ON CHARACTERISTIC FUNCTIONS AND
RENEWAL THEORY(')

BY
CHARLES STONE

1. Introduction and statement of results. In this paper we will present a self-
contained treatment of renewal theory for a distribution function having finite
moment of order m and first moment u > 0. For m=1 Blackwell’s theorem is
proven and for m = 2 new estimates of the remainder term are obtained.

Let m denote any positive integer (see, however, the remark at the end of this
section) and let F denote a one-dimensional right-continuous probability dis-
tribution function such that

[o¢]
f |xl'"dF(x)<oo and u=f
-0

[e ]

x dF(x) > 0.
o 0]
Set

W = f x* dF(x), k= m,
- ©

let f denote the characteristic function of F defined by

1@ = [~ e ar,

©

and let F™ denote the n-fold convolution of F with itself.

We call F alattice distribution function with lattice constant d > 0 if the measure
corresponding to F is concentrated on the set { jd| — 00 < j < o0}, but not on the
set { jd'l—oo <j < oo} for any d’ > d. Without loss of generality we can assume
d =1. F is lattice with lattice constant d =1 if and only if f is periodic with
period 2z and f(0) # 1 for 0 < | 0| < n. In this case, let P,(k) denote the jump of
F™ at k and set p, = P,(k), g, = X ;>xp; for k=0 and g, = X,,p; for k<0,
r= E,->kq,~ for k=0 and r, = Zjékqj for k<0, 5, = ngkrj for k=0 and
S = 2,- <« 7j for k < 0. Two quantities of interest in renewal theory are

k

uk= E P”(k) hk = 2 uj'
n=0

j=-o :

THEOREM 1. Let F be a lattice distribution function with lattice constant

d =1 having finite moment of order m = 1 and first moment u > 0. Then u, is
finite and
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1) lim (u,‘ - —1—-) = lim u,=0.
k= H k= —o
Suppose additionally that m = 2. Then
1 r r

2 limk"'(u ———-"): lim k"'(u __k)=o,
( ) ks 00 k u uz fo— k 2
h, is finite, and

. - k p+p s . _ s
3 lim k™ ‘(h———_Z___+_")=1lm kml( _L)=o,
©) k=0 Y ow ur ) ke P

Equation (1) is the well-known main renewal theorem ([3], [4], [5], [11]).
(2) and (3) were strongly suggested by a recent result of A. O. Gelfond [9] that
under the additional condition that p, = 0 for k <0,

1 r logk
u,,=7+#—';+0(7m—) as k— .
(3) follows immediately from (2) and the known result ([7], [10], [12], [15]) that
. k  ptp )
4 lim { b, — — — =0.
@ ks a0 ( oo 22

Note that k"~ 'r, 5 0 as |k| — o0 and if m = 2, then k™ %5, > 0 as |k|—> oo and
Ziiz1|k|™2r, < 0o. Thus we obtain immediately from Theorem 1 the follow-
ing known results ([7], [10]).

COROLLARY 1. Suppose that the conditions of Theorem 1 hold withm=2. Then

©) lim k™1 (u,, - i) — lim k™ 'y, =0,
k= K k- -
-1 ] 1
(6) T |k tu + k2 ‘uk——-|<oo,
k=-oo k=1 n
and
. - k u,+u . -
7 lim k™ 2(h ————2—).—. lim k™ 2h, =0.
( ) k- * u 21‘2 k= -0 .

F is nonlattice if and only if f(0) # 1 for 6 # 0. As a special case, we call F
strongly nonlattice if

liminf |1 —£(6)| > 0.

le]= o

(This is easily shown to be equivalent to Cramer’s condition C:

limsup | f(6)| < 1.)
16—
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Set
v 0
f (L= FOo)dy, x20,
R(x) =
f F(y)dy, x <0,
- -0
and
r 0
f R(y) dy, x20,
S(x) =<
f R(y) dy, x <0.
-0

We are interested in the functions

U(x,h) = % (F™(x + hj2) — F®(x — h/2)), h>0,
n=0

and
[e0]

H(x) = X F™(x).
0

THEOREM 2. Let F be a nonlattice distribution function having finite moment
of order m = 1 and first moment u > 0. Then U(x, h) is finite and

®) lim ( U(x,h) — —’;7) = lim U(x,h) =0, h>0.
Suppose additionally that m = 2. Then for fixed h > 0
©) U(x, h) — “;(2") < o(R(x) + | x|™) as x— — 0}
also H(x) is finite,
i X B

and

S(x 1-m
(11) H(x)——”-2—-§o(S(x)+|x| ) as x— — oo.

Equation (8) is Blackwell’s theorem ([1], [2]) and (10) is also known (Smith
[13]). As in the case of Theorem 1 we have immediately

COROLLARY 2. Suppose that the conditions of Theorem 1 hold with m=2. Then
12) lim x" " 'U(x,h) =0, h>0,

x——



330 CHARLES STONE [November

]
(13) j |x|""?U(x,h)dx < 0, k>0,
— 0
and
(14) lim k™ 2H(x) = 0.
k- —o

In order to obtain analogies of the other results of Theorem 1 and Corollary 1,
we need to assume that F is strongly nonlattice.

THEOREM 3. Let F be a strongly nonlattice distribution function having
finite moment of order m = 2 and first moment p > 0. Then

(- R

= lim (U( by — hR("))_o, h>0,
x> - oolOgl x| u?

both limits being uniform for h in bounded sets, and

.oxmt X py o S(x)
tim o (P00 = = 3 5

0 (-39 ) o

= lim
COROLLARY 3. Suppose the conditions of Theorem 3 hold. Then

- o0 108 | X]

17 lim x™~ 1(U(x h) — —h-) =0, h>0,
x— 00 n
the limit being uniform for h in bounded sets,
® h
(18) f X2 ‘U(x,h)—ﬂdxmo, h>0,
0
and
19 lim x""z(Hx —i——"i)=
(19) x=0 () poo2u?

REMARK. It is immediately apparent that Corollaries 1-3 hold for m = 2 but
not necessarily an integer. For we have only to replace m by [m] in the corre-
sponding theorem.

2. Preliminaries. Let M, 0 < M < oo, be such that f(6) # 1 for 0 < |0| < M.
Then on |0| <M, R/ —f(8))) is integrable and (Feller and Orey [8])as r $ 1
the measure with density R(1/(1 — r f(0))) converges weakly to the measure with
density R(1/(1 — f (0))) for 6 # 0 and a point measure of value n/p at 0 = 0.
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For completeness we give a proof of these results. Since

L\ _ %A-50)
ER(1—f(e)) 17O

in order to verify the integrability of R(1/(1 — f(0))) it suffices to verify that of

02R(F(O)—1) = 672 j “ R — 1 — ifx) dF (x)

=072 fw 'SI‘R(e"o" — 1 —i6x) dF(x)

62 f R(e™* — 1) dF(x).
lox|>1

But this follows easily by an interchange of the order of integration. Moreover

) M 1 1
im [ R (5 1o f(O))‘”’

o (r = 1)£(0)
=lim ) % ( A= r7 @)1 —FO) ) 40

= lim f:(l - O3 (=57 ) 3 (1=7@) ©

M 1—-r

=lim ———d0

) TT=F@r

. M 1—-r T
=hm | T P

as desired.

3. Proof of Theorem 1. We assume the conditions of Theorem 1 hold. Then

Uy

}: P,(k) = lim 2‘, r"P,(k)

rt1 a=0

—lm ¥ in R(e™™ £7%0)) do

rt1 n=0 -n

-t L (=m )

- 5t 5 (< (=pm)) 0 <=
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In particular, for f(0) = ¢ we have

S [y (em( L) g
1_7+2an(e (1—ew i, k=0,

_1_ _1_ —iko 1 ))
2+2nf_nm(e (1—ew d6, k<O.

7 |2 (™ (5@~ wmem) ) @

(20) -~ k20,
u

and

=)
I

Thus

U, k<O.

We first prove (1). Since R (1/(1 — f(6)) — 1/u(1 — €i%)) is absolutely integrable
on —n < 0=, it follows from the Riemann-Lebesgue lemma that

" 1 1 _
Jim [ cosko( s~ ey ) 200
Also, for k #0
o, 1 1
j.. s‘“’“’s( T—7®  Wi- ew)) 49

. 1 1
= f.o.;m.k. S‘“""S(l—f(e)‘u(l—ew) ) o

cos k@ 1 1 !
- - do
+ fn/2|k|<|0l§n k 3( 1—-£(0) p(l-—eo )

= o(l) as |k|> o,

and (1) now follows from (20).
We suppose next that m = 2 and proceed to a proof of (2). Write

7w ] 7 («™(r=7@~ sz ))

1 " _ 1 1
=% ). ¢ M(l—f(l?)_u(l—e"‘)) 49
@1) L1t MO — L+ (] — )
= f (roL 40
1 (" e ™(F(0) — 1+ u(l — &)
T f A-epd—;@) ©
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Observe that

22 e =

L[ ™™ (F8) = 1+ u(l — )
pr: f A= oo 40.

Forif k #0,1
= | €U -1+ uit - s
and hence if k = 0

R oL [f YO 1=

j=k+2 -z 1—e#

and another summation yields (22) for k = 0. A similar proof works for k < 0.
By (20)(22), in order to prove (2) we must show that

» (f@=Lu e) )2

(23) k" J: e ( 1_ e )f 2(1 — of(g) )

0

d6 =o(1) as |k|- oo,

The general idea is to integrate by parts the left side of (23) m times and get a
finite number of terms, each of the form o(1).

We now make some observations valid for an arbitrary distribution function F
with finite moment of order m = 2 and first moment u ( — 00 < pu < o). These
observations will also be used in the proofs of Theorems 2 and 3. First

e 10=5 Q" (o0 £ GO arg,

Thus for k< m

(% (f(o) - é}o (ij;o!)j”j) )(k)

and
(% (ro- ?:0('—0)}#; ) )m
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Consequently
: f) - 1)(“ _ P <
@) tim (FOZ2 )7 -, ksm—t,
— 1\
(28) lim 6 10 1) =0,
00 0

. f(6)—1—ipud )(k) _ ik+2ﬂk+2 < _

(29) ,}‘1‘3( 02 = GTok+n KEMTR
. f(0)—1—iub )""‘" _
(30) :1_'11; 0 (———02 =0,
and
—1—i (m)
e lim 62 (fﬂo—i—i‘ﬁ) =0,
-0
Moreover (for m = 2)

M 1 (m-1)
(32) f I(&)—;Tﬂ) |do<oo, 0<M < w.

-M

To see this we set k = m — 1 in (26) and break up the range of integration of the
integral on the right side of (26) into two parts, corresponding to |x0| <1 and
|x0| > 1. The contribution of the first part is dominated by a constant times the
integrable function

f_ |x|"** dF(x).
Jx0) <1

The contribution of the second part is dominated by a constant times the integrable
function

62 J‘ixol>l Ix'""ldF(x).

This results from the cancellation of the highest order terms, a consequence of the
identity

bl ('";1) (-1’=1-1D"1=0, m=2.

v=0

We would like to assert that (for m = 2)

J'M | 0 (f(o) —;2— ind )""’
-M

Set k= m in (26) and break up the range of integration of the integral on the
right side of (26) into two parts, corresponding to |xf| < N and |x0| > N. The

df < 0.
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contribution of the first part is dominated by a constant times the integrable
function

f | x|™*dF(x).
Ix6| <N

The contribution of the second part is dominated by a constant times the integrable
function

62 f | x|™ ' dF(x)
|x8|>N
plus the function
o-tim f x™e'%* dF(x).
|x0|>N

This function does not appear to be absolutely integrable. However

M
f ie”™% ~1dp x"e"*dF(x)
-M |x0|>N

33) sin(x — k)@

—— f x"dF(x) sInx = 09 49 = ox(1)
[xM|>N N<|x0]< [Mx]| 0

where for fixed M, oy(1) >0 as N — co uniformly in k (k is not necessarily an
integer here).
We would also like to assert that

f; 10‘3(f(0)—1—iu0+ﬂ—%—02) [ d6 < oo.

From (24) and the methods used above we see that the function appearing under
the absolute value signs is the sum of an integrable function and the function

1

— x2dF(x).
20 Jyxo1>n )

This function is integrable if m > 2 but not necessarily if m = 2. Even in the latter
case, however,

M
J ie"™ 9140 x2dF(x) f y2e”dF(y)
-M Iyo1>N

|x0|>N

(34 .
= - f deF(x)f yzdF(y)J~ wdf) = oy(1)
IxM|>N |yM|>N *

where for fixed M, oy(1) -0 as N — oo uniformly in k, k not necessarily an
integer. (*The range of integration is max {N/| x|, N/|y|} <|0| < =)
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Note finally that if F is a lattice distribution function with lattice constant
d =1, then

FHF©0) — 1+ p(l — €92\
(3% ( (1 — e®)2(1 — £(6)) )

If we set M =mx in the above discussion and recall the Riemann-Lebesgue
lemma, we have just what is needed to prove (23) and hence (2) as well.

To complete the proof of Theorem 1, we show that (4) holds. Let u; = u, for
k<0 and uy=u,—p " for k = 0. Then for m22, X2, |u;|<co and

=0, jE=m.

-n

1 1
T1-f0) wpl—e®)

2 exko ’
Thus

k ©
lu-n(hk.__l_H-_l) = lim Eu;( = 3 u,

k= o0 /"' k= —o0
. 1 1 Ji%8 1
1 - - b 1
by (1 =70 " —ew)) 22 " 2

4. Proof of Theorems 2 and 3. We assume throughout the rest of the paper
that F is nonlattice. Some of the techniques used in this section were suggested
by another recent work of the author [14].

Choose a probability density function K(x), — c0 < x < oo, with characteristic
function k(#), — o0 <6 < o0, such that K(x) is symmetric about x =0 and has
finite moment of order m + 2 and k(8) =0 for IG[ = 1. (Examples of such func-
tions can be constructed easily along the lines suggested by Esseen [6, pp. 30-36].)

For fixed n>0 and h>0, the function F™(x+h/2)— F™(x—h/2),— 0o <x <0,
is absolutely integrable and

|7 e s + b = POy d —S“,‘,;'/‘;/Zf"(e>

Fourier inversion yields that for a >0
o0

Zo:o r"(F™(x + b2 — y) — F™(x — h/2— y))a~*K(a"' y) dy

- n=0

_ 2”7 _ % ( ¢ ( ﬂ%’fi/%/i) k(af) (1—:—17(7)) ) do.

Set

o]

V(x,h,a) = f a 'K(a"'y)U(x — y,h) dy.
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From the monotone convergence theorem we obtain

V(x,h,a)

ek [ S e (1) @

It is easily seen that
. 1 [ _ixo { Sinh6)2 i _ L h
i g L (e (S ) ewgg) 0= 5

By the same method as used in proving (1) we get

(36)

37 lim (V(x,h,a)—%) = lim V(x,h,a)=0.

xX—* 00 X—+—00
Thus for each a and h, V(x, h,a) is bounded as a function of x. From the obvious
inequality

Ux - 3,2k 2U(xh),  |y|< ’;_

we see that U(x, h) is finite and, for fixed h > 0, is bounded in x.
We now complete the proof of (8). Let 2> 0 be fixed and let N < oo be an

upper bound to U(x,h), — o0 <x < co. Choose ¢ (0 <e=<1/2) and a, such
that

f a;'K(ag'y) dy S .
Iylzeh
Then from
U(x — y,(1 — 26)h) < U(x,h) £ U(x — y,(1 + 2e)h), |y| < eh,
it follows that

V(x,(1 — 2e)h,a9) — Ne S U(x,h) (1 — &)~ ' V(x,(1 + &)h, a).

Since ¢ is arbitrary, (8) now follows from (37).
We show next that

(3% E’% a ‘R(e"'x" (M)k(a@%)de,;%:o_"(_l)

s ho)2 o
where 0,(1) -0 as | x| - co uniformly for a and h in bounded sets. Indeed, (38)
follows from the inversion formula

h [ —ixp SN hO/2
7). "R(e T ——" k(af) o)de

/2 x+z

h
= dz K()dy =

-h/2 -

39
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We assume from now on that m = 2. Write
h (%" i/ sinh6)2 1 i
s B ) ka0 (=@ )

- _ e"‘*"(———-—Si;:e’;g/ 2 )k(ae) (f__‘_w)——u:e: i“‘i) do

h (%7 _ief sinhO)2 (f(6) — 1 — iub)*
T ) ( WP ) "("0’(#262(1 —7®) )"0

= I]'i‘lz.

Then for fixed a and h, x"I, = 0,(1) as | x|—oo. If F is strongly nonlattice, then
x"I, = (1 + |loga|)o(1), where 0, (1) =0 as |x|— oo uniformly for a and h in
bounded sets. The proof of these two results is patterned after the proof of (23).
We give the proof of the second result, that of the first being similar and easier.
We must justify

- . (L= =) )"
@ [ (e |
0

= (1 + |loga|)o (D).

New difficulties arise only for a small, so we can assume 0 < a < 1. The contri-
bution of the integral over | 6| < 1 s of the form 0,(1), just as in the proof of (23).
The only term of the contribution of the integral over 1 < |0| < a~! which is not
clearly of the form o,(1) is

1 ity oo K(@0)F(6)
o 1<|0|§a‘ll e ™2 51nh67/2)0(1 ~F0)? de.

Since the family of functions
(sin h0/2)k(ab) f ™(0), 1<|0] <

(where a and h range over bounded sets), is uniformly bounded and equicon-
tinuous, it follows that this last integral is of the form (1 + Ilogal)o,,(l), as
desired.

Next we consider the term I,. It is easily shown that

o o~ixo( Sin h0/2
e

b _hG/T.) k(a6) (1 — ip0)d = x ™" 20,(1).
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Thus

fw a 'K(a~'y)(F(x + h/2 — y) — F(x— hj2 — y)) dy

b e-.-xa( si;oi/tgﬂ_) k(ab) (f(0) — 1 — iu6) 6 + x™" 20,(1).

=5 ..
Set
fw(F(y + h[2) - F(y — h[2)) dy, x20,
Q=1
I xoo(F(y + h/2) — F(y — h/2)) dy, x<0,
and .
[Cowman  xzo
ROoH) =1
fx O(y, h) dy, x<0.
Then -

f a"'K(@™y)Q(x — y) dy

L h [ e sinh62 fO®—1—iud -1
-ifﬁf_rle (h0/2 ka2 g 4 o (1)

as x - + oo. Further

| * aTIK@ Y)R(x — , k) dy

- o0

pofet e-"“’( sinh0/2) Kad) (f(e)—_ 1 — iuf)

=2—ﬁ - ) 02 df + x "o (1).

It is easy to show that
o]
f a”'K(a~'y)R(x — y,h) dy = R(x,h) + x ™o (1)
-

= hR(x) + x ""o,(1).
Thus we have that

hR(x) +

1) I = 2 x""ox(D),

where 0,(1) -0 as_l x| — oo uniformly for a and h in bounded sets.
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We can now prove (9). We see from the above that for fixed a and h

foo a”'K(a~'y)U(x — y,h) dy —hf(x)+ o(x™™) as x— — o0.

- 00

Let h > 0 be fixed. Choose ¢ > 0 Let a, > 0 be such that

[ ak@ ) dyse
Iylzeh
Clearly

U(x — y,(1 + 2e)h) = U(x, h), |y| < eh,
and hence
1 (1 + 28)R(x)

e +o(x™™).

Ux,h=(1-¢)"

Since ¢ is arbitrary, we have (9) as desired.
We suppose now that F is strongly nonlattice and proceed to a proof of (15).

From the above we have that

RO 4 (1 +1og|a])xmo,(1), x> <o,

+
(42) V(x,h,a) =

+ (1 +log|a|)x "o (D), x— — oo,

hR(x)
u?

where 0,(1)—0as x— % oo uniformly for a and h in bounded sets. By a proof similar
to that of (9) we see that (15) holds for h < 2|x|™™~*. Choose M > 0. Let N be
such that U(x,h) < N for h < M and — o0 < x < 0. Choose ¢ > 0. There is an

X, such that for | x| = x,

f KO) dy < 5
I I

ylZ x|

Then forh§2]x|"”"l

2
U(x —y, h—W) < U(x, )

2 1
_U(x y,h+|x|m“) Iylé——lxlm“.
Consequently, for 2|x| ™ '<h<Mand |x|2x,
2 1 ) Ne

|x|[m+? |x|m+2 —lem

=(1- 1~)-1 V(e + i )

< U(x,h)

V(x, h—
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Since ¢ is arbitrary (42) now yields (15), as desired.
We now give a proof of (10), from which (16) follows easily. We first prove
that for each a and h

i H2 ) _
43) :ino]o : V(y,h a)dy — h( + 2;12) =0.
From (36) and (39) we have that
h/2 ytz
V(y,h,a) — — f K,,(w)dw
h/2 -

_h ! _,yosmh6/2 1 i
=3 Lo € i o017y ~ )

and hence

X

lim V(y, h,a)dx — th

© 1 h/2 vtz
f (V(y,h,a) - — f dz Ka(w)dw) d

- B J-n2 -©

. i hy,
lim (——s — =) = =5,
0-0 (1 - f(0) yG) 2p2
i.e. (43) holds.

Since the probability density function a " 'K(a™'y), — 00 <y < 0, has zero
first moment

fx V(y,h,a) dy

_ f:a'lx(a-'z) dz(f;U(y, h) dy —L_( UGy, h) — 7) dy)

From (8), the boundedness of U(x,h), and the dominated convergence theorem

0 x
lim a"K(a'lz)dzf (U(y,h) - i) dy =0,
X 00 - 00 xX—2z
Thus (43) implies that
lim xU,hd Y i "2)=o.
Jim | (y,m)dy — ( 2
Since
x x x+h/2
j U,y = f (H(y + hf2) — H(y—h/2)dy = J L HO)dy,
} . .

(10) riow follows from the monotonicity of H.



342 CHARLES STONE

REFERENCES

1. D. H. Blackwell, 4 renewal theorem, Duke Math. J. 15 (1948), 145-150.

2. , Extension of a renewal theorem, Pacific J. Math. 3 (1953), 315-320.

3. K. L. Chung and H. Pollard, An extension of renewal theory, Proc. Amer. Math. Soc. 3
(1952), 303-309.

4. K. L. Chung and J. Wolfowitz, On a limit theorem in renewal theory, Ann. of Math. (2)
55 (1952), 1-6.

5. P. Erdés, W. Feller and H. Pollard, 4 property of power series with positive coefficients,
Bull. Amer. Math. Soc. 55 (1949), 201-204.

6. C.G.Esseen, Fourier analysis of distribution functions. A mathematical study of the Laplace-
Gaussian law, Acta. Math. 77 (1945), 1-125.

7. W. Feller, Fluctuation theory of recurrent events, Trans. Amer. Math. Soc. 67 (1949),
98-119.

8. W. Feller and S. Orey, A renewal theorem, J. Math. Mech. 10 (1961), 619-624.

9. A. O. Gelfond, An estimate of the remainder term in a limit theorem for recurrent events,
Theor. Probability Appl. 9 (1964), 327-331. (Russian)

10. S. Karlin, On the renewal equation, Pacific J. Math. 5§ (1955), 229-257.

11. A. N. Kolmogorov, Markov chains with a countable number of possible states, Bull.
Moscow Univ. Ser. A 1 (1937), 1-16.

12. W. L. Smith, Asymptotic renewal theorems, Proc. Roy. Soc. Edinburgh Sect. A. 64
(1954), 9-48.

13. , Infinitesimal renewal processes, Contribution to Prob. and Stat., Stanford
Univ. Press, Stanford, Calif., 1960; pp. 396-413.

14. C. J. Stone, A local limit theorem for nonlattice multidimensional distribution functions,
Ann. Math. Statist. 36 (1965), 546-551.

15. S. Ticklind, Fourieranalytische Behandlung vom Erneuerungsproblem, Skand. Aktuarieti-
dskr. 28 (1945), 68-105.

UNIVERSITY OF CALIFORNIA,
Los ANGELES, CALIFORNIA



