SPECTRAL METHODS FOR
A GENERALIZED PROBABILITY THEORY

BY
STANLEY P. GUDDER(!)

1. Introduction. A generalized probability theory arises naturally from an
attempt to formulate a statistical model for quantum mechanics. One soon finds
that the probability theory of Kolmogorov is inadequate for the description of a
quantum mechanical system mainly because the quantum mechanical events
fail to form a g-algebra of subsets of a set. Instead, they have a much less richly
endowed algebraic structure which we shall a “‘logic’’. We therefore look upon
generalized probability as a stochastic theory in which the events form a logic.
Besides being useful in the study of quantum mechanics, this theory has a purely
mathematical interest since it constructs a stochastic formalism on an algebraic
structure and at the same time gives an abstract generalization of Hilbert space
theory.

The first formulation of this theory is due to G. Bodiou [1], [2]. More recently,
V.S. Varadarajan [8] has emphasized the stochastic properties of an axiomatic
formulation of quantum mechanics due to G. W. Mackey [5] and has proved
some important results in this theory. The author heartily recommends these
references for the background and motivation of this study. In this paper, the
main interest centers on the spectral theory of the subject. The spectrum is impor-
tant physically since it represents the ‘‘allowable’’ values of a quantum mechanical
observable. It is also mathematically useful since it introduces topological methods
into the formalism.

2. Definitions and notation. Let L be a complemented lattice. That is, L is a
lattice with first and last elements, 0,1 respectively and a — a’ satisfying the
conditions

(i) (@'Y =aforallaeL;

(i) a < bimplies b' < a’;

(iii)) avVa'=1forallaelL.
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We say that a,b e Lare disjoint and writea Lbifa<b'.Ifa L b we shall use
the notation a + b for a\/ b. A complemented lattice satisfying the following
two conditions is called an orthocomplemented lattice or logic(?).

(iv) a =< b implies there exists c € Lsuch that a + ¢ = b;

(v) if (a,)¥, are mutually disjoint, then Xa;€ L.
It is shown in [8] that if a < b there exists a unique ¢ such that a + ¢ = b and in
fact ¢c=a’' Ab. If a+c=b we write ¢c=b — a. By a state on L we mean
a non-negative function m on L satisfying

1) m() =1;

(2 m(Xa) = Xm(a).
A logic is called full in case:

(3) if a,be Land a # b, there exists a state m such that m(a) # m(b);

(4) for every a # 0 there exists a state m such that m(a) = 1.
We will henceforth let L denote a full logic with elements a,b,c,--- and M its
set of states. Note that L becomes a Boolean g-algebra if the distributive law,
aANbVc)=(@ADb)V(aAc) holds for every a,b,ceL.

LemMA 2.1. IfL is a Boolean 6-algebra then axioms (3) and (4) are equivalent.

Proof. We first show (3) implies (4). Suppose ae L and a # 0. Then there
exists m e M such that m(a) # 0. Define m; by m(b) = m(a A b)/ m(a) for every
be L. Now m;e M and m,(a) = 1. To show that (4) implies (3), suppose a # b.
If either a or b is O then (3) follows directly. Therefore, we suppose that a,b # 0.
Either a—a Ab#0 or b—a A b#0, so suppose, for definiteness, the former
holds. Therefore, there exists meM such that m(a—a Ab)=1. Now
a=(@a—aAb)+(aAb)and b=(b—a Ab)+(a Ab) and we have m(a) =1
m(b) = 0.

DEerINITIONS. Let A be a Boolean o-algebra. A o-homomorphism u— x(u)
of A into L is a mapping which satisfies:

® x(0)=0, x(1)=1;

(i) u Lo implies x(u) L x(v);

(i) x(Xu) = Tx(u,).

Denote the complex plane by C and the real line by R. A 6-homomorphism from
the Borel subsets B(C) of C into L is called a derivable. If x is a derivable satisfying
x(E) =0 for all Ee B(C) such that EN R=, then x is called an observable.

Notice that there is essentially no difference between an observable and a o-
homomorphism based on B(R). For this reason we shall subsequently not
distinguish between the two concepts.

(%) Note that our definition of a logic differs from [8] in that we assume a logic to be a
lattice while the latter does not. However Proposition 3.11 of [8] is false as it stands (a counter-
example in [6] was communicated to the author by the referee) although it is true in the lattice
case.
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DEerINiTIONS. We say that a and b split and write a <> b if there exist mutually
disjoint elements a,, b,, ¢ such that a =a, + ¢ and b = b, + c. Two derivables
x,y are simultaneous (denoted by x> y) if x(E)« y(F) for every E, F e B(C).
More generally {x;: Ae A} are simultaneous if x,<> x, for every A, peA.

3. Functions of simultaneous derivables.

DEeFINITIONS. Given a derivable x and a complex Borel function u, we define
the derivable u(x) by u(x) (E) = x[u ~!(E)] for all E e B(C). Let Y be a complex
Borel function of n complex variables. If x is a derivable and {u;:i=1,---,n}
are complex Borel functions, then we define the derivable

Y(uy(x), -+, un(%)) = YUy, -+, ) (%)

LeMMA 3.1. Let x be a derivable and let E e B(C) satisfy x(E)y=1. If two
Borel functions f, g are equal on E, then f(x) = g(x). Conversely, if f(x) = g(x)
then x{w: f(w) # g(w)} =0.

Proof. For Fe B(C)
fF) = x[fT{(F)] =xE) Ax[f'(F)] = x[Enf (F)] =x[Eng™(F)]
X(E) A x[g”'(F)] = g(x)(F).

Conversely, suppose f(x) = g(x). Define the Borel function f,: fo(w) =0 for all
weC and apply the definition to obtain

Xo: f(w) # g)} = x{o:(f- &) (0)e{0}'} =(f(x) — g ({0})
= (f=NE{0}) =f()({0}") = x(f5 '{0}') = () =0.

THEOREM 3.2. If  is a complex n-dimensional Borel function and

{x;7i=1,---,n}

are simultaneous derivables then y(x,,---,x,) is a well defined derivable. In fact,

if x; = uy(x) (Theorem 3.3 in [8](%) Y(xy,++,%,) (F)=x{@:y(uy(w), -, up(w)) € F}
for all FeB(C).

Proof. We shall prove this theorem for n = 2. The extension to arbitrary n is
obvious. By Theorem 3.2 and Proposition 3.15 in [8] there exists a smallest
Boolean sub o-algebra A containing the range of both x, and x, and a derivable y
whose range is 4. Applying Proposition 3.16 of [8] there exist Borel functions
v,0, such that x; =v(y), i =1,2,. Now since x; = u,(x), the range of each x; is
contained in the range of x and therefore 4 is contained in the range of x. Again

(3) Although the theorems and propositions in [8] are proved only for observables, the
generalization to derivables is easily accomplished (see [4]). We will henceforth assume this
generalization has been made.
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by Proposition 3.16 of [8], there is a Borel function u such that y = u(x). By the
definition, u,(x) = x; = vy(y) = v(u(x)) = v; 0 u(x). Let E; = {w:u(w) #v; - u(w)},
i=1,2 and apply Lemma 3.1 to get x(E;)=0. If E=E; UE,, then x(E) = 0.
Finally, for Fe B(C) we have
y{o: Y@ (@),0@) e F}) = x(u™ {o: Y(v;(w),0,(w)) € F})

= x[(v; o u,v,0u) Y H(F)NE']

= x[(“xauz)—l'ﬁ_l(F)]
Y(uy(x),ux(x)) (F) = Y(xy,x,) (F).

Hence y(x,,x,) is independent of the choice of x and u; and is therefore well
defined.

The following theorem is a generalization of Theorem 3.4 in [8].

THEOREM 3.3. Let K = {x;: A€ A} be a collection of simultaneous derivables.
There exists a measurable space (Q,A4), a 6-homomorphism h of A into L, and
A-measurable complex valued functions {f,: A€ A} such that for any n-dimen-
sional complex Borel function  and any n derivables x,,---,x,€ K we have

Y(x1,e+5 %) (E) = h{w: (fu(®), . flw)) ey ~ (E)} for all EeB(C).

Proof. If n =1, the theorem follows directly from Theorem 3.4 in [8]. We
shall prove the result for n = 2, the extension to arbitrary n being obvious. Let
(Q,4) be the measurable space which exists according to Theorem 3.4 in [8].
The smallest Boolean sub g-algebra B containing the range of both x, and x, is a
separable subset of the smallest Boolean sub g-algebra containing the ranges of
all the x;’s. By Proposition 3.15 [8] B is precisely the range of a derivable z and by
Proposition 3.16 [8] there exist Borel functions u; such that x; = u,(z), i = 1,2.
Since ze>x;,A€A, there exist A-measurable functions f, f; such that z(E)
= h[f~'(E)] and x(E) = h[f; '(E)] for all E e B(C). Therefore h[f; }(E)] = x(E)
= u(z) (E)=h[(u; 0 f)"'(E)] and by the uniqueness part of Proposition 3.3 [8]
we have h{w:f(w) # u; o f(w)} = 0. Finally,

Y(x1,%,)(E) = z{w: Y(u;(w), u(w)) € E}
h{w: () (@), ux(f)w) e ¥~ ()}
h{w: (f(), f(w)) ey~ (E)}.
We denote the correspondence between x; and f, in the above theorem by
X3~ fa

We close this section with a theorem which gives the expected relationship
between derivables and observables.

(]

THEOREM 3.4. Every derivable x admits a unique representation
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X=Xy + iX,,

where x,,x, are observables and x| x,.

Proof. Denote the complex conjugate of a scalar A by A* and let f* be the
Borel function f*(4)= A*. It is easy to check that x; =[x +f*(x)] and x,
=i[2[f*(x) — x] are simultaneous observables and, of course, x = x; + ix,.
To prove uniqueness, suppose x =y, + iy, where y, <y, arc observables.
Then there exists an observable y and real Borel functions u,,u, such that y,

=uy(y), y2 =ux(y). Then
F¥) =f*o(uy + iuy)(y) = (uy — iuy)(p) =y — iy,

Adding x to f*(x) we get y, =1/2[x + f*(x)] = x,. Subtracting f*(x) from x
we get y, = i/2[f*(x) — x] = x,.

4. The spectrum.

DEFINITIONS. If x is a derivable and E € B(C), then E is x-null if x(E)=0.
The union p(x) of all open x-null sets of x is the resolvent set of x. The comp-
lement o(x) of p(x) is the spectrum of x.

It is easy to show that a derivable is an observable if and only if its spectrum
is real. It may also be shown that if L has an infinite number of disjoint nonzero
elements, then any nonempty closed subset of the complex plane is the spectrum
of some derivable ([4]). We will henceforth assume that L has at least two ele-
ments. Then since x[a(x)] =1, we have o(x) # &.

DEerINITIONS.  If the closed set o(x)is bounded, then xis a bounded derivable.
If x is bounded, we define the norm of x to be |x| = sup{lll :leo(x)}. If AeC
and x(4) # 0 then A 1is in the point spectrum o ,(x) of x, and of course, 6 ,(x) < a(x).
If Ae o(x) and A¢ g ,(x) then A is in the continuous spectrum o (x) of x.

Suppose A is an isolated point of o(x). Then there exists an ¢ > 0 such that
E— {1} = p(x) where E = {w: |w - ).| <e¢}. Now suppose A€o (x). Then
x(E) = x({A}) + x(E — {A}) = 0 which is impossible. This contradiction proves
¢hat isolated points of o(x) are in o,(x).

TueoreM 4.1. (i) If K={x;:AeA} is a set of simultaneous derivables,
there exist A-measurable functions {f;: A€ A} on a measurable space (Q,A)
such that x; ~ f, and 6(x;) = cl £,(Q). (ii) If x ~ f, then a(x) =n{clf(l“): hT)=1}.

Proof. (i) Suppose xeK and x~f;. Since x[p(x)]=0, denoting
N=f1'[p(x)]

we have h(N) = 0. Suppose A€ o(x) and let f(w) = fi(w) for we N" and f(w) =1
otherwise. Since we have only altered f; on a set N for which #(N) =0, x ~ f.
Now f ~'[p(x)] = & and hence p(x) N f(Q) = &. Therefore, p(x) N cl f(Q)=
since p(x) is open. Thus p(x) = [c1 f(Q)]" and cl f(Q) = o(x). In the other direction,
£ (el f(Q)']= . Therefore, 0= h{f~' [(cl f(Q))']} = x[(c] f(R))’'] and hence
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(cl f(Q)' = p(x) or o(x) =cl f(Q). (ii) Suppose h(I)=1, and F =[cl AD)].
Since f ~'(F) = T, 0 = h[f~'(F)] = x(F). Hence [cl f(I')]’ = p(x) and a(x) = cIf(T).
Thus o(x) cn {cI f(I'): (') =1}. In the other direction,

0= x[p(0)] = AL~ (p())]-

Letting T' = ~!(p(x))’, h(I") = 1 and p(x) N f(T') = &. Hence p(x) N clf(T) = &
and cl f(T') c o(x). Therefore n {cl f(D): k(') =1} < a(x).

CoROLLARY. (i) If x;¢>Xx, are derivables, one of which is bounded, then
o(x, + x;) € a(xy) + 0(x,) and a(x,x,) = o(x,)o(x,). (ii) If x; and x, are both
bounded, then |x1 + x2| =< lx1 | + |x2| and |x1x2| =< |x,| |x2|.

Proof. By Theorem 3.3 there exist functions g; such that x;~ g;, i=1,2,
and x; + x, ~ g, + g,. As in the proof of Theorem 4.1 (i) there exist functions f;
such that o(x;) = clfi(Q) and g(w) =f(w) for we N,/ where h(N) =0, i=1,2.
Therefore x; + x, ~ f; +f,. Applying Theorem 4.1 (ii) and the fact that either
clf,(Q) or clf,(Q) is compact we obtain a(x; + x,) = n {cI(fy +f2)(D): k() =1}
N {(i@) +£I): AIT) = 1} = {clfy(D) + clf(N): AIT) = 1} = clfy(Q)
+ clf,(Q) = a(x,) + o(x,). The proof of the other part is similar. (ii) follows
from (i).

The remainder of this section points out the striking similarity between observ-
ables and self-adjoint operators (unbounded, in general). This similarity results
from the fact that observables act very much like spectral measures (cf. [3]).
Indeed if L is the collection of closed subspaces of a Hilbert space, this is precisely
what they are. (cf.[5] or [8].) We first prove a spectral mapping theorem.

THEOREM 4.2. Let x be a derivable and u a complex Borel function. (i)
a(u(x)) < clu(C); (ii) if E e B(C) and x(E) = 1, then o(u(x)) = clu(E); (iii) if u is
continuous, then o(u(x)) = clu(o(x)).

Proof. (i) Suppose Aeo(u(x)). Then if AeE and E is open, we have,
0 # u(x)(E) = x[u"'(E)]. Therefore, u"'(E)# & and E N u(C) # &. Thus
Aeclu(C)and o(u(x)) = clu(C). (ii) Let 1, € u(E) and define g(A) = u(1)if Ae E and
g(2) = Ay otherwise. By Lemma 3.1 and part (i) o(u(x)) = a(g(x)) =cl g(C)=clu(E).
(i) Since u(x)[p(u(x))] = 0, then x{u~'[p(u(x))]} = 0. Since u is continuous, the
open set u”~ '[p(u(x))] is x-null, and hence in p(x). Therefore, u~ [ p(u(x))]Na(x)
= ¥ and p[u(x)]Nu(a(x)) = &. Hence u(a(x)) = a(u(x)) and clu(o(x))=a(u(x))
since the latter is closed. The inclusion in the other direction follows from part (ii).

CoRrROLLARY. (i) If u is continuous on a(x), then o(u(x)) = clu(a(x)). (ii) If x is
bounded and u continuous on o(x), then o(u(x)) = u(o(x)).

We next show that our definition of the spectrum of a derivable is the same as
the conventional definition for linear operators.
DEerINITIONS. The identity derivable I is the unique derivable with spectrum {1}.
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A derivable y is an inverse of a derivable x if ye>x and yx =1I. A derivable is
invertible if it has a bounded inverse.

THEOREM 4.3. Let x be a derivable. (i) x has an inverse if and only if
0¢a,(x). (i) If x has an inverse it is unique(4). (iii) x is invertible if and only
if 0€p(x).

Proof. (i) Define the complex Borel function f’ as f'(0) =0 and f'(})=4i"!
for 2#0. If 0¢o,(x), f'(xX)x({1}) = x{w: f'(w)w =1} = x({0}") = x({0})' = 1.
Therefore o(f'(x)x) = {1} and f’(x)x = I. Conversely, suppose 0€o,(x) and x
has an inverse y. Let x = u,(z) and y = u,(z). Then

0 “1(2)"2(2)({0}) = Z{w: u;(w)u,(w) = 0}
= z[{w: uy(®) = 0} U {w: uy(®) = 0}] = y({0}) v x({0}).

But this is a contradiction since x({0}) # 0. (i) If x has an inverse then by (i)
0¢ g,(x) and f'(x) is an inverse. Now suppose y«>x and yx =I. Then yef'(x)
and f'(x) = f'(x) (xy) = Iy = y. (iii) If x is invertible, then by (i) 0¢ a,(x). Suppose
0 e o (x). Then f’(x) is the unique inverse of x. Denoting {w: le <e}byA(e) wehave
0% x[A(n™)] = x[A(n™") — {0}] = x[f "' (A(M)'] = f'®)[(AM)']. There-
fore a(f'(x)) is not contained in A(n) for any n and f’(x) is not bounded. This
contradiction proves that 0¢ ¢.(x) and hence 0 € p(x). If 0 € p(x), then f'(x) is the
unique inverse of x and o[ f'(x)] = f'[6(x)] is compact and hence f’(x) is bounded.

COROLLARY. If x is a derivable, then p(x) = {4: AI—x is invertible}. (Note, x
may be unbounded.)

Proof. Letting g be the identity function and f, the function identically equal
to A we have

o(Ul — x) = o[(f; — (¥)] = (/i — &)(6(x)) = 4 — a(x).

But then AI — x is invertible if and only if 0¢ (Al — x) =41 — a(x) or Aep(x).
We may now prove a quite general spectral mapping theorem.

COROLLARY. Let x be a derivable and u a complex Borel function. Then
ofu(x)] = n {clu(E): x(E) = 1}.

Proof. If Ayep[u(x)], then Ao — u(x) is invertible and its unique bounded
inverse is f'(Aol — u(x)) =f' 0 (Ao — u(A))(x). Letting g = f'o(lp—u) and
E={w: ‘co! < |g(x)|} we see that x[g~*(E)] = 1and lg(l)|§ | g(x)lfor ieg"Y(E).
Therefore Ay¢clu[g™'(E)] and (N {clu(E): x(E) = 1} = o[u(x)]. Inclusion in
the other direction follows from Theorem 4.2 (ii).

(4) Notethat one can not prove this the conventional way. That is, if y and z are inverses,
then y = y(xz) = (yx) z = z. This is because the associative law does not necessarily hold unless
all three derivables are simultaneous.
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5. Complete sets of bounded derivables.

DEFINITION. A set of simultaneous derivables K is complete if x> K implies
xeK.

An easy Zorn’s lemma argument shows that every nonempty set of simul-
taneous derivables is contained in a complete set.

LEMMA 5.1. A complete set A of bounded derivables is a commutative
normed algebra.

Proof. Defining the zero derivable 0 as the unique derivable with spectrum
{0}, it is easily seen that O, I€ A are the additive and multiplicative identities
respectively, and that the additive inverse of x is ( — 1)x. The rest of the proof is
left to the reader.

We have shown that any derivable x may be written uniquely in the form
x = Xx; + ix, where x; «>x, are observables. Let us now define a new derivable
x* = x, — ix, which we call the adjoint of x. From Theorem 3.4 we see that
x* = f*(x). By adding and subtracting x and x* we see that x;, = 1/2(x + x*)
and x, = i/2(x* — x). We next show that the mapping x — x* is an involution.

LEMMA 5.2. The mapping x — x* is a one-one map of a complete set of
derivables A onto itself satisfying:

(i) ™)*=x; (i) (x+p)*=x*+y*;
(i) (Ax)* = A*x*; (iv) (xy)* =x*y*;
V) o(x*) = a(x)*; (vi) |x*x| = |x|2.

Proof. If xe A then x*e A4 since x* =f*(x). That the mapping is one-one,
onto will follow from (i).
(@) *)*=f*of*(x)=x.
Statements (ii), (iii), and (iv) result from the following properties of f*: if x— y
then
[*(x + p) =*(x) + F*); f*(xy) = F*)f*(0); f*(Ax) = A*x*.

(v) Since f* is a continuous function, the spectral mapping theorem gives:

a(x*) = a(f*(x)) = clf*(a(x)) = a(x)*.

(vi) |x*x| < |x*| | x| =]|x|* Now suppose E is open and x(E) # 0. Then EE*
is open and 0 # x(E) < x{w: ow* e EE*} = xx*(EE*). Hence Ae€o(x) implies
|4|? €a(xx*) and |a(x)|? = o(xx*). Therefore, |x|* < |x*x|.

DeriNiTION. If f,, f are Borel functions we say that f, — f with respect to a deriv-
able x if for every ¢ > 0 there exists a positive integer n(¢) such that

x{0: |fy(@) = f(@)| > e} =0

for all n = n(e).

LemMa 5.3. If f,, f are Borel functions, then f,—f with respect to x if and
only if fx)—=f(x) in norm.
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Proof. Suppose f, - f with respect to x. Let ¢,n(¢) be as in the definition and
let A(e) = {A:|4]| <&}. Then

Lfu(x) = f(x)](AE)") = x{w: /(@) — f(w) € Ale)'}
= x{w:|f(0) - f(@)| >} =0

for all n = n(g). Therefore, for n = n(e), o f,(x) — f(x)] < A(e), and l [(x)—f1 (x)| <e,
i.e., f(x) = f(x). The sufficiency is proved by reversing the above steps.

THEOREM 5.4. If x; is a sequence of bounded simultaneous derivables con-
verging to the bounded derivable x and y <> x;, then y & x.

Proof. There exists a derivable z and complex Borel functions u, u,, such that
x, = u,(z) and y = u(z). Since (x,) is Cauchy, there exist positive integers n(p),
p=1,2,---, such that n,m = n(p) implies |u,,(z) - u,,,(z)| =< 1/p. Therefore, in
the notation of the previous lemma we have o[u,(z) — u,,(z)] =< A(p™*) and

0 = [u,(2) — un(D)](A(P™")") = z{w: | u,(@) = un(@)| > p~'}.

Denoting {w: [u,,(w) - um(w)| > p~'} = N(p) we have |u,,(a>) - um(w)| <pt'on
C — N(p) and z[N(p)] =0. Now if N =[JN(p), then z(N)= v z[N(p)]=0.
We assert that (u,) is uniformly Cauchy on C — N. Indeed, let ¢ > 0 be given.
Then there is an integer g such that ¢ ! <e¢ and if n,m > n(q), we have
|u,,(w) - u,,,(co)| < g '<e on C— N(g) and hence on C — N. Therefore, u,(w)
converges uniformly to a measurable function v(w) on C — N. Hence u,—v
with respect to z and by Lemma 5.3, u,(z) - v(z). But u,(z) = x, - x. Therefore,
x =v(z)(°) and since y =u(z), x> y.

COROLLARY. A complete set of bounded derivables A is metrically complete.

Proof. Let (x,) be Cauchy in 4 and let x, = u,(x). As in the proof of Theorem
5.4, (u,(w)) is uniformly Cauchy on C — N where x(N)=0. Therefore there
exists a Borel function u such that u,(w) — u(w) uniformly on C — N and hence
with respect to x. By Lemma 5.3, u,(x) — u(x). Now suppose z € 4, then z x,.
By Lemma 5.4, u(x)« z. Therefore u(x)e A and A is metrically complete.

We now prove a representation theorem for complete sets of bounded derivables.

THEOREM 5.5. Every complete set of bounded derivables A is isometrically
*-isomorphic with the continuous complex-valued functions on a compact Haus-
dorff space. Under this isomorphism the observables correspond to continuous
real-valued functions.

(5) Added in proof. The author recently discovered that to justify this step he implicitly
assumed the following quite mild axiom: if a sequence of bounded simultaneous derivables
converges to two derivables x and y, then x = y. This axiom is needed only at this point, and the
results of the following sections do not depend upon it.
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Proof. By Lemmas 5.1, 5.2 and the previous corollary, 4 is a commutative
B*-algebra and the theorem follows from the Gelfand-Naimark theorem (cf.
[3, I1, Theorem IX, 3.7]).

6. The states.

DEerINITIONS. The distribution of a derivable x in the state m (or under m)
is the probability measure m,( - ) = m[x( - )]. If u is a complex Borel function,
the expectation or average value of u(x) under m, if it exists, is

m[u(x)] = fc u(Dym,(d2).

When we write m(x) we are assuming that the expectation exists and is finite
under m and we shall use the notation M, = {me M: m(x) exists, finite}. If x is
bounded then, of course, M, = M.

THEOREM 6.1. Let A be a complete set of bounded derivables. Then the
mapping m: A— C defined by x — m(x) is a bounded linear functional on A
which satisfies |x| =sup{|m(x)|: me Mj}.

Proof. Suppose x,ye€ Aand x = u,(z), y = u,(z). We prove linearity as follows:
mx-49) = @ + (@] = [ + wam(a)
Juiomtaiy + [ usym.(ady = mlus@) + mluste

m(x) + m(y);
m(ax) = f adm (d) = am(x).}
The following proves boundedness:

|mx)] = | f d(x)lmx(dl)’ < fs(x)|l|mx(d,1)§|x|.

Hence sup {Im(x)l: meM} £ |x| Let ¢ > 0 be given, let 1, ea(x), and define
E ={w: |w - /10| <¢}. Since E is open x(E) # 0 and hence there exists me M
such that m[x(E)] = 1. Therefore, |m(x)| = |feAm (d2)| 2 |2 — & and
[4o] £ |m(x)| + & < sup{|m(x)|: me M} +&. Thus

sup{|4|: Aea(x)} < sup{|m(x)|: meM} +¢

and since &> 0 was arbitrary, |x| < sup{|m(x)|: me M}.

It is routine to check that M is a strongly convex set, i.e., if (m;) is a sequence
of states and (4;) a sequence of positive numbers whose sum is one, then the
mapping a » XAmga) is a state.
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DEerINITION. If x is a derivable, we define V(x) = cl{m(x): me M,}.

THEOREM 6.2. The set V(x) is the closed convex hull of o(x). (Note that x
may be unbounded.)

Proof. We first prove that if a derivable y is not invertible, then given &£ > 0
there exists an m € M such that | m( y)| < ¢. Indeed, suppose y is such a derivable,
>0 is given, and E = {A:|4| <&}. Then Oea(y) by Theorem 4.3. Since E is
open y(E) # 0 and there exists an m e M such that m[y(E)] = 1. Then lm(y)\
= | & lm,(d}.)l <& We now show that o(x) = V(x). Suppose 4 ¢ V(x), then
dist(4, V(x)) =d > 0. Therefore | m(x) — ll =dor I m(x —AI)I = Im(x) - lm(I)I
= d for every m e M for which m(x) exists. By the first part of this proof, x — AI
is invertible and therefore A€ p(x). Thus V(x)’ € p(x) and a(x) = V(x). We next
show that {m(x): me M} is convex. Let 4, = m;(x) and 1, = m,(x) where m,,
my,eM. Given 0=Za=1, define my(a)=am,(a)+ (1 —a)my(a) for all
aeL. Now myeM and

m;(x) = amy(x) + (1 — 0)my(x) = ad; + (1 — ¥)A, € {m(x): me M}

and thus {m(x): me M} is convex. Since the closure of a convex set is convex,
we see that V(x) is a closed convex set containing o(x). Therefore V(x) contains
the closed convex hull A of a(x). Suppose ue V(x) but u¢ A. Then u and 4 may
be strictly separated by a closed hyperplane (straight line). If me M and m(x)
exists, we have
m(x) = Am,(dA) =j Am(dA),

a(x) H
where H denotes the closed half-plane, determined by the hyperplane, which
contains A. We thus have m(x) € H, for all m € M for which m(x) exists. Therefore
ue H which is a contradiction. Hence V(x) < A.

COROLLARY. If x is bounded, the extreme points of V(x) are contained in a(x).

Proof. This follows from a standard corollary to the Krein-Milman theorem.
One might think that it is possible to have an unbounded derivable x for which
m(x) exists for every me M. We now prove that this is impossible.

THEOREM 6.3. A derivable x is bounded if and only if m(x) exists for every
me M.

Proof. The necessity is trivial ; to prove the sufficiency, suppose x is unbounded.
Then there exist distinct numbers A,eo(x) such that |4,|>2"*,n=1,2, .
Let E, be disjoint open disks of diameter less than one centered at 4, and let
a, = x(E,) # 0. Now there exist m;e M such that m;(a;) = 1. Since M is strongly
convex m= %727/m; is in M. Since a;Lla; mfa)=0 for i#j and
m(a;) = 277, Now suppose m(x) exists and therefore, f|l| m,(dA) exists. But
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f |A|m(d2) = J | A|m.(d2)
E:

i
2

@
2z
=1

o0
Y @t —1)27'= + .
i=1

This contradiction shows that m(x) does not exist and finishes the proof.

COROLLARY. Let X;,i =1,---,n, be a finite collection of complete sets of deriv-
ables and YcJx,. If sup{|m(x)|: xeY} < oo for all meM, then

sup{|x|: xe Y} < 0.

Proof. Since m(x) exists for every me M, by Theorem 6.3 every x€Y is
bounded. Hence YN X;, i =1,---,n, is contained in a complete set of bounded
derivables X;. But X; is a Banach space and M is a norm determining subset of the
dual of X;. By the uniform boundedness theorem (cf. [7,4.4-B])

sup{|x|: xe YN X} <0
and hence sup{|x|:xe Y} <oo.

7. The weak topology.

DEFINITION. A net m, of states converges weakly to the state m if m,(a) —» m(a)
for every ae L. The weak topology of M is the unique topology for which nets
converge weakly.

It is easy to see that a neighborhood basis for the weak topology is given by
sets of the form

N(mo; ay,-+,a;,6) = {me M:|m(a) — mo(a)| <e, i=1,-j}.

The weak topology is Hausdorff, for if m, # m, there exists an a e L such that
my(a) # my(a). Letting e =1/ 2| my(a) — mz(a)l we have N(m,:a,e) N N(m,; a,¢)
=g.

A simple function is a finite linear combination of indicator functions. The
following lemma will prove useful.

LemMMA 7.1. If x is a bounded derivable, there exists a sequence of simple
Junctions of x converging to x in norm.

Proof. Let g(A)=4 for |A|<|x|, and g(A)=0 for |i|>|x|. Then by
Lemma 3.1 g(x) = x. Since g is a bounded Borel function, there exists a sequence
of simple functions s, which converge uniformly to g. By Lemma 5.3, 5,(x) = g(x)
=X.

NotaTiON. We denote by x, the derivable which satisfies x,({1})=a and
x,({0}) =a’.

THEOREM 7.2. The net m,— m weakly if and only if m(x)— m(x) for every
bounded derivable x.
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Proof. To prove sufficiency we have m,(a) = m,(x,) = m(x,) = m(a). Con-
versely, if x is bounded, applying Lemma 7.1 there exists a sequence of simple
functions s; of x such that s; — x. Given & > 0, let n be so large that |x—s,| < ¢/3.
Suppose s, = X¥c,I ;> € # 0. Since m, — m weakly, there exists an «, such that
o = a, implies

| m[X(E)] — m[x(E)]| < &/(Bk|ci]), i=1,-k.
Hence, if « = a4, then
| ma(x) — m(x)| £ | mu(x —s,)| + | m(s, — x)l +| Zeim [x(E)] — Lem[x(E)]
S|x —sa| + |5 — x|+ Z|ai| | ma[x(E)] — m[x(E)]| <.

Let us now view M as a subset of all the bounded linear functionals X’ on the
collection of bounded derivables X. A functional f on X is said to be linear if x <y
implies f(ax + By)=af(x) + Bf(y). fis bounded if | f| = sup{|f(x)|: | x| £ 1} < 0.
It is straightforward to show that |f| =inf{K: |f(x)| < K|x|, x € X}, in partic-
ular, |f(x)| = ]fl lx' Although X has a norm (in a sense), it is not a linear
space since addition is not defined for all elements of X. Therefore, some care
must be exercised in developing the theory. We define (af)(x) = af(x) and
(f + g)(x) = f(x) + g(x). These are both bounded linear functional if f, g are and
|af| = |a||f]. |f + | £|f] + | g|. The zero functional is defined O(x)=0 for
all xe X and |0]| = 0. If | f| = O then f(x) = O for all x€ X and thus f = 0. There-
fore, the bounded linear functionals X' on X form a normed linear space.
The proof that X’ is complete in the norm topology is almost identical to the
proof when X is a normed linear space.

THEOREM 7.3. The normed linear space X' is complete.
Proof. Cf.[7, Theorem 4.1-A].

THEOREM 7.4. M is a norm closed strongly convex subset of the surface of
the unit ball U’ of X'. ‘

Proof. It is routine to show that M is a strongly convex subset of U’. To show
that M is normed closed, let (m,) be a sequence in M with m,—fe X’. Forae L
define m(a) = f(x,). Now, m(0) = f(x,) = f(0) = 0; m(1) =f(x,) =limm, (1) =1.
Since 0 < m,(x,) £ 1, we have 0 < f(x,) <1 and 0 < m(a) £ 1. Letting b = Xa;
we have

m(b) = f(x,) = limm,(x,) = limm,(b) = lim Xm,(a,).

n— oo

Now,

Y mx) - 3 f(e)
1 1

P
<lm 1|2 x,

= |m—f| x| =|m, - 1]
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Letting p — oo we have

’f () — f Gxa)

as n— 0. Therefore, m(Xa;) = X7f(x,) = XTm(a). Hence meM and
m(x,) = m(a) =f(x,). Now if xe X there exists a sequence of simple functions
s; of x which converge to x by Lemma 7.1. Given ¢ >0, let n be so large that
|ss — x| <(¢/2) min(1,|f|™"). Then

|m(x) —f)| < [m(x) — mls)| +|mlsy) = f(s)] + |fsw) —F ()|
§|x-—s,,|+|f| |s,,—-xl <e.

Therefore, m(x) = f(x) for all xe X and fe M.

We now endow X'’ with a weak topology 7. A neighborhood basis for 7 of the
origin will be sets of the form: N(g,x,---,x,) = {fe X": |f(x,-)| <eg i=1,-,n},
where ¢ > 0 and {x;} is any finite subset of X. Now 7 makes X’ a locally convex
space. By Theorem 7.2 we see that 7 induces on M a topology which is equivalent
to the weak topology already defined there. We would now like to prove Alaoglu’s
theorem for U’. Although Alaoglu’s theorem as it stands is not applicable in our
case since X is not even a vector space, the proof holds and is identical to the
standard proof.

THEOREM 7.5 (ALAOGLU). U’ is compact Hausdorff in the t topology.
Proof. Cf. [3, Theorem V. 4.2.]

THEOREM 7.6. If X' with the t topology is metrizable, then M is a t-closed
subset of X'.

Proof. Let (m;) be a sequence in M and suppose m; - f€ X' in the t topology.
Define m: L— C by m(a) =f(x,). It is easily seen that m(0) =0, m(1) =1, and
0=<m(a) £ 1, ae L. We now show that m is ‘‘countably additive.”” Let (a;) be a
disjoint sequence in L, and A the smallest Boolean cg-algebra containing Uai.
By the Loomis representation theorem, there exists a measurable space (2, S) and
aog-homomorphism kfrom S onto A. Suppose h(A;)=a;. Now m;induces a measure
m; on S defined by: m;(A) = my(h(A)), A€ S. Defining m(A) = m(h(A)) we have

lim7,(A) = lim m(h(A)) = m(h(A)) = m(A),
A eS. We thus have a sequence (;) of measures in (Q, S) converging to the set
function /7. By a theorem due to Nikodym ([3, IIL. 7.4]), 7 is countably additive
on S. NOW let us deﬁne, rl = Al,rz = A2 - Al’ r3 = A3 - (Al v Az),"'.
Then I' NT;=F i#j and h(I';) = a;. We thus have
m(Zay) = m[ Zh(T)] = m[h(Ury] = m(Ur)

= Z’ﬁ(ri) = Em[h(l" D)= Zm(ai)‘
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Hence m e M. Since f(x,) = m(a) = m(x,) for every a € L, by the proof of Theorem
7.4, f(x)=m(x)xe X and feX'.

Since M is a closed subset of the compact set U’, we see that M is a compact
convex subset of X’ in the weak topology. Now by the Krein-Milman theorem,
M is the 7 closed convex hull of its extreme points.

DerINITION. The extreme points of M are called pure states.

COROLLARY. If X' is metrizable, then M is the weakly closed convex hull of
its pure states.

Now M is not, in general, a closed subset of X’ for the weak topology. This
may be shown by considering a measurable space (Q2,4) on which there is a
finitely additive measure u which is not countably additive. (Q = R and 4 = B(R)
would do.) One may then construct a net m,e M which converges weakly to a
functional not in M. (For details, see [4].)
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