A JORDAN DECOMPOSITION FOR OPERATORS
IN BANACH SPACE()

BY
SHMUEL KANTOROVITZ

Introduction. Let X be a finite dimensional complex Euclidean space, and
let T be a linear operator acting on X . The Jordan decomposition theorem states
that T has a unique decomposition T= S + N, where S = [,,zdE(z), E is a
spectral measure supported by the spectrum o(T) of T, and N is a nilpotent
operator commuting with S.

Our main result (Theorem 2.1) is a generalization of the Jordan theorem for
operators with real spectrum to infinite dimensional reflexive Banach spaces.
We consider operators T satisfying the growth condition |e*|=0(|¢|") for
some integer k = 0 and all real ¢. In §1, we construct the ‘“‘Jordan manifold”’
for T, on which T is shown to have a unique Jordan decomposition, if the spec-
trum (which is real because of the growth condition) has Lebesgue measure
zero (§2). Related results are described in §2. The theory is illustrated by examples
in §3.

This work is clearly related to Dunford’s theory of spectral operators. How-
ever, the latter is needed as a prerequisite only for Theorem 2.12. The standard
reference is [1], [2].

Many thanks are due to Professors H. Furstenberg and C. A. McCarthy for
discovering an error in the original version of this paper.

Notations. The following notations and conventions will be used through-
out without further explanation: X is an arbitrary complex Banach space. B(X)
denotes the Banach algebra of all bounded linear operators acting on X . Elements
of B(X) are simply called ‘‘operators.”” The identity operator is denoted by I.
X* is the conjugate space of X. Norms are denoted by || (except when distinc-
tion is needed). The closure operation is denoted by an upper bar. For Te B(X),
the symbols o(T), p(T), R(A;T) and lT|sp stand respectively for the spectrum,
the resolvent set, the resolvent, and the spectral norm of T. The restriction of T
to an invariant linear manifold W is denoted by T| W. The real and complex
fields are respectively denoted by R and C. If K = C is compact, C(K) denotes
the Banach algebra of all continuous complex valued functions on K with su-
premum norm. Form =0,1,2,---, C™is the topological algebra of all complex-
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valued functions on R with continuous derivatives up to the order m, with
pointwise operations and with the topology of uniform convergence on every
compact of all derivatives of order < m. We let C = C° and Cg = {fe C"'| f has
compact support}. The Borel field of R is denoted by #.

1. The Jordan manifold. We recall first some of the terminology introduced
in [7].

DEeFINITION 1.1. Let m >0 be an integer and Te B(X). A C™-operational
calculus for T is a continuous representation f— T(f) of C™ on X, such that
() T =1I; (i) T(f) =T if f(f)=1t; and (iii) T(-) has compact support (de-
noted by X =3(T)). Z is defined as the smallest compact K = R for which
T(f) =0 whenever fe C™ has its support in the complement of K. T is of class
C™ if there exists a C™-operational calculus for T. In this case, the latter is
unique, and T = o(T) (cf. Lemmas 2.2 and 2.8 in [7] or Proposition 1 in [5]).

Let Te B(X) be such that

1.1) |eT| = o(|t]"), teR,|t]>x

for some integer k= 0.

By Lemma 2.11 in [7], T has real spectrum and is of class C" for m>k+2.

DEerFINITION 1.2. Let Te B(X) satisfy (1.1), fix m= k + 2, and let T(-) be
the C™-operational calculus for T. We write

1. flm,r = Zr;'=o(1 [i" maxa(r)lf(j) |, feC™;

2. |x|wr = sup{| T(N]; f€C™ |flmr < 1};

3. D, = {xeX; |x|nr <o} = Dy (T);

4. D = Umsk+2Dm = D(T).
We call D the Jordan manifold for T.

The function x—->|x|,,,,1 is homogeneous and subadditive for each fixed
m = k + 2. Therefore D,, is a linear manifold. For x fixed, |x |,,,,T is a nonincreas-
ing function of m (m = k + 2). Therefore

Diyr S Dyy3 S -

and D is a linear manifold.

Fix m=zk+2. Since T(1) =1, |x|,,,,,; |x| for all xe X; therefore le,,,,r
is a norm on D,,.

If Ve B(X) commutes with T, it commutes with T(f) for all fe C™. Hence,
for all xe D,, and fe C™ with |f|,,,,7§ 1, we have

| T(H Vx| = |[VvT(Hx| < | V|| THx| | V]| x|mrs

ie, VxeD, and | Vx|, 1 < |V||%|mr. Thus D, is an invariant linear manifold
for V, and V is continuous on the normed linear space (D, | * | r). These facts
are valid in particular for V = T(f) for each fe C**2. For x € D,, fixed, consider
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the linear map f— T(f)x of C™into (Dm,l . |,,,,T). When C™ is endowed with the
pseudo-norm |f|,, 7, this map is continuous with bound < |x|, r, ie.,

1.2) | T(NX|mr £ | %|mr* | Flmr
for all feC™ and xeD,,. Indeed,
| T()%|mr = sup{|T(ef)x|; geC™, | g|mr =1}
< sup{|T(Wx|; heC™, |h|nz = |f|n1)
< x|z [f]mr-

If D is of the second category in X, then D = D,, = X for some m = k + 2, by
the uniform boundedness theorem; the norms | x| and | x |, r are then equivalent,
by the closed graph theorem. We shall see later on that D # X in general. How-
ever, it follows easily from [10, pp. 99-100] that there exists an m = k + 2 such
that D =D,, = X, provided that o(T) is a finite union of points and closed
intervals. Of this particular situation, only the following is relevant to our sub-
sequent analysis. :

ProrosiTiON 1.1. If o(T) is a finite point set, then D =D, =X.

Proof. For each xe X and x*e X*, x*T(-)x is a distribution of order
< k+2 with support o(T)= {py, -, p,}. By [10, pp. 99-100], there exist
M >0 and C; = Cij(x,x¥*)eC (i=1,--,n; j=0,--,k+2) such that
| Cijx, x*)| < M| x| |x*| and x*T(f)x = Z; ;C;;f (p) for all feC**?, xeX
and x*e X*. Therefore | T(f)x| < M’|x||f|c+2,r for all feC**?, and xeX,
where M’ > 0 depends only on T.

CoRrOLLARY 1.2. If W is a finite dimensional invariant subspace for T, then
W e Dyys.

Proof. Since T| W has finite spectrum and satisfies (1.1), Dk+2(T| wWy=w
by Proposition 1.1. But Dy, »(T| W) = Dy, »(T) N W. Hence W < Dy, 5(T).

COROLLARY 1.3. D,., contains all the eigenvectors of T (therefore, if the
eigenvectors of T are fundamental in X, Dy, (and hence D) is dense in X).

COROLLARY 1.4. Let A be an isolated point of 6(T), and let E(L) be the as-
sociated projection (cf. [3, Volume 1, p. 573]). Then E(A)X < D;,.

Proof. Since o(T| E(A)X) = {4} (Theorem VII, 3.20 in [3]),
EMX = Dk+2(T| E(D)X) < D4 o(T).

Thus D, , # 0 if there are isolated points in the spectrum. More can be said
if all nonzero points in the spectrum are isolated (hence, in particular, if T is
compact).
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THEOREM 1.5. Let Te B(X) satisfy (1.1) Suppose that all nonzero points
in o(T) are isolated. Then D,,, contains the closed range of T**'. If T
satisfies (1.1) with k = 0 and if X is reflexive, then Dy, , is dense in X .

We state first two lemmas, which are implicit in the proofs of Theorem XI,
6.29 and Corollary XI, 6.30 in [3, Volume II]. Let Z be the closed linear span
of {E(A)X: Aeo(T)—{0}}, and let Z* be the annihilator of Z in X*.

LeMMA 1.6. Suppose all the nonzero points in the spectrum of an operator
Te B(X) are isolated. Then T*IZJ' is quasi-nilpotent.

LemMA 1.7. Let X be reflexive and Te B(X). Suppose that A,R(4,;T) is
bounded for some sequence {A,} = p(T) converging to 0. Then

A+ N =X,
where & and A are the range and null space of T respectively.
We need also a theorem of Naimark’s [8, p. 208] in the following form:

LEMMA 1.8 (NAIMARK). Let T be a quasi-nilpotent element of a normed
algebra R. Suppose that for some integer n = 1

1.3) | "R(; T)| = O((sin6)™")

for 0 =argl#0,n. Then T"=0.
The next lemma puts Condition (1.1) in the form (1.3).
Lemma 1.9. If Te B(X) satisfies (1.1), then

(1.4) | A**'R(A; T)| = O(Gin0)"**?) for 0 =argd #0,x.
Proof. Condition (1.1) implies that

RA;T) = if e Me"dt  for ImA <0
0

0
—if é¥e"dt  for ImA >0,
0

where the integrals converge in B(X).
Hence, for n <0,

|RE+in;T)| < fwe"'|e”rldt = O(Iwe"‘tkdt)
(V] 0o

= o(n|"**)

and similarly for n > 0.
Thus | R(A; T)| = O(Im A)"*~1) for Im 2 # 0, which is equivalent to (1.4).
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Proof of Theorem 1.5. Consider the operator T"‘|Zl . It is quasi-nilpotent
(Lemma 1.6) and satisfies (1.3) with n = k+ 1 (by Lemma 1.9, since
|R(A; T*|24)| = |R(A;T*)| = |R(A; T)|). Hence, by Lemma 1.8, T***!x* = 0
for all x*eZ*, ie., x*T*"'x =0 for all xe X and x*eZ"*. By Hahn-Banach,
this implies that Z > T*+1X. But D,,, >Z by Corollary 1.4. Hence D,,,
contains the closed range of T**'.

In particular, if T satisfies (1.1) with k =0, D,,, o #. Since D,,, > A" triv-
ially, we conclude that D,,, = X if X is reflexive by applying Lemma 1.7.

Recall that x e X is called a root vector of T if (AI — T)"x =0 for some AeC
and some integer n = 1.

ProPOsITION 1.10. Let Te B(X) satisfy (1.1). Then its Jordan manifold
contains the linear span of all the root vectors of T.

Proof. It suffices to show that the null space of (Al — T)"is contained in D,
for all Aeo(T) and all integers n= 1.

Let S=T-— Al for Aeo(T) fixed. Since A is real, S satisfies (1.1) and
D,(S) = D,(T) for each m = k + 2. Hence it suffices to show that if x # 0 satisfies
S"x =0 for some n =1, then xe D(S).

Let m = max{k + 2,n—1}. Clearly, | x|, s =sup{|S()x|:feCq,|f|ms < 1}.
For fe Cy, S(f) is given by

(1.3) S(f) = f Jayesat,

where f(t) = (1/2n) [ge”™f(s)ds and the integral in (1.5) converges in B(X)
(cf. proof of Lemma 2.11 in [7]). For x as above,

I

S(f)x jo's (i—f),j—sfx dt
j=0 J:

R
R Py
= ijo il J; f @’ dis’

n—1 @),
_y 7O
=R S

Since m =2 n —1 and 0eo(S), we conclude that

|X|ms £ max |Sk|<ow, e, xeD,(S)cD.
0sjsn-1

2. The Jordan decomposition. In order to avoid repetition, we state the fol-
lowing

STANDING HYPOTHESIS.

(a) X is a reflexive Banach space.
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(b) Te B(X) satisfies Condition (1.1).

(¢) o(T) (which is a subset of R by (1.1)) has linear Lebesgue measure zero.

We follow the notations of §1 without further explanation. It is also convenient
to introduce the following:

DEFINITION 2.1. Let Wc X be a linear manifold. We denote by T(W) the
algebra of all linear transformations of X with domain W and range contained
in W.

A generalized spectral measure on W is a map 6 — E(5) of & into T(W) such that

(i) E(R)x =x for all xe W, and

(ii) E(-)x is a bounded regular strongly countably additive vector measure
on #, for each xe W.

Notice that a vector measure p is “‘regular’’ if x*u is a regular complex measure
for all x*e X*.

We can state now our main result, which is a generalization of the classical
Jordan decomposition theorem for complex matrices with real spectrum to in-
finite dimensional Banach spaces.

THEOREM 2.1. There exist S,N € T(D) such that

(21) T|D=S+N,

(2.2) SN = NS,

(2.3) N**'=0, and

(24 p(S)x = [,p(H)dE(t)x, xe D
for all polynomials p, where E( - ) is a generalized spectral measure on D sup-
ported by o(T) and commuting with any V € B(X) which commutes with T.

This decomposition is ‘“maximal-unique’’, meaning that if W is an invariant
linear manifold for T for which (2.1)~(2.4) are valid with W instead of D, then
W < D and the transformations S, N and E(5) (6 € #) corresponding to W are
the restrictions to W of the respective transformations associated with D.

Finally, D = D, and for each x €D, the map f - T(f)x of C**? into X has
an extension as a continuous linear map of C* into D given by

k
(2.5 T(f)x = X i, f FO)AE()N'x
i=o0 J: Jam)

(for all feC*and each xeD). The extended map f — T(f) of C* into T(D)
is multiplicative.

The proof is organized in a series of lemmas.
LEMMA 2.2. There exists a uniquely determined family
{E; m(0); mZk+2;j=0,---,m;0€ B}

of linear transformations of X with the following properties:
(a) E; ,(0) has domain D,,;
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(b) for each xeD,, E;,(-)x is a regular, uniformly bounded, strongly
countably additive vector measure supported by o(T); and

L

© T = X o

f SO dE; o)
o(T)

forallxeD, and feC".

Proof. Let C(o(T))"*' (m =0,1,---) be the Cartesian product of m+1
copies of C(a(T)). Its elements are denoted by f = (fo,f1»**»fm)» and it is normed
by

lfl= Z i' sup |f;], feC(a(T)"*'.
ji=0 J: oM
Let A4,, be the linear manifold in C(a(T))™*! consisting of all f = (fo,f1, > f.)
with f; = f| 6(T) for some fe C™ (j=0,---,m). If feA,, and f is any element
of C™ such that f; =f9|a(T), j=0,---,m, then |f|=|f|mr. Fix m2k +2,
xeD,, and x*e X*.
Consider the map

(%, x%): fed,, —» x*T(f)x

where f is any function in C™ such that f; = f’|a(T) for all j=0,---,m.
Since x € D,,,, this map is well defined, linear and continuous, because by (1.2),

|, x0)f | = | x*T(f)x| £ |x*| | T(Nx| £ |%*|| TU)%|m,x
< |x*||%|mr | flmr = [5*]|%|mr|£]-

By the Hahn-Banach and the Riesz representation theorems, there exist m + 1
regular finite Borel measures y; ,, = p; m(* Ix, x*¥)(j=0,---,m) on R, which are
supported by o(T) and satisfy

var (| %,x%) £ |x*||%|mr (=0,-,m), and
(2.6)

(X, x*)f = X L| f fPdy;,,  for all fed,,.

j=0 J: Jam

Since o(T) is a Lebesgue null set, the measures u; , are singular with respect
to the Lebesgue measure on R. Therefore, by Lemma 3.7 in [7], the represen-
tation (2.6) is unique. For xeD,, fixed and x* varying in X*, the linearity of
(%, Xx*)f = x*T(f)x in x* and the uniqueness of the representation (2.6) imply
the linearity of u; (6 | X,x*) in x* for each fixed 6 €% and j =0, ---,m. Since X
is reflexive, there exists a unique element of X (which we denote by E; ,(6)x),
with norm < | x| g such that p;,(8|x, x*) = x*E; ,(8)x for all
x*eX* (j=0,---,m; 6€%). The uniqueness of the representation (2.6) implies
that E; ,(9) is a linear tranformation of X with domain D,, (for each 6 e # and
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j =0,---,m). Now (b) follows from the Orlicz-Banach-Pettis theorem and (c)
is a rewriting of (2.6).

Lemma 2.3. If Ve B(X) commutes with T, then V commutes with E; ,(5)
for all 6e#B, mzk+2and j=0,---,m.

Proof. Fix m = k+ 2. If V commutes with T, then it commutes with T(f)
for each fe C™ and VD, < D,, (cf. §1).
Therefore by Lemma 2.2 (c)

VIO = E 57 [ 100avE,ox

T(f)Vx

f fOAE; ()Vx

joJ

for all xeD,, and fe C™, and the lemma follows from Lemma 3.7 in [7], be-
cause all the measures involved are singular with respect to the Lebesgue measure
on R.

Let B(o(T)) denote the space of all complex Borel functions f on R, which
are bounded on ¢(T), with the pseudo-norm sup,n|f|.

In the next lemma, we consider D,, as a normed linear space with the norm

le’"’r’

LemMA 24. Fix m2k+2 and 0<j<m. Consider the map ¢;, of
B(o(T)) x D, into X defined by

bm: (%) — f L JOE (0.

Then ¢; , is continuous, has range in D,,, and is also continuous as a map of
B(o(T)) x D, into D,,. In fact

@ [ SO0, < sup |1] [x]us,

for all fe B(o(T)), xeD,,and j=0,---,m.

Proof. Let (f,x)€ B(o(T)) x D,,. Then y = ¢; ,(f,x) is a well-defined ele-
ment of X, by Lemma 2.2 (b). For ge C™,

T(gy = f f(OAT(QE; .()x = f f(OAE; (OT(g)x,
o(T) a(T)

by Lemma 2.3.
Since T(g)xeD,, we have
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X*E; o )T(®)% = pym(*| T(®)x, x*)
for all x* € X*. Therefore, by (1.2) and (2.6),
| x*T(g)y| = sup |f] - varu; u(- | T(g)x, x*)

IIA

. * T
sup 17l - [%*] | T(@)% |m,

IIA

sup |f] - |x*| [x|mr] g mz-
Hence
|Y|mr = sup  sup |x*T(e)y| < sup |f||%|mr>
1 o(T)

Ix*|=1  |g|m,Ts
proving (2.7) and the lemma (since | y| =< I y Im.l‘)'
COROLLARY 2.5. For m=k+2, j=0,---,m and 6%

E; .(®)D, = D,,.
In fact,
lE,,m(é)x Im.T < |x|,,,,T for all xeD,,.
Taking f=1 in Lemma 2.2(c), we see that E, ,(R)x = x for all xeD,,. To-
gether with Lemma 2.2, Lemma 2.3 and Corollary 2.5, this gives

COROLLARY 2.6. For each m2k +2, E,=E,, is a generalized spectral
measure on D,,, supported by o(T) and commuting with any Ve B(X) which
commutes with T.

Next, take f(f) =t in Lemma 2.2(c): we obtain
2.8) Tx = f tdEy ()x + E; ,.(R)x for all xeD,,.
o(T)

Let S,, and N,, be the transformations defined on D,, by the first and second
terms on the right-hand side of (2.8), respectively.

Then T|D, =S, + N,, and S,,N,eT(D,) by Lemma 2.4. We proceed to
show that S,, and N, have the properties (2.2)-(2.4). The crucial step consists
in proving an identity relating the Fourier-Stieltjes transforms of the vector
measures E; (- )x(m2k+2, 0<j=<m, xeD,,).

DErFINITION 2.2. For m=2k+2 and 0<j<m, let

E;(s)x = f e“dE; ,(h)x, seR, xeD,,.
a(T)

By Lemma 2.4, E; ,(s) is a well-defined element of T(D,,), for each j =0,---,m
and seR.

Lemma 2.7. Fix mzk+2. Then, for all jh=0,---,m and s,ucR,
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Ejn()Ey () = Ejppp(s+u) if j+h<m,
=0 if j+h>m.
Proof. For se R fixed, take f,(f) = " in Lemma 2.2(c):

2.9) o= 3 @ g “(s)x, seR, xeD
. = —;"— jym N s XED,.
j=0 J:

Using (2.9) in the identity ¢'“**7x = ¢*"(¢""x) and recalling that ¢*"x e D,, for
xeD,,, we obtain after some rearrangement:
m—h

g (is)hJ‘(T)eisteiutdr {i Y @-{Eﬁh,m(t)x}

h=0 h! 2o J!
=X (is) f ed, {LE,, ,,,(t)ei"Tx}
h=0 o(T) ht™"

for all s,u € R and x € D,, (the subscript ¢ of d indicates that integration is per-
formed with respect to t).

Since o(T) has Lebesgue measure zero, it follows from Lemma 3.11 in [7]
(applied with u fixed and s variable) that

ist iut mh (i“)j i i
f et e d,{ z —,'—EH,,,,,,(t)x} = f e"'d, {E, ,(De"x}
o(T) ji=o J: a(T) ’
for all s,ue R and xeD,,.
By Lemma 2.3, by the fact that E j,;(s) has range contained in D,,, and by
(2.9), we obtain
m-h ciny o .
(l.i')- f "™ dE; 1 m(X = Ejn(s)e""x
j=0 J: o)
= e"TE, n(s)x
m s\ . R
= X %J‘ €"dE; (D) E, (s)x
j=0 J: Jem

for all s,ueR and xeD,,.
Applying Lemma 3.11 in [7] (with u variable and s fixed), the result follows.
DeFINITION 2.3. Fix m 2 k + 2. For fe B(o(T)), let S,(f)eT(D,) be de-
fined by

Sulx = j JOEDs,  zeD,

(cf. Lemma 2.4 and Corollary 2.6).
LEMMA 2.8. The map f- S,(f) of C(o(T)) into T(D,) is multiplicative.
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Proof. By Lemma 2.7 with j = h =0, we have
E;(s)E,(u) = E.(s+u) for all s,ueR.
It follows that the map f— S,(f) is multiplicative when restricted to functions f
of the form

N
f(®) = X Cjexp(is;t) (C;eC; t,s;€R).
i=t

Since these functions are dense in C(a(T)), the result follows easily from Lemma
2.4 (cf. inequality (2.7)).

LEMMA 29. Fix m2k+2. Then

(i) N,, commutes with S,(f) for all fe C(a(T));

(i) E;.(0) = E,(O)N, for all 5B and j=1,---,m.
(iii) N¥*t =0,

Proof. For 1<r<m,takej=r—1 and h=1 in Lemma 2.7; for u =0,
we obtain
Er,’r\n(s) = Er—l;n(s)Nma

hence

(2.10) E,;,(s) =E (5N, (@Zr=<m, scR).
Interchanging the roles of j and h, we obtain similarly

(2.11) E .(5)=NLE.(s) (Q=r<m,seR).

By (2.10) and (2.11), N,, commutes with S,(f) for functions f of the form
N
f(®) = X Cjexp(is;t) (C;eC, s;eR),
Jj=1

and (i) follows by a density argument as in Lemma 2.8, using (2.7).

(ii) follows from (2.10) and the uniqueness theorem for Fourier-Stieltjes trans-
forms of regular Borel measures.

By (2.9) and (2.11),

isT. “ (is)j igp~
(2.12) Hlx= X —7T—N,,,E,,,(s)x, seR, xeD,
j=o0 J:

(N2 stands for I).

Since E,(s)En(—s)=x by Lemma 2.7, we have

isTp~ _ d (is)j j
HTE (—s)x = X _T'—me’ seR, xeD,,.
i=o J*



1965] JORDAN DECOMPOSITION FOR OPERATORS IN BANACH SPACE 537
Fix xe D,,. By (2.7),
| B3 (=s)x] 5 |7 | E2(=9x] S 7] [x]ur = OCs])

for seR, |s| » . Hence N*'x =0 for each xeD,,, completing the proof
of Lemma 2.9.

LemmA 2.10. Forall mzk+2, lxlm,r = |x|k+2,T, hence D =D,,= D, ,.
Proof. Fix m 2 k+2. By Lemma 2.2(c) and Lemma 2.9,

T(f)x =2k3 1 f FOAE, (NI x
ji=0 J! o(T) " "

(2.13)
1

j=0 J!

M=

Su(fPINx

for all feC™ and xeD,,.
By (2.7) and Lemma 2.9 (ii),

[ 500aE N2 [ur < 509 179] [*lur,
a(T) a(T)

and therefore
(2.14) | T(HX |m,r S |fli| X |m,z for all feC™, xeD,,.
Hence

lx|k+2,1 = sup {l T(f)x|; fe ck*?, |f|k+2,T =1}
sup {l T(f)xl; fec™, |f|k+2,1‘ s1}

é lem,T

for all xe D,,. Hence lx lm,T = |x IHZ,T for all xe D,,. Q.E.D.

DErFINITION 2.4, We let S=S;,,, N=Niiy, E=Epys, S(f) = Sp+2(f) for
feB(o(T)) and | x| =|x|xs2,r for xeD.

By Lemma 2.10, (D, | x||) is 2 normed linear space. Also S, N, E(5) and S(f)
are in T(D) for all € # and fe B(o(T)). By Lemma 2.4, we have " Sx || = | T| ,,," x ",
[Nx] < [[x], |S0)x] < supnf| | x| and [E@x] < %] for an e,
feB(6(T)) and 6 A.

By the remark following Corollary 2.6, we have a decomposition T| D=S+N,
which satisfies (2.2) and (2.3) by Lemma 2.9, and (2.4) by Lemma 2.8 and Cor-
ollary 2.6.

LEMMA 2.11. For each xeD, the map f— T(f)x of C**? into X has an
extension as a continuous linear map of C* into D, which is also continuous
as a map into (D, || -|). The extended map is given by (2.5), and f— T(f) is an
algebra homomorphism of C* into T(D).
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Proof. By Lemma 2.10, Equation (2.13) and Definition 2.4, the right-hand
side of (2.5) gives the required extension. Its continuity properties follow from

Lemma 2.4.
We consider now the map f— T(f) of C*into T(D) given by (2.5), i.e.,

() = T Lsyow, rect.
j=o0 J:

This map is clearly well defined and linear. Its multiplicativity follows from
Lemmas 2.8 and 2.9: for f,geC*,

_ k J f(h)g(f_h) i
0w - Zs{ 2, h!(j—h)!} N
k J
= E Zo W S(f®) s(g¥ ") N

= 2 SU™) 2 S(g"”)N"“

Since N¥*! =0, the inner summation may be extended up to k. Thus
k

T(fg) = T 2 SU™T@N"
=0 N:
Since N commutes with T(g) by Lemma 2.9(i), we obtain
k
U9 = T SUN'TE) = T(TE, QED.

Proof of Theorem 2.1, completed. It remains to prove the *“maximality-
uniqueness”’ assertion. Let W be an invariant linear manifold for T, and let
S;, N, and E,; be related to Tand W as stated for S, N, E and D in (2.1)-(2.4).
It follows from (2.1) and (2.2) for S; and N, that

T = X% (n) STTINY x
j=0 \J
for all xe W and n=0,1,2.-- (N?=S?=1 by definition).

Let g be an integer = k. Then for xe W,

i (it)” T"x = i (lt) zn n) Sn-iNJ'x
n=0 n! ] ! !

n=0 n' Jj=0

- 2 (T @F) (i) Nix

(2.15) j=0 \r=0 T 7
_ k (its) (lt)le x
- jgo U;(T)rzo r! dE ()} J!

where we used (2.3) and (2.4) for S; and N,.
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Fix j, 0<j < k. Since o(T) is compact, the dominated convergence theorem
for vector measures [3, p. 328] gives:

o (lts) Jj its J
lim E —dE,(s)Nix = e"“dE (s) N’,x
 gro Ja(T)r=0 r: o(T)

(in the strong topology of X) for each fixed xe Wand teR.
Hence, taking g — oo in (2.15), we obtain

Kk pind )

= X %— e"dE,(s)NJx
=0 . o(T)

for all teR and xe W.

For fe Ck*2 and xe W, we obtain (cf. (1.5)):

T(f)x = L f(ve'Tdt
k
1 s N its J
= 2=: T .L o) ity f Te dE,(s)N}xdt
k
1 its
| = E 7T L(T){ff(t)(lt)e dt’dEl(s)le,
1.e.,
T(f)x = .2:30 ;17 f T)f‘”(s)dEl(s)N Jx for all feCh*?

and x € W. The interchange of the order of integration and the use of the Fourier
inversion theorem are justified since fe C%*% and E,( - )N’x is a bounded measure
with compact support o(T), for xe Wand 0 <j < k fixed.

For fe C**2, T(f) is defined as T(f,) for any f, € C§*? which coincides with
f in some open interval containing ¢(T) = X (cf. proof of Lemma 2.11 in [7]).
Therefore

(2.16) T(f)x = Zk ]—1,- fY9(s) dE,(s)N%x
ji=o0J:

a(T)

for all feC**? and xe W.
For x e W fixed, let M(x) >0 be a common bound for the vector measures
E,(-)Nix, 0<j < k. Then, by (2.16),

IT(f)xl < 4M(x) Iflk,T < 4M(x) |f|k+2,1'

for all fe C**2. Hence |x|,‘+2,T§4M(x), and xeD, , ,=D. This proves that Wc D.
By (2.5), (2.16) and Lemma 3.7 in [7],

E,(8)Nix = E(6)N’x
for all 6e £, 0<j < k and xe W (since o(T) is a Lebesgue null set).
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In particular (j = 0), E,(6)x = E(6)x for all € # and xe W; hence S;x = Sx
by (2.4) and N;x = Nx by (2.1) for all xe W= D. This completes the proof of
Theorem 2.1.

The maximality-uniqueness assertion of Theorem 2.1 justifies the following

DEFINITION 2.5. We call S, N and E respectively the scalar part, the nilpotent
part and the resolution of the identity of T on the Jordan manifold D.

Keeping in mind the usual definition of a resolution of the identity (cf. [1],
[2]), the following proposition is of some interest.

PROPOSITION 2.12. If the nilpotent part (or the scalar part) of T is closable,
then E(0) commutes with S, N and S(f) for all 6e# and fe C(o(T)), and
moreover

E(6 Ne) = E(5)E(e)
for all 6, ceA.

Proof. Fix d€ 4, and let ¢; denote its characteristic function. Choose f,e C
such that | f,,l <1 and f,—c; pointwise(?) on o(T). By the dominated convergence
theorem for vector measures, S(f,g)x — S(c;g)x strongly, for all xeD and
g€ C(a(T)). Since S(g)D = D, it follows from Lemma 2.8 that

S(f.8)x = S(f,)S(g)x > E(6)S(g)x.
Hence, for all ge C(a(T)),
(2.17) S(cse) = E(9)S(g)-
Fix xe D, and let y, = S(f,)x — E(6)x. Then y,e D and y,— 0 (take g = 1 above).
Also
Sy, = S(tf,(1))x — SE(6)x — E(6)Sx — SE(6)x

(take g(t) = t above). But S is closable (either by hypothesis, or because S= TID—N
where Tl D is bounded and N is closable). Therefore E(6)Sx = SE(d)x for each
x € D. Thus E(6) commutes with S, and since it commutes with T, it commutes
also with N=T|D-S.

Given ¢ > 0 and fe C(6(T)), choose a polynomial p such that sup,r, | f- p| <e.
Since E(d) commutes with p(S), we obtain for each xe D:

| E@) S(N)x — S(NEG)x| < |E@)S(f ~ p)x| + | S(f~ E@)x| < 2¢ | x |

by the remarks following Definition 2.4.
Hence E(6) commutes with S(f) for all fe C(6(T)). Therefore, by (2.17),
S(c; g)x = S(QE(G)x, i.e.,
[ soaoiens = [ swaeopes
a(T) a(T)
for all ge C(6(T)) and xeD.
(2)—a:eptional sets are routinely disposed of. Details are left to the reader.
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Fixing x € D, it follows from the uniqueness of the Riesz representation that
for all ee #

f cs(t) dE(t)x = f dE(t)E(6)x

i.e., E(e Nd)x = E(¢)E(d)x for all e,6e# and xe D, Q.E.D.
Since N = 0 is trivially closable, we have

COROLLARY 2.13. Suppose T satisfies Condition (1.1) for k=0 (i.e.,
|e*T| = 0(1), te R). Then E(8) commutes with S(f) for all fe C(a(T)), and
E(6 N¢) = E(0)E(e) for all 5, B.

Theorem 2.1 may be given a version fitting into Dunford’s theory of spectral
operators [1], [2].

DEFINITION 2.6. The Jordan space for T is the completion Y of the normed
linear space (D, |- ).

If Ve B(X) commutes with T, we know that VD < D and that V is continuous
on (D, || - |). Let Vy be the unique extension of V| D as a bounded linear operator
on Y. If | Vy || denotes the norm of Vy as an element of B(Y), then | V¢ | < | V|.
Similarly, S, N, E(6) and S(f) are bounded on (D, || |); denote their unique
continuous extension to Y by the corresponding letter with a subscript Y. By
the remark following Definition 2.4, we have |Sy|=<|Tl|s, |Ny| =1,
|E@)y | <1 and | Sy ]| S supun|f| (6B, feB@(T). By 1-23),
Ty =Sy + Ny, Sy commutes with Ny, and N¥*'=0. However, we get into
trouble when we try to show that E( - )y is a resolution of the identity in the sense
of [1, pp. 324-325]. First, we do not know whether E(6 Ne)y = E(6)yE(e)y in
general. A more serious difficulty is the countable additivity of y*E(-)yy for
y* in a total linear manifold I' = Y*. A natural choice of T is as follows: each
x* € X* induces a unique xy € Y* with norm | x| < |x*| (since |x| < | x| for
xeD). Let ' = {xy | x*e X*}. It is easily seen that xyE( - )yy is countably ad-
ditive on 4, for each ye Yand x} eI, and that xyS(f)yy= [, f(t) dxyE(®)yy
for all fe B(o(T)), y € Yand x,eI". However I may not be total in Y*. Indeed,
let X and T be chosen such that the norms | - | and |- | are not equivalent (cf. §3).
We may then select x, € D such that x,—0 in X and x,—»y #0 in Y. For each
x*e X*, x*x,— 0, hence x}y = limx*x, =0 for all x;eI', but y #0, ie., T
is not total in Y*.

However, a slight modification of the proof of Theorem 2.1 yields to the
following

THEOREM 2.14. T3 is spectral of class Y and type k (in this theorem, X
does not need to be reflexive).

Outline of proof. Let us simplify first the notations by omitting the sub-
script Y. Fix m = k + 2 and let 4,, be as in the proof of Theorem 2.1. For ye Y
and y*e Y* fixed, consider the map
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- (y,y*):fed, — y*T(f)y

where f; = f|o(T). By (1.2), this map is well defined, linear and continuous.
We conclude as in the proof of Lemma 2.2 that there exist m + 1 regular finite
Borel measures p; = p;( - I ¥y *) (j=0,---,m) on R, which are supported by
o(T) and satisfy :

varg (- |y, = [y [o* ]
and
il f") dp;, feC™.
Moreover, this representation is unique, and therefore uj(6| y,y*) is a con-
tinuous bilinear form on Y x Y* for each 6% and j=0,---,m. Let F4J) be
the unique bounded linear operator on Y* such that u j(5| 1. y¥) = (FiOy*, y>
for all y and y* (the pairing of Y and Y* is denoted by <:,*>). The F;(-) are
uniformly bounded additive set functions with the property that {(F;(-)y*,y)
are regular (countably additive) Borel measures on R supported by o(T) (for
all j=0,---,m; yeY and y*e Y*). Moreover, for all feC™,

Py = T
j=0

® 10r= 2 & [ soar,
a(T)

ji=0 J:
where, for he C(o(T)), [,xh dF; is the unique element of B(Y*) defined by
[ marty> = haceary
a(T) a(T)

for all y and y*. In particular, for all s ¢ R,

: i m . \J
(2.18) (T =X ('—f) F[(s)
. . ji=0 J:

‘where

Fi(s)= f e dF(t).
a(T)

Trivial changes in the proof of Lemma 2.7 yield to the identities

F(s)Fp(w) = Fiyn(s+u) for j+h=m,
2.19) =0 for j+h>m,
fpr all j, h=0,---,m and s, ueR. _
* It follows as'in the proof of Lemma 2.8 that the map f— S(f) = [, fdF, of
C(o(T)) into B(Y*) is multiplicative; since Fo(+) is uniformly bounded, the
extension. of this map to B(a(T)) is also multiplicative, and therefore

 Fo(6 Ne)=5(csne) = S(cs¢) = S(es) S (eo) = Fo(9)F o(e)
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for all §, ee #. Taking s = 0 in (2.18), we see that Fy(a(T)) = I (the identity of
B(Y*)). Thus F = F, is a spectral measure on R.
Taking f(f) =t in (*), we obtain

T* = f tdF(t) + Fy(o(T)) =S+ N.
a(T)

It follows from (2.19), much as in the proof of Lemma 2.9, that F; = N'F=FN/
(j=0,---,m). Hence S commutes with N, and since €** = [, €™ dF(f), we
obtain from (2.18):

(*Ty*e ™ = kiz(i—.s)jN 4
ji-o Jj!

But ||(e*)*e "% | < | (&*N)*| = | *"| = |*"| = O(|s|¥). Therefore N*** =0,
and the proof is complete, by Theorem 8 in [1].

The (perhaps) unusual method we used to prove Theorem 2.1 was needed
essentially in order to handle nonisolated points of the spectrum. In case there
are isolated points in a(T), a result of the same nature (without the maximality-
uniqueness assertion) may be obtained by a more classical method, without
requiring the reflexivity of X.

NoOTATION. Let g4(T) denote the set of isolated points in o(T). If 6o(T) # &,
let Z, denote the linear span of E(A)X for A running in 6(7T); if oo(T) =&,
we let Z, = {0}.

Suppose T satisfies Condition (1.1).

It follows from the proof of Theorem 1.5 that if every nonzero point of o(T)
is isolated, then the closure of Z, contains the closed range of T**!. In case
k=0 and X is reflexive, Z, + 4" is dense in X . An alternative description of
Z, is given in the following

PROPOSITION 2.15. Let Te B(X) satisfy (1.1). Then

(a) each isolated point of 6(T) is a pole of order <k + 1 of the resolvent;
and

(b) Z, is the linear span of the root vectors corresponding to the points

of 6o(T).

Proof. Let Aeoy(T). Since A is real, AI — T satisfies (1.1), hence (1.4) (by
Lemma 1.9). Since o(T|E()X) = {A}, the operator (I — T)|E()X is quasi-
nilpotent. Hence, by Lemma 1.8,

(2.20) (AI = T)**'E(}) = 0.

By Theorem 18, p. 573 in [3], this implies that A is a pole of order £ k + 1 of
R(4;T). Since, in this case, the range of E(4) coincides with the root space as-
sociated with A, the proposition follows.
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PROPOSITION 2.16. Let Te B(X) satisfy (1.1). Then all the conclusions of
Theorem 2.1 (except for the maximality-uniqueness assertion) are valid with
Z, replacing D.

Proof. For xeZ,, let
o(x) = {Aeao(T)| E(A)x # 0} .

Clearly, o(x) is either void or finite, and

(2.21) x = X EW)x, xe€ Zy.
A ea(x)
Let S, Ne T(Z,) be defined by
Sx = X AE(M)x, x€Z,,
(2.22) Aeo()
N = T|z,-5.

Then (2.1) and (2.2) are obvious. We prove next by induction that for all xe Z,
and j=0,1,2,--,

(2.23) N'x = X (T-AYEW)x.

A ea(x)

For j =0, this reduces to (2.21). Assuming (2.23) true for some j, we obtain
(for xe Z,):

N*lx = N X (T-AYEQ)x = X (T- AIYE(A)Nx

A ea(x) A ea(x)
= X (T-AYEQ) X (T— pul)E(u)x
A ea(x) n ea(x)
= X (T-A)YYEWx.
A ea(x)

Now, by (2.23) and (2.20), N**1=0.
For 6 € #, define
E@®x = X EW)x, xeZ,.
A €a(x)Nd

Then E is a generalized spectral measure as in Theorem 2.1 (with the additional
property E(6 N €)x = E(0)E(¢)x for all §,ee # and xe Z,), and S satisfies (2.4).
Since (2.5) follows from (2.1)-(2.4) (see proof of ‘‘maximality”’ in Theorem
2.1), the proof is complete.

ReMARKS. 1. By the uniqueness assertion in Theorem 2.1, the transformations
S, N and E(d) obtained there are extensions of the respective transformations
obtained here (if the hypotheses of Theorem 2.1 are satisfied).

2. If 6o(T) = o(T) (i.e., if 6(T) is a finite set), then S, N and E(S) are in B(X),
and T is spectral of type k.
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The case k = 0 has a distinguished position if X is a Hilbert space. By Theorem
5 in [6], the condition Ie“Tl = 0(1) (te R) by itself is then sufficient for T to
be spectral of type k = O (i.e., similar to a hermitian operator). This is no longer
true (in Hilbert space) for k=1 (cf. §3). In Banach space, whether reflexive
or not, this breaks down even for k=0 (cf. [6, p. 176]).

Let R[f] denote the ring of polynomials over R. We may rewrite Condition
(1.1) for k=0 in the form |e”™| < M < oo for all pe R[f] of degree < 1. If
we require this latter condition to hold for all pe R[], we obtain a criterion
for spectrality which is valid in any weakly complete Banach space.

THEOREM 2.17. Te B(X) is of class C and has real spectrum if and only if

* sup |e"P| < 0.
peR[1]

If X is weakly complete, Condition (*) is necessary and sufficient for T to be
spectral of scalar type with real spectrum.

Proof. If X is weakly complete, T is of class C if and only if it is spectral
of scalar type (cf. Theorem 3.2 in [7]). Thus, only the first statement of the theorem
needs proof.

If Tis of class C, it is of class C(6(T)) (cf. Lemma 2.7 and Definition 1.2 in
[7]). Let f— T(f) be its C(o(T))-operational calculus, and let M be the latter’s
norm. Then for all pe R[t],

|eP®| = | T(*®)| < M sup |*®] = M
t €ea(T)
if o(T) is real.
Conversely, suppose T satisfies (*). Let

M = sup |&"P|.

p €R[t]

In particular, we have |ei‘T| < M for all te R, hence T has real spectrum.

Let A4,(T) denote the uniformly closed real subalgebra of B(X) generated by
I and T. Suppose VeA,(T) is quasi-nilpotent. Choose p,e R[t] such that
pT)— V in B(X). Then || =1im,|e"n™| < M for all te R. By Lemmas
1.9 and 1.8, we must have V'=0. Thus A4,(T) is semisimple. It follows that its
complexification A(T) is semisimple.

Next, for an arbitrary element V of 4,(T), we have Ie""l < M for all teR;
therefore the integral

T4+, - © gt — 1
(2.24) R(V) = —5—(n) "2L —p
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converges absolutely in B(X), and defines an element of A(T). By Theorem 2
in [9], we have

(2.25) R(V)2 =V.
For V #0, we have

1 B V-1 iV __ 1 © itV 1
IR(V)l = 5(7') 12 U; l 372 I dt +J; 'ii§|7:-—dt }

V|-t

For0st<|V|™,
2
|eirV_1| < tIVI {1+ tlzl'/l (tl;;‘) +...}

éthl‘l+§1—!+3—1!-+ }

< (e-D|V]t,

and therefore the first integral above is not larger than 2(e — 1)] V[‘/2 The
second integral is < 2(M + 1)| V|'/>. Hence

(2.26) |[RV)| = K|V|'?

for all VeA[(T), where K=(M +¢e)n~ /%,

By (2.25), R(V*)? = V2. Since R(V?)eA(T) for VeA(T) and since A(T) is
semisimple, it follows that R(V?) = + V. Therefore, applying (2.26) with V2
instead of V, we obtain |V|?<K2|V?|, and thus |V|<K?|V|, for all
VeA,(T). It follows that A(T) is isometrically isomorphic to C(#), where
A is the maximal ideal space of A(T); hence T'is of class C. Alternatively, taking

V= p(T), we get
|p(T)| £ K*| p(T)|sp = K2 sup | p(1)]

for all pe R[¢]. Therefore the map p— p(T) extends as a continuous represen-
tation f— f(T) of C(a(T)) into B(X), with norm = K?. Q.E.D.

We conclude this section with another characterization of operators of class C
with real spectrum. Without loss of generality, we may consider the case where

o(T) < [0,1].

THEOREM 2.18. Let Te B(X) be such that o(T) = [0,1]. Then T is of class C
(i.e., T is spectral of scalar type for X weakly complete) if and only if there is
an M > 0 such that

o A (e

for all unit vectors xe X and x*e€ X*, and alln=0,1,2, .
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Proof. Let A denote the difference operator acting on complex sequences:
if u = {u,}, Apis the sequence with nth component (Ap), = p, — p41, 8 = 0,1,2,-+-.
The iterates of A are denoted by A* (k =1,2,-++), and A’y = u for all 4.

Fix unit vectors xe X and x*e X*. Let u be the sequence defined by

u, = x*T"x, n=0,1,2,--.
Then ‘
(A" w); = x*TI(I - T)" Ix
for j=0,--,n and n=0,1,2,---.
Therefore, (**) is equivalent to the condition

) ('.')[(A"‘fu),.| <M, n=0,1,2,-.
j=0 \J

This is Hausdorff’s classical criterion for yu to be a moment sequence on [0,1].
Thus, Condition (**) is equivalent to the existence of a (unique) finite regular
Borel measure o = a( * |x, x*) such that vara < M and

1
(**¥) x*T"x = f t"doz(tlx,x*), n=0,12--,
0

(for all unit vectors x and x*).

If T is of class C, (***) is a direct consequence of the Riesz representation
theorem. Conversely, if T satisfies (***), then x*p(T)x = [g p(t)da(tlx, x*) for
all pe R[f] and all unit vectors x and x*. Hence | p(T)| < Msupy ;| p(T)|
for all pe R[¢], which implies that T is of class C (cf. end of previous proof).

3. Examples.

3.1. We remarked above that in Hilbert space, Condition (1.1) for k=0 is
sufficient by itself for the spectrality of T. The following example, which is due
C. A. McCarthy, shows that this is no longer true for k=1, even when o(T)
is a sequence with O as its only limit point and when X is a separable Hilbert
space. Thus D does not generally coincide with X, even in this restricted situa-
tion (in this case however, D is dense in X).

Let X = X*_,®H,, where H, is a copy of the 2-dimensional Hilbert space
C2. Consider on H, the projections E, and E_, defined by the matrices

1 n 0—n
(o o)a“d (0 1 )
respectively (n=1,2,---). Clearly,
E_E =EE_, =0, E:, =E,, and E,+E_, = 1.

Let T,=(E,—E_)/nand T= X3_, ®T,. Theno(T)={0,+ 1/n;n=1,2,.--}
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and Tis of class C': its C’-operational calculus is given by T(f)= X, @ T(f)n,
where

1 1
Q) T =1 () Bt 1( =3 E-
(feC’, n=1,2,---). The continuity of the map f— T(f) follows from the mean
value theorem, which gives the estimate

2 |T(f)| < max|f| + 2 max |f’|, fecC'.
[-1,1] [-1,1]
In particular, |€"| <14 2|t| = O(|¢)).
However the projection associated with the isolated point 1 /n of the spectrum is

E(%)=0®"'®En@0®"' (n=i19i2"")

which has norm > | n l . Since the projections E(1 /n) are not uniformly bounded,
T is not spectral and therefore D # X (by Theorem 2.1). Let

x={x,}€X, where x,=(x,,X,,)€H,.

It follows easily from (1) that x € D whenever X_, n? | X2 |2 < oo (in particular,
vectors of the form {x,,--:,x,,0,0,---} are in D, hence D is dense in X). For
vectors x with the latter property, we have a decomposition Tx = Sx + Nx as
in Theorem 2.1, in which N =0 and

) BC)x = 5,0 B (5 )x
where 6,(-) denotes the delta measure at se R.

Let K, be a two-dimensional Hilbert space with the norm | x| = {|x,,|?
+n?|x,,[*}'/?, and let K= X2, ®@K,. Then K = D, K is densely contained
in X and is invariant under T. Moreover, T| K is continuous as an operator in
K, and the conclusion of Theorem 2.14 is valid with Y replaced by K. Since K
is reflexive (as a Hilbert space), T' K is spectral of type 1 (in fact, it is spectral
of scalar type, and its resolution of the identity is E(-)IK for E(-) as in (3)).

3.2. We consider an example in which o(T) may be a perfect set.

Let F be an arbitrary uncountable closed subset of (0,1]. We shall exhibit
an operator T on a suitable Banach space X, with the following properties:

(a) T satisfies (1.1) with k=1,

() o(T)=F, and

(c) Dis densein X, but D # X.

By §1, it suffices to find a nonspectral operator T satisfying (a) and (b), whose
eigenvectors are fundamental in X.
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First, define T, on I”[0,1] (1 < p < o) by (Tod)(x) = xd(x) + [Lé(£)dt,
¢eLP[0,1]; xe[0,1]. T, is of class C’: its C’-operational calculus is given by
f— Ty (f) where

1
[To(f)¢](x)=f(x)¢(x)+f f'We®di, $el’[0,1], xe[0,1], feC’.

We have |T0( f )| = l f l 1,10> and in particular
[e7°] = | To(e™)| < 1+ |t| = O(|t]) for teR.

The spectrum of T, is equal to [0,1]. The characteristic function ¢, of the
interval [0,s] (0 <s<=<1) is an eigenvector corresponding to the eigenvalue s.
Let X be the closed linear span in L,[0,1] of all the functions ¢, with se F.
X is a closed invariant subspace for T,. Let T = TolX . The spectrum of T is
pure point and is equal to F; moreover, the eigenvectors of T are fundamental
in X. If T was spectral, it would be of type 1 (since T is of class C’). Then, by
Theorem 1, p. 56 in [4], its point spectrum would be at most countable, contrary
to our hypothesis on F. Hence, T is not spectral, and we conclude that it has
properties (a), (b), (c).

Let W < D be the linear span of all ¢, with s € F. For each A € 4, let E(A) e T(W)
be defined by

4) E(A)c; = c04A), seF.

Since the vectors ¢ are linearly independent, E(A) is well defined on W. Clearly,
E(-) is a generalized spectral measure on W, supported by F =o(T) and
commuting with T. Moreover, if p is any polynomial and ¢e W (say
¢=2j_ax,, a;eC, s;eF), then

w06 = % wptspes, = [ o9, | £ nd0 ) = [

a(

P(s)dE(s)9,
)

where E( -) is given by (4).

Thus the conclusions of Theorem 2.1 are valid with W in place of D and with
N =0. If F is a Lebesgue null set and 1 < p < o, the uniqueness assertion in
Theorem 2.1 implies that the nilpotent part of T restricted to W = D is zero,
and the resolution of the identity of T restricted to W is given by (4).
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