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1. Introduction.   The modular function AÍ was introduced by O. Perron in [5] .

M(if) (for irrational £,) is defined by the property that, for any c> 0, the inequality

«-!
l + e

<
M(eX)q2

has infinitely many integer solutions (p, q) while the inequality

c-*l < 1_e
M(i)q2

has only finitely many. Let

Ç- [*.**..■]  -— —  ».

be the continued fraction expansion of £ (we will only use the continued fraction

expansion for numbers in the open interval (0,1)) and set

Mkio = xk+ (-1_L- ... + 1) + (-1_L- ...).
\xk.y+      Xk_2+ Xy) \Xk-y+      Xk + 2+ J

It is easily shown (see [5]) that

M(0 = lim sup Af^)»
ft-» 00

For every positive number y let

L(y) = K|Af(i) = y]

be the level set of M at y. The theorem of this paper provides an estimate of the

Hausdorff-Besicovich dimension of L(y) for sufficiently large y. The Hausdorff-

Besicovich dimension of a set S, which we will write dim(S), is defined as follows :

let (/¡) be a covering of S by intervals, andä let 11*\ be the length of|/¡; then

5 = l.u.b. | /; | is called the norm of the covering;

riA,S) = lim g.l.b.I|/;|\
Ô-* 00

where the greatest lower bound is taken over all coverings of norm 5, is the
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A-dimensional Hausdorff measure of S and dim(S) is the number such that, for

every positive e,

r(dim(S) — e, S) =  oo

and

T(dim(S) + e, S) = 0.

We will write EN for the set of those numbers in (0, I) whose continued frac-

tion expansions involve no integer bigger than N, sN for the smallest number

in EN and lN for the largest. It is easily seen that

TM ,»n      i        (N2 + 4N)ll2-N
sN =  [N,l,N,l,-]  = -—-

and

/         n  KT i »     n       (N2 + 4N)l/2-N
lN  = [l,N,l,N,--] = ---.

The following facts on continued fraction expansions can be found in [3].

Let ¿j = [xy,x2, •••] . Then the integers Pk(Ç) and Qk(Ç) defined by

P0(0 - 0, Py{Z) = V,

2o(0 = 1, QÁ0 - x,,

p4+1(0  = X»+1 P^) +  ?»_!(©,

a+1(i) = x»+1(W0 + ß*-i(ö

satisfy

^0   _     1 ! +   1

Qkit) Xy+ X2+ Xk'

Pk-i(0Qk(0 - Pk(Z)Qk-i(0 -(-if.

If we set n = [xk+l, xk+2,---]then

. (*> + »>)P>-l(0+-P>-2(g)

(**+«f)a.i(o+a-a(0'
lf^' = [xi,x2, •••] where x¡ = x/for i < k and if we set n' = [x'k+1,x'k+2, •■•]   then

(1)    'í~í''   : =  «x* + n) Qk- ÁÍ) + Qk-i(0) ((x'k + r,') Qk-y(0 + ßt_2(ö)

bfc + lî-Xfc'-N'l

(2,(0 + iiß*-i(0) (ß*(0 + ti'Qk-iiZ')) '

Qk(0 is an increasing function of k and satisfies



124 J. R. KINNEY AND T. S. PITCHER [July

(2) I [J   xk)Qji0^Qj+l(0( U    ixk + l))QjiO-
\k = j-H     I \k = j + l 1

2. Preliminary lemmas.   We define intervals AN, BN, and CN by ;

A,=   [5 + /4-^7-,5 + 2/4),

B4  = [5 + 2/4, 5 + 2/5),

AN =   [N + 2lN, N+1+2U),       N = 5,

BN  = [TV + 1 + 2/4, N+l + 2lN+l),       N = 5,

CN = ANVBN,       N = 4.

Our first lemma is a direct corollary of a theorem of Marshall Hall.

Lemma 1.     If y is in CN, TV = 4 we can write

7 = F(y) + a + ß

where a and ß are in £4 and F(y) is TV 4- 1 for y in AN and is TV + 2 for y in BN.

Proof. By Theorem 3.1 of [1] every number y in [Ai + 2s4, M + 2/4] can

be written in the form M + a + ß with a and ß in £4. Straightforward compu-

tation shows that [TV + 1 + 2s4, TV + 1 + 2/4] contains AN and that [TV + 2 + 2s4,

N + 2 + 2/4] contains BN for all TV ̂ 4.

Suppose now that y = F(y) + a + ß is in CN with a = [a,,«2,•••] and

ß = [by, b2, ■■- ] in £4. We choose a sequence (p¡) of integers satisfying

Pi = 3
and

fc2lim k- = 0
*-*oo    ¿k

where

Sk = 0   if fc = 0

k

=    I p,   iffc>0.
¡ = 1

For any { = [x,,x2,-] in EN we define epi¿;) = [yl;y2, •••] by setting

yj   = JCy-«<„-i>   'f   S„_!+n(n-l)<7^S„ + n(n-l),

= aB+1_,   if   / = S„ +n(n-1) +Z, / = 1,»,b,

= F(y)   if   ; = S„ + n2 + 1,

= b,   if  j = S„ + n2 + l + l, l = l,-,n-l,
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for n = 1, 2, ■■■. If we set

7t(j)=j + n(n-l)   if Sn_y<j^ S„

then x; = yn(j), j and n(j) have the same parity and

^ <j)_=1+»(n-l)gl+n(n-l)_>lj

j J S„-i

Lemma 2. cp is an order preserving map of EN into L(y).

Proof.   Ifyt = 4

Mk(cP(c;)) ^ max^4 + /4 + 1+{i}F{y) + h) , 4 + l4 + ZÄ) + 0(1)

= 5 + z-fôôtt^:+^'

andifyt = iV

M»(0fê)) = N + 2lN + 0(1).

If follows from this that

lim sup Mk(tp(Ç)) =  lim   MSti+n2+1(<p(0)
k-*ao n-*oo

= F(y) + a + ß = y,

i.e. that cp(Ç) is in L(y).

Now suppose that £ = [x1,x2, •■• ] < £' = [x'y,x'2, •••] and let k be the first

integer for which xk =£ x'k. Then either k is odd and x'k <xk or k is even

and x'k > xk. If </>(£) = |>i,JV—] and <p(?) = Oí,y2, •■•] then y¡ = y/ for

j < n(k) and either n(k) is odd and y^(k) = xk < xk = y„m or n(k) is even and

y'm = x'k> xk = ym. Hence cp(Ç) < cp(Ç').

Set, for k ^ 2,

p(fc) = 7l(fc) - fc + Tt(k - 1) - (fc - 1).

Note that p is an increasing function of k and that

lim  m = 2htn («M   - l)   =0.

Lemma  3.   Fork = 2

Qk(0 = Q^mO) = (N + 3ywQk(í).

Proof. Since p¡ 7z 3 the lemma holds for k = 2 or 3. Suppose it holds for

all j'^ k. Then if £ = [x!,x2, •••] is in £N and cp(£) = [yi,y2,--] we have
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Qrt+lMQ)   =   ^H)e„Hl)-,(^)) + ß,,Hl,-2(^))

=   X*+1Ö,W(*(Ö) + &(*-!) W(ö)

= xk+iQkiO + Qk-iiO = Qk+iiO

so the first inequality holds for fc + 1.

Now suppose that 7t(fc ± 1) = 7t(fc) ± 1 and hence that p(fc + 1) = p(fc).

Then

Q«k+lMO) =   **+!> <U) W(ö) + Qnlk-l, icPiO)

Í iN + 3ymixk+1Qkic;) + Qk_yil;))

= iN + 3ymQk+1iO.

If 7r(fc + 1) = 7t(fc) + 2n + 1,   i.e.   if   fc = S„,   then   7t(fc - 1) = 7r(fc) - 1   and

p(fc + 1) = p(fc)]+:2n. We have, using (2),

6^+1) (<K£» = )V + i) Ô^+d-i (<K0) + ß«(*+i)-2 (<K0)

= (TV + 3)2"(x,+ 1 2„(t) (</>(£)) + (2,,,-,) (<K£)))

^ (TV + 3)2"+"w (x4 + 1 QkiO + Qk^iO)

= (TV + 3)'(*+1>et+1(0.

The  case  fc - 1 = S„,  7i(fc+1) = 7t(fc) + 1,  7t(fc - 1) = ji(fc) - 2n - 1,  p(fc + 1)

= p(fc) + 2n is handled similarly.

Lemma  4.   If £ = [x1;x2, •••] and <r = [x'.,x2,-"] are in EM and x,=x'¡ for

i < fc but xk # Xj then

]? — £']>    ~ ^ M ~ Sm'   >      ~ ^ M ~ Sjvf)

1 ç  ç '= 4<2t(oe*(»r) = 4(m +1)2* •

Proof.    Setting  t¡ ■» [xt+1, x»+2, — ]   and  i;' = [x¿+i.x¿+2« •••]   and using

formulas (1) and (2) we have

|*_*'| _ _\xk + n-x'k-n'\_

(e*© + iíe*-i(0) (&ÍÍ0 + »j'e*-i(«'))

> 1   ~   VM   ~   %)      ->       J   ~   ('M   ~   %)= 4(2,(06^')    =     4(M+1)2*-

Lemma   5.   If £ = [x,,x2,---] and f = [xi,x2,---]  are  in EN and x, = x',

for i < fc but xk 7= x'k then there is an A depending only on TV such that

\<KÇ)-W)\ZMN + 3)-2m\Ç-Ç'\.
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Proof.    By Lemmas 3 and 4

1 — ('jv+2 — sN+2)
<KÇ)->KÇ')\ =

>

4ß,Wv»ß, <*>(*«'))

1 — ('n + 2 ~~ sN + 2)

4(N + 3)2p(*)        Q¿Mté'Y

But, if i/ = [x»,xi+1,—] and n' = [x'k,x'k+y,-], then

Iïï/I = _\xk + n-(xj + n')\_

1        ' " " (2,© + tiQk-AQ) (Qk(n + n'Qk-iit'))

N

Qk(0 Qk(n

so the lemma holds with

A = (l- (lN+2 - sN+2))/4N .

3. The dimension of L(y). In §7 of [4] a probability measure co* on [0,1]

was defined for every pair of positive integers My and M2 with My > M2 + 1.

We take co* to be one that corresponds to My = N + 1 and M2 = 1 so that

co*N(EN) = 1. Let

i"--2/.'
log t co*N(dt).

It is clear from the estimates in [4] that 0 < hN < oo . For every £ > 0 and integer

I set

E'n(b, l)= [ £ IZ eEN and | St§---€ | ̂  exp [- k(hN - e)] for all fc^z] .

If

E-=» lim      lim   FívfoO
£-♦0 1 -»OO

then it follows from Theorems 2.2 and 7.1 of [4] that

dim(£i,) ^~ [ logN - jo log((N - 1)( + 1) ~(t)dt^ > 0

where

dm,,
dX

= N-l / 1_1 \

W (N(2N+ 1) \    \N + l+(N-l)t N2 + l + (N-l)t)'

108 \  (TV+ FT2  j
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The estimate in Theorem 8.1 of [4] gives

dimiE's) =  1 <#)
t(TV - 1)

where x = it2/(6 log 2) is Khintchine's constant.

Theorem.   If y = (7/2) + (7/4) 21/2 then dim (L(y)) > 0. For y in CN

2
dim(L(y)) ^ 1

t(TV - 1)

ForyinCN,N = 6

dim(L(y)) z% 1

+

1

•GW-

8(TV+2)log(TV + 2)'

Proof. Set y = F(y) + a + ß as in the previous section. We will first show

that dim (e¡)(E^)) = dim(EJv) which will establish the first and second assertions.

For small enough e and large enough / we can find A < 1 such that

[kk e) - 2-^ log (TV + 3) 1   + log A - A logC2ehN ) > 0

for all fc = 1. By Lemma 4 with M = N + 2 we can choose <5 so small that

| epic;) — e¡>in) | 5Í 5 implies that $(£) and </>(*/) have the same first 7t(/ — 1) con-

tinued fraction coefficients and hence that £ and n have the same first I — 1 co-

efficients. Let (/¡) be a covering of </>(£¡i(£, I)) of norm at most 5. We can assume

that each /; is the smallest interval containing /; n (/>(£v(e,/)). Let J, = ep~xil¡).

Since eb preserves order, there are sequences (£,) and inf) contained in J, such that

IM
\J,\^

lim
J-»CO

|«Kfr)-W|
\l,-ni\l+x

A

= V7-.T (n+3w> i-v-,,1*

where fc,- = 1 is the first place where the continued fraction coefficients of {_. and

r\¡ differ. But

%-n\=Ui- Pt,-i(Zj)
Qk-iitj)

Pkj-iiif)

&,-!%)
~1j

= 2exp [ - (fc, - l)(hN - «)] ^ 2e'wexp [ - kj(hN - e)]

so that
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JíU- = limsuD      Á       exp ( fc, [ A(/i„ - e) - ^-log(N + 3) ] 1
|^i|i+A        y-«, (2exp(/ijv))2       {   J[ k, JJ

^ 1.

Now (J¡) is a covering of E^(e, I) of norm at most Ô1/(1 +A) so for all small enough ô

and

dim(£^(6,/))

' l + X

we have

E |J,|*fcL|/i|*1+i,¡5l
and hence

dim(cP(E^,l))) ^dim[ff\

As we let / -* oo we can take A -+ 0 so

dim(<K lim £jj(e,0) è dim (lim E£(e,Q)
,-►00 \¡-»CO /

The first part of the proof is now completed by letting s -» 0.

Next we will show that dimL(y) = dim(£w+2) and this plus Jarnik's theorem

(see [2]) that

will complete the proof.

Clearly if £ = [xy,x2, •••] has infinitely many x¡ }z N + 3 then M«) > N + 3

so £ £L(y). Thus L(y) c: (Jís^Gj where iC is the set of all finite vectors

k = (k¡,k2,---,k2,¡), each kt being a positive integer, and Gj is the set of all

i= [x,,x2,-.-] with

Xj=fe„        l^i^2n,

Xj^/Y+2,        2n<i.

Since K is countable it will be sufficient to show that dim(G¡r) ^ dim(£w+2)

for each k. We define an order preserving map^F of EN+2 onto Gk by setting,

fori = [x1,x2,--.]in£JV+2,xP(0 = [ki,k2,"-,fc2„,x1,x2,...]. If also <f = [xí,x2,-.-]

is in EN+2 and x¡ = x¡ for i < Z but x, #x,' then, letting A' = max(k,, • • -, /<2„, A + 2),

ZV'

>  ^

42,(02,«')    =     2,(02,«')

N'

Q2n + mO)Q2n + l(W))

= A\W(0-W)\-
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We have used here Lemma 4, the fact that Q,(r¡) ̂  Q2„+,ÇzV(ii)), and (1) in that

order. If (I,) is a covering of EN + 2 of norm <5, each I, being the smallest interval

containing I, O EN+2, then 0P(/¡)) is a covering of Gt of norm at most ö/A. For any

2 less than dim (Gf) and for small enough ô we have

l\lt\i^Axl,\'¥(IL)\l>í

so dim(Fw+2) 2r. dim(Gt).
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