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1. Introduction. Entire functions of one complex variable which together

with all their derivatives assume integer values at a finite number of integer points

have been studied to a considerable extent.

In particular certain lower bounds for the order and type of such transcen-

dental integer valued entire functions have been obtained. Some studies related

to this problem can be found in E. G. Straus [1], [2]; T. Schneider [3], S. Kakeya

[4], G. Pólya [5]; L. Bieberbach [6], [7]; D. Sato [8] (2).

For entire functions of n complex variables, order and type are not numbers,

but rather certain manifolds in R". The main purpose of this dissertation is to

generalize some of the results obtained for entire functions of one complex variable

to entire functions of several complex variables. For the sake of simplicity most

of our theorems are stated for two variables. The generalizations to more vari-

ables are immediate. More specifically we would like to generalize some of the

basic results of D. Sato [8] and E. G. Straus [1].

We define a strongly transcendental function as a function /= 2Za¡jz[z2

such that a¡j # 0 for arbitrarily large i and /. We also call a transcendental func-

tion, which is not strongly transcendental, weakly transcendental.

An entire function f(zx,z2) will be said to be Hurwitz if all its partial deriv-

atives and its value are integral at the origin.

We shall begin by proving a number of theorems and lemmas and by making

some generalized definitions. These will enable us to study order and type points

of entire functions in terms of their interpolation series (Generalized Taylor

series) at a rectangular array of points.

Two important facts that we shall generalize are the following theorems [8].

I. There exist 2"° entire functions of order p, type a which together with

all their derivatives assume integer values at the points 0, 1, 2,— ,fc—1 for

any order p with p ^ fc or p = fc and any type a with
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1 1 1 ... 1 -2/*
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1 2k~x    3"-1    ».       fc'"1

w/u7e there are only denumerably many such functions with p < fc or p = fc

and er < trc.

II. ^4n entire function f(z) satisfying the condition stated in I is a po/_y-

nomial iffiz) is of order p < kor of order p = fc,

type CT < CTp = —-—- ]1 p-[l0g(fc-l)/l0gp] +--r
(K— L).    p:primC;pgfc-l P — 1

(fc = 1,2,3,-).
We shall also characterize order and type curves of entire functions and show

that there exists a continuum of entire functions having given order and type and

having integral derivatives at a given array of points(3).

2. Generalized Taylor series and order and type of entire functions.

Lemma 2.1. Let f(zx,z2) be an entire function of two complex variables. Let

{(<Xi,ßj)}™j = y be an infinite rectangular array, tx. and ß are complex numbers

with {a,}, {ßj} bounded.

Then

CO I /

fizy,z2) = ££ atJ n Oi-tv) n o-*-/y
ij = 0 ß — 1 v=l

where

«,)_1  ritfa-W^WÍa
v = l

Proof.   We apply Sato's theorem twice. For z2 fixed we have:

(3) After the completion of this paper it was brought to the author's attention that some of

the results on order and type curves appearing in this paper had been published in Russian by

B. A. Fuks. More recently his work has been translated into English [9]. The author's presentation

is less general than that of Fuks and consequently more readable. Fuks does not deal with any

of the questions related to entire functions with integral derivatives at certain points having

prescribed order and type.

o^oc=VH,2,3,-,ky2lk =

An1
(2.1)   fly    =     -   ¿-J     fj> () /(íi.Wn     (Í1-

IíiI=aJ IíjI=R « = 1

where R > sup, = I>2... {I aÉ |, I ß, 1}.
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co i

f(zy,z2) = F(zy) =  Z <p¡(z2) n (zi -a,.)
i = l ll = í

where

(2.2) </»,.(z2)  = ~ r¡

On the other hand,

/«i,za)#i

Ií.I-r (íi -ai)-(^i-a«+i)

oo J

«¿fe) =    Z   Oy fi  (Z2 - /U
j = 0 v = 1

where

(23) «„ - JL<t _»1«»^»_

Note : The condition that the coordinates of the points of the rectangular array

be bounded can be shown to be necessary if the expansion is to converge for

all entire functions.

Definition 2.1.   Let f(zy,---,zk) be an entire function. The set of all fc-tuples

(Pi>-">P*)> where p¡ ̂  0 for i = l,--,fc suchthat

M(r1,-,rt)/exp[-r1'" + £+-+rr+£]

is bounded for every e > 0 and

M(rx,-,rk)lexp[rV+ - + rf~'+ - + rf]

is unbounded for each i = 1, —, fc and for every e > 0 is called the order off and

is denoted by p(Py,p2,---,pk)■ Each point (py,---,pk) is called an order point off.

Definition 2.2.   Let f(zy,---,zk) be an entire function and let (Pi,-",p*) be

an order point of/. The set of all fc-tuples (oy,---,crk) such that

M(ry,-,rk)lexp[(o-y + e)rÇl+ - +(ak + e)r£k]

is bounded for every e > 0 and

M(rx,-,rk)lexp[crxr»x' + - + (at - e)rf' + - + oki>f\

is unbounded for i — l,---,k and for every e>0  is called the type of f at

(Pu~-,Pk), denoted by aPi...Pk(ax,---,ak).

In analogy to the theory for functions of one variable we have here

Lemma 2.2.   Let

f= I<W?2?  .

//

M(r1,r2)<expK* + '+^+i]
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for sufficiently large rx or r2 for every e > 0, then

m/(pl + £)    [„(„     ,  c\\n2/(P2 + c)■        i   . (e(Py + B)\ni'u'1 + E> (e(p2 + B)\

/or nt + n2 sufficiently large for every e>0, and conversely; pt and p2 are

real numbers.

For the proof which is entirely analogous to the one-variable case see e.g. [8].

This estimate generalizes to the generalized Taylor series of Lemma 2.1.

Lemma 2.3.   Let
00 it i

f(zy,z2) = £ £ akl n Oi - a¡) FI (z2 - ßj)>
fc,l=0 ¡ = 1 j = l

where {aj, {/?,} are bounded.

If
M(Ry,R2) < exp[Rpy1 + e + Rp2z + e]

for every e > Ofor sufficiently large Ry or R2, then

I        ,       ( epy+e\nil(pi + e) (ep2 + e   \"-/<" + E>

for ny + n2 sufficiently large and conversely.

The corresponding results for the type follow in a similar manner.

Lemma 2.4.   Let f(zy,z2) be as in Lemma 2.3. If

M(Ry,R2) < exp[(oy + e)R?l+ (cr2 + e)Rp22]

for sufficiently large Ry or R2for every e>0, then

,        i ^ /gp10x1 + £)Y"/pl    ¡ep2(cT2 + e)\n2lP2

for ny + n2 sufficiently large for every e > 0 and conversely.

3. Hurwitz functions.

Theorem 3.1.   Let f(zy,z2) be a Hurwitz function(4). If pt < 1 and p2 < 1

for any order point (py,p2) of f, then f is a polynomial.

Proof.

\l>lKPl + e)     l„r,       I   „    \«2/(P2 + E)

ny\n2\     \    ny   ) \    n2    )

^„ -ni/(Pl + E')„-i2/(P2 + e')<i «1 «2

(4) In this section all results remain valid if we interpret "integer" or "Gaussian integer''

to mean integer in an imaginary quadratic field.
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for sufficiently large nx + n2. Thus we get

|0.m| < nr-1/(p, + 0)"e-",-n2<1"1/,P2 + £',)"2e-"2

Pi < 1, p; + e < 1  or (1 — 1 l(p, + e)) < 0 for sufficiently small e > 0 and for

i = 1,2. Thus a„lHl = 0 for sufficiently large nx + n2.

Theorem 3.2. Let f(zx,z2) be a Hurwitz function with an order point

(py,p2). If py = 1, p2 = 1, o y < 1 and a2 < 1 for some (ax,a2)eaPtP2 then

f is a polynomial.

Proof.

<

for sufficiently large nx + n2 and e' > e or

\an¡ll2\ <(oy+sT((T2 + £'r<l

or

K-l =     0

for nx + n2 sufficiently large.

Theorem 3.3. There exist 2"° strongly transcendental entire functions with

order point (py,p2) and type point (oy,o2) which together with all their deriv-

atives assume Gaussian integer values at the points (ai,ßf)(i = l, ■■■,k; j = l,---,fc

with fc = fc\ and a and ß are complex numbers) for every (py,p2) and (cr1,o"2)

such that py^lc and p2 = fc or such that py = k, p2 = k, ay>acl and

o~2 > ac2. Here

ocy = \V[af\\-2'k and   oc2 =  |F[/F]|-2/\

with  V denoting the Vandermonde.

Proof. Set

00 00

f(zy,z2) = Z   Z ast(zy - ayT(z2 - a2)"-(zy - ak)s* ■ (z2 - ßl)tl-(z2 - ßk)'k
s = 0   í=0

where

(3.1) Sy + s2 + ••• +sk = s and ty + t2 + ••• + tk = t

axe chosen such that the terms

Si}-\(<*i-<Xi)-(tXi-<Xi-i)(lXi + i-<xi)-~(<Xk--<xi)\!"   = V Vil
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are roughly of the same order for all /. Similarly

hX-\(ß, - ßl)(ßl - ß2)-(ßl - ßl-l)(ßl+l - ßl)(ßl + 2 - ßd-ißk - Ä)|"= W¿

is chosen this way also.

More precisely we set

(3.2) s, ! ft = F (^j if ■ oie-),     yx = \ Vi*) |2/E ;

and

(3.3) tt ! y\\ = r (j) yf ■ oie«),     y2 = \ Vißj) \2/k.

Then

s s Í   s   \ ,     (Vi/Vu)

*' =    1+C'Ws+0(ïoJs)'     ^^-V-'

t ,„,   t        ( t  \       ,    log(y2/y2-)

Since £ c, =  £ c\ — 0 we can choose the o(s/log s) and o(í/logí) error terms

so as to satisfy (3.1).

Now let

as(t+l)    —    as(tt + -- + (tI+l) + --+tk)

and

fl(S+l)<       =       a(Sl + ...+(S(,+ l)+...+5J;)».

Then as( is the last term which enters into the computation of

a» *"/(<»», ft)
dz**^''   '

In other words apq with p> s or q > t makes no contribution to this derivative

since its multiplier vanishes at (a,,, ß).

We have

- ¿t        = (contribution of terms preceding ast)

k k

+ asrsft!t,!   fi   («„-«J»     n   (ß-ßjv-

If we choose

^+"/(«»,ft)
ôz**3z2''

as a Gaussian integer sufficiently near to the first term on the right we have (for

fixed c^(2)~1/2)(5).

(5) This constant obviously depends on the number field.
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(3.4)       i^igclLií,! n («/.-^ n (ßi-ßjv]
1 L /t^il** v = l;v#l J

= c\ls„ly'£- o(exp(Es))tl\y%k- o(exp(Ei))|-1

where

Thus

But

Np

7rp   = EI      (rp~ru)-
u = 1 ;u^p

«.ä« [ r(i)yf. „co T(±)y«. *-)]!"'

for sufficiently large s. This follows from the fact

£S V— 1(■Í) ̂*W.*î]"-(^)""«Tr

(or since o(ees) > 1, which may be assumed)

-S/Ïm <   s~s/(k+e)

for arbitrarily small e > 0 and for sufficiently large s. Similarly

(<)rf.„(0<(*A±i)

for arbitrarily small e > 0 and for sufficiently large t. Thus

,s/(ï+e) /_.     ,    „\ tHk + e),     ,      /efc + £\s/('t + EVefc + eV

for arbitrarily small e > 0 and for sufficiently large s + t. Hence by Lemma 2.3

M(Ry,R2) < exp[R\+e + Rk2+°-].

Similarly for

(PuP2) = (£>k)

we know that

w<m"m"
Thus

o"i is tT1    and   o"2 ¿?a-1.

Clearly if we pick c sufficiently large then the inequality (3.4) does not determine
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a'M+"/(gtoft)
dzf dzn

uniquely and our construction leads to a continuum of functions satisfying the

conditions of our theorem.

Theorem 3.4. There exists at most a denumerable number of f with an

order point (fc\fc), where f is of the kind described in Theorem 3.3 and such

that a type point iery,a2) which is in erkk satisfies

'x^Vtäl-2'* and a3<\V[fi¿\-2>*.

Proof.   It suffices to show that under these conditions

(3.5) atSkW.Ufa-tiY'IKßi-ßjf1 < I j2

for sufficiently large s and t, since that makes the determination of ast so that

d5"*'' fiah,ßl)ldzsyhdz2' is a Gaussian integer unique.

Equation (3.5) implies

| asl(sjky'k(tIk)«* | y, \°>l| y2 \',koie°s)oie*)exp[-isl!c + tjk)] | < 1/2.

But

(ekioy + £)\s/s     lekio2 + e)\"kM< (eki^ + Ey  pa + e)y

and

\s/k~¡ek(oy + e)V
(s /fc)s/te-5/i | y y \*lko(e°°) I   =  | [(tT! + E) | Vl \j'ko(e") |.

If (cry + e) I y, I < 1, then [(a, + e) \ y. |]5/io(ees) < 1 /2 for sufficiently large s.

Similarly for (a2+ e)\ y2 | < 1 we get [(a + e)\ y2 \]"ko(ea) < 1/2 for sufficiently

large t and our theorem follows.

Our results so far have been connected to functions integral valued at a rec-

tangular array of points. We now wish to show that any finite set of Gaussian

integers can be transformed into a rectangular array of points by one-to-one

algebraic transformations and that the arithmetical restrictions can be essentially

preserved by these transformations.

We are going to consider transformations of the group, G, generated by

transformations of the types

(3.6) y y = CyXy +/(x2),   y2 = c2x2, CyC2 =£ 0

and

(3.7) y y = CyXy,    y2 = c2x2 + giXy) ,
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CyC2 # 0 where/, g axe polynomials. The inverses are obviously of the same form.

It is easy to show (Theorem 3.5) that any n-tuple of points (a¡,b¡);i = 1,—,fi

can be transformed into any other w-tuple (c¡,di);i = 1, •••,» by a transformation

of G. Since we are interested in transformations which map the lattice points

with Gaussian integral coordinates into themselves and a function with Gaussian

integral partial derivatives at certain lattice points into a function with the same

property at the image points, we shall be concerned with the subgroup Gy of G

generated by those transformations (3.6) and (3.7) for which c¡, c2 axe Gaussian

units and the polynomials /, g together with all their derivatives are Gaussian

integral valued (it suffices to consider /, h with Gaussian integral coefficients).

For every n-tuple of lattice points (a¡,b¡);i = 1, •••,/! there exists a transforma-

mation of Gy which maps it into a rectangular array of lattice points

(Cj>dk)l j = l,— ,l; k = l» — ,jw; lm = n.

Lemma 3.1. Let (ay,ßy),---,(ak,ßk) be a set of pairs of complex numbers.

There exists a transformation given by y y = Xy and y2 = Axx + x2 which

maps {(a¡,/?,)}, i = l,---,k, info some set of pairs {(a¡,/?•)}, i = 1, ---¡k, so that

A is a Gaussian integer and ß[^ ßj for i # j.

Proof. Pick A a Gaussian integer so that A ^ (as — at) ¡(ßt — ßf) for any pair

of distinct indices s, t. Then Aas + ßH # Aat + ßt for s # /.

Theorem 3.5. Giuen two n-tuples of pairs of complex numbers (aj,bj) and

(cj,dj);j = 1, —,n. There exists a transformation TeG so that T maps (aj,bf)

into (Cj,df).

Proof. By the above Lemma we can map (aj,bf) into (a'j,bf), where the

a) are distinct for / = l,---,n. The transformation y2 = x2, yx = xx +

2^í=i(Ci-a'i)Y\ji¡i(x2-a'j)ll\j¥,i(a'í-aj) maps (a'j,bj) into (cj,bj). Again

applying the above Lemma we can map this into (cj,b'j), where the bj are dis-

tinct for j = 1, •",». The transformation

yi =- xy, y2 = x2  +   Z {df - b'd J! (*i - b'j) I El (bi - bj)
i=l jrl j*i

yields the desired result.

Lemma 3.2. Let (b(xy,x2) be an entire function in two complex variables

whose value and derivatives are Gaussian integers at the pairs of Gaussian

integers (ay, by), ■■■,(ak, bk). Let yy = cxy +f(x2) and y2 = x2 be a map which

takes (a¡,b¡) into (a¡, b¡) for i — l,---,k, where c is a Gaussian unit andf(x2) is a

polynomial with Gaussian integral coefficients. In such a case all the derivatives

as well as the value of F(yy,y2) = (b(xy,x2), considered as a function of y y

and y2, are Gaussian integers at (ay,bf),■■■,(ak,b¿i.
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Proof. ôm+nF(ai,b) ¡dy^dy2 can be expressed as a linear combination with

integral coefficients of terms ôp']'qeb(ai,bl)ldxydx2 multiplied by derivatives of

Xy and x2 with respect to y y and v2. Since all these quantities are Gaussian

integers the result follows.

By virtue of Lemmas 3.5 and 3.6 and Theorem 3.5 it suffices to consider rec-

tangular arrays in place of general ones when dealing with certain questions.

With this is mind, we prove the following theorem.

Theorem 3.6. Let fizy,z2) be an entire function of order p(px,p2). Let (fc, fc)

be an order point of f. Suppose that the values of f and its derivatives are

Gaussian integers at the rectangular array of points

i«i,ßj); / = 0, •••,£-1; j = 0, ..-.fc- 1,

where cc¡ and ßx are Gaussian integers. If ierx,of) is a type point of f at (fc, fc)

such that

°j < I vj\~1       El       p-ai'v-tnnPl-iHp-m j = U2,
p<mj-;p:prime

then f is a polynomial.

Here Vy = V[a¡],V2 = V[ßx] with Fdenotingthe Vandermonde, my = max¡> j{\cc¡ — a,-|}

and m2 = maxiJ{\ßi-ßj\}.

Proof.
co     ¡t-1      oo      fc-1

fizy,z2) =  £    £    £    £ a(sk-+im+h)izy -a0)s+1---(z1-a/_1)s + 1
s=0   1=0   t=0   h=0

■ iZy-aJ'-iZy - ^-y)\z2-ßoT1-iz2-ßk-y)t

with

1
a(sI+I)(rfc+A)  - 4^2

|Í2|=R2

My,t2W2dí\y

(^-ao)s+1-(^-«/-i)s+1(^-«/)s+1-(^i-«í-i)s(-Í2-i9o)'+1-(Í2-i5fc-i)'

where

Ry >max{|a¡|} and R2 > max{\ßx\} and Ry^co^R2.

If

\fizy,z2) | <c exp[icTy + e)R\ + (c2 + e)Rk2]

then

\„ ,       1   .       An2RyR2
\a(sk + l)(tk + h)\ ^4^2      flsi+i+lfltfc + A+l

2

cexp[((7i+E)Iq + (o2 + e)R2]

WHtrwH^rnn-w
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(l-Jrf' |   =  \exp[-a, + o(l/Ry)-]\

{l"k)   I   =  lexP[-A + °(1/Ä2)]|

and both are >y~l for some y. Thus

expf/o-i + s)Rf + (a2 + E)Rk]      e/*+t+iWi*»*h+iVM,
\a(.sl + l)(tk-Hi)\ <

We now minimize

RfRf

exp[(o-! + e)R.I + (a2 + £)Rk2

Rf*R2*

R[+iR2+i

and get
vl/ï Mk

Thus

*■ - (ïtiV - * - ferr)

k™,,.,l<^rS:r" / (^)'(^)'
for some y01 and y02. Hence

(3.7) | a,sl+im+h) | < [(eo-y + £l)ss-s] [(eo + e2)'í-']

for sufficiently large s + t and for £t > 0 and e2 > 0.

We introduce the following notation: rx = s, r2 = t,yXJ = a¡, y2J = ßj, ex = I,

E2 = h, 8x = k~-l, 82 = k-l, nXj = Xj, n2J = yj, nx = m, n2 = n, and

s(x,fc) = {non-negative integers x¡;   Z?=0x¡ = x} ■

Let

* = n n««-»«r+1- ft &-*/'
¡ = 1   j=0 y = e¡+l

and let

a- = I       s     *wn nw-v-ir*
Ls(x,ï),xm=0;sO>,fc),)>,,=0 ¡ = 1   / = 0

• n ñ^i+flí/)! • n (ri-i+^jv.
i = l  j = 0 j = e¡+l

■   (ft Wr+'ifo-l) !)'«-'')

L 1 = 1 ;=o j = a+i J
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We now estimate the denominator of a(sí+,)((t+íl).

Using the residue theorem we get:

i      i

u(,i+/)(rt+*) = £    I (0 - 0!(s -J')!)-1
¡ = o j=0

vy       nf   i a(s-0 + (f-/)     /f/e   ft \ \\

• £   £ (*«.-,, l1^- «i -«mri+1fe-^rJ+1
m=p.ii m=pi/V£'Ç(1s  'W^' J> \     •A' '/ii-.w«a«A,

where p00 = p00 = p'10 = p01 = 0, v00 = p10 - 1 = v01 = pu - 1 = I, v00 = v'10

= MÓi - 1 =/»íi - 1 = "> vio - vn = £- 1 and vói = v'n = fc- 1.

Thus

11 V£ v,7 s —¡     t — j

«(.ï+i)(*+*) = S   2 ((s-OiO-;)!)"1 2     £    £   £
i=0  j=0 m=¡iij     n=iitj   x=0 y = Q

(5-010-7)! ¿(«-'-^(.-;-.)/(a|((/g
"   t/TO_.

(s - i — x) lit -j — v) !x! y\ dz(s->-*)dz«-J-y)

It is clear that (am — am) = 0 and (/?„ — ß„) = 0 do not appear in this expression.

Since

(s + xj)\    jt + y)\   js + xj-l)\   jt + yt- 1)!

slxjl    '      tly,\    '   is - l)\xjl  '    (f-l)!^!

are integers for j = 0,1, •••,£ —1 and for i = 0,1, ■■-,k—1 and since

gm+g/(«m,fl,)

ôz^(3z|

are Gaussian integers for © = 0,1,...; q = 0,l,--- ; m = 0,1,■••,£ —1 and for

n = 0,1,•■-,k — 1, we see that the denominator of the coefficient a(sf:+l)(rf.+ft)

divides the least common multiple of the quantities

(s-*)!  ri (««-«/+l+x' n   («»-«/**'('-.v)!
/ = 0;/#m j=i+l;j£m

(3.8) „ *_»

n (a-ä),+i+3"   n  (ßn-ßi),+yi
i=0;i*n ¡=A+l;i#n

m = 0,l,".,fc-l;n=0,l,...,fc-l;{xo + x1 + ...-|-xi_1=x,};0 + j;1 + ... + j;t_1=j;};

x = 0,l,..-,s and j; = 0,1,••-,í.

Let the least common multiple of these terms be

b(sl + l)(tk + h) =      11      P " •
p:prime

Let us recall that m,= the maximum of the numbers I am — <x¡ | as m and i

run from 0 through fc — 1  independently.
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If |p| > mx then p can divide only (s — x)! among the factors

(s-x)!     Ó     («*,-«/+1+"      ff      («« - »if*"
j=0;j*m j=l+l;j*m

because | am — a¡ | < mx < | p I.

Now assume that |p| = rnj.

Let p" be the highest power of p which appears among the set of all nonzero

Gaussian integers whose absolute value _ mx. Let w be the largest (in absolute

value) of these Gaussian integers divisible by p" (in the sense that none of these

Gaussian integers greater than w are divisible by p"). Thus assume that p" • q = w

or \p\"\q\ = \w\ or

log | w |        log | g |

log | p |        log I p I

and we know that this is an integer. Furthermore | q | < | p |, otherwise there

would exist Gaussian integers of norm = | p |" • | p |. In particular, the Gaussian

integer p"p would be of norm < mx and, since it is divisible bypa+1,

this contradicts the maximality of a. Hence we get

log I w I
a + m = Integer + to -

log|p

with co < 1, so that

Tog|w| ]        [logmi[log M |  <  [log»it

Llog|p|J  -  [log|p|

Note that we also have

logni!    ^   log|w|        1

log | p | log I p I

otherwise we would get mx ^ | w | | p | which would imply that wp is a Gaussian

integer divisible by pa+1, contradicting the maximality of a. However we shall

not use this last fact. Hence we can maximize the power of p which divides the

product

ôm=(s-x)!  n c«»-«/+1+*-' rï  («m-«j)'+xj
j = 0;j*m j=l + l;j*m

by setting x¡ = 0 for i^j' and xJ/ = x. Here /' is such that pa|(am — a,)

implies that p"| (am — ar)j =±m^j'. Thus we have for |p| = mlt

p6m\(s - x)!F[ai]s+1ptlOBm,/logplx,

where p6m is the greatest power of p which divides Qm.
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Now we are interested in the highest powers of Gaussian primes which divide

(s — x) !. Since these powers will be multiplied by each other, we will be multi-

plying Gaussian primes by their conjugates. Therefore, in the final analysis, we

may as well concern ourselves with the highest powers of the rational primes

which divide (s — x) !. We should note, however, that though we originally take

all products over all Gaussian primes, we can take them over all rational primes

because aV = (aaf = p", where a and, therefore, ä and p are primes, where

ä denotes the conjugate of a. Since | ä | = | a | = p or | a" | = | a | = p2 if a = p,

the exponent which normally would be

lo8mi u_^ -°g™i
becomes <

log | a ] "  logp

We now complete the proof using only rational primes.

((s-*)!), =
s — x]       [s — x] S — X        ..       .J + [-pH + -" = ]T=-i-+o(logs)

p

= (s}-)P-j^TT + o(logs).

Hence,
Ve"" I s!j/ra.]s+1p([logmi/logp]-1/(p-1))x+o(logs)

and similarly one gets an analogous expression for ß. Thus it follows that

V + 0(rfc+/-)|s!í!(F[a¡]s+1F[)S¡],+ 1)

([log n^/log p]-l/(p-l))s + o( logs)

W*-*V p^mi;p:prime

FT p(tloSm2/lo8P]-l/(P-l))i + o(iogO

P^m2;p:prime

Thus by virtue of (3.7) and (3.9) we get

|«(Ss+f)«*+AA.fc-+i)(f*+'o|  < i(eo-i + £i)ss~s]-ss ■ e~s\V[ct¡]s+1\

T~[        „([■ogmi/logpl-l/fp-l))*

P = mi;P:prinae

• H*H + *2yr*]-f-e-t\V[fitf+1\
Í7        „(^"e^/iogpi-i/cp-i))!

P=*"2;p:prime

and our theorem follows.

We now generalize Theorem 3.3.

In Theorem 3.3 we showed that for the functions discussed in that theorem

■     | lek + E\s"-^E)/ek + e\>
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We note that when s ¡t = co -* oo as s + t -* oo we get :

I,       (ek + £\í/(í+£)/efc + £\,/(*+E>     (ek + £Va+e)
\"\< (—)      (-T-)       < (-7-)

i>l- 4.  p\s/«>(t+e)
œs/a(k+t)  <s-«/(i+l')s-«MH<')

.   (ö»/0Hi+«)  < s-s/a + e')s-s/mik + s')es/(k + e)

=   s-s(l/(_k- + e')+l/<o(k + e'»es/(k + e)   <  j-ï/iS+i")

m\5/(ï + E'")    /    r.í    ,        »/\í/(fc' + £'")(ek + tr\«<k+' ' /ek' + £m\

for sufficiently large s + t, where fc' is any number such that 0 ^ fc' < fc. Thus

Theorem 3.3 holds even with fc replaced by fc' at least for the part dealing with

order. A similar argument involving ay and o2 can be argued so that we finally

get the following theorem:

Theorem 3.7. There exists a continuum of strongly transcendental entire

functions with order point (py,p2) and type point (ay,a2) which, together with

all their derivatives, assume Gaussian integer values at the points

(<Xi,ßj); i = l,---,k; j = l,—,k

for any order point (py,p2) with Py> k or with Py = k and ay > acl.

A similar theorem holds with respect to p2 and a2.

We now proceed with an analysis of order and type curves.

In the following we shall discuss the fc-variable case. This can be accomplished

with the same ease of notation as the 2-variable case. By the order set of / we

shall mean the set of all points on or above the order of/. We shall say that

ord/ < ord g iff order set of fez order set of g.

To simplify our discussion we shall associate to the order set {(Py,---,pk)} of

f(zy,---,zk), the set of points {(l/Pi,"-,l/pt)} which we call the reciprocal order

set of/.

Theorem 3.8.  The reciprocal order set of an entire function f, is convex.

Proof.   Let (ay,a2,---,ak) and (by,b2,---,bk) be any two points in the order

set of/.

If/= Y1a„l---nkzxzn2---znkk, then we have

\ani..,„k\ < «i n2 "«t

and

|am...nic| < «1 «2 "k

for sufficiently large nt + ••• + nk.
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Thus for every t (0 = t ;£ 1) it follows that

\ani...nu\  ^    nl "fc

<    n-«l/(Cl + £')... n-»k/(Ck + i')

where

ljci = tjai + il-t)jbi      (¿ = l,-,fc)

and our theorem follows.

Theorem 3.9.   For all k-tuples iax,---,ak) with a^O for i = l,---,k, there

exists an entire function whose order is given by

ixyjpy + ■- +ctkjpk =  1; p¡ = 0 // a¡ = 0.

Proof.   For the given tXy,---,otk, let

00

/=   £   iz"y>-zk*)ln\ni = [mi]       (i = l,-,fc).
n = 0

Here / is independent of those z¡ for which a¿ = 0 and hence p¡ = 0 for <x¡ = 0.

We now restrict our attention to the positive a¡. Since ani„„k= n ~" for n¡ = [mx¡]

and 0 otherwise the inequality

n ^- „-"í/ÍPi + e)   .. „ -ik/Cpk + r.)
am...nk ^ "1 "fc

holds for sufficiently large ny + ■■• + nk if and only if

nn < [nayYlmiVipl + E)-[nak]-l"XkV(Pk+t)

_    /J-'i(«ti/(Pi + 8)+ •+l'k/(Pk + e)). qCjjC'V.

in other words if and only if

«i/Pi + ••• + *klPk é 1»

Theorem 3.10. Let S be a convex set in the positive orthant of Ek so that

for every icjy,---,cTk)eS all points io'y,---,o'k) with 0 ^ of S c¡ are in S. Then

there exists an entire function f whose reciprocal order set is S.

Proof. Let the points Pi,p2 ••• be a dense denumerable subset of points on T,

the boundary of S interior to the positive orthant. Let

(3.10) ai(Xi + •■• + <Xfc.Xfc = 1

be a supporting surface of S going through p¡. As a result of our hypothesis on S

we have a,¡ ^ 0.

By virtue of Theorem 3.9 there exists an entire function

00

g, =  S n-"znf-znk\ nx = [not,] (i = l,-,fc)
n = 0

whose reciprocal order set is bounded by the plane (3.10) and the coordinate planes.



140 FRED GROSS [October

For every i choose N¡ such that

(a)

gt =  Z n-"znf-z\k< 1/2'for \z3\<i,
n=N¡

n¡ = [nccj¡]       (j = l,-,k).

(b) [Niayf\ + - + [Niakf\>i,

(c) ¡ <...„, [ < „7»i/O.+l/0nj»2/(M+l/0 ... n-*K*.+W

for every (py1 ,-",pk~1)eS, where a'ni_„k axe the Taylor coefficients of g¡.

Let g= ¿Zr=i§i- Clearly g is entire and since all coefficients of g¡ axe non-

negative, the maximum of | g | on the polycylinder is the sum of the maxima

of the |g¡¡ so that ordg>ordf¡ for all i. In other words, the reciprocal order

set of g lies in the intersection of the reciprocal order sets of the g¡ which is S.

To prove that S is the reciprocal order of g we write

g= z &.,..**?•••*?.
and it suffices to show that for any e > 0

I Dn,...nk\  <• "1 "*

for every (pi 1,---,pk1)eS and nx + ■■■ + nk sufficiently large. Choose i0 such

that l/i0 < s/2 and nx + n2 + ■■• + nk so large that

ZV»,...«,! < nrni/(pl + £/2) •..nt-n't/('"' + E/2).
i = l

We note that

Öl +/!2 + ...+Hfc

I &„,...„„ I =i     z    ¡<...„k|
Í-1

¡o — l ni + n¿ + ... + nk

= z K...„fc| +     z    K^l < m-^+^
i = 1 i = ¡0

...M-nt/(pk + e/2)+ (fJi + ^ + ... + Bjfc)B-»»/(Pl + l/fe)

. „-nii/(Pk+l/>'o)
■••nk

for nt + ••• + nk sufficiently large and our theorem follows.

By the type set of / we shall mean the set of all points on or above the type

of/. We now characterize types by proving the following two theorems.

Theorem 3.11.   Letfbean entire function of order p. For every (px,---,pk)e p

the type set apu..Pk = {(ay,---,ak)} is such that {(logalt•••,logak)} is convex.

Proof.   Let (ay,---,ak) and (a'y,---,a'k) be any two type points in pPl...Plt. We

have for/(z1,-,zt)= Zani...„kzï' •••z*""
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K...nk\ < (epyoy + B)"1"" -iepkok + erlp"nf^lp^ - nj"^

and

\ant...nk\<iePlo'y + er"»-iePko'k + ¿f^n^1^ - nk^""\

Thus

\an,..^<(ePia\c?-t)+zT,P>---{epkoWk{1^

for 0 zi t ^ 1.

Hence the point (ffíc^1-'*,•••,<f¡¿tf'k1^) ls a^s0 in aPi...Pk- In other words if

(logo-;,--».logO and (logo-;, • • •, log <) are in {(log ox, ■■-, log ok)} then

(t log o\ +(1- r)log o-;,i log cr2 + (1 -i)log o"2,---,tlog o'k + (1 - i) log O is also in

{(logo"!, .",logo-ft)} and our theorem is proved.

Remark. The same proof shows that if ioy,---,ok) is in the type set of

ÍPy,---,pk) and io'y,---,o'k) is in the type set of (p[, —,p'k) then (o"y, -■ ,o'k) is

in the type set of (p'{, ■■-, p"k) where 1/p" = tfp, + (1 - t)jp', and

log (p/'o-D/p" = ilog ipfldlP, + (i-0(log(p^D/pD 0¿ < â 1.

Theorem 3.12. G/uen two k-tuples of positive numbers (plt - ■ -, pk) and (ocy,---,ak)

and a set {(oy,o2,---,ok)} such that oi ^ 0/or i = l,—,fc and such that Y\f=y o\"IPi

= constant = K, there exists an entire function with (py,---,pk) as an order

point and with type {(oy,---,ok)} at (py,---,pk).

Proof. We assume that £'=1a,/p, = 1. This condition is not necessary, but

leads to a somewhat simpler proof. The function

oo     / fc \ n

g=l In-1 fi (PiJ^r^Ke) z? -z\\ nt = [n«J (i = 1, -,k)
n = l \ i = l I

is entire and has the desired property.

It is clear from the proof of Theorem 3.9 that g has ipy,---,pk) as an order

point. Now let ioy,---,ok) be any type point of g at ipy,---,pk). We get for

sufficiently large n that for any type point ioy,---,ok)

in ipJ^y^KeJn-" < iepyioy + t^nttfT"" - iepkion + e) Indo-

or K ^Y\ki = i((Ti +£)<"1'"    f°r every e>0 and conversely every point satisfy-

ing this inequality is a type point. Thus type is given by

K = n °?lpi-
i=i

Theorem 3.13. Let the set {(log Oy,---, log of)} which we denote by logo,

be convex and such that all planes of support have outer normals in the positive

orthant. Then o is the type set of some entire function f at a prescribed order

point (py,---,p„) with Pi>0.
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Proof. Let the points Py,p2,--- be a dense denumerable subset of points

on the boundary of log a. For each p¡ we find a supporting plane

ai¡/Pil°g°"i + ••• + OLkilpklogak = Cj where a^ > 0 and C¡ is 1, 0, or — 1.

By virtue of Theorem 3.12, there exists a function

oo     / ft n

gt=  Z (n1U(pjlGijd"l'»Ktiz?-
n=0\ j=l /

K, = eCi

nJ = [naji~\ (j = 1,—,fc) whose type at (py,--,pk) is given by Y\j.i<rfitißi**Ki

or by  Yä) = yajJpjlogaj = logKi. For every i choose JV, such that

(a) gt = It.si(n'tÏÏj-i(Pjl»JUa,,/''JKd'zV -z"kk<H2i,nJ = [naJJ(j = l,-,k)
for | z,I < i for t = 1, •••,fc.

(b) [JV¡ali] + - + [JVíat¡]>i,

(c) |<...„,| < iiepytfy + I/O/»!)"1'"1 - ((cp*fffc + l/0/nr/pt) for every

(°"i, —,0t)6ff for sufficiently large nx + n2 + ■•■ + nk, where a'ni^„k is the Taylor

coefficient of g¡.

Let g= Z.^if;. Clearly g is entire and its type at (Py,---,pk) is not below a

at any point.

It suffices to show that for any e > 0 the Taylor coefficients bni...n([ of g satisfy

| bn,.Mk\ < ((epyoy + £)lnxT^ -((epkak + E)lnk)"klpk for nx + - +nk

sufficiently large for every (ay, ■■-,ak) on a. Choose i0 such that l/i0 < e/2 and

ny + n2 + ■•• + nk so large that

¡o-l

z
i = l

We note that

Z I <...„J < ((epyoy + £l2)lny)"^ -((epkak + £\2)\nk)"kl"k .

\bai...nk\ú   z K..»*h  s |<...„j+   z   |<...„j
¡=1 i=l i=lo

< ((epyoy +£l2)lnxrl»>-((epkak + El2)lnkrl»k

+ (ny + -+nk)((epyay + l¡i0)nyy'""-((ePkak+ílio)lnk)',k"'k.

This completes the proof of our theorem.

We now investigate entire functions with given order and type curves having

integral derivatives at all points of a given rectangular array.

Theorem 3.14. Let g be an entire function with order curve p, where p

lies entirely in an infinite quadrant given by p¡ > a and p2> b, with (a,b)

satisfying a^. k or b ^ fc. Then there exists a continuum of entire functions

whose values and derivatives are integral at a given fc x fc rectangular array

of points and which have p as their order curve.
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Sketch of Proof.   By a method very similar to the proof of Theorem 3.3, we

can choose an entire function / such that

«y+"(/+g)fa,ft)
dz*»dz£

is a Gaussian integer sufficiently near to (contributions of terms preceding ast),

where all the terminology is like that in Theorem 3.3, with the understanding that

00 00

/ = £     H astizy-ayT-izk-ßk)t\
s=0     t=0

so that

\asl\z%c\ [sh\t)iah-ayy-ißk-ßi)tk] \~'

for c ^ 1 ¡yj2, where c is a function of the coefficients off. Hence by an argument

similar to that of Theorem 3.3 we can always find an / such that

dSh+"if+g)i«h,ß,)

dzpdzj*

is a Gaussian integer and has order point (pt, p2) for any (py, p2) such that py> k

or p2 > fc. Our theorem follows.

It is clear that with a similar proof we can show the following :

Theorem 3.15. Let f be an entire function with order point (py,p2) such

that py = fc. Let o be a type curve off at (Pi,p2) which is entirely contained in

an infinite quadrant given by Oy> a and o2> b, where a^zocl or b ^ oc2

and where

°,i = |F[a¡]|-2/íando-c2 = |F[p\]|
2/fc

Then there exists a continuum of entire functions whose values and derivatives

are Gaussian integers at a given k x fc rectangular array of points which have

o as their type curve at (py,p2).

It is also natural to conjecture that if for a given array of pairs of integers,

for every point on a hyperbolic convex curve eb, there exists an entire function

with its value and derivatives integral at the given array and which has this point

as an order point, then there exists an entire function, whose value and derivatives

are integral at the given array and which has eb as its order curve.
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