THE HAUSDORFF-BESICOVICH DIMENSION OF THE
LEVEL SETS OF PERRON’S MODULAR FUNCTION

BY
JOHN R. KINNEY AND TOM S. PITCHER

L. Introduction. The modular function M was introduced by O. Perron in [5].
M(&) (for irrational &) is defined by the property that, for any ¢ > 0, the inequality

1+e¢

e- 2l < o

has infinitely many integer solutions (p, q) while the inequality

pl 1—e¢
-—— < —_—
-2l < o
has only finitely many. Let
{ 1
el R e

be the continued fraction expansion of & (we will only use the continued fraction
expansion for numbers in the open interval (0, 1)) and set

(e o )
Xe—1+t Xt '

My(&) = x, + ( 1 1 . i)

Xp—1+ Xp—o+ Xq
It is easily shown (see [5]) that
M) = lir}‘lﬂsotlp M(&).
For every positive number y let
L@y) = [E|M©) = 7]

be the level set of M at y. The theorem of this paper provides an estimate of the
Hausdorff-Besicovich dimension of L(y) for sufficiently large y. The Hausdorff-
Besicovich dimension of a set S, which we will write dim(S), is defined as follows:
let (I}) be a covering of S by intervals, and} letlI,-!l be the length ofg I;; then
& = Lu.b. | I;]is called the norm of the covering;

I(4,S) = lim glb. Z|L,[*,
3=
where the greatest lower bound is taken over all coverings of norm J, is the
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J-dimensional Hausdorff measure of S and dim(S) is the number such that, for
every positive &,
I'(dim(S) — & S) = ©

and

I'(dim(S) + &, S) 0.

We will write Ey for the set of those numbers in (0, 1) whose continued frac-
tion expansions involve no integer bigger than N, sy for the smallest number
in Ey and Iy for the largest. It is easily seen that

(N*4+4N)'2—N

[N’laNal,"'] = 2N

SN
and

(N*+4N)'*—N

IN = [1,N,1,N,"‘] = 2

The following facts on continued fraction expansions can be found in [3].
Let & = [x,, X,, -] . Then the integers P,(¢) and Q,(&) defined by

Po(l) = 0,P (&) = 1
Q:(® = 1,0, = x,,
P (§) = xp1q PUE) + Pr_((O),

Qk+1(8) = Xiw 1 Q) + Qr-1(O)
satisfy
PO _ 1 11
0®)  xi+ X+ X
Pi_1(&) Q&) — Pu®) Qu-1(®) = (- 1.

If we set 1 = [Xx4 (s Xg42,:+] then

_ (O + 1) Py 1(§) +P,_5(8)
G+ 1) Q- 1(O) + Q2 (&)

If¢' =[x1,x5, -] where x; = x/for i < k and if we set " = [x; 41, X¢42,--+] then

[xe+n—x"—7n'|
G+ 1) Q- 1(8) + Q- 2(8) ((x + 1") Q- 1(8) + Qi —2(8))
_ o + 1 —x— 1’|
Q&) + Q4= 1(®) (Q(E) + 1" Qs 1 (&)~

0(&) is an increasing function of k and satisfies

le-¢] =
) (
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@ ( knl Y ICETG (kr['1 Gt ) ) 0.
2. Preliminary lemmas. We define intervals Ay, By, and Cy by;
A, = [5”“_6111_4’ 5+214) ,
B, = [S+2l, 5+215),
Ay = [N+2ly, N+1+2l), Nz5,
By = [N+1+2l, N+1+2ly,,), Nz=5,

Cy = AyUBy, Nz4.
Our first lemma is a direct corollary of a theorem of Marshall Hall.
LeMMA 1. Ifyisin Cy, N = 4 we can write
y=F@)+a+p
where a and 8 are in E, and F(y) is N + 1 for y in Ay and is N + 2 for y in By.

Proof. By Theorem 3.1 of [1] every number y in [M + 254, M + 2I,] can
be written in the form M + « + f with o« and f in E,. Straightforward compu-
tation shows that [N + 1 + 2s,, N + 1 + 21,] contains Ay and that [N + 2+ 2s,,
N + 2 + 2l,] contains By forall N = 4.

Suppose now that y=F()+a+f is in Cy with a=[ay,a,, -] and
B =[by,b,, - ]in E,. We choose a sequence (p;) of integers satisfying

P23
and
k2
lim — =0
k=0 Sk
where

Sy =0 if k=0

p; ifk>0.

I
Ing-

i
For any & =[x, x,*+ ] in Ey we define ¢(£) = [y, y,, --- ] by setting
Vi = Xjopm—1y if S,o+n(n—1)<j=8§,+nn-1),
= Ayyp1-; If j=S,+nn—-1)+1, I=1,-n,
= F@y) if j=S,+n*+1,
=b if j=S,+n*+1+1, I=1,-,n-1,
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forn=1,2,---. If we set
) =j+nn-1) if §,., <j= S,
then X; =y, j and n(j) have the same parity and

1§1‘%)—=1+'Q51-+ =Dy,

n—1
LEMMA 2. ¢ is an order preserving map of Ey into L(y).

Proof. Ify, =4

1
M (¢(0) = maX(4 + 1+ TTAF)T’ 4+1,+ IN) + 0(1)
1
=Stbh-mpyrren OO
andif y, =N

My(¢(&) = N + 2ly + 0(1).
If follows from this that
1ilil sup M(é(£)

lim Mg ip241(4()

n—*o0

Fp)+a+ =y,

i.e. that ¢(&)isin L(y).
Now suppose that ¢ = [xy,X,,--- ] <& =[x],x3,---] and let k be the first
integer for which x; # x;. Then either k is odd and x; <x; or k is even

and x; > x;. If §() = [y1,¥2,~--] and @(¢") = [y1,y2,--] then y;=y; for
j <m(k) and either n(k) is odd and y,u) = Xy < Xy = Yz or m(k) is even and

Vutky = Xk > Xx = Var)- Hence ¢(&) < ¢(£).
Set, for k = 2,

pk)y=nk)—k+nk—1)—(k-1).
Note that p is an increasing function of k and that

lim 3@=21im (72(—k)-— l) = 0.

k=0 k k- k
LEMMA 3. Fork=2
0u(é) £ Q) (@(O) = (N + 3)°DQ ().

Proof. Since p, = 3 the lemma holds for k=2 or 3. Suppose it holds for
all j< k. Thenif & = [x;,X,,+--]isin Ey and ¢(&) = [y,, y5, -] we have
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Quik+ (P(E) = Vgt 1)@rii+ 1y-1(P(E)) + et 1y-2(P(E))

Z Xi41Qry (D) + Qre—1) (9(8))

Z X418 + Q- 1(O) = Q+1(d)

so the first inequality holds for k + 1.
Now suppose that n(k & 1) = n(k) + 1 and hence that p(k + 1) = p(k).
Then

Qe+ (D) = Vs 1y Dy (H(E) + Q-1 ($(E))
S (N +3)"Y (334190 + Qi—1(8)
= (N +3)’® Q,.1(9).

Ifnk+1)=nk)+2n+1, ie. if k=S, then n(k — 1) = n(k) —1 and
p(k + 1) = p(k)+:2n. We have, using (2),

Quier 1) (B =Yagu+ 1) Cucit 1)-1 (P(E)) + Qaes 1y-2 ($(£))
S (N 43" (e 1 Cugoy ($(O) + Q=1 (B(O))
< (N 4320 (001 QU + Qi-1(8)
= (N+3“P 01 (9).

The case k—1=S,, nk+1)=ak)+1, nk—-1D)=nk)—2n—-1, pk+1)
= p(k) + 2n is handled similarly.

\%

LemMA 4. If & =[x,X,;,---] and &' =[x],x5,+--] are in Ey and x;=x. for
i < k but x;, # xi then
lc_éllzl"‘(lM"sM) > 1— Iy — 5m)
T A0 T 4M + 1)

Proof. Setting # = [Xe4(, X412,+] and " =[Xi1 1, X442, ] and using
formulas (1) and (2) we have

lé_éll _ ka+'1“xfc—71'l
(Q(©) + 101~ 1(8)) (Q(&) + 1" Qi 1(&")

1 — (b — 5m) > 1 — (b = $m)

= 10,O0E) = aM+ D

LeMMA 5. If & =[x;,%5,:-] and & =[x},x5,---] are in Ey and x; = x|
for i < k but x, # x;, then there is an A depending only on N such that

| $(&) — #(€)| = AN +3)"27O|&—¢'].
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Proof. By Lemmas 3 and 4

1—(lysz —Sn+2)

908 2 45 OO BED

1—(lys2—Sn+2) 1

T AN +3)d QUH0E)”

But, if 7 =[x Xz+1,°--] and 5’ =[xz, Xz 41, ++], then

Ig_éfl - ka'*"’—(xl:"'",)l
Q&) + 1Qx-1(D) (Qu(&") + 1" Q-1 (£7))

< N __
S o2&

so the lemma holds with

A=(1—(ys+2 —5y+2))/AN .

3. The dimension of L(y). In §7 of [4] a probability measure w* on [0,1]
was defined for every pair of positive integers M, and M, with M; > M, + 1.
We take wy to be one that corresponds to M; =N+ 1 and M, =1 so that
on(Ey) =1. Let

1
hy= -2 f log t wy(dt).
V]

It is clear from the estimates in [4] that 0 < hy < co . For every ¢ > 0 and integer
I set

Ey(e]) = [¢|1:eEN and | S:Eg —cl < exp [~ k(hy — £)] for all kgl] .

If
Ey= lim lim Ej(s,))

£=0 I =0
then it follows from Theorems 2.2 and 7.1 of [4] that
. , 2 1 dw
dim(EL) == | logN — | log(N = Dt+1) ==(#)dt| >0
hy 0 di

where

d“’(, B N-1 ( 1 _ 1 )
0= o (N(2N+1)) N+14+((N-1 N2+1+(N-1t)°
Elwvre
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The estimate in Theorem 8.1 of [4] gives

P 2 1
dim(Ey) = l—m + O(F)

where © = n%/(6 log 2) is Khintchine’s constant.

THEOREM. If y = (7/2) + (7/4) 212 then dim (L(y)) > 0. For y in Cy

. 2 1

dim(Lo) = 1 = s + 05 ).
ForyinCy,N=6

. 1

dimLO) = 1~ g Tos N £ D)

Proof. Set y = F(y) + o + f as in the previous section. We will first show
that dim (¢(Ey)) = dim(Ey) which will establish the first and second assertions.
For small enough ¢ and large enough / we can find A < 1 such that

[).(hN—a) 2p( )log(N+3)] + log A — A log(2¢") >0

for all k=1. By Lemma 4 with M = N + 2 we can choose & so small that
|¢(é) - ¢(q)| < 0 implies that ¢(£) and ¢(n) have the same first n(! — 1) con-
tinued fraction coefficients and hence that ¢ and n have the same first  — 1 co-
efficients. Let (I;) be a covering of ¢(Ex(, 1)) of norm at most 5. We can assume
that each I, is the smallest interval containing I; N ¢(Ex(e, 1)). Let J; = ¢~ (I).
Since ¢ preserves order, there are sequences (¢;) and (1) contained in J; such that

L]l _ 196D~ 6]
|Ji|l+;' Jj o |é _rljll-H'
= limsup 4 1

e (N +3)200) | & —n;)

where k; = I is the first place where the continued fraction coefficients of &; and
n; differ. But

) Pk,—l(fj) I + |Pk,/ 1(ny) ‘
() Qk, 1(’11) i

< 2exp[ — (k; — D) (hy — 8] < 2¢™exp[[ — ky(hy — )]

[&i—ml=|¢

so that
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lIiI o 2P( 5)
[ = e, p(hN))ze"p{ 1ECE i, o8 +3]
= 1.

Now (J,) is a covering of Ej(e,I) of norm at most 6'/* *# 5o for all small enough &
and
< dim (Ej(g, 1))
1+4
we have
(]2 X [5perz
and hence

dim ($(Ee, ) 2 TENED)

As we let I - oo we can take A —0 so
dim (¢( lim Ex(e, 1)) = dim (lim Eﬁ(s,l)) .
10 - w

The first part of the proof is now completed by letting ¢ —0.
Next we will show that dim L(y) < dim(Ey,,) and this plus Jarnik’s theorem
(see [2]) that
. 1
dlm(EN)é 1— m, N>8
will complete the proof.

Clearly if & =[x;,x,,:--] has infinitely many x,;= N + 3 then M({)> N + 3
so ¢ ¢L(y). Thus L(y) < UEG xGr where K is the set of all finite vectors
k = (k;,ky, -, k,,), each k; being a positive integer, and Gy is the set of all
& =[x,%,,---] with

x; =k, 1Zi<2n,

X <N+2, 2n<i.

Since K is countable it will be sufficient to show that dim(Gy) < dim(Ey,,)
for each k. We define an order preserving map¥ of Ey,, onto G; by setting,
for &=[x,xz,--]in Ey, o, W(&)=[ki, ks, -, kop X1, %5, +++]. If also 5'=[x,',x§,-~]
isin Ey,, and x; = x] for i <l but x,#x; then, letting N’ = max (k,, ---, k,,, N+2),
1"(lzv+z—51v+z)2 A N’

40D T A&
> 4 N

Q20 +1(F(E) Q20+ (F(E7)

A[¥(©) - ¥E)|-

(34

v

v
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We have used here Lemma 4, the fact that Q,(n) < Q,,+,(¥(n)), and (1) in that
order. If (I,) is a covering of Ey,, of norm J, each I; being the smallest interval
containing I; N Ey . ,, then (¥(I;)) is a covering of G of norm at most /4. For any
A less than dim (Gy) and for small enough é we have

I|L|fz A2 Z| ) > 1

so dim(Ey+,) = dim (Gp).
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