GENERALIZED TAYLOR SERIES AND ORDERS AND
TYPES OF ENTIRE FUNCTIONS OF SEVERAL
COMPLEX VARIABLES(Y)

BY
FRED GROSS

1. Introduction. Entire functions of one complex variable which together
with all their derivatives assume integer values at a finite number of integer points
have been studied to a considerable extent.

In particular certain lower bounds for the order and type of such transcen-
dental integer valued entire functions have been obtained. Some studies related
to this problem can be found in E. G. Straus [1], [2]; T. Schneider [3], S. Kakeya
[4], G. Polya [5]; L. Bieberbach [6], [7]; D. Sato [8] ().

For entire functions of n complex variables, order and type are not numbers,
but rather certain manifolds in R". The main purpose of this dissertation is to
generalize some of the results obtained for entire functions of one complex variable
to entire functions of several complex variables. For the sake of simplicity most
of our theorems are stated for two variables. The generalizations to more vari-
ables are immediate. More specifically we would like to generalize some of the
basic results of D. Sato [8] and E. G. Straus [1].

We define a strongly transcendental function as a function f= Zaijzfzf
such that g;; # O for arbitrarily large i and j. We also call a transcendental func-
tion, which is not strongly transcendental, weakly transcendental.

An entire function f(z,,z,) will be said to be Hurwitz if all its partial deriv-
atives and its value are integral at the origin.

We shall begin by proving a number of theorems and lemmas and by making
some generalized definitions. These will enable us to study order and type points
of entire functions in terms of their interpolation series (Generalized Taylor
series) at a rectangular array of points.

Two important facts that we shall generalize are the following theorems [8].

I. There exist 2% entire functions of order p, type ¢ which together with
all their derivatives assume integer values at the points 0, 1, 2,---,k—1 for
any order p with p =k or p=k and any type ¢ with
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(1) Most of this paper is based on the second chapter of a dissertation submitted at Uni-
versity of California, Los Angeles, in July 1962. It was written under the direction of Professor
E. G. Straus.

(2) [1: Numbers refer to bibliography.
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while there are only denumerably many such functions with p <k or p=k
and ¢ < o,.

II. An entire function f(z) satisfying the condition stated in 1 is a poly-
nomial if f(z) is of order p < k or of order p =k,

1 1
types <o, = 11 p—[log(k—l)/logp]+m

(k - 1) p:prime;p<k-1
(k=1,2,3,-).

We shall also characterize order and type curves of entire functions and show
that there exists a continuum of entire functions having given order and type and
having integral derivatives at a given array of points(3).

2. Generalized Taylor series and order and type of entire functions.

LemMA 2.1. Let f(z,,2,) be an entire function of two complex variables. Let
{(2;,B)}°j=1 be an infinite rectangular array, « and B are complex numbers
with {a;}, {B;} bounded.

Then
[z = ZEO a;; H(zl- ) H (z2—
where
@Day= -5 Sﬂw_ fﬁlé’l_f(&l,ez)’ff ¢ —a)! H(éz B dé,dE,

where R > sup, ;.. {|a;|, | 8|}

Proof. We apply Sato’s theorem twice. For z, fixed we have:

(3) After the completion of this paper it was brought to the author’s attention that some of
the results on order and type curves appearing in this paper had been published in Russian by
B. A. Fuks. More recently his work has been translated into English [9]. The author’s presentation
is less general than that of Fuks and consequently more readable. Fuks does not deal with any
of the questions related to entire functions with integral derivatives at certain points having
prescribed order and type.
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© i
f(z1,23) = F(zy) = El $((z2) l;[l(zl —a,)

where

1 f(&s,25)d¢
2.2) ¢z;) = 27 §|§1I=R (& - otl)l"'z(f1 l_ %er)

On the other hand,

O J
#((z2) = X a;j n (z2—8)
ji=0 v=t

where

_ _1_ $1(£>)ds,
(23 G = om §l§z|=R C2— B (Ca—Bjs1)

Note: The condition that the coordinates of the points of the rectangular array
be bounded can be shown to be necessary if the expansion is to converge for
all entire functions.

DeFINITION 2.1.  Let f(z4,-+,2,) be an entire function. The set of all k-tuples
(p1>***>Pr), Where p; =0 for i =1,---,k such that

M(rl"", rk)/exp[_rlm"'a_l_ v r,fk+g]

is bounded for every ¢ > 0 and
M(rla ) rk)/exp[r‘l’l + et rf‘_8+ A o "ﬁk]

is unbounded for each i = 1, ---,k and for every & > 0 is called the order of f and
is denoted by p(py, p2, -+, ). Each point (py, -+, p,) is called an order point of f.

DEFINITION 2.2. Let f(zy,--+,2,) be an entire function and let (p,,-+,p;) be
an order point of f. The set of all k-tuples (¢,,-:-,0;) such that

M(ry, -+, 1) [exp[(oy + &)r{'+ -+ + (o, + )rg*]
is bounded for every ¢ > 0 and
M(ry, -+, 1) [exp[o i + -+ + (0, — rf + -+ + oyri*]

is unbounded for i=1,---,k and for every ¢>0 is called the type of f at

(ph "'9pk)’ denoted by o.pl"'pk(al, ”'aak)'
In analogy to the theory for functions of one variable we have here

LemMA 2.2. Let
= X ay,2127 .
If
M(ry,15) <exp[r{***+r3**%]



1965] GENERALIZED TAYLOR SERIES 127

for sufficiently large v, or r, for every ¢ >0, then

e(p1+s) ni/(p1te) e(p2+8) n2/(p2+e)
| Gums| < —2

n;

ny

for ny + n, sufficiently large for every ¢>0, and conversely; p, and p, are
real numbers.

For the proof which is entirely analogous to the one-variable case see e.g. [8].
This estimate generalizes to the generalized Taylor series of Lemma 2.1.

LeMMA 2.3. Let
<) k 1
f(z1,25) = X Ap 1_[ (zy — ) H (z2 _ﬂj)’
k,1=0 i=1 j=1

where {a;}, {B;} are bounded.
If
M(R;,R;) < exp[R{***+ R3***]

Jor every ¢ > 0 for sufficiently large Ry or R,, then

ep, + € ni/(p1te) g, +e n2/(p2+¢)
|a,,l,,z| < (—p—l——) 2 7E for every ¢>0
ny )

for ny + n, sufficiently large and conversely.
The corresponding results for the type follow in a similar manner.
LeMMA 2.4. Let f(z,,2z,) be as in Lemma 2.3. If
M(R;,R;) < exp[(o; + &)R{'+ (o, + €)RE’]
Jor sufficiently large R, or R, for every ¢ >0, then

| (9P1(0 1+ )”l/m (ep2(62 + 3))"2/',2
amnzl <|\———— I —
ny n;

for n; + n, sufficiently large for every ¢ >0 and conversely.
3. Hurwitz functions.

THEOREM 3.1. Let f(z,,2z,) be a Hurwitz function(#). If p, <1 and p, <1
for any order point (py,p,) of f, then f is a polynomial.

Proof.
ni/(p1+e) [(p2+e)
| @iy |< epy +&\"""! epy +& \"2Te < pomie1+ )y, =nalp2+e’)
] ] nl n,
nl thyt ny n,

(4) In this section all results remain valid if we interpret “integer” or “Gaussian integer”
to mean integer in an imaginary quadratic field.
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for sufficiently large n, + n,. Thus we get

(1-1/(ps+e)™

—ni, , (1=1/(p2+e")"2 _—n
|a,,l,,2| < nj e ™M n, 2 e ™

pi<l, pi+e<l or (1-1/(p,+¢) <0 for sufficiently small ¢ >0 and for
i=1,2. Thus a,,, =0 for sufficiently large n; + n,.

THEOREM 3.2. Let f(z4,z,) be a Hurwitz function with an order point
(1,p2). If py=1, p,=1, 0,<1 and 6,<1 for some (¢,0,)€0,,,, then
f is a polynomial.

Proof.

Iamzl < (8(0'1 + 8))"‘ (8(0'2 + 8))"1 n1!n2!

ny n;

—ny _—n2

e

< (e(al + 8'))’“ (6’(0'2 + 3'))"2 O

ne
n, n, 17%2
for sufficiently large n, + n, and ¢’ > ¢ or

Ia,,m| <(o; +&)V(o,+e"N)* < 1
or

Ia,,l,,2| =0
for n, + n, sufficiently large.

THEOREM 3.3. There exist 2 strongly transcendental entire functions with
order point (py, p,) and type point (6,,0,) which together with all their deriv-
atives assume Gaussian integer values at the points (;, B;) (i=1, v kyi=1,k
with k<k, and o and B are complex numbers) for every (py,p,) and (64,63)

such that p, 2k and p,=k or such that p,=k, p,=k, 6,>0, and
0, > 0.,. Here

Ocy = IV[ai]I_Z/k and Oc2 = lV[ﬂi]l-Z/k ’
with V denoting the Vandermonde.
Proof. Set

fenzm) =3 T auz — )z — a) e (g — ) - (23 — B+ (2 — PO

5=0 t=0
where
3.1) S;+s;+-+sg=sand t;+t,+ -+, =t
are chosen such that the terms

Sl!l(“l—“1)"‘(%"0‘1—1)(“1“ "“t)“‘(“k—“z)ls' = 5!
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are roughly of the same order for all /. Similarly
4! I Bi=BIB=B2) B = Bi-1)Brsr = B Brsz — B) -+ (B — ﬁt)l"= ANH

is chosen this way also.
More precisely we set

S s S,
(32) e S PG N TS
and
t
(33) Wiaii = T () ole®), v = Ve
Then

s s s e 1171
5= I?+c'logs+o(logs)’ ¢ = log E

ot ot t + _ log(2/72)
t, = A +C[Eg—t+ o(logt)’ ¢ = & .

Since X ¢, = X ¢/ = 0 we can choose the o(s/logs) and o(t/logt) error terms
so as to satisfy (3.1).
Now let
Ast+1) = sy +e+@+1)+o+1x)
and

As+1)t = Gyt +(snt 1)+ 45

Then ay, is the last term which enters into the computation of

o™ H'f (YD)

Shatp
621 622

In other words a,, with p > s or g >t makes no contribution to this derivative

since its multiplier vanishes at (o, ;).
We have

as"H'f(“h , B

B2y = (contribution of terms preceding a,,)

k k
+ astsh! tl! l—[ (ah - a”)s“ H (B - ﬂv 'v°

u=1;u#h v=1;v#l
If we choose

& f (o, B)

S h t1
0z5»0z

as a Gaussian integer sufficiently near to the first term on the right we have (for
fixed ¢ = (2)~Y3)(5).
(5) This constant obviously depends on the number field.



130 FRED GROSS [October

-1

% k
G.4) |aa] S ¢ [s,.!t,! 1 G-a I (ﬂ,—ﬁo'v]
=1;p#h v=1;v#l
= 0|[Sh Ve - o(exp(es)) ! vji* O(CXP(FJ))I_1
where
Np
Yo = 1 (=1
u=1;u#p
Thus
Jau] e[ () ol T () o]
But

k 4 |G+
k

for sufficiently large s. This follows from the fact

(or since o(e®) > 1, which may be assumed)

sy, \~F -
< (_71) < g S+

ek

for arbitrarily small ¢ >0 and for sufficiently large s. Similarly
t/(k+e)
() e < (555

for arbitrarily small ¢ > 0 and for sufficiently large ¢. Thus

ek + ¢ s/(k+e) ek + ¢ t/(k+e)
laq| <

s t

for arbitrarily small ¢ > 0 and for sufficiently large s + ¢. Hence by Lemma 2.3
M(R,R,) < exp[R¥*® + R&*e].

Similarly for

(p1,p2) = (k, k)

-1\ s/k —1 \t/k
o < () ()"
s t

-1 -1
06,57 and o, =,

we know that

Thus

Clearly if we pick ¢ sufficiently large then the inequality (3.4) does not determine
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O™ S (o, B)

Sh t
621 6221

uniquely and our construction leads to a continuum of functions satisfying the
conditions of our theorem.

THEOREM 3.4. There exists at most a denumerable number of f with an
order point (k,k), where f is of the kind described in Theorem 3.3 and such
that a type point (6,,06,) which is in oy satisfies

oy < | V[e] | “2% and o, < I VIB] | —2k,

Proof. It suffices to show that under these conditions

(3.5) <12

a_,,s,,! tz! 1;!' (ot;, - ai)si l;]l (ﬂl - ﬂj)"

for sufficiently large s and ¢, since that makes the determination of a,, so that
O f(oy, B1)/025025! is a Gaussian integer unique.
Equation (3.5) implies

| (s 1RY¥(t 1K) | 71 ['%| 72 | *o(e®)o(e*) exp[ — (s /K + t[K)] | < 1]2.
But

lay| < ek(o, + s))s/’E ek(o, + e))'”‘
o) < (FEY)" (Ftd
and

i s/k
| () e o) | = ([ + 0[]
If (6, + &)|7,| <1, then [(o, + &) |71 |"*0(e) < 1/2 for sufficiently large s.
Similarly for (o, + €)|y,| < 1 we get [(c + &)|y2|]"*o(¢*) < 1/2 for sufficiently
large t and our theorem follows.

Our results so far have been connected to functions integral valued at a rec-
tangular array of points. We now wish to show that any finite set of Gaussian
integers can be transformed into a rectangular array of points by one-to-one
algebraic transformations and that the arithmetical restrictions can be essentially
preserved by these transformations.

We are going to consider transformations of the group, G, generated by
transformations of the types

(3.6) Vi=c1X; +f(x2), y2=1¢2%3, €16, #0
and

3.7 V1= CiXy, Yy =C% + g(xy),
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¢,¢, # 0 where f, g are polynomials. The inverses are obviously of the same form.
It is easy to show (Theorem 3.5) that any n-tuple of points (a;,b,);i=1,--,n
can be transformed into any other n-tuple (¢;,d;);i =1,:--,n by a transformation
of G. Since we are interested in transformations which map the lattice points
with Gaussian integral coordinates into themselves and a function with Gaussian
integral partial derivatives at certain lattice points into a function with the same
property at the image points, we shall be concerned with the subgroup G, of G
generated by those transformations (3.6) and (3.7) for which ¢, ,c, are Gaussian
units and the polynomials f, g together with all their derivatives are Gaussian
integral valued (it suffices to consider f, h with Gaussian integral coefficients).
For every n-tuple of lattice points (a;,b;);i =1,---,n there exists a transforma-
mation of G; which maps it into a rectangular array of lattice points
(cjr»d); j=1,-; k=1,,m; Im=n.

LemmA 3.1, Let (o4, B1), 5 (0, Br) be a set of pairs of complex numbers.
There exists a transformation given by y, =x, and y, = Ax,+ x, which
maps {(«;,B)}, i=1,--+,k, into some set of pairs {(a;,7)}, i =1,--,k, so that
A is a Gaussian integer and B;# B for i #j.

Proof. Pick A a Gaussian integer so that 4 # (¢, — 2,) /(B, — B,) for any pair
of distinct indices s,¢t. Then A« + B, # Ao, + B, for s #¢.

THEOREM 3.5. Given two n-tuples of pairs of complex numbers (a;,b;) and
(¢j»dj); j=1,---,n. There exists a transformation Te G so that T maps (a;,b;)
into (cj,d;).

Proof. By the above Lemma we can map (a;,b;) into (a},b;), where the
a; are distinct for j=1,.--,n. The transformation y, = x,, y; = x; +
Xioi(e— a)[Ij2ix2 —a))[[1;+:(al — aj) maps (aj,b)) into (c;,b;). Again
applying the above Lemma we can map this into (c;, b;), where the b are dis-
tinct for j = 1,.--,n. The transformation

yi=x =% + X (d—b) [ (o — b [T1(6i- b))
i=1 j#i Jj#i

yields the desired result.

LEMMA 3.2. Let ¢(x,,Xx,) be an entire function in two complex variables
whose value and derivatives are Gaussian integers at the pairs of Gaussian
integers (ay,by),---,(ay, by). Let y, =cx; + f(x;) and y, = x, be a map which
takes (a;, b,) into (o;, b;) fori=1,---,k, where c is a Gaussian unit and f(x,) is a
polynomial with Gaussian integral coefficients. In such a case all the derivatives
as well as the value of F(yy,y,) = ¢(x;,x,), considered as a function of y,
and y,, are Gaussian integers at (a;,by), -+, (ax, by).
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Proof. 0™*"F(;,b,)|0yT0y: can be expressed as a linear combination with
integral coefficients of terms 0°*%(a;, b)) /0xP0x} multiplied by derivatives of
x, and x, with respect to y, and y,. Since all these quantities are Gaussian
integers the result follows.

By virtue of Lemmas 3.5 and 3.6 and Theorem 3.5 it suffices to consider rec-
tangular arrays in place of general ones when dealing with certain questions.
With this is mind, we prove the following theorem.

THEOREM 3.6. Let f(z,,z,) be an entire function of order p(p,, p,). Let (k, k)
be an order point of f. Suppose that the values of f and its derivatives are
Gaussian integers at the rectangular array of points

(,B); i=0,---,k—1; j=0,---,k—1,
where a; and f; are Gaussian integers. If (6,0,) is a type point of f at (k,k)
such that
o:<|V.|? p-([logmj/loxp]-1/(p-1)'); j=1,2,
J l jl p<m,l;;];prime

then f is a polynomial.

Here V, =V[«;],V,=V[B,] with Vdenoting the Vandermonde, m, =max; {|o;—o,|}

and m, =max, ;{|8; — B;|}.
Proof.

o k=1 o

f(zy,25) = XXX Z=: a(sk+t)(tk+h)(z1—°‘o)s ' ('4’1"0‘1—1)s+1

§=0 1=0 t=0

(2 — ) (zg — og_1)'(25 — /30)t+1 (22 = Be-y)'
with

a = —
(sk+1)(tk+h) 2
* 4n 1¢11=Ry 1§21=R2

f(&41,8,)dE,dE,
(y—ao)tt-(Cy—ay- (& o)t i (§y —og—1)5(Ea = Bo) t1--(E2 = Pr-1)*

where

R, >max{|«|} and R, > max{|B;|} and R, # o #R,.
i i

If
|£(z1,25)| <cexp[(oy + &)RE + (o, + e)RY]
then
1 4n’R,R,
lagrenaen| < 472 RFIFIRGHATL

cexp[(oy + &R + (0, + &)R%]

)™ g ™ () (% ) (- BT
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Clearly
a \*
| (1=5) | = lexpl—a+ot/RD] |
while

I ( —I%) l = |exp[— B + o(1/R,)]|

and both are >y~! for some y. Thus

exp[(0y + ORF + (0, + &)RF]  cy¢FHIHDIRiHCk+h+1)/R:
el < RJR™ RIFiREF

We now minimize
exp[(o; + )R + (o, + &)RE
R{FR

s 1/k t 1/k
Rl = ( ) and Rz = ( ) .
(5} + & 0, + &

- s t
+1). s1=1/1) _((1-1/k) s t
|a(sl+l)(tk+h)l <e )731 Yo2 / (0'1 T 8) (0.2 T e)

for some 7y, and y,,. Hence

3.7 |a(sk+1)(tk+h)| < [(eoy + &1)'s™"] [(eo + &)t "]

for sufficiently large s + ¢t and for ¢; >0 and ¢, > 0.

We introduce the following notation: ry =s,r, =1, y;;=a;,7,;=B;, &, =1,
ga=h, 6;=k-1, 6,=k-1, Ny =X;, MN2;=VYj, My=m, N,=n, and
s(x, k) = {non-negative integers x;; X5-oX; = X}.

and get

Thus

Let
2 o ri+1 2 r
H H b 77) A H (YDA
i=1 j=o0 Jj=¢g+1
and let
2 81
6, = L )> xtyt I IT g™ - (=1
(%,K), Xm=0; 5(3,k), y,=0 i=1 j=0

H H(r+’711)'° l—[ (ri—l'l"hj)'

i=1 j=ea+

- (dew@-ow=) "]

B!

-
ll

L o1 -1
1+ ;
H Vim = V)" TT iy — i) +"”] .
Jj=0 J=e+1

uzn
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We now estimate the denominator of a4 1yk+5)-
Using the residue theorem we get:

11
A(SE+1)(tk+h) = E’ § (=D s—J) !)_1

vy g as=hte=J) (1,82 Ns=itlr _ pat-itt
m=pyy mzmj (3653“)6{&* =) ( tl, (él <xm) (fz B,,) ))

where o0 = Moo = Hio = Ho1 =0, Voo =10 — 1 =Voy = py; —1=1, Voo =¥}
=por—1=pyy —1=h,vo=v;=k—1and vy =vj; =k—1.
Thus

.
M=
B
~

S1=am;§2=h,

1 1 1 vi Vg"j s=i t—j
A(sk+1)(tk+h) = 2 Z (=D =NYH pX E, z
i=0 j=0 m=pi; n=p;; x=0 y=0
(S - l) !(t —]) ! a(s R y)f(amaﬂn) o
(s—i—x)!(t—j—y)!x!y' 0z§=i=x0z¢=1-7)

It is clear that (e,, — a,,) = 0 and (B, — B,) = 0 do not appear in this expression.
Since
G+x)! ¢+ y)! G+x;—-D! t+y— 1!
she;! 7ty 7 (s —=Dix;! > (=Dly!

are integers for j =0,1,---,k—1 and for i=0,1,---,k—1 and since
0°* 2 f (s B)
029023

are Gaussian integers for ® =0,1,---; ¢=0,1,---; m=0,1,---,k—1 and for
n=0,1,---,k—1, we see that the denominator of the coefficient @ik +n
divides the least common multiple of the quantities

1l k-1
G=x! [ @u=o)™™ [l (=) (- y)!
Jj=0;j#m Jj=it+1;j#m
3.8 -
( ) u - t+1+y; Pt _ t+y;
I[1T B.—8) IT B.-8
i=0;i#n i=h+1;i#n

m=091’°",k—1;n=0’1""’k_1;{x0+x1 +'"+xi—1=x9y0+y1+'"+yk—1=y};
x=0,1,--.,s and y=0,1,---,¢

Let the least common multiple of these terms be
2p

b(sk'—+l)(tk+h) = H p

p:prime

Let us recall that m; = the maximum of the numbers Ioc,,, - a,.‘ as m and i
run from O through £ —1 independently.
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If | p| > m, then p can divide only (s — x)! among the factors

] k-1
(S _ x)| l"[ (am _ aj)s+l+x/ l‘[ (am _ aj)s+x,
ji=0;j#m J=l+1;j#m

because Iam - ozj| <m; < |p|

Now assume that | p| =m,.

Let p®be the highest power of p which appears among the set of all nonzero
Gaussian integers whose absolute value < m,. Let w be the largest (in absolute
value) of these Gaussian integers divisible by p® (in the sense that none of these
Gaussian integers greater than w are divisible by p®). Thus assume that p*-q = w

or |p[*[a] = |w| or
_ log|w| _ loglql
log|p| log|p|

and we know that this is an integer. Furthermore |q] < | p|, otherwise there
would exist Gaussian integers of norm 2 |p|*- | p| In particular, the Gaussian
integer p°p would be of norm <m, and, since it is divisible by p**!,

this contradicts the maximality of «. Hence we get

log|w
o+ o = Integer + w = logllpll ,
with w < 1, so that
_ [loglwl] [logm1 ]
log|p| log| p|
Note that we also have
logm, log|w| 41,

log|p| < log|p|

otherwise we would get m, = |w| | p| which would imply that wp is a Gaussian
integer divisible by p**!, contradicting the maximality of a. However we shall
not use this last fact. Hence we can maximize the power of p which divides the
product
1 E-1
Qm = (S - X)! H (am - aj)s+1+xj (d,,, - aj)s+xj
J=0;j#¥m J=l+1;j#m

by setting x; =0 for i#j’ and x; =x. Here j' is such that p I(a —ay)
implies that p | (ot — @;:)j # m # j’. Thus we have for |p| =m,,

2| (s — X)W o]+ L prios mrios s

where p’" is the greatest power of p which divides Q,,.



1965 GENERALIZED TAYLOR SERIES 137

Now we are interested in the highest powers of Gaussian primes which divide
(s — x)!. Since these powers will be multiplied by each other, we will be multi-
plying Gaussian primes by their conjugates. Therefore, in the final analysis, we
may as well concern ourselves with the highest powers of the rational primes
which divide (s — x)!. We should note, however, that though we originally take
all products over all Gaussian primes, we can take them over all rational primes
because a’d” = (ad)” = p*, where a and, therefore, @ and p are primes, where
a denotes the conjugate of a. Since Ia'| = |al =p or ldl = |a| =p?ifa=p,
the exponent which normally would be

logm; 4 e comes < logm,
log|a| logp

We now complete the proof using only rational primes.

(s=xY, = [s -;x] + [s ;zx] + = ;%’16 + o(logs)

X
= (s!)p - p—-—-—I + o(logs) .

Hence,
po I s! V[oci]” 1 p(Tiog m/1og pI=1/(p=1))x +o(logs)

and similarly one gets an analogous expression for §. Thus it follows that

bsk+1yax+n) I sl (VI VBT

([logm;/log p1—1/(p—1))s+o(logs)
(39 : i
. pSmy;p:prime
p([los m2/ log p1—1/(p—1))t+o(logt)
pSm2;p:prime

Thus by virtue of (3.7) and (3.9) we get

Ia(sE+l)(tk+h)b(sE+l)(tk+h)| < [(eoy +&))s™] - s° - e—sl V[e] s“l

p([los my/log p1—1/(p—1))s

* p<my;p:prime

* [(eo, + &)™) - ¢ e-tl V[ﬁi]ﬁ-ll
p([loz m2/log p1—1/(p— 1))t

p<my;p:prime

and our theorem follows.
We now generalize Theorem 3.3.
In Theorem 3.3 we showed that for the functions discussed in that theorem

ek + e\/*+D rok 4 g\HKk+E)
a < .
|| - -
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We note that when s/t =w— o as s + t > o we get:

k t/(k+e) t/(k+¢e) s(k+e)
Iastl < (e +8) (ek+s) <(el€+s)

S t N

s/o(k+ e)
. (ek + 3) @f/OUte) o ¢ =sI(k+e) = s/wlk+en)
s

. ws/a)(k+z) < s—s/(k'+ a’)s—s/w(k+e')e s/(k+¢)

s—s(l/(’i+e’)+ 1/ok+ e’))es/(k+ ) < s—s/(E+e")

ek + g"\SIFHE™) rolr 4 gm\tIK +e)
s t

for sufficiently large s + ¢, where k'’ is any number such that 0 £ k' < k. Thus
Theorem 3.3 holds even with k replaced by k' at least for the part dealing with
order. A similar argument involving ¢, and o, can be argued so that we finally
get the following theorem:

THEOREM 3.7. There exists a continuum of strongly transcendental entire
Junctions with order point (py,p,) and type point (6,,06,) which, together with
all their derivatives, assume Gaussian integer values at the points

(“bﬂj); i= 1""9k; j= 1.,k
for any order point (py,p,) with p, >k or with p, =k and ¢, > 0,,.

A similar theorem holds with respect to p, and o,.

We now proceed with an analysis of order and type curves.

In the following we shall discuss the k-variable case. This can be accomplished
with the same ease of notation as the 2-variable case. By the order set of f we
shall mean the set of all points on or above the order of f. We shall say that
ordf < ord g iff order set of f < order set of g.

To simplify our discussion we shall associate to the order set {(p;,::,px)} of
f(z4,+-+,2;) , the set of points {(1/py,---,1/p,)} which we call the reciprocal order
set of f.

THEOREM 3.8. The reciprocal order set of an entire function f, is convex.

Proof. Let (a,,a,,:-,a;) and (by,b,,-:-,b,) be any two points in the order
set of f.
If f= Xa,, - m2}'z% - Zi*, then we have
'a | < n;(m/(ax+8))n;(nz/(az+2)),_,nk—(nk/(akﬂ))
ny...ng

and

|an1...nk| < nl"('u/(bl+¢))n;(”2/(bz+e))_,, n;(nk/(bk"'e))

for sufficiently large ny + -+« + n,.
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Thus for every ¢t (0=t <1) it follows that

Ianxmnkl < n;m(‘/(al"'t)"'(l-')I(bl+8)),_,n;nk(fl(ak'l'e)"'(l“')/(bk'*'e))

< n;m/(c1+a')ﬂ_nk—nk/(ck+z’)
where
1/, =tla,+(1—=1)[b;, (i=1,-,k)

and our theorem follows.
THEOREM 3.9. For all k-tuples (o ,+++,00) with a; =0 for i=1,-.-,k, there
exists an entire function whose order is given by
a/py+ -t ou/p = 1; py=0if 0,=0.

Proof. For the given ay,---, o, let
f=2X (-2 n", n; = [no] @(i=1,-k).
n=0

Here f is independent of those z; for which «; =0 and hence p; =0 for o; =0.
We now restrict our attention to the positive ;. Since a,,,. ,,=n"" for n; = [n«]
and O otherwise the inequality

Apyoome < n;”l/(p‘+8) nk“"k/(pk+e)

holds for sufficiently large n; + --- + n, if and only if

n"" < [nog] Vet [y, ] Tt o)

= poreeit et tal (et ), o(n);
b

in other words if and only if
ay/py+ o +oa/p = 1.

THEOREM 3.10. Let S be a convex set in the positive orthant of E* so that
for every (¢4,--:,6,) €S all points (63,-:,0;) with 0= 0, <o0;arein S. Then
there exists an entire function f whose reciprocal order set is S.

Proof. Let the points p,,p,:-- be a dense denumerable subset of points on T,
the boundary of S interior to the positive orthant. Let

(3.10) 093X + =0+ X, = 1

be a supporting surface of S going through p;. As a result of our hypothesis on S
we have a; =2 0.
By virtue of Theorem 3.9 there exists an entire function

0
g = gon-"z';""z:k’ n = [ne] (i=1,-,k)

whose reciprocal order set is bounded by the plane (3.10) and the coordinate planes.
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For every i choose N; such that

o]
g = X n7pe ik < 1)2 for |z;] <,

@) n=N;
ny = [ne;]  (j=1,-,k).
(b) [Noyi] + - + [Niw] > 4,
© |@yome| < RO LD B A ot 1D

for every (py',-,pc')€S, where a} _, are the Taylor coefficients of g;.

Let g= X°,8;. Clearly g is entire and since all coefficients of g; are non-
negative, the maximum of |g| on the polycylinder is the sum of the maxima
of the | gil so that ord g > ordg; for all i. In other words, the reciprocal order
set of g lies in the intersection of the reciprocal order sets of the g; which is S.
To prove that S is the reciprocal order of g we write

g= 2 bn;...nkz'il"'zzka
and it suffices to show that for any ¢ >0

Ib'ln-..nkl < ni‘nnl(01+e)“, n,"""/("k*e)

for every (p1',--,py ) €S and n, + --- + n, sufficiently large. Choose i, such
that 1/i; <¢/2 and ny + n, + -+ + n, so large that

io—1
2 Ianl---"kl < n;m/(ﬂn"'e/z) vee n’:"k/(l’k"'t/z) i
i=1

We note that

nytnyt.. o

IIA

I bnl...m‘ l l aliu...nk I

i=1
io—1 nytnz+...+n

E lalilg...llkl +
i=1

i =n1/(p1+¢/2)
Ianl...nkl < nl e
i=ig

...n;ﬂk/(l’k+8/2)+ (ny+ny+ -+ nk)n-l-n./(p,ﬂ/io)

. n;nk/(ﬂk'l' 1/io)

for ny + --- + n, sufficiently large and our theorem follows.
By the type set of f we shall mean the set of all points on or above the type
of f. We now characterize types by proving the following two theorems.

THEOREM 3.11. Let f be an entire function of order p. For every (py,++,pi) €
the type set 0,,. ,. ={(04,",0,)} is such that {(logoy,---,loga,)} is convex.

Proof. Let (d,,--+,04) and (¢},--+,0;) be any two type points in p,, , . We
have for f(z4,++,2) = Zanl...nkz'i‘ ezt
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|Gnsa| < (00100 671 - (epyo + e)H/Pon 1o o 7 elos
and
|an|...nk| <(eplall + 8)”1/91“.(epko.”‘ + 8)nk/pknl—(n1/m),,,n;(nk/pk).

Thus
|an1...nk| < (eplo.tlo.'l(l-t)+ E)nxlm (ep,,a,"a,"“ 04 8)"k/l’k n;(nx/m),,, nk_("k/Pk)

for0st<1.

Hence the point (¢j67' ™", -, 040}{' *") is also in o, ,,. In other words if
(loga?,---,logoy) and (logo?, ---, log o;) are in {(log oy, ---, log o)} then
(tlog oy +(1—1t)log o1,tlog o, + (1—1)log 63,---,tlog a; + (1 —1) log o}) is also in
{(logo,---,logo,)} and our theorem is proved.

ReMARK. The same proof shows that if (¢,:--,64) is in the type set of
(1, px) and (oy,---,04) is in the type set of (py,---,p,) then (o7, -:-,0%) is
in the type set of (p7,-, py) where 1/p! =t/p; + (1 — t)/p; and
log (pi'si) |p} = tlog (pio) [p: + (1—1)(log(pio)) [p}) O t = 1.

THEOREM 3.12. Given two k-tuples of positive numbers(py,---,p) and (ay,-+, %)
and a set{(0,,0,,+,0,)} such that 6; 2 0 for i = 1,---,k and such that [¥-, of'*
= constant = K, there exists an entire function with (p,---,p,) as an order
point and with type {(¢4,---,0)} at (py,**,pi)-

Proof. We assume that X.5_, a;/p; = 1. This condition is not necessary, but
leads to a somewhat simpler proof. The function

© k n
g= X (”" Il (Pi/“z)“"""“’) ez, my = [n2] (=1, k)
n=1 i=1

is entire and has the desired property.

It is clear from the proof of Theorem 3.9 that g has (p,,---,p,) as an order
point. Now let (o,,-:-,0,) be any type point of g at (p,---,p,). We get for
sufficiently large n that for any type point (o4, -+,6})

k n
( (pi )™/ ‘Ke) n" < (epy(0y + &) [no )P - (epy(o, + €) [noy )™ /7*
i=1

or K <[[f-1(c;+ &) " for every ¢>0 and conversely every point satisfy-
ing this inequality is a type point. Thus type is given by

k
K = l‘[ O.t}i/pa
i .
i=1

THEOREM 3.13. Let the set {(logay,---,loga,)} which we denote by logao,
be convex and such that all planes of support have outer normals in the positive
orthant. Then o is the type set of some entire function f at a prescribed order
point (py, -+, p,) with p,>0.
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Proof. Let the points p,,p,,--- be a dense denumerable subset of points
on the boundary of log 6. For each p; we find a supporting plane
ay;/pilogay + - + oy;/pylogay, = C; where a;; >0 and C;is 1, 0, or —1.

By virtue of Theorem 3.12, there exists a function

0 k n
g =2 (n—l (Pj/“ji)a"/p’Ki) Zpte e, Kp=e%,
n=0 ji=1
n; = [na;] (j=1,-,k) whose type at (py,--,p,) is given by [}, ofiPi=K,
or by X4_,a;/p;logo;=1logK;. For every i choose N; such that
@ g= E:o=1v, (n~ ! ?: 1 (Pj /aji)a“/iji)"ZT ezt < 1/2i’ n;= ["“ji](j =1,---,k)
for |z,| <i for t=1,-k.
(®) [Nogd + -+ [Niwg] > 1,
© |anm] < (epsor + LD )" o (epyoy + 1]0)[nf**) for every
(o4,+-+,0p) € o for sufficiently large n, + n, + --- + n,, where a,, ., is the Taylor
coefficient of g;.
Let g= X2,3;. Clearly g is entire and its type at (p;, -, p,) is not below &
at any point.
It suffices to show that for any & > 0 the Taylor coefficients b, ,, of g satisfy

|b,,1m,,k| < ((ep161 + &) [n )Pt ... ((epyay + &) [m)™/P* for ny + -+ +n,

sufficiently large for every (gy,*,6,) on o. Choose iy such that 1/i; <¢&/2 and
ny +n, + -+ + n, so large that

io—1

X |a:iu...nk| <((ep101 +£/2) [n)"/?* - ((epuoic + €/2) [ )"™/P~ .

We note that

ny+...+nk ny+...+Fne

N io—1 .
I bnl...nkl é 2 | a;:,...nk I = Z ' al’l;...nk I + Z I alil]...nk |
i=1 i=1 i=1o

< ((ep16y + £/2) [n)"/P1-- ((epy0y +£[2)[m)™/**
+(ny e+ n) (ep1oy + ighny )" ((eproy + 1 /i) [m)™ !~

This completes the proof of our theorem.
We now investigate entire functions with given order and type curves having
integral derivatives at all points of a given rectangular array.

THEOREM 3.14. Let g be an entire function with order curve p, where p
lies entirely in an infinite quadrant given by p, > a and p, > b, with (a,b)
satisfying a 2 k or b2 k. Then there exists a continuum of entire functions
whose values and derivatives are integral at a given k x k rectangular array
of points and which have p as their order curve.
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Sketch of Proof. By a method very similar to the proof of Theorem 3.3, we
can choose an entire function f such that

&S + 8) (@ By

s t
0znoz}

is a Gaussian integer sufficiently near to (contributions of terms preceding a),
where all the terminology is like that in Theorem 3.3, with the understanding that

0

F=2 ¥ aue—a) (- B0

s=0 t=

o

so that
|ag| < c| Dot Mo — ) (B — BY*T |~

forc = 1/\/ 2, where c is a function of the coefficients of f. Hence by an argument
similar to that of Theorem 3.3 we can always find an f such that

S + 8) (B

Sh t
0z40z

is a Gaussian integer and has order point (p, , p,) for any (p, , p,) such that p, > k
or p, > k. Our theorem follows.
It is clear that with a similar proof we can show the following:

THEOREM 3.15. Let f be an entire function with order point (p,,p,) such
that p; = k. Let o be a type curve of f at (p,, p,) which is entirely contained in
an infinite quadrant given by ¢, >a and o, > b, where a2 0. or b=oa,,
and where

0. = |VIo]|"** and o, = |V[B]| ~*"

T hen there exists a continuum of entire functions whose values and derivatives
are Gaussian integers at a given k x k rectangular array of points which have
o as their type curve at (py, p,).

It is also natural to conjecture that if for a given array of pairs of integers,
for every point on a hyperbolic convex curve ¢, there exists an entire function
with its value and derivatives integral at the given array and which has this point
as an order point, then there exists an entire function, whose value and derivatives
are integral at the given array and which has ¢ as its order curve.
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