIc Plc,=0
and IcP=IPI.=1(P;+ P, + ).

A conservative Markov operator P is said to be ergodic if the only A-non-null
set in € is C.

THEOREM 2.2. If a A-continuous Markov operator P is conservative and
ergodic then P possesses a o-finite invariant measure u which is unique up
to a constant multiple. Furthermore p is equivalent to A.

Proof. The proof of the existence of invariant measure shall be essentially
that of T. E. Harris adapted to the present situation [6]. Since P is conservative
[p(x,»)M(dy) > 0 implies that X, p"(x,y) = oo for (1) almost all y on a non-
null closed set. Since X is the only non-null closed set, 22, p"(x,y) = o for
(%) almost all y. Hence X2, p™(x,y)= o0 a.e. (Ax A). Let M, a be two
positive numbers with 27! < a < 1. We shall show that there is a set A with
0 < A(4) < o and a positive integer N such that for (1) almost all xe 4,

N
2.1 A[y: T ™M, »)>M, yeA] > al(A).

n=1
Let E be an arbitrary set with 0 < A(E) < 0. Let

740 = 2 E p¥0)> M| A E.
i=1

Then f,4 A(E)a.e.(4). Determine N so that A[x :fy(x)>(4/5)A(E),xe E]> (4/5)A(E).
Let A =[x:fy(x)>(4/5)ME), xcE]. Then A satisfies (2.1). Consider P,
and p, given by (1.4) and (1.5) respectively. P,I,is a A-continuous Markov

operator with density function r(x,y) = p,(x,¥)1,(»). Let r*(x, y) be the nth
iterate of r(x,y),

N
q(x,y)=N"'X r®(x,y)
n=1

and Q be the corresponding A-continuous Markov operator with density func-
tion g(x,y). (2.1) implies that for (1) almost all x € 4,

2.2) Ay:q(x,y)> M/N, ye A] > aA(4).
(2.2) implies that there is a probability n such that

ess sup | @"14(x) — n(E)| - O uniformly in E

(see Appendix of [6]). n is P I ,-invariant. Let p = nP,. Then
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@
uP=4nP,P=nPJdP +4PJd P=nP+nX P P =nP,=p.
n=1

Hence pis P-invariant. Since P is ergodic, u is o-finite by Theorem 6.4 of Appendix,
p has density with respect to A:du/dA= [n(dx)p,(x, ). The support of an
invariant measure is necessarily a closed set. Hence the support of p is X and u
is equivalent to A. Uniqueness of u follows from Corollary 6.2 of Appendix.

THEOREM 2.3. Let P be A-continuous and conservative. Let Cy,C,,--- be
distinct atoms which generate €. For each C; there is a o-finite P-invariant
measure pu; which is equivalent to Al¢, and every P-invariant measure is of the
form Xapu;.

Proof. Let P, =PI, It follows from Theorem 2.1 that there is a P;-invariant
measure which is equivalent to Al which is unique up to a constant multiple.
Now p,P = wlc P = pP;= p;, hence y; is also P-invariant. Conversely, if u is
P-invariant, let v;=pulc,; then v,P;=pulc,P = pPlc, = plc,=v;. v; is P-in-
variant, therefore a constant multiple of ;. Hence pis of the form Xa;u;.

Let

(2.3) B=[Pcl¢>0]-C.

J. Feldmann showed that every excessive measure for a A-measurable Markov
operator P is necessarily absolutely continuous to AIy_g. In our case of A-con-
tinuous Markov operators we have the following corollary.

COROLLARY 2.1. If P is a A-continuous Markov operator then there exists
an excessive measure p which is equivalent to Al x_g where B is given by (2.3).

Proof. Let ne.o/ () and be equivalent to Aly_(poc). Let n= X2 ,nP".
Then 7 is equivalent to Ay _ puc) and o-finite. Let u=1n + Yo, a; >0 where
u; are invariant measures described in Theorem 2.3. u is the desired excessive
measure.

III. Ratio ergodic theorems. For a A-measurable Markov operator P and
v,n € &£ ¥ () the ratio ergodic theorem states that
N
Y dvP"dA
=1

n

M=

dnP"/dA
1

n

converge a.e. (1) on the set where the denominator is positive. The theorem
was conjectured by E. Hopf and proved by Chacon and Ornstein [1]. The limit
function was identified by J. Neveu [10]. For our case of A-continuous operator
P, because of € being atomic the ratio ergodic theorem may take the form of



74 SHU-TEH C. MOY [May

Theorem 3.1. But, first, we shall introduce functions uc,. Let C; be an atom of C.
Let uc, = P¢,1¢,. uc, is the smallest excessive function which equals to 1 on C;
(Appendix, Corollary 6.1).

THEOREM 3.1. Let P be A-continuous and m, a finite measure equivalent
to A; then for (A x A) almost all (x,z)

N
”=1p (x,Z) uC.‘(x) lf eC.

: _
[san T oo [wanucw

lim
N-=oo

(3.1)

= _ x| if zeDnN [0 suppnP"].
f w(dy)g(y,?) -1

We shall define kernel K(x,z) by

% p"(x,2)
(3.2 K(x,z) =lim n=1
N- o N
fn(dy) 2=:1 P"(y,2)

This kernel shall be used to obtain the exit boundary of P.
Because of the existence of invariant measures for conservative A-continuous
Markov operators we are able to derive the following theorem.

THEOREM 3.2. Let P be a A-continuous Markov operator, C;, an atom of
%, u a P-invariant measure which is equivalent to Al, and f = du/dA; then for
(A x A x A) almost all (x,y,z)eC; x C; x C;,

N

Lrey g

3.3) lim =0

N-ow

N
2;,1 P"(z,y)

Proof. It is sufficient to prove the theorem for P being conservative and er-
godic and C; = X. We shall define another A-continuous Markov @ which we
shall call the p-reverse of P (or just the reverse of P for in this case a P-excessive
measure is essentially unique). For any ge L (1) define Qg to be a function
satisfying the following equality for every he L,(p):

[megan = [@mean

In other words, if dv = gdu, Qg is defined by dvP = Qgdu. The P-invariance
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and A-equivalence of pu imply that Q is a well-defined A-measurable Markov
operator (cf. Appendix). This Q has been called an “‘inverse’’ by S. Kakutani
and ‘‘p-adjoint’’ by J. Feldman. It follows from Theorem 3.1 [5] that Q is con-
servative. Q is also ergodic (Appendix, Lemma 6.2). Since P is A-continuous,
Q is also A-continuous with density function q(x, y):

(B4 4%, ) =f(N p(y; %) 7= f(x)
The iterates g‘(x,y) are given by
(n)
(3.5 25,9 = P70 755
Applying (3.1) to q(x,y) we have for (4 x 4 x ) almost all (x,y,z),
L 4'(x,2)
1 = lim =%
N-w
2 4.2
(n)
i 22D )
N-oo f(x)

and (3.3) follows immediately.

COROLLARY 3.1. Let P be A-continuous, conservative and ergodic. Let p be
P-invariant and f = du/dA. If u is finite and normalized to be a probability
measure then for (1 x 2) almost all (x,y),

(3.6) lim —1\7 2 P(x,y) = f(»),
N-o
and for (A) almost all x,
37 Gim |2 %y -10) |1 = 0.

If u is not finite then for (A x i) almost all (x,y)

(3.8) lim JV E p™(x,y) = 0.

N-ow n=1

Proof. If p is a probability measure, Theorem 3.1 implies that

N
Z p"x,y)

lim*= _ _ =1,
Now  NF(Y)
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hence (3.6) follows immediately. Since p"(x,y) are non-negative and

[n- [2 P | i) = [ 700,

(3.6) implies (3.7). If p is not finite there is an increasing sequence {E,} of sets
such that U,,E,, =X and u(E,) < oo for every n. The general ergodic theorem
implies that for (A x 1) almost all (x, y),

ul duIEk 1
,,El ( ) (Ek) )

Now for each n,k, ul;, P"< u. Hence every term in the summation appearing
as the denominator of the left-hand side of (3.9) is <f(y). Hence

N
(3.9 lim X p(x,y)

N-ow n=1

N
21 p"(x,y) .

liminf 2 < .
N> Nf(y) = WEp

Since u(E,) — oo, it follows that

N
2 p""(x,y)
lim®2~=—_— =0
N-wo Nf( )
and (3.8) is proved.
The following theorem follows immediately from Theorem 6.5 cf Afpcrdix.

THEOREM 3.3. Let P be A-continuous and conservative and C;,C,, -+ are the
atoms of €. Let u be an invariant measure which is equivalent to A and p; = plc,.
Then if f, geniLl(ui), g>0a.e. (1) then there exists limit

Epf
lim =t _}:“‘ 1e, ae. (A),

N-oo
Z P'g

where a; = [fdw, b;= [hdy;. The limit is independent of particular u chosen.
Furthermore there exists

131330 N( XP f) Yailc, ae. (3),

where
a; = a;/p(C)  if W(Cy) < o,

a;=0 if W(C;)) = o0

Again the limit is independent of the particular u chosen.
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IV. Laws of large numbers. In this section we shall assume that [p(x, y)4(dy)
=1 for (1) almost all x.

Let Q be the infinite product space [[7=oX and &, the product c-algebra

oo of subsets of Q. Let X, be the function on Q to X defined by X (w) =x,
if w={x0,Xy,X;,---}. Let T be the shift transformation on Q to Q defined by
Tw = {x,X,,---} if w={xg,%;,%,,---}. For any function f defined on Q we
definefunction If by Tf(w) = f(Tw). If f isafunction on X then Tf(X,) =f(X,+ 1)-
For any measure ¢ on & define measure ¢ T by <¢ T,f) = <{¢, If > for every
non-negative #-measurable function f ((¢,f >= [fd¢ if the integral is well

defined).
A function #(x,E), xe€ X, Ee€ & is defined in the following manner. If

E=[X,€4o,--,X,€A,] Where A;e Z,
(4.1) P(x,E) = f Adxo) f Mdxy) - LA(dxn)p(x,xo)p(xo,xl)--'p(xn-l,xn).
(1] 1 ”

Then the definition of Z(x,E) is extended to arbitrary E € & by a well-known
measure extension argument. We have that for (1) almost alli x #(x,-) is a
probability measure on & and for every E€e & Z( - ,E) is Z-measurable. For
a real valued, bounded or non-negative &#-measurable function f we define

4.2) 7f = f P(-dw)f (- w).

In the above we write w = {xg,X;,--} as a pair (xo,w’) where w’' = Tw. 2f is
%'-measurable and

(4.3) PT'f = P"?f.

(4.3) may be first proved for f being of the form 1where E=[X € 4y, -, X, € 4,]
and then extended to arbitrary f. If fis of the form f(X,) with f being Z-measur-
able then Zf(X,)=P f. For any measure 5 absolutely continuous with respect
to A, a measure 1 is defined on & by letting

4.4) Nfr={nPf>= jn(dx)f P(x,dw’) f(x,w")

for every non-negative & -measurable function f. 1 is o-finite. Since {n,f >=0if
and only if Zf=0 a.e. (1), (A, f)> = O implies that {n,f> = 0 so thatn is absolutely
continuous with respect to A. Since

ATLf>= < If 5= K42 Tf )= <L, PPf )= {AP,Zf)

and since AP is absolutely continuous with respect to A, A T is absolutely con-
tinuous with respect to A. Hence Tis a A-measurable Markov operator acting
on (Q,%, A) and the theory of A-measurable Markov operator is applicable.
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We shall begin with the ergodic decomposition of Q for T. In the following all
subsets of Q are understood to be #-measurable sets and two sets are equal
if they are equal modulo A-null sets.

LeMMA 4.1. Let X = C UD be the ergodic decomposition of X for P; then
C = [[20C is the conservative part of Q for T and Q — C is the dissipative
part of Q.

Proof. To show that C is T-conservative we shall show that, for every
T-transient set E, MENC)=0. If E is T-transient then there is a number ¢
for which X*_,T"1;<c a.e. (A). Let f = P1z. Then Pf=2T1; so that
Ye o Pf=P( X T <c a.e. (A). Hence f=0 a.e. (1) on C. Now

MENC) =f9’1,,.ncd,1§ jﬂlsdl =0.
C C

To show that Q — C is T-dissipative it is sufficient to show that the set [ X, e D]
is dissipative for n =0,1,2,---. Let A be P-transient (therefore A4 — D) then

o oP" = da.e. (A) for some number d. Let  be a finite measure equivalent
to A. Then 7 is equivalent to A. Now

<na ki;oTkl[XneA]> = <’1’ k§0Pk+”1A> < .

Hence X% T¥l;x.cq< © a.e. (A). It follows from Theorem 2.1 [5] that
[X,e A]is T-dissipative. Since D is a countable union of P-transient sets, [ X, € D]
is T-dissipative.

We shall designate by I' the collection of T-closed subsets of C.

LeEMMA 4.2. Let P be conservative. Then T is also conservative. If a non-
negative function f is P-invariant (f = Pf a.e. (1)) then f(X,) is T-invariant
(f(X,) =f(X,+1) a.e. (). Conversely if a non-negative function g on Q is
T-invariant then there is a P-invariant function f such that g =f(X,) a.e. ().

Proof. If a P-invariant function f is of the form 1, with A€% then
PL(X) 14Xps)=PI,P1,=P"1,=1,=P"1,.
Since 21,(X,)=P"l, and Z#1(X,,,)=P"*'1, we have
M1X,) # 14(X0) 14(Xn+ )] = M1(Xps1) # 14X 14(X04 0] = 0.

Hence 1,(X,)=14X,+1) a.e. (). In general f may be approximated from be-
low by linear combinations of functions of the form 1,. f(X,) =f(X,+,) a.e. (1)
is obtained by the usual limiting process.

Conversely if a bounded function g is T-invariant and f = &g then f is P-in-
variant. By the Martingale convergence theorem {f(X,)} converges a.e. (A) to g
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(cf. the proof of Theorem 1.1 on p. 460, [3]). Since f(X,)=f(X,) a.e. (A),
g =f(X,) a.e. (\). It follows that every set E in I" is of the form [X, € A] where
Ae®. Since every non-negative T-invariant function g is I'-measurable, g is of
the form f(X,) where f is ¥-measurable.

COROLLARY 4.1. A set E belongs to I if and only if E is of the form [X,€ A]
for some Ae¥.

LemMMA 4.3. If a measure pu on & is P-invariant (P-excessive) then p on
F is T-invariant ( T-excessive).

Proof. The lemma follows from the following equalities:

WE) = {w21g) = (WP, 21g) = (1, P21g)
,2Tlg) = p, Tlg) = wT1g)
= pT(E).

THEOREM 4.1. Let P be A-continuous, C,,C,,---, atoms of the o-algebra
% of P-closed subsets of C and p,,u,, -+, the P-invariant measures equivalent
to Al¢,, Al¢c,, respectively. Then the g-algebra T" of T-closed subsets of C is
also purely atomic with atoms C,,C,,--- where C;=[X,e€C;]. Each p, is
T-invariant and equivalent to Al,.

Proof. By Corollary 4.1, € and I are isomorphic. Since ¥ is purely atomic,
I is purely atomic with atoms [X,e€C;], i =1,2,---. By Lemma 4.3, p; is T-in-
variant. p; is equivalent to Al¢, since y; is equivalent to Al,.

THEOREM 4.2. Let P be A-continuous and py,n,,--- be T-invariant measures
of Theorem 4.1. Let E;=|J>o[X,€C]. If f,g are pr-integrable functions
with ¢ 20, [ gdp;> 0 then

N
TS fdp;
4.4 lim 2=2 = a.e.(M) on E;.
N->o N
Eo T'g fydm
The above limit is independent of the particular T-invariant, M¢, equivalent
measure p; chosen. Furthermore

(4.5) lim N~ ( z T"f) J fdw,/u(C,) a.e. (A) on E;

N->o
(the right-hand side of (4.5) is interpreted to be 0 if u(C;) = ).

Proof. Since C;is an atom of I" and p; is a T-invariant measure with support
C;, (4.4) is true a.e. (A) on C; by Theorem 6.5 of Appendix. Let
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M=

T [ sa

0

n

F = | w:lim
N-=o

ﬂMz

0T"y(W) fgdm

Then Plp.c,=1 a.e. (A) on C;. Let E* = [Xo¢Cy, -+, Xy, ¢Ci, X, €C].
To show that (4.4) is also true a.e. (A) on E;—C; it is sufficient to show
ME*—E*NF) =0 for k=1,2,---. We shall show this by showing
Plge = Plgenpa.e. (). Itis clear that 1z p(w) = Lg(w)  1gnc (T 'w). Hence
for (1) almost all x,

Plpxnp(x) = Tx_ci(x) J;-c fc p(x,y,) p(yk—layk)}'(d))l)"')[(dyk)gll-'nci(yk)

ST I I I CEA TR AT CIA

= e@lEk(x).

Any T-invariant Al equivalent measure is a constant multiple of p;. Hence
the limit is independent of the particular p; chosen. If py(C;) < co and g is chosen
to equalto 1 on C; then (4.4) becomes (4.5). If p(C;) = oo we may choose a mono-
tone nondecreasing sequence {g,} such that 0<g,<1, [g,dp; < o, g;}1
a.e. (A); then

N N
R VISR v I

im =2 = a.e. (\)onkE;.
N
hX Ty, fgkd“i

Since [g,dp; } o as k— o0, limy, N *ZX T =0 a.e. () on E,.

THEOREM 4.3. Let D =("\?-o[X,€D] and ne o/ *(3). Let n be defined by
(4.4) and p= X2 onIpT" Then p is T-excessive and X7-, T'f converges a.e.
(A) on D for every p-integrable function f.

Proof. It is clear that D is T-closed and dissipative. p is o-finite with D as
its support. The convergence of Y2, T then follows from Theorem 6.5 of

Appendix.
The following corollaries are special cases of Theorem 4.2 and Theorem 4.3.

COROLLARY 4.2. Let C; be an atom of € and u; a P-invariant measure equiv-
alent to A, If f,g are pi-integrable functions with g20, [gdy;> 0 then
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S + o +F(X) f fdu,

lim a.e. (\) on E;,
N2 g(Xy) + - + 8(X,) fgdu;
where E; = | )r-0[X,€C;] and
X+ 1K) [ s
lim = a.e. (\) on E;,

N-w N w(Cy)
where 1/00 is 0.

COROLLARY 4.3. Under the same assumption as in Theorem 4.3 if f is a
function on X and g=P1, and if fg is integrable with respect to
2 onIp(PI)" then X2_of(X,) converges a.e. (\) on D.

Proof. We only need to point out that [f(Xo)dp = [fgd( X2 onlp(PIp)").
Then the corollary follows immediately from Theorem 4.3.

V. Martin boundaries. Let = be a finite measure equivalent to A which is
fixed all through this section and h,a P-excessive m-integrable function. Let
measure m,, 4, be defined by n,(4) = [hdr, A (A) = [4hdA. m, is finite and
Ay is o-finite. Let P, be given by (1.8), (1.9). P, is a 4,-continuous Markov oper-
ator of which p, of (1.7) is the density with respect to 4,. Let the kernel K(x,y)
be given by (3.2). We shall construct measures on the product g-algebra & of
subsets of the product space Q as in §IV. However in this section the component
spaces of Q will be X U[p]. p is usually called an ‘‘absorbing state.”’ An ele-
ment w of Q is a sequence {xg,X;,x,,---} With x, being elements of X or equal
to p. X, shall be the function on Q to X U[p] defined by X,(w)=x, if
w={xg,X;,X5,--}. For a m-integrable P-excessive function h a function
P(x, E) (xe X, E€ &) is defined as follows. If E = [X, € 4, -+, X, € A,] where
A, eZ, let

P,(x.E) = L Adxo) L h(dxy) - L A DA X0) Paion X) -+ Py 12)-

If Ee& and is of the form Q — E we let Z,(x,F)=1— Z,(x,E). Then the
definition of Z,(x,E) is extended to arbitrary E e & by the usual measure ex-
tension argument. Measure &, on % is defined by

(5.1) () = L  mdxo) (o, E)

if E is of the form [X,e A, {X;, X,,---}€E,]. Then the definition is again
extended to arbitrary E. m, is a finite measure on & .

THEOREM 5.1. Let h be P-excessive and m-integrable. Let m, be defined
by (5.1) and
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K(x,X,(w)) = K(x,y) if X,(w) = yeX,
=0 if X,(w) = p.

Then {K(x,X,w))} converges for (A x m,) almost all (x,w). (Note that
m{X,eD N[ J- suppnP"]} =0 for n2 1. Hence K(x,X,(w)) are well de-
fined a.e. (A x m,) for n=1.)

Proof. If X,(w) are in C for n =1 the convergence of K(x,X,(w)) is ob-
vious since K(x,-) is constant on every C; and C, C; are also P,-closed. Since
K(x,y)1,(y) is the kernel for operator PI}, it is sufficient to prove the theorem
for a dissipative P.

Let p= X2, nP". uis a o-finite, P-excessive measure. Let f=du/d2; then
f(») = [n(dx)g(x,y) where g(x,y) is given by (1.6). Let

q4"(y,x) = f)P"(x, )/ ().

Then we may define a y-continuous Markov operator Q with g(x, y) as its density
function with respect to u. Q is actually the u-reverse of P (cf. Appendix). Since
P is dissipative so is Q. Hence for any finite measure v absolutely continuous
with respect to p, [v(dy) X7-,4"(y,x) is finite for (u) almost all x. Since

£ 4'00) =18 )/f0) = SO K(x9),

hence [vw(dy)K(x,y) < o for (u) almost all x.

Let a,b be two real numbers with 0 < a < b. Let f(w) be the number of down
crossings of [a,b] by the sequence K(x,X(w)), K(x,X,(w)),---. Now we shall
proceed to prove the theorem by showing that for (u) almost all x,
[B(W)m,(dw) < .

Since P, is also dissipative there is a monotone nondecreasing sequence of
transient sets E of which the union is X . Let

Qr = [w:X,(w)€eE for some n> 0],
52 tg(w) = sup[n: X, (w)eE] if weQg
= 0 otherwise.

tg is finite valued a.e. (w,). Let

LE(x) = g’,,(x, Ol Xn¢E) if er
= 0 otherwise.

On Qg define functions Yy, Y;,Y,,--- with values in X U[p] as follows:

YO(W) = th(w)(w)s
Yi(W) = Xopom-1(w) if 15(w) 22
= p otherwise,

..............................
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Let Ay,---,A,€ X. We shall compute the following measure:

m[Yoed,, Y €4y, ,Y,€4,]

= E "h[Xm—neAm Xm—n—leAn-la"”XOEAO]ﬁ[TE=m]

m=n+1

£ [ apman) [ e [ a0 p0m e
m=n+1 JA, An-1 4o
<+ (¥15¥0) B(¥o) LE(¥o)

(5.3) f u(dy,) f Mdyny) - f Hdy)POma-)-P1:90)h(V6) Le(yo)

- f u(dy,) ] Mdyn_y) f HdYo) 4a- 122 4(Yor ) Y ()Ls(Vo)
An An-1 Ao

- f F R Le(y)Adyo) j Mdyy) f Hdy)a0ory ) 41292
Ao Ay A.

Let ng(A) = m,[Yo € A]. ne is the distribution of Y,. ng has density function
SFWo)h(yo) Lg(yo) with respect to A. The collection of x for which
Jne(dy)K(x,y) = oo for some E in the sequence is a y-null set. Let x belong to
the complement of this p-null set. Then [K(x,Y,)dn, < co. Let

Be(w) = the number of down crossings of [a,b]
by K(x’ Xl(w))’ “tty K(x’ X,E(W)) ifWe QE,

= 0 otherwise.

Then Bg(w) is also the number of up crossings of [a,b] by K(x,Yy(w)),
K(x,Y,(w)),---. Since K(x,-) is a Q-potential, (5.3) implies that K(x,Y,) is a
supermartingale and [K(x, Y,)dm, | 0. It follows from a well-known inequality
of Doob [3, p. 316, Theorem 3.3] that E[f:] < b/(b — a)n(Qp). [Bedm, ! [pdm,
as E 4 X. Hence [Bdm, < b/(b — a) and the theorem is proved.

The kernel K(x,y) has the property that for (1) almost ally e U,‘?:l supp nP",
K(-,y)is an element of L,(n) with L; norm = 1. For an element ¢ of L (n)

define
(5.4) 1) = f S K (x, ) nd(x).

COROLLARY 5.1. Let h be P-excessive and m-integrable. Let ¢ € L (%) and

14(y) be defined by (5.4) and 1,(p) = 0. Then {l¢(X,,)"} converges a.e. (%) and
also in L,(w,) for every positive integer k. Furthermore, if P is dissipative, E is

transient and E 1 X and g be defined by (5.2), then {l,,,(X,E)"} converges a.e.
(my) and also in Li(m,) as E 4 X where the value of 1,(X,,) is taken to be 0 if
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wé¢Qg. The limit is independent of the particular sequence of transient sets E
chosen.

Proof. It is sufficient to prove the corollary for a non-negative ¢. For the
a.e. (m,)-convergence of {/,(X,)} the same proof of Theorem 5.1 goes through since
I, is a Q-potential if P is dissipative. Let 7(w) = limtz(w) as E 1 X. If 7(w) is
finite the convergence of (X, (w))* is trivial and the limit is 1,(X ., (w))*. If
(W) = 00, Iy( Xz owy(W))* is a subsequence of I,(X,(w))*, therefore, its convergence
follows from the convergence of I,(X,(w)) *'and both sequences have the same
limit. The L,(,)-convergence follows from the fact that | 1,())| £ || ¢ [ -

For the rest of this section we shall assume that X = U;‘,°= 1suppnP". We shall
also assume that forevery y € X, K(-,y)is a non-negative element of L,(n) with
L, norm 1. This may be accomplished by discarding a A-null set. Consider the
map T':

(5.5 T(y)=K(-,y).
This is a map of X into L,(n). We shall consider L,(n) as a subset of its second

dual. Let X be the weak closure of the image of X under T. X is a compact Haus-
dorff space under the weak topology.

LemMa 5.1. Let & be the c-algebra of all Baire subsets of X. Then T given
by (5.5) is a measurable transformation of (X,%) to (X, %).

Proof. We shall use the symbol <7, ¢> for ¢ € L(n),7 e X to denote the value
of § at ¢. To prove Lemma 5.1 we shall show that for every real valued con-
tinuous function f on X, fT is Z-measurable. We shall show this by two steps.
First, we shall show that every real continuous function on X may be uniformly
approximated by polynomials of functions of the type < - ,¢). Second, we shall
show that {T( -),¢ Yis Z-measurable for every ¢ € L ().

Let A be the collection of all functions on the unit ball S of L_(=) into the
closed interval [ — 1, + 1]. The topology on A shall be the Tychonoff topology.
Then X may be considered as a closed subset of A. For any € A, ¢ € S we shall
denote the value of n at ¢ by <{#,¢>. The polynomials of functions of the type
{ +,¢) form a subalgebra of the algebra of all real valued continuous functions
on A. This subalgebra separates points of A and contains the constant functions.
By the Stone-Weierstrass theorem every continuous function on A may be uni-
formly approximated by elements of this subalgebra. Now every continuous
real valued function on X may be extended to be real continuous function on A.
Hence the first step is finished. The Z-measurability of (T(-),¢)> follows from
the equality:

(T(-)¢) = f 2(dx) (K (x, - ).

THEOREM 5.2. For every non-negative P-invariant m-integrable function
h there is a Baire measurefj on & for which the following formula holds,
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(5.6) h = | yii(dy).
(5.6) is interpreted to be that for every ¢ € L (%)

g = f 56 HidP).
Proof. Let

Uc,

P T—
f (dy)uc(y)

Jc, is then the image of all points y in C; under the transformation T. If h is of the
form Eaiuc‘, then 7 in (5.6) is atomic which assigns measure q; fn(d Yuc(y) to
Jc, and the formula is valid. In general if h=a; on C; then h — Xauc,=0
on C. Xauc, is P-invariant and, by Theorem 6.2 of Appendix, is the smallest
P-excessive function which is equal to h on C. Hence h — Xauc, 20 and is
P-invariant. Hence we only need to establish (4.4) for h which equals to 0 on C.

Since h =0 on C, we may replace P by PI,,. In other words we may assume P
to be dissipative. Then P, is also dissipative. Let E be P,-transient and E 1 X. Let
g be defined by (5.2). Let us consider X, to be defined on Qg and 7 to be its
distribution. Let X; = TX = and 7 be its distribution. We shall show that g
converges weakly, i.e., for every continuous function f on X, j' fdijg converges
as E 1 X. Since {#iz(X)} is a bounded sequence, it is sufficient to show the con-
vergence for f being a polynomial of functions of the form { -, ¢) where ¢ € L (n).
It is clear that

[ snagan= [, 1. yam

where I, is given by (5.4). The convergence of { [({J,$>)*7ig(dp)} is then a
consequence of Corollary 5.1. Let # be the limit measure of {fg}.
Now we shall compute Z,(x,[X,_€ 4,7z > 0]). For (n,) almost all x

P [Xyedz>0) = = B [ FP)hOIL0)A@)

h(i_) lg(x,Y)h(y)Ls(y)l(dy)

1
o fA (e ) n(dy).
Hence
[ 6 h(x) P,(x, [15 > 0] (dx) = f f $()K (x, ) m(dx)n5(dy)

(5.7
- f G b ia(d).
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Now Z(x,[tg > 0]) 22 (x,[ X, € E]) } 1 a.e. (n,) since h is P-invariant. (5.6) is
then obtained by letting E 4 X in (5.7).

VI. Appendix on A-measurable Markov operators. Let A be a g-finite measure
and /(1) be the Banach space of the collection of all finite countably additive set
functions which are absolutely continuous with respect to A. Let L (1) be the dual
of &/(2). Let P: v— vP be a positivelinear operatorand a contraction on &/(4)
to &(4). Let P: f — Pfacting on L (A) beits dual. Operator P on L_(A)is charac-
terized by (1) P is positive, (2) P1 =<1, (3) f | 0 implies that Pf, | 0. For an
extended real valued non-negative function f which is not A-essentially bounded
Pf shall be the limit of Pf, where f, € L.(4), f, 1 f. Similarly for any measure v
absolutely continuous with respect to A4, vP shall be the limit of v,P where
Vo€ (1), v, } v. {v,f) is to designate the integral [fdv whenever the latter is well
defined. We have (vP,f) = {v,Pf)>. We shall call P a A-measurable Markov
operator. An extended real valued non-negative function h is excessive if Pf <f,
a potential if P"f | 0. A o-finite measure p is excessive if uP < P, a potential if
duP"/dA | 0. It should be emphasized that for a A-measurable Markov operator
A-null sets areirrelevantand =, £ mean = a.e.(4), £ a.e.(4).

For any set 4, A’ designates its complement. Let

Pi= X (I4P)", P,= X P(,Py,
n=0 n=0
then P, = PP} and
6.1) Pil,=I1,+1,P,,.

LEMMA 6.1. If h is an excessive function and 1 is an excessive function which
is Zhon Athen P{1,h < 1. It follows that P I h < h.

Proof. We need to show
N
(6.2) X Uy P) Il
n=0
for N=0,1,2,---. For N =0 (6.2) becomes I ;h < I. Assume (6.2) to be true for
N; then
N
PY (I,P)"I,h<PILI

n=0
Hence
N+1

N
Lth+1,P X (I, PPIh<], ie, X (I PlLih<I.
n=0 n=0
THEOREM 6.1. P} I, and P,I, are A-measurable Markov operators.

Proof. We need to prove the theorem for P} I ,only. By Lemma 6.1, PS1,1<1.
It follows thatf € L,,(4) implies that P} I ,f € L ,(4). Positivity of P, 1 ,is obvious,
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Letf, € L (A),fx 2 0,f; | 0. The theorem is proved if we can show that P% I ,f, 0.
We may assume f, < 1 for all k. Then

0

N
(6.3) PULS)S E (DL + T (LoD,
Let x be fixed. For any ¢ > 0 choose N so large that the second term at the right-
hand side of (6.3) is < ¢/2, then choose K so large that the first term at the right-
hand side of (6.3) is <¢/2 whenever k = K. Then PJI,f(x) < ¢ whenever k 2 K
and the assertion that P} I,f, | 0 is proved.

THEOREM 6.2. If h is excessive then P4 I ;h is the smallest excessive function
which is = h on A.

Proof. We need only to prove that P} I h is excessive. Then the rest of the
theorem follows from Lemma 6.1. By Lemma 6.1, P4 I .h < h. Hence P I 4h < h.
By (6.1)

Pil,h=I1,h+1,PJdsh = 1,PJdsh+1,PJ.h=PJdh=PP%1,h.

COROLLARY 6.1. If A is conservative then P 1 ,is an invariant function and is
the smallest excessive function whichis =1o0n A.

Proof. P,1,=PP,I,1. Hence P,1, is excessive and is < P,J,1. However 4
being conservative implies P,1,, = 1 on 4. Hence, by Theorem 6.2, P,1,1 =P 1.
Hence P41, is invariant and is the smallest excessive function = 1 on A.

A set A is said to be recurrentif P,1, =1 0on A.A set Bis conservative if every
subset of B is recurrent. A set E is dissipative if every A-non-null subset of E is
not conservative. A set T is transient if there is a non-negative number g <1
such that P;1; < g on T. A subset of a transient set is transient.

THEOREM 6.3. Any dissipative set E is a union of at most countably many
transient sets.

Proof. First we shall show that every A-non-null nonrecurrent set A contains
a A-non-null transient set. The set (P,1,<1)N A is A-non-null, hence, there
is a non-negative number g <1 such that T=(P,1,=<q) NA is non-null. By
Theorem 6.2, P11 <P,1,. Hence P;1; <P, 1,< qon T and T is transient.

If E is transient then there is nothing to prove. We assume that E is not tran-
sient. For every countable ordinal number o> 0 we shall define a transient subset
T, of E by transfinite induction. Since E is A-non-null (because E is not transient)
and dissipative, E contains a A-non-null subset which is not recurrent. Hence E
contains a A-non-null transient set T;. Suppose T, are defined for all f < «.
If E — Uy.,Ty is A-null define T, to be the null set. Otherwise E — Uy, T; con-
tains a A-non-null transient set T,. There must be an « for which T, is null. For,
if not, E would contain uncountably many disjoint A-non-null sets which is im-



88 SHU-TEH C. MOY [May

possible. Let «, be the first ordinal number such that T,  is null. Then
E =U,<,,T, and the theorem is proved.

For any ve o/ *(4) the support of v, supp v, is the set for which 4 < supp v
and A4 being A-non-null imply that v(4) >0, and B < X —suppv implies that
v(B) = 0. For any set A, we define the consequent of A, F(A) by

F(A) = Uo suppvP"

where ve.s/ *(1) has 4 as its support. The particular v chosen clearly does not
matter. If A4 is recurrent then F(A) is the smallest closed set containing A .

THEOREM 6.4. If A is recurrent then for every ve L +(A), vP, is o-finite
on F(A). In particular, if P is conservative and ergodic, then vP, is o-finite
for every non-null set A, and every ves/*(1).

Proof. It is sufficient to prove that vP7 is o-finite on F(A). Since I,.P is a
A-measurable Markov operator and Py = X (I,P)" it is sufficient to show
that F(A) is dissipative under the operator I,.P.

We shall first show that P,1, =1 on F(A). It follows that P41, =1 on F(A4)
since P} 1,is P-excessive (Theorem 6.2) and P 1, = PP%1,. Let F,(A) = supp nP"
where 1 has 4 asits support. We shall show that P,1, = 1 on F,(4) for n =0,1,2.--.
By the definition of recurrency of 4, P,1,=1 on Fy(A4) = A. Assuming that
P,1,=1 on F,(A4) we proceed to show that P,1, =1 on F,,,(4).

nP(F,(4)) = {nP",P1,)

(nP",PP31,) = {nP"*',Py1,)

(6.5) = (P10 + (PP,
S P"L1D 4 (P 1) = (qP"TL LD
= P (X).

nP"(x)

The fifth equality in (6.5) is owing to (6.1) and the inequality following it is owing
to the fact P,1, <1 (Lemma 6.1). Since nP*(X) = nP"*!(X), equality holds all
through (6.5). Hence

<'7Pn+laIA’PAlA> = <’lP”+l,lA'>

and P,1,=1 on suppnP"** — A =F,, (A)— A. Hence P,1,=1 on F,,(A).
Now we have the following equality:

n—1
P"= X (I,.P)*I,P"* +(,.P).
k=0

Since F(4)is closed, for v e o *(1) with suppv < F(A), we have
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v(F(4))

vP*(F(4)) = (vP", 1>

v nz—:l(IA,P)"IAP""", 1>+ (I P, 1)
k=0

n—1
v k}EO(IA,P)"IA, 1>+ v(I . P)'(X)

_ <v,:§ (P 1, >+ (I PY (X,
=0

Now
n—1
lim X (I,P)"1,=P}1,=1o0nF(S).
n—=+o k=0
Hence
(6.6) lim v(I ,.P)"(X) = 0.

n-* oo

If F(A) were not dissipative under the operator I ,.P then F(4) would contain an
I ,.P-recurrentset B. Let v have support B. Then v(X) = v(I ,.P)"(X) for all positive
integers n, which contradicts (5.6).

Let u be a o-finite excessive measure. Then, if v is absolutely continuous to g,
so is vP. P acting on «/(p) is a u-measurable Markov operator which we shall
designate by P,. Let ge L, (u) with L, (x) norm | g|| and p, be defined by
u(A) = [,gdp. u P is o-finite and absolutely continuous with respect to p.
Define

Qg =dp,P/dp.

Since +p,<|g|n, +uP=|g|uP<|g|n hence QgeL,(n) with
lQg|| | g|. Clearly g,eL,(u), g | 0imply that Qg | 0, so that Q is a
pu-measurable Markov operator. Q is characterized by the following equality:

6.7) [pr-siu = [r- 0gn

whenever one side of (6.7) is well defined. J. Feldman showed that the space X
has the same decomposition X = C U D for Q as that of P although p-null sets
are irrelevant to Q [5, Theorem 3.1]. We shall call Q the p-reverse of P. Since
forg=0

u, 08> = fl - Qgdp = f P1 - gdu éfgdu = {4, 8)»

u is also Q-excessive. The symmetric roles played by Q, P in (6.7) imply that P,
is the u-reverse of Q.
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LEMMA 6.2. Let P be a conservative A-measurable Markov operator which
possesses an invariant measure pui. Let Q be its p-reverse. If set A is P-closed then
it is Q-closed. Conversely if A is a subset of the support of p and A is Q-closed
then it is P-closed.

Proof. We shall prove the lemma for the case that p is equivalent to A. Then.
applying it to P, and noting that a subset of the support of u is P-closed if and
only if it is P,-closed, we obtain the assertion for the general case.

When u is equivalent to A the roles played by P,Q are symmetric. Hence we
only need to prove the sufficiency part. Let S be Q-closed. Let f be non-negative,
bounded, p-integrable and [f>0] =S. Let u, be defined by ud(A)= [,fdp.
Then S=|J7-osuppuyQ". Now (6.7) implies that du,Q"du=P"f. Hence
S ={Jw-0[P"f > 0]. However [P"f > 0] = [P"15> 0]. Hence

S= |J[P"15> 0] =[Psls>0].
n=0

Now by Corollary 6.1, Pglg is P-invariant, therefore ¥-measurable [7, Theorem
9.1]. Hence the set [Psls > 0] = S is P-closed.

LEMMA 6.3. Let P possess an excessive measure jL and Q be its u-reverse.

1. If h is a finite valued P-excessive function then the measure yu, defined
by m(A4) = [4hdp is Q-excessive. If, in addition, h is a P-potential then p,, is a

Q-potential.
2. If n is a P-excessive measure absolutely continuous with respect to yu then

dn/du is Q-excessive. If, in addition, n is a P-potential then dn/du is a Q-potential.
Proof. For any non-negative function f, u, shall always denote the measure
defined by p(A4) = [,fdu. Now if 0 < Ph < h, g 2 0 then by (6.7)
Q" 8> = Q8> = {pg, P"h> £ 11, 8-

Hence p, is Q-excessive. It is clear that P"h = du,Q"/du so that h being a P-
potential implies that u, is a Q-potential. If # is a P-excessive measure absolutely
continuous to u, then, by (6.7),forg =0

{n,P"g) = {uy, Q"(dn/dp)).
However
{ug,dn/duy = {n, 8> = {nP", 8> = {u,,dnP’dp).
Hence
g dn/dpy = {p,,Q"(dn/dp)),

Q"(dn/dy) = dnP"/dp
and the conclusion 2 follows.

COROLLARY 6.2. If P is conservative and ergodic and if P possessesanontrivial
invariant measure | then it is unique up to a constant multiple.
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Proof. By Lemma 6.2, Q, the u-reverse of P, is also ergodic. Hence the only
Q-excessive functions are constants. If # is another P-invariant measure then
dn/du is Q-excessive and is a constant by Lemma 6.3. Hence # is a constant
multiple of u.

THEOREM 6.5. If u is a P-excessive measure and if f, geL,(p), g>0 a.e.
(u) then 2.7~ | P"f converges a.e.(u) on D and, on C, there exists

a.e. (u)

where f, § are €-measurable and satisfy

[aw= [gan [ gam = [ gau

for every A e % where p; is a finite measure equivalent to u.

Proof. Let Q be the p-reverse of P. It follows from (6.7) that du,Q"/du = P"f,
du,Q"/du = P"g. For Q, ¥ is still the o-algebra of conservative Q-closed sets by
Lemma 6.2. The theorem is then obtained immediately by applying the general
ratio ergodic theorem.
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