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1. Introduction and statement of results. In this paper we will present a self-

contained treatment of renewal theory for a distribution function having finite

moment of order m and first moment p > 0. For m = l Blackwell's theorem is

proven and for m ^ 2 new estimates of the remainder term are obtained.

Let m denote any positive integer (see, however, the remark at the end of this

section) and let £ denote a one-dimensional right-continuous probability dis-

tribution function such that

/»CO i* 00

I x\mdF(x)< oo and   p = x dF(x) > 0.
J — CO J— 00

Set
/» OO

pk = xk dF(x),       fe ̂  m,
J-00

let / denote the characteristic function of £ defined by

-If(9) =   \     ewx dF(x),
J - 00

and let f(n) denote the n-fold convolution of £ with itself.

We call £ a lattice distribution function with lattice constant d > 0 if the measure

corresponding to £ is concentrated on the set {jd | — oo <j < oo}, but not on the

set {jd' | — oo <j< oo} for any d' > d. Without loss of generality we can assume

d= 1. F is lattice with lattice constant d—1 if and only if / is periodic with

period 2n and f(0) ■£ 1 for 0 < 191 ̂  n. In this case, let P„(fc) denote the jump of

£(n) at k and set pk = Py(k), qk = H]>kPj for fe ̂  0 and qk = 2Zj¿kPj for fc < 0,

rk = 2Zj>kqj for fc ̂  0 and rk = 2Zj¿kqj for fe < 0, sk= Zygt^- for fe ̂  0 and

sk = T,jzkrj f°r fc < 0. Two quantities of interest in renewal theory are

oo k

uk = Z   P„(fc) K =     Z    Uj :
n = 0 j = - oo

Theorem 1. Let F be a lattice distribution function with lattice constant

d = I having finite moment of order m ~¿. 1 and first moment p > 0. Then uk is

finite and

Received by the editors October 16, 1964, and, in revised form, December 28, 1964 and

July 20, 1965.

(i) Research supported by National Science Foundation Grant NSF-GP-1606.

327



328 CHARLES STONE [November

(1) lim I uk-I =    lim uk = 0.
fc-»CO    \ PI fc-»-00

Suppose additionally that m = 2. Then

(2) lim km ( uk - — - -^ ) =  lim   km(uk-^)=0,
k^oo       \ P        P2)       fc^-co        \ P2!

hk is finite, and

(3) lim /e"1"1/«, - A - ^-^ + V) =   lim fe"1-1 ta - %) = 0.
*-cg \ P        2p2        a2)     k-,-m \ p2)

Equation (1) is the well-known main renewal theorem ([3], [4], [5], [11]).

(2) and (3) were strongly suggested by a recent result of A. O. Gelfond [9] that

under the additional condition that pk = 0 for k < 0,

1       rk      „(logk\ ,
uk = — + -| 4- 0[ -^— as k -► oo .

p      p2        \  km  }

(3) follows immediately from (2) and the known result ([7], [10], [12], [15]) that

Note that km~ 1rk -> 0 as | k \ -* oo and if m = 2, then km~2sk ->■ 0 as | k | -* oo and

Zitigi |/c|m_2rfc < oo. Thus we obtain immediately from Theorem 1 the follow-

ing known results ([7], [10]).

Corollary 1. Suppose that the conditions of Theorem 1 hold with w = 2. Then

(5) lim fcm_1 (uk - — ) =    lim k1"'1^ = 0,

I 00 I

m-2    uk-L
P

(6) I   \k\m-2uk +  1 k
k

and

(7)

< oo,

lim km~2(hk - - - ^/-) =  lim   k"-2hk = 0.
fc-»oo \ P 2p        J (¡-»-oo

F is nonlattice if and only if f(9) # 1 for 6 # 0. As a special case, we call F

strongly nonlattice if

lim inf 11-/(0)| >0.
|«|-»oo

(This is easily shown to be equivalent to Cramer's condition C:

Hmsup|/(0)|<1.)
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if
R(x) = \

(1-F(y))dy,       x^O,

and

i* F(y)dy,
J— CO

' j™ R(y)dy,

\X R(y) dy,
J— 00

We are interested in the functions

U(x, h) = Z   (£(n)(x + h\2) - £(n)(x - h\2)),       h>0,

S(x) =

x <0,

x^O,

x<0.

n = 0

and

H(x) = Z £(n>(x).
n = 0

Theorem 2. Let F be a nonlattice distribution function having finite moment

of order m ^ 1 and first moment p > 0. Then U(x, h) is finite and

(8) lim ( U(x, h) - — ) = lim U(x, h) = 0,        h>0.

Suppose additionally that m ^ 2. Then for fixed « > 0

(9) l/(x,/i)-^i-)^o(R(x)+|x|-m) asx^-oo;
pz ■   '

a/so ii(x) is finite,

(10)

and

(11)

lim (i/(x)---^)=0,
*-oo \ P      V/

f/(x)-^-^c.(S(x) + |x|1-m) as x-> — oo.

Equation (8) is Blackwell's theorem ([1], [2]) and (10) is also known (Smith

[13]). As in the case of Theorem 1 we have immediately

Corollary 2. Suppose that the conditions of Theorem 1 hold with m ̂ 2. Then

(12) lim xm~1U(x,h) = 0,        h>0,
x-»-oo
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(13) f     |x|m~2t/(x,/i)cix<oo,     n>0,
J— CO

and

(14) lim km~2H(x) = 0.
"£-»-00

In order to obtain analogies of the other results of Theorem 1 and Corollary 1,

we need to assume that F is strongly nonlattice.

Theorem 3. Let F  be a  strongly  nonlattice distribution function  having

finite moment of order m ^ 2 and first moment p > 0. Then

lim    *" ( u(x ft)       h     M(*) \
/15x x-oo logx\       ' p        p2   }

=   lim   i-^-r (u(x,h)-i^-)=0,     h>0,
X-.-* log IXI  \ p2      ]

both limits being uniform for h in bounded sets, and

,-      *m_1  I „r s      x       p2      S(x) \
hm-    H(x)-«  + _y.
x^00  logx \ p      2p2       p2  J

(16) =   lim    *m"~1   (h(x)     S(X))-Q
^^oologlxl  \ p2    )

Corollary 3. Suppose the conditions of Theorem 3 hold. Then

(17) lim xm~ 1 (u(x, h) - — ) = 0,       h > 0,

the limit being uniform for h in bounded sets,

(18)

/• 00

L/(x,n)- — dx < co,       h>0,

and

(19) limx'"-2(fi(x)---^)=0.

Remark. It is immediately apparent that Corollaries 1-3 hold for m = 2 but

not necessarily an integer. For we have only to replace m by [m] in the corre-

sponding theorem.

2. Preliminaries. Let M, 0 < M < oo, be such that /(0) ^ 1 for 0 < | 0 \ z% M.

Then on\0\^M, 91(1/(1 -/(Ö))) is integrable and (Feller and Orey [8]) as rf 1

f/ie measure with density 9t(l/(l — **/(ö))) converges weakly to the measure with

density 9Î(1/(1 —/ (0))) /or 0^0 and a point measure of value njp at 0 = 0.
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For completeness we give a proof of these results. Since

JX\ 1-fiG))       \l-f{9)\2'

in order to verify the integrability of SR(1/(1 — f(9))) it suffices to verify that of

o"2SR(/(0) - 1)  - 0~2  f °° SR(ei9* - 1 - Wx) dF(x)
J — CO

= 9~2 f       ShV'8* - 1 - Wx) dF(x)
J\0x\¿l

= 9~2  f        SR(e-''flx - 1) dF(x).
J\6x\>l

But this follows easily by an interchange of the order of integration. Moreover

rtl    J-M        \   (1  - P/(A))(1 ~/(fi)) /

"ft /->-,3i(/(<,,)3(t=77W)3(t^»>

fM       l-r

"ft  Lll-r/WI»"0

¡ft£a-^+i*y""7'
as desired.

3. Proof of Theorem 1.  We assume the conditions of Theorem 1 hold. Then

00 00

t*t -   Z P„(fc) = lim   2 r"P„(k)
n=0 rîl   n = 0

00 | /»it

= lim   Er"i        SR(e-iM/"(Ö)) dö
rîl   n=0        27r   J-n

■Sí5£»('-ÍT=W))*
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In particular, for /(0) = ew we have

[November

and

Thus

(20) H4 - — fc ̂  0,
/»

k<0.

We first prove (1). Since 91 (1/(1 -fid))- l/p(l - e*9)) is absolutely integrable

on — 7t ̂  0 z% 7t, it follows from the Riemann-Lebesgue lemma that

1*1

Also, for k ¥= 0

lim    f"    cos/c09tf .    *       -        1        )rf0 = O.

f"   sinJfcggf.    *       -    ..   1   „)*J9
J_„ \ 1-/(0)     Ml-e'9)/

= Ji9iá,/2i*i sinfce3(î^7w~Mi-e'8) ) ¿0

</0
f cos/eg ~(   i i    y

J^ltKWí.     k     °l 1-/(0)     Ml-«")/

= ot(l)       as |fe| -» oo,

and (1) now follows from (20).

We suppose next that m _ 2 and proceed to a proof of (2). Write

5/>(^(î^»-anir))*

2k J_, ll-/(0)     Ml-e'9)/

" e_iM(/(0) - 1 + Kl - «"))(21) 1      f"
"   2^2 J-,

+
1      l"1

2-V J-,

(1_e¡9)2 df)

e-m(f(9)-l + p(l-ew))2

il-e»)2 (1-/(0))
dfl.
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Observe that

trf\                     r        l      f" e-ike(f(9)-l + p(l-eie))
(22) r* - Yn    L-(T=*V-dd-

For if fe # 0, 1

ft ¿   J*   e-,M(/(o)-l + p(l-e«'))íí0;
2tt

and hence if fc ïï 0

e-«k+2)e(f(9) - 1 + p(l - ew))CO -i /*7l

9*+i =    Z    P; = 2T
l-e-'8

d9,

and another summation yields (22) for fc ̂  0. A similar proof works for fe < 0.

By (20)-(22), in order to prove (2) we must show that

„>"»\ \ 2if (9) -l + p(l- e") V

(23) *■ £ .-• |t_        *W(q  - rfö = o(D   as | fc | - co.

The general idea is to integrate by parts the left side of (23) m times and get a

finite number of terms, each of the form o(l).

We now make some observations valid for an arbitrary distribution function £

with finite moment of order m 2: 2 and first moment p ( — co < p < oo). These

observations will also be used in the proofs of Theorems 2 and 3. First

(24)        m.i%+r^-t MW
1 = 0    ]■ J-co \ j = 0     I-       I

Thus for fc ̂  m

(25)
=   Z (k)(-l)vv!ö-v-1i°0(/x)^(efae-mZ+V^)d£(x)

v = 0 \   v  / J-oo \ ¡ = 0        J-      I

and

\(*)

(26)
= Z   (M (-l)»(v+l)W--af" (/x)k-(e^-mZ+V(-^-)d£(x).

v=0   \ v/ J-oo \ ; = 0 ./'    /
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Consequently

if iß) -1 y*' __ik+iHk+i

r/(0)_n<-)

<27> SÍ^)    -TÎÎ1

\(»)
(29) lim¡m //(Q-i-frfl y« =      Q^,    fe^m_2>

-o \ ö2 / (/c + 2)(fc+ 1) -

(30) «(ffl^lip.,

and

(31) lim02(^-J-^r   =0.
«-»o     \ 0 I

Moreover (for m ^ 2)

(32)        £ | (*«>-¿-"*)'-' dO <ao,   0<M<oo.

To see this we set fc = m — 1 in (26) and break up the range of integration of the

integral on the right side of (26) into two parts, corresponding to | x0 j z% 1 and

| x01 > 1. The contribution of the first part is dominated by a constant times the

integrable function

Í\xe\rsi
\x\m+1dFix).

The contribution of the second part is dominated by a constant times the integrable

function

J|x0|>l
0~¿   .        |x|"    dF(x).

'|x0|:

This results from the cancellation of the highest order terms, a consequence of the

identity

"¿   (m~í)i-iy = il-l)m-1=0,     m = 2.

v=0   \ V       /

We would like to assert that (for m ^ 2)

rM 10 (KB) -1 - ipo V

Lr\—o~2—j
(m)

d6 < oo.

Set k = m in (26) and break up the range of integration of the integral on the

right side of (26) into two parts, corresponding to | x01 z% N and | x01 > N. The
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contribution of the first part is dominated by a constant times the integrable

function

f \x\m+1dF(x).
J|x0|=N

The contribution of the second part is dominated by a constant times the integrable

function

l\x8

plus the function

9~2  f        \x\m-1dF(x)
J\x6\>N

0_1r   f        xme'9xdF(x).
J[xe\>N

This function does not appear to be absolutely integrable. However

f    ie-M9-ld9   \        xmeWxdF(x)
J-M J\xd\>N

= -\ x»dF{x)\ ^LzMde = oÁl)
J\xM\>N J N<\xB\ilMx\ °

where for fixed M, oN(l) -» 0 as N -* co uniformly in fe (fe is not necessarily an

integer here).

We would also like to assert that

dB < oo.

Ux0\

(33)

¡Jer* (f(0)- l-ip9 + ̂ L)

From (24) and the methods used above we see that the function appearing under

the absolute value signs is the sum of an integrable function and the function

~   f x2dF(x).
¿V   JixB\>N

This function is integrable if m > 2 but not necessarily if m = 2. Even in the latter

case, however,

(34)

Í    ie~mêr1dB   f       x2ci£(x)   Í y2eiy9dF(y)
J-M J|x9|>lV J \yO\>N

= -  f x^£(x) f yHFiy) \ I^LzMm = oN(l)
J\xM\>N J \yM\>N J* "

where for fixed M, 0^(1) -» 0 as N -* co uniformly in fe, fe not necessarily an

integer. (*The range of integration is max {N/\ x |, N/1 y |} < 191 ̂  jr.)
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Note finally that if F is a lattice distribution function with lattice constant

d = 1, then

(35)
iJ+1ifi9)-l + pjl-ew))2 \<-"

(1 - e»)2(l -fid))       )
0,       j íá tn.

If we set M = 7t in the above discussion and recall the Riemann-Lebesgue

lemma, we have just what is needed to prove (23) and hence (2) as well.

To complete the proof of Theorem 1, we show that (4) holds. Let u'k = uk for

k<0 and u'k = uk — p~1 for k^.0. Then for m = 2, £-«, l"*^00 and

oo y y

¿Z eikeuí =
-oo        k     1-/(0)     Pil-e»ï

Thus

lim I hk-1   = lim   Z u'k =   2 uk
fc-»00   \ P       / ft-»00    —00 —GO

"   e~o   \ 1-/(0)     Pil-e«)) " 2p2     2p

4. Proof of Theorems 2 and 3. We assume throughout the rest of the paper

that F is nonlattice. Some of the techniques used in this section were suggested

by another recent work of the author [14].

Choose a probability density function Kix), — oo < x < oo, with characteristic

function /c(0), — oo < 0 < oo, such that Kix) is symmetric about x = 0 and has

finite moment of order m + 2 and fc(0) = 0 for | 01 _■ 1. (Examples of such func-

tions can be constructed easily along the lines suggested by Esseen [6, pp. 30-36].)

For fixed n ̂  0 and n > 0, the function F (n)(x + n/2) - F(n)(x - h/2), - oo < x < oo,

is absolutely integrable and

jœ eix\Fwix + n/2) - F(n)(x-n/2)) dx =Si|A|2/"(0).

Fourier inversion yields that for a > 0

/» 00 00

I r"iF(n\x + h/2 -y)- F(n)(x - n/2 - y))a~x Kia~1 y) dy
J-co   n = 0

h_

2%£>(«-Í^Mr=L_))-
Set

/• 00

F(x,h,a)=\     a'1 Kia~xy)U{x - y,h) dy.
J-co



(36)    = A +A i

2p     2%

h_
2p
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From the monotone convergence theorem we obtain

V(x, h, a)

C«('-WMt*i))-
It is easily seen that

By the same method as used in proving (1) we get

(37) lim ( Fix, h,a)-) =   lim   V(x, h, a)=0.

Thus for each a and h, V(x, h, a) is bounded as a function of x. From the obvious

inequality

U(x-y,2h)^U(x,h), \y\*Y*

we see that I7(x, h) is finite and, for fixed h > 0, is bounded in x.

We now complete the proof of (8). Let h > 0 be fixed and let N < co be an

upper bound to U(x,h), — co < x < co. Choose s (0 < e ^ 1/2) and a0 such

that

[
a0 'Rfao 1y) dy S £•

Then from

U(x-y,(l- 2s)h) g U(x,h)^U(x-y,(l+ 2s)h), \y\£eh,

it follows that

V(x,(l - 2e)h,a0) -Ns^ U(x,h) g (1 - e)'1 V(x,(l + e)h,a0).

Since e is arbitrary, (8) now follows from (37).

We show next that

where 0^(1) -> 0 as | x | -> oo uniformly for a and « in bounded sets. Indeed, (38)

follows from the inversion formula

h   r~*    m/ -ixesinh9l2 ,,        i\
sJ-.-T       -T9¡2-Kad) t) d°

(39 rh¡2 ¡> x + zÍn/2 /• x
dz

-A/2 J-oA/2 J- oo *
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We assume from now on that m = 2. Write

EC'iWMizJirii)-

n    (•«-'       ix9/ sin n0/2 \ /(/(0) - 1 - ipdf \
-TnL-.*      [-Wj2-)k{a9)W92(l-f(9))     )de

= I.+h-

Then for fixed a and h,xmI2 = ox(l) as |x|->oo. If F is strongly nonlattice, then

x"72 = (1 + | log a |)ox(l), where ox(l) -* 0 as | x | -»■ oo uniformly for a and h in

bounded sets. The proof of these two results is patterned after the proof of (23).

We give the proof of the second result, that of the first being similar and easier.

We must justify

-h   C'1(40)    S5»L.r

= (l + l log« | Ml).

New difficulties arise only for a small, so we can assume 0 < a < 1. The contri-

bution of the integral over 101 z% 1 is of the form 0^.(1), just as in the proof of (23).

The only term of the contribution of the integral over 1 < 101 _■ a ~1 which is not

clearly of the form 0^.(1) is

Sj1<Wí.-.'   e    (2sinM/2)0(i-/(0))2^

Since the family of functions

(sin h9¡2)k(ad)f (m)(0),       1 < 101 < oo

(where a and h range over bounded sets), is uniformly bounded and equicon-

tinuous, it follows that this last integral is of the form (1 + | log a 1)0^(1), as

desired.

Next we consider the term Iv It is easily shown that

( sin n0/2 \

IJ(V)-l-ipV\

\ 02     "/ de
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Thus
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Q(x,h) =

/* CO

a-1K(a~1y)(F(x + m/2 - y) - F(x- h\2 - y)) dy
J — CO

=Tn £-. e"xe{^m-)k{a6) {m-l-Hl0)de+X~m~2°^

Set
/» CO

J     (F(y + A/2) - F(y - hß)) dy,     x £ 0,

f X (£( v + h/2) - F(y - h¡2)) dy,     x < 0,
J   — GO

j    Q(y,h)dy, x^O,

Í   Q(y,h)dy, x<0.
- J-CO

JOO
a-1K(a-1y)Q(x-y)dy

-oo

asx-> ± co. Further

/• CO

a-1K(a-1y)R(x-y,h)dy
J— CO

R(x, «) =

Then

A:2p
-02

It is easy to show that

/» 00

a"*K(a "vy)R(x - y, h) dy = R(x, h) + x ~mox(l)
J — 00

= hR(x) + X-mox(l).

Thus we have that

(41)
hR(x)

h = —~r~ + x   °x(1)'

where o¿(l) -> 0 as I x I -» oo uniformly for a and h in bounded sets.
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We can now prove (9). We see from the above that for fixed a and h

f    a-1K(a-1y)U(x-y,h)dy=^^+o(x-'
J-00 F

00.

Let h > 0 be fixed. Choose e > 0. Let a0 > 0 be such that

f        aö1K(a0-ly)dy^E.
J \y\¿eh

U(x -y,(l+ 2s)h) ^ U(x,h), \y\£ eh,

Clearly

and hence

rj(x,n)^(l-E)-l(1 + 2f(x)+o(x-).

Since B is arbitrary, we have (9) as desired.

We suppose now that £ is strongly nonlattice and proceed to a proof of (15).

From the above we have that

A + ^W + (1+log| a |)x ~mox(l),     x^oo,
¡A \i

(42) V(x,h,a) =

hR(x)
+ (l+log|a|)x-mox(l), x-> — co,

where ox(l)->0 as x-> + co uniformly for a and h in bounded sets. By a proof similar

to that of (9) we see that (15) holds for h g 21 x | ~m~1. Choose M > 0. Let N be

such that U(x,h) ^ N for h ^ M and — oo < x < oo. Choose e > 0. There is an

x0 such that for | x | 2ï x0

L K(y)dy^-j- <1.

-m-lThen for n ^ 21 x |

u(*-*'I-Txl^)=C7(x''l)

^U(X-y>h+lxW->)>    \y\^\xWT

Consequently, for 21 x | ~m~lS h ^ M and | x | ^ x0

v(x, h- T-T—-,, T-r-rJ - rr- = u(x>h)

"l1-!^"/      V ,h + W^7' Jx^J'
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Since e is arbitrary (42) now yields (15), as desired.

We now give a proof of (10), from which (16) follows easily. We first prove

that for each a and h

(43) lim    ÍX V(y, h, a)dy - h ( - + g¡ ) = 0.
*-co   J-oo \ P ¿P2 I

From (36) and (39) we have that

V(y,h,a)-dz Ka(w)dw
l1    J-h/2       J-oo

£>^«<^>->

and hence

r* hx
lim V(y, h, a)dx-

JC-+0O     J-oo P

/» oo i i        i.h/2 i»v + z v

¡V(y,h,a)-— dz I    Kaiw)dw)dy
J -oo \ P     J -hl2 J-oo /

r    (    1 i_\     np2

¡To  U-/(0)     pO) " 2p2'

i.e. (43) holds.

Since the probability density function a~1Kia~1 y), — oo < y < oo, has zero

first moment

fX   Ktj>,M)<0>
» J-00

= j\-1Kia-1z)dz(jXJJiy,h)dy - j"   ( U(j,h) - A) dj,) .

From (8), the boundedness of Uix,h), and the dominated convergence theorem

lim    (*    a~1Kia~1z)dz f     ( (7(y,n) - A ) dy = 0.
x-»oo   J-oo Jx-z\ V- I

Thus (43) implies that

lim    I"   (7(y)„)dj;-n(- + ^)  =0.
i+oo   J-œ \^ ¿M   /

Since

(»x /• x ¡•x + h/2

Uiy, h)dy =       iHiy + h\2) - Hiy - h/2))dy = Hiy) dy,
J-oo J -oo Jx-h/2-A/2

(10) now follows from the monotonicity of H.
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