ON CREATIVE SETS AND INDICES OF
PARTIAL RECURSIVE FUNCTIONS

BY
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1. Introduction. Creative sets were introduced by Post [7]in the course of his
investigation of the degrees of unsolvability of the decision problems of recursively
enumerable (r.e.) sets of positive integers. This investigation was largely motivated
by the correspondence, under a Gédel numbering, between r.e. sets and the sets
of provable statements of recursively axiomatizable formal systems. Under this
interpretation, creativity of a set corresponds to effective undecidability of the
system under consideration, a viewpoint further developed in the work of Myhill
[5] and others. In [10], Smullyan generalized these notions by introducing double
creativity of pairs of r.e. sets, which corresponds to effective inseparability of
the sets of provable and refutable statements (T and R respectively) of recursively
axiomatizable theories. In this paper, we relate these notions to sets of indices of
partial recursive functions (i.e., sets 0f = {n | q, =~ f}). Our main result is that
double creativity of a pair (a, B) of disjoint r.e. sets is equivalent to separation by o
and B of a pair of sets isomorphic to some pair (0f, 0g) under a recursive per-
mutation. ‘‘Relativization’’ of this result to formal theories yields the existence of
effectively inseparable sets of statements other than Smullyan’s ‘‘nuclei’” T and R.

2. Effective inseparability of sets of indices of partial recursive functions. Let
0g, = {n | 4, =~ q,} in a Kleene enumeration of partial recursive functions. Let
w, = range ¢, and 0w, = {n I w, = w,}. Both the null function and the null set
will be denoted by .

DerFINITION 1. A recursive function F(x, y) will be called doubly productive
for a pair of sets («, f) if, whenever w; = « and w; = f, then F(i,j)ea N f
- (w; Uw;)).

THEOREM 1. There is a recursive function F of four variables such that if
d.,qp are partial recursive functions with q,+# gy, q. % G>qp * J, then
F(a,b,x,y) is doubly productive for the pair (0q., 0q;).

Proof. Define F(a,b,i,j) according to the following effective procedure: first
define a partial recursive function G of two variables by
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(1) Gy, %) = 4(x) if (Eu) [y = 4,0) A @oga # 4],

(2) G(y, x) = q,(x) if (Eu) [y = qi(w) A (V)o<uy # q,;(0)];

(3) G(y, x) undefined if "(Eu) [y = q(u) V y = q;(u)].

The Godel number of G is clearly a recursive function of a, b, i, j. Now by Kleene’s
second recursion theorem, there is a number e, which can be effectively computed
from the Godel number of G and thus from a, b, i, j, such that

(4) q/x) ~ G(e, x).

Then set F(a, b, i,j) =e.

Now assume that w; < 0q,, w; < 0q,. We claim that ee (0q, U 0g, U w;U w))".
Assume not:

Case 1. eew; Uw;. Define a recursive enumeration of the set w; Uw; by
means of the partial recursive function f defined by f(2n) = q«(n), f(2n + 1)
=gq;n), n=0,1,---. Now (Ef) (e = f(1)), and let ¢’ be the least such ¢.

Subcase 1.1. t' is even, say t' = 2u’. Then v < u’ implies 2v + 1 < 2u’'=1t’,
so that

(Eu)[e = fQ2u) A (v)o<ue #f(20 + )],

ie.,

(Eu) [e = qi(uw) A (0)o<ie # q,(v)].

Then by (2) and (4), g.(x) ~ G(e, x) ~ q,(x), so that ee0q, But e = q/u)
implies eew; ~ 0q,, which is a contradiction.

Subcase 1.2. t'isodd,sayt’ =2u’+ 1.Thenv < u'implies2v <2u’ +1=1t',
so that (Eu)[e=q;(u) A (v),<se # qi(v)]. Then by (1) and (4),

qe(x) = G(e, x) = qb(x)9

so that e € 0g;,. But e= g ;(u) implies e € w; = 0q,, which again yields a contradiction.
Case 2. ee(0q,V0q,) — (w; Uw,). Then e (w; Uw,)’, so that by (3), G(e,x)
is undefined for all x, i.e., g.(x)~G(e,x) ~ &. But ec g, implies q.(x) ~ g,(x),
while eefq, implies g.(x) ~ q,(x). In either case, the hypothesis that g, #
q, # & is contradicted.
Note that the hypothesis of Theorem 1 cannot be weakened to allow g, or
g, to be null: if, say, q, =, then 0q,= (0)’ is r.e., and if we let

w;=0q, w; =0 < 0q,

we cannot have F(a,b,i,j)e(0q, Y 0q, Y 0q, V) =F; thus the, conclusion or
the theorem fails to hold for any F.

COROLLARY 1.1. If f, g are distinct partial recursive functions, then 0f
and Og are effectively inseparable.

Proof. Given f, g we show there exists a recursive function G of 2 variables
such that if §f < w, Nwj, O0g = w; Nw;, then G(i,j)e(w; Uw))".
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Case 1. If f#, g # the conclusion follows readily from Theorem 1, by
setting G(i,j) = F(a,b,j,i) when f=gq, g=gq, since by hypothesis w; < 0q;,
w; < Og,.

Case 2. If either f or g =, the result is implied by the following:

ProPoSITION 1. Let f,g be partial recursive functions. Then there exist r.e.
sets a, f with Of S aNp’, 0g = fNa’ if and only if neither f nor g is an extension
of the other.

Proof. This is a special case of Theorem 4.1 and 4.2 of [2], but a simple
direct proof can be given:

First assume that neither f nor g extends the other. Then there exist x4, y, such
that f(x,) = y, and either g(x,) is undefined or g(x,) # y,, and x,,y, such that
&(x;) = y, and either f(x,) is undefined or f(x,) # y,. Then if o = {n l 4.(X0) = Yo}
and = {nlq,,(xl)=y1}, we have 0f< N B’ and 0g < B Na’, where « and B
are r.e. (In the usual way, « and B can be replaced by disjoint r.e. sets y, § such
that yUd=aUP, Of<y and g <4.)

Now assume that g is an extension of £, but that there exists an r.e. set & with
Ofca, 0g < a’. Define a partial recursive function G of 2 variables by

G(n,x) = (W) [y =f(x) V(nea Ay = g(x))].

Since g extends f, this is well-defined, and for fixed n is a partial recursive function
of x, so that G(n, x) = gy,(x) for a recursive h. Then by the second recursion
theorem, there is an e such that g,(x) ~ gj,(x). We now observe that e € a implies
8(x) ~ G(e, x) ~ g4y (%) ~ g(x) so that ee g = a’, while eca’ implies

S(%) > G(e, x) = gue(x) = (%)

so that ee 6f < a. Either way we obtain a contradiction.
To complete the proof of Corollary 1.1, note that if either f or g is null, the
other extends it, so that any function G will vacuously satisfy the conclusion.
DeFINITION 2. In applications of Proposition 1, partial recursive functions f
and g, neither of which extends the other, will be called incomparable.

CoROLLARY 1.2. If a,B are distinct r.e. sets, 0u and OB are effectively in-
separable.

Proof. Let g, g, be functions generating «, B respectively. Then since g, < 6a
and 0q, < 0, effective inseparability of the pair (0q,,0q,) implies that of (0u, 0p).

CoRrOLLARY 1.3 (RICE). There are no nontrivial decidable classes of r.e. sets.

Proof. Let A be a class of r.e. sets, 04 = U,E 0. Then if 64 is recursive, it
follows that 4 and 6(A4’) = (6A4)’ are separable by recursive sets, which by Corol-
lary 1.2 implies that either 4 or A’ is void.
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DEFINITION 3. A pair («, ) of disjoint r.e. sets has doubly creative kernel
(7,0) if y = a, 6 = B and there is a recursive function G of two variables such that
whenever w; Sy’ and w; £ 6, then G(i,j)e(@UBUw, Uw)) .

THEOREM 2. If q,, q, are distinct partial recursive functions, then the pairs
(Was W,,) of disjoint r.e. supersets of 0q,, 0q, have doubly creative kernel (8q,,0q5),
uniformly in the following sense: there is a recursive function G of six variables
such that if 6q,=w,, 0, w, w,Nw,= & and w; < 0q,, w; < 8q,, then
G(a,b,m,n,i,j)e (W, Uw, Uw; Uw;)".

Proof. Let fbe a recursive function of two variables such that wy, ,, = w, Uw,
for all x, y, and let F be the recursive function of Theorem 1; then define a recursive
function G by G(a,b,m,n,i,j)= F(a,b,f(n,i),f(m,j)). The hypotheses then
imply that w, ;) S 04,, Wsm ;) S 04, and that g, and g, are distinct and non-null
so that Theorem 1 applies and the conclusion follows.

COROLLARY 2.1. If f,g are incomparable partial recursive functions, then
there exists a pair (a, ) of disjoint r.e. sets which has doubly creative kernel

(9, 62).
Proof. By Proposition 1 and Theorem 2.

COROLLARY 2.2. There exists a pair (y,d) of productive sets and a pair (o, f)
of disjoint r.e. sets such that (a,f) has doubly creative kernel (y,?d).

Proof. By Corollary 2.1, it suffices to show that 6f, 0g are productive. This
follows from Theorem 3.1 of [2].

It is shown in [10] that all doubly creative pairs of disjoint sets are doubly
isomorphic under a recursive permutation of the non-negative integers. From
this we obtain

THEOREM 3. Let o, 8 be disjoint r.e. sets. Then the following statements are
equivalent:

(a) (a,p) is doubly creative,

(b) thereis a pair of partial recursive functions f, g and a recursive permutation
n such that n(0f) < a,n(0g) < B,

(c) for every pair of incomparable functions f, g there is a recursive permut-
ation © such that n(0f) < a and n(0g) < B.

Proof. (c) — (b) since there are pairs of incomparable functions.

(b) > (a): Let f, g be a pair of partial recursive functions and assume that =
is a recursive permutation such that n(0f)ca and n(fg) < B. Then
0f = n~ (), Og<n ' (B), so that by Theorem 2, n~'(x) and =~ *(B), which are
disjoint r.e. sets, are doubly creative with kernel (6f,6g). But this property is
evidently a recursive isomorphism invariant, from which it follows that (a, f) is
doubly creative with kernel (n(0f), n(0g)).
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(a) - (c): Assume (a, B) is doubly creative and let £, g be incomparable functions.
By Corollary 2.1, there exists a pair (y,0) of disjoint r.e. sets which is doubly
creative with kernel (6f,0g). Then by Smullyan’s double isomorphism theorem,
there is a recursive permutation = such that a = n(y) 2 n(6f)and B = n() = n(6g).

THEOREM 4. An r.e. set o is creative if and only if for every pair (f,g) of
incomparable partial recursive functions there is an r.e. set § and a recursive
permutation m such that a N\ = and (a, B) is doubly creative with kernel

(n(8f), n(68))-

Proof. For one direction, it suffices to note that if («, f) is doubly creative
for some B, then « is creative. For the other direction, assume « is creative and
that f, g are incomparable functions. By Corollary 2.1, there is a pair (y, ) of
disjoint r.e. sets with doubly creative kernel (6f, 0g). By Myhill’s isomorphism
theorem [5], there is a recursive permutation 7 with « = n(y); the conclusion
follows by taking B = 7(9).

Note that Theorem 4 says nothing about the creativity of an r.e. set which may
separate 0f from Og in a case where these are not separable by a pair of r.e. sets.
An argument similar to that of Theorem 1 gives, however, the following:

THEOREM 5. Let q,, q, be partial recursive functions and assume o is an r.e.
set such that 0q, < a, 0q, = o’. Then « is creative (uniformly in a, b and a
Gédel number of o).

COROLLARY 5.1. (0Q)’ is creative.

Proof. Apply Theorem 5 with o = (), q, = and g, any non-null partial
recursive function.

As one application of our results, we exhibit a class of partial recursive functions
whose domains are creative, and which therefore have no general recursive ex-
tensions.

THEOREM 6. Let h be a partial recursive function. Define a functional F by
F(q,) = h(n) whenever defined. Denote by E(F) the ‘‘extensional domain® of
F = {f|for all m,ne0f, F(q,,) and F(q,) are defined and F(q,,) = F(q,)}. Then
the domain of h is a creative set unless F is contant on E(F).

Proof. Assume that F is not constant on E(F), i.e., that there exist f, g € E(F)
and numbers a, b such that F(f) = a, F(g) = b, a # b. Then f c o = {n | h(n)
= a} while 0g = B = {n| h(n) is defined but h(n) # a}, where « and p are r.e.
and disjoint, so that by Theorem 3, («, f) is doubly creative. This implies that
o U B = domain h is creative; the same result evidently holds for all extensions
of h.

Note that the hypothesis could be weakened as follows: Assume that there
exist f, g such that h is defined (though not necessarily constant, nor even single-
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valued) on all of 6f and 0g in such a way that h(6f) and h(0g) are separable by
recursive sets. Then domain h is creative, by the same proof.

As an example, consider the function v defined by Kleene ([4, pp. 346-347],
n = 0) with the property that if w, # &J, then v(n)ew,; evidently domain
v={m | W, #} is creative. Theorem 6 then proves that this must be the case
for every partial recursive extension v* of v. For let A be the class of constant
recursive functions, and define F(q,) = v¥(n); then A < E(F) and F is noncons-
tant on A.

Theorem 6 generalizes a property of partial recursive functionals F whose
domains (i.e., {an(q,,) is defined}) are ‘‘completely recursively enumerable”
classes 04 which were shown in [2] to be creative (when F is nonconstant). It
constitutes a generalization in that not every functional F with nonempty ex-
tensional domain (on which F is an ‘‘effective operation’’) is potentially partial
recursive [6].

It appears to us that it would be of some interest to investigate the possible
isomorphism types of the doubly creative kernels of doubly creative pairs(2).

3. Relativized sets of indices of r.e. sets. The terminology of this section is
that of [9] and [10]. Let S be a consistent r.e. theory. An r.e. set « is representable
in S if there is a formula A with one free variable such that for each non-negative
integer n, n € « implies FgA(77), while n ¢ o implies | FgA(7), where 7 is the numeral
in S corresponding to n. If an r.e. set a is representable in S, we may relativize
the notion of 6o to the following:

DEFINITION 4. 6Os0 = the set of G6del numbers of formulas of S containing
one free variable which represent a in S.

It will be shown below that for many theories, if « and B are (distinct) rep-
resentable r.e. sets, then (6o, O5f) is doubly isomorphic to (6a, 0f), so that they
possess the same recursively invariant properties, such as inducing double creativity
on pairs of disjoint r.e. supersets. In the spirit of [1] and [9], however, we provide
a direct proof of the latter property, which does not depend on the Myhill-Smullyan
isomorphism theorems.

We require the following well-known result, whose proof we omit.

PROPOSITION 2. Let S be a theory containing a formalization of the (primitive
recursive) diagonal function d(n) = the Godel number of the formula obtained
from the formula with Godel number n by replacing free x by the numeral 7.
Then for any formula F(x, n) with two free variables we can effectively find a
formula W(n) with one free variable, whose Godel number w is recursive in that
of F(x, n), such that

FsW(n) = F(W, n).

(2) For kernels (0 f, 0g) where f, g are incomparable functions, there are exactly 3 possible
types. The proof will appear in Proc. Amer. Math. Soc.
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THEOREM 5. Let S be a consistent r.e. theory containing the diagonal
function. Assume that o, n,o ,B are r.e. sets such that ¢ and 7 are representable
in S by formulas R and P respectively, that Ognt < a, 050 < B, and that a, B are
strongly separable in S (i.e., there is a formula A such that n € o« implies F g A(71)
and ne€ p implies +s™ A()). Then there is a number w, which can be effectively
found from the Gddel numbers of R, P and A, such that we(x U B)’.

Proof. Let F(x,n) be A(x) > R(n). A .- 7] A(x) o P(n). By Proposition 2,
there is a w recursive in the Godel number of F and thus in those of 4, R, P, such
that FsW(n) = F(w,n). Now FgA(x) . o . F(x,n) = R(n) and

FsT14(x) - o . F(x, n) = P(n).

We claim that we(x U f)’. Assume not:

Case 1. wea. Then kg A(W) which implies g F(w, n).= R(n). So tsW(n)
= R(n), which implies that W(n) represents ¢ in S and wefgo = . Then
ks 71 A(W), and S is inconsistent.

Case 2. wef. Then t+g]A(MW) which implies FgF(W,n) = P(n). So
FsW(n) = P(n), which implies that wefsn < «. Then FgA(w), which again
contradicts the hypothesis that S is consistent.

COROLLARY 5.1. Let S be a consistent r.e. theory in which all r.e. sets are
effectively representable and pairs of disjoint r.e. sets are effectively (strongly)
separable. Then there is a recursive function F of six variables such that if
Osw, S W, "W, Osw, = w, Nw, then F(a,b,m,n,i,j) is a doubly creative
Sunction for (W,, w,) (i.e., a doubly productive function for (w,, w))).

Proof. Assume that w, = w,, w; S w,. Let w, = {x|x appears in w,, Uw;
before appearing in w, U w; in a simultaneous enumeration}, w, = {x | X appears
in w, U w; before appearing in w,, U W,}. (This can be formalized as in the proof
of Theorem 1.) Then w, N w,; =, Osw, S w,, Osw, S w,. Setting a = w,, B =w,,
n = w,and ¢ = w, in Theorem 5, we observe that since according to the hypothesis
we can effectively compute the Godel numbers of R and P from a and b and that
of A from ¢ and d and thus from m, n, i, j, then we can effectively find a number
wew, Uw, Uw; Uw;)’. Then set F(a,b,m,n,i,j)=w.

To add significance to these results, we note that by the results of [3], [8], [9],
the hypothesis of effective representability and separability holds in ordinary
theories of arithmetic (in which recursive functions are definable and which
contain a ‘“ £ *’ relation with the usual properties).

Isomorphism results. For the following, recall that o is 1-1 reducible to
B (@R, p) if there is a 1-1 recursive function f such that x e a & f(x) € f. We say
that f reduces o to § and that « =, fif aR;f and BR,a.

Let S be an “‘effective Godel theory” in the sense of [10], i.e., a theory for
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which there is a recursive function g such that the formula with G6del number
(g-n.) g(i), Fy;, represents w; in S. Let T denote the set of Godel numbers of
provable sentences of S, R the set of Gddel numbers of refutable sentences of S.

(1) 6w; =, Osw;, uniformly in i; i.e., there are recursive functions h, k such
that h(x) reduces Ow; 1-1 to Ogw; and k(x) reduces Osw; 1-1 to Ow,, for all i.

Proof. Define h by setting w,,, = {ml FsF,(/m)}, which is an r.e. set since S
is an r.e. theory. Then h is a recursive function which can be taken to be 1-1 by
the iteration theorem, and n € O gw; <> F, represents w; in S« w;=w,,h(n) € Ow;.
So h reduces Ogw; 1-1 to Ow;,.

Now let x;, x,, -~ be distinct variables of S, and let Fy,, represent w, in S.
Define k by setting k(n) = g.n.(Fy,)(x) A x, = x,). Then k is a 1-1 recursive
function, and FsF,, (/) if and only if FgF,(/m); this implies nefw, < w,
= w; & F,, represents w; in S > Fy(, represents w; in S k(n)eOsw;. So k
reduces Ow; 1-1 to Ogw;.

(2) We conclude from (1) and Proposition 10 of [10] that there is a recursive
permutation n such that m is an isomorphism between 6w; and Ogw; for
all i. Thus all recursively invariant properties of sets 6w; and pairs (6w;, Ow))
carry over to Osw; and (Osw;, Osw;).

(3) It now follows that if S, and S, are theories such that

(i) the set of g.n.’s of formulas with one free variable is recursive,

(i) pairs of disjoint r.e. sets are strongly separable,

(iii) all r.e. sets are effectively representable, then there is a recursive isomor-
phism 7 under which T; corresponds to T, R, to R, and 05, w; to Os,w; for each i.

Proof. By (2), there are recursive isomorphisms 7; and =, such that
n)(0w;) = 05, w;foreachi, forj = 1,2; then n3 = mom; ! is a recursive isomorphism
mapping 0g,w; onto Og,w; for each i. By Theorem 28 of [10], there is a recursive
isomorphism 7, mapping T, onto T, and R; onto R,. Now ne U,.;"oesw,- if and
only if n is the Godel number of a formula containing one free variable, and by
assumption, f = Uiﬁoﬂslwi is a recursive set disjoint from T; U R,. Thus it
suffices to define # = n; on B, m = 7w, on f’.
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