SUBGROUPS OF THE MULTIPLICATIVE GROUP
OF A DIVISION RING

BY
R. J. FAUDREE(!)

Introduction. The general question of what groups can be embedded in the
multiplicative group of a division ring is an unsolved problem, but some parts of
the problem have been completely solved. It is well known that an abelian group
can be embedded in a division ring if and only if its torsion subgroup is locally
cyclic (see [4]). B. H. Neumann (see [10]) and A. I. Malcev (see [9]) showed that
all ordered groups can be embedded in a division ring and Amitsur solved the
problem for finite groups (see [2]). These results exhaust the major work that
has been done on the problem to date.

Iwasawa showed that any torsion-free nilpotent group can be ordered (see [7]);
therefore, by Neumann’s and Malcev’s result any torsion-free nilpotent group
can be embedded in a division ring. This paper will extend this result by showing
that certain torsion-free solvable groups can be embedded in a division ring.
This paper will also extend the results on abelian, finite and ordered groups by
giving an embedding theorem for a group G which has an abelian, finite or
ordered group H as a normal subgroup and a certain normal structure between
H and G.

An embedding theorem. Let I' denote a fixed division ring, x an indeterminate
over I' and 6 an automorphism of I'. I'{x; 6> will denote the Hilbert division
ring of all formal power series in x over I' (see [9]) I'(x;60> = { £2, aixil a;
inT and n any integer}, where addition and equality are defined asin a com-
mutative power series ring and multiplication is determined by the equation
x+-a=0(@a)-x for all a in . Let I'Tx; 0] denote the ring of polynomials in
I'{x; 0, that is the ring generated by I' and x; and let I'(x; 6) denote the division
ring generated by I" and x. I'[x; 0] is an Ore polynomial ring (see [11]) and thus
has a quotient field which is uniquely determined up to isomorphism. Therefore
T(e;6) = {£ (™" () | £(x), g0 # 0 in T[x; 01} = {g ™' () S ()| S (x), 8(x) # O
in I'[x; 6]}. This structure of I'(x; 0) is of importance.
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In the following discussion G will denote a group, H and H; subgroups of G;
and D will denote a division ring and D; subdivision rings of D. The multiplicative
group of D will be denoted by D*, and if G is a subgroup of D* then D, = {H,} will
mean that D, is the division ring generated by H,.

An ascending normal series {H, | 0<i<a Hy=H and H, = G} will be
called a completely infinite supercyclic series from H to G if each factor group
H,,,/H;is infinite cyclic. If such a series exists G is said to be completely infinite
supercyclic from H to G. In the casc where H = {e}, the identity subgroup,
G is a completely infinite supercyclic group.

The class of completely infinite supercyclic groups is a large one. Let G be a solv-
able group, say G™ = {e}, where G is the ith derived group. If G?/GY*" isa
free abelian group for each i, then there obviously is a completely infinite super-
cyclic series from GY*" to G?; hence such a series exists from {e} = G™ to G.
The free solvable groups comprise an important subclass of the above class. Let
F be a free group. By Schreiers Theorem F” is also a free group so F®@/F@* 1 is a
free abelian group; hence F/F™ is a completely infinite supercyclic group for any
positive integer. J. F. Bowers discussed a class of groups which he called completely
infinite polycyclic groups (see [3]) which are also completely infinite super-
cyclic groups. A finitely generated torsion-free nilpotent group has a completely
infinite supercyclic series, in fact one of finite length (see [13, p. 241]).

Let G be a subgroup of D* such that D={G}, let {H; | 0 < i £ «} beacompletely
infinite supercyclic series from H to G with H;,, H;,=(x;,, - H;) for x;,,
in H;yy, and let D; = {H;}. If x;,, is transcendental over D; (0 £ i < «) then
we call D an Ore extension of D, determined by the completely infinite super-
cyclic series {H;|0 < i < a}.

We will now give some elementary properties of Ore extensions. The following
proposition is an easy consequence of elementary Ore polynomial ring theory:

PrOPOSITION 1. Let T be a subdivision ring of a division ring D and x an
element of D which is transcendental over T'. If xI'x™' =T, then D,, the division
ring generated by I' and x, is isomorphic to T'(x;0) where 0 is the automor-
phism of I induced by x.

Thus if D is an Ore extension of D, determined by the completely infinite super-
cyclic series {H; | 0 <i < a}, then D, is isomorphic to D(x;, ;0;,,) where 6, ,
is the automorphism of D, induced by x;, ;.

PROPOSITION 2. Let 6 and t be automorphisms of a division ring D,and x and

y indeterminates over D. Then 0 can be extended to be an automorphism of
D(x; 1) onto D(y; 070 ~ ") which takes x into y.

Since x - d = 1(d)x and y - 6(d) = 0z(d) - y for all d in D, the map determined

by x>y and d > 0(d) for all d in D is an automorphism of D(x;t) onto
D(y; 610 ).



1966} SUBGROUPS OF A DIVISION RING 43

ProrosiTioN 3. Let G be a group with a normal subgroup H and two com-
pletely infinite supercyclic series {H,.IO Si<o} and {H§|0 < i< oy} from
H to G. If D is an Ore extension of D, determined by the series {H; | 0<iga},
then D is an Ore extension of D, determined by the series {H{]O i a,l.

Proposition 3 is obvious if ; = 1 and the proof can be completed by a straight-
forward application of transfinite induction and Proposition 1.

THEOREM 1. Let {H,|0 < i< a} be a completely infinite supercyclic series
from H to G and let D be an Ore extension of Dy determined by the series
{H; l 0=<i=<a}. If0is an automorphism of G such that 0 | H can be extended
to an automorphism of Dy, then 0 can be extended to an automorphism of D.

If «=1, then Propositions 1 and 2 imply that the Theorem is true. With Prop-
osition 3 the proof can be completed by means of transfinite induction.

THEOREM 2. Let G be a group with a normal subgroup H and a completely
infinite supercyclic series {H, ] 0<i=<a}fromH toGwithH;, [H; = (x4, H)
for x;yy in H;y (. If H can be embedded in a division ring Dy with D, = {H}
such that the automorphism of H induced by x;,, can be extended to an auto-
morphism of Dy, then G can be embedded in a division ring D which is an Ore
extension of D, determined by the completely infinite supercyclic series
{H;|0= i<}

Consider the division ring D, = Dy(y,; 6,) where 0, is the automorphism of D,
induced by x, and y, an indeterminate over D,. Since y hy;'=0,(h)=x hx;"
for all h in H, the map of H, into D} determined by x, — y, and h — h for all
h in H is an isomorphism onto Gp(H, y,). This completes the first step of an
induction proof. Using Theorem 1 to extend automorphisms the proof of Theorem
2 can be completed by transfinite induction.

For a detailed look at a construction of a division ring like the one used in
Theorems 1 and 2 look at a paper by M. Ikeda (see [6]).

Before stating some consequences of Theorems 1 and 2 some definitions will
given. A group G is said to have property E if G can be embedded in a division
ring. A group G has property EE if G can be embedded in some division ring D
such that any automorphism of G can be extended to an automorphism of D;
and an ordered group G has property EE* if G can be embedded in some division
ring D such that any order automorphism of G can be extended to D.

It is important to note that the above definition just requires the existence
of one such division ring with the extending property for every automorphism,
not every division in which G can be embedded.

In view of these definitions we have:

COROLLARY 1. If a group G has a normal subgroup H with property EE and a
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completely infinite supercyclic series from H to G, then G has property E. If in
addition H is a characteristic subgroup, then G has property EE.

COROLLARY 2. Let G be a group with a normal subgroup H with property EE*
and a completely infinite supercyclic series {Hi|0 <i<a} from H to G with
H; /H;= (H;4,* H). If each x;,, induces an order automorphism on H,
then G has property E.

Since the identity group has property EE, we have the following:

CoOROLLARY 3. If G is a completely infinite supercyclic group, then G has
property EE.

COROLLARY 4. Let G be a solvable group, say G"*' =1. If G?/G*Visa
free abelian group (0 £ i < n), then G has property EE. In particular if F™is a
free group then F/F™ has property EE.

COROLLARY 5. A finitely-generated torsion-free nilpotent group has property EE.

The results of Neumann and Malcev (see [10] and [9]) prove that the groups
of Corollaries 3, 4, and 5 have property E since they can be ordered. But it is not
true that all completely infinite supercyclic groups can be ordered, for the group
G,(x,y|yxy™" = x"") is such a group.

The construction of Theorem 2 is not sufficient to completely determine which
torsion-free solvable groups have property E. G /G* ") may not be free abelian,
even though G is a torsion-free solvable group; for example the additive rationals
Q*, has this property. This is not really a difficulty for by a modification of the
proofs, the assumption in Theorem 2 that H,/H, . , is infinite cyclic can be replaced
by the condition that H,/H,,, is a subgroup of O, since any such group is a
union of a countable tower of infinite cyclic groups. A difficulty still arises since
there are finitely-generated torsion-free solvable groups which are not completely
infinite supercyclic groups. G = G,(by, by, ¢| b, = bf=b; *,[b, b,] = C**,i =1
or 2) is a supersolvable torsion-free group, but every supersolvable series of G has
a factor of order 2 (see [3] and [5]).

The remainder of the paper will be devoted to determining which finite, abelian
or ordered groups have property EE or EE*.

Property EE for finite groups. In this section we will prove that all finite groups
with property E have property EE using Amitsur’s classification for such groups
(see [2]). First some notation will be given.

Let m and r be relatively prime integers. Put s = (r — 1,m), t = m/s and
n = minimal integer satisfying " = 1 (mod m). Denote by G,,, group generated
by two elements 4 and B satisfying the relations A™ =1, B" = A'and BAB™' = 4.
Let Q denote the rational field and e,, a fixed primitive mth root of unity. g, will
represent the automorphism of Q(e,,) determined by e,, — e},. U, . = (Q(e,), 0,, €,)
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will denote the cyclic algebra determined by the field Q(e,), automorphism o,,
and element e, = e}, as defined by Albert (see [1, p. 74]).

If G is a group A(G), I(G), Z(G) and | GI will denote the automorphism group,
inner-automorphism group, center of group and order of group respectively.
T, O and I will denote the binary tetrahedral, binary octahedral and binary
iscosahedral group respectively. They are isomorphic to G;, G, and G5 re-
spectively where G;=G,(4,C|A*"*? =1, C3= 4%"? and CAC™' =47"C).
Also T, O and I have order 24, 48 and 120 respectively, have center of order 2
and have automorphism groups of order 24, 48 and 60 respectively. These groups
are discussed in an article by Vincent (see [12]) and in Amitsur’s paper (see [2]).

With these definitions we can state an important theorem proved by Amitsur

(see [2]).

THEOREM 3. A finite group G has property E if and only if G is one of the
following types:

(1) A group G,, . with property E;

(2) A group ¥ x G,,,, where G, , has property E, (6, IG,,,,, I) =1, and other
conditions hold (see [2]);

(3) The groups O and 3.

We will use this theorem to prove that a finite group with property E has prop-
erty EE. First we will prove some lemmas.

LemMma 1. If G,,, has property E, then G, , has property EE.

Proof. If G, , has property E then 4 — e, and B — o, defines an embedding of
G, , into the division ring Uy, , = (Q(en), 0,, €y, (see[2]). Using this identification
we have U, , = (Q(4), B}, A). Let 6 be an automorphism of G. Direct calculation
verifies that A — 6(4) and B — 0(B) defines an automorphism of 20,,, which
extends the automorphism 6.

LEMMA 2. ¥ has property EE.

Proof. I can be embedded in UA,,_, and O can be embedded in g, ;. O has
an isomorphic copy of ¥ as a normal subgroup. Thus with appropriate identi-
fication we have the following diagram (see [2]).

As, -4

NN
N L S

Since & is normal in O there is an element x in O which induces an outer-auto-
morphism 0 on I. But xIx ~!=F implies xW, _;x~' = A, 4, 50 O can be

P) PR
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extended to U, _,. Since |A(‘I)/I(Z)| = 2 the proof is complete, for any inner-
automorphism can be extended.

LEMMA 3. O has property E.

Proof. Since | A(D)/I(D)| =2 it is sufficient to show that one outer-auto-
morphism of O can be extended to g _, - Ws, _; = 0(2"%) ®pUs4,—; and
AW,,—, is isomorphic to the rational quarternions. Identifying elements under the
isomorphisms mentioned above we have

D = {i (1 +1i i] + k)/z’ + {I,f,j,k},
+(1 £ {04, kD22, + (i £ {j, kD25 £ G + k)/2'7}

is a subgroup of A _, which generates g _, (see [2]). The map 2/2 » — 2'/2
obviously defines an automorphism 6 of g _, and 6 ID =£. 0 is an outer
automorphism since 2'/? is in the center of Ay, _;, thus an outer-automorphism
of O can be extended to Ag _;.

LEMMA 4. J has property EE.

Proof. I can be embedded in ;o —; = Q(5") ®,N .-, and with appropriate
identification we have that J is the subgroup of U,, _, generated by j,i,, and e
where e is a primitive Sth root of unityand i; = (e* — e* + (e—e*)j)5* (see [2]).
J also generates Ao, ;. Obviously the map 5%— — 5% defines an outer-auto-
morphism 6 of Ay, since 572 is in the center of Ayo, ;. Direct calculation
verifies that 0 | J = 3. Therefore 0 is an extension of an outer-automorp hism of J,
which completes the proof since | A | I(3) I =2,

With these lemmas we are prepared to prove

THEOREM 4. A finite group with property E also has property EE.

Proof. Groups of type (1) and (3) of Theorem 3 have property EE by Lemmas 1,
3and 4.If G = T X G, has property E, then G can be embedded in Wy _; Qo U,
in the natural way (see [2]). There is no loss of generality in assuming T is in
A, and G, , is A, ,. If 6 is an automorphism of G then 6 =6 | T and
0, = 0| G,,, are automorphisms of T and G,,, respectively since (6, | G, |) = 1.
0, and 6, can be extended to automorphism 6; and 6, of W, _, and A, , respec-
tively by lemmas 1 and 2. Thus 0] ® 03 is an automorphism of W, _; ®, A,
which extends 6. This completes proof of Theorem 4.

Property EE for abelian groups.
THEOREM 5. If G is an abelian group with property E, then G has property EE.

Proof. Let G be an abelian group generated by elements x; (i € I) which is embed-
dable in a field. The construction of Cohn (see [4]) yields a field K which is
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generated by the x; as a field, with the multiplicative relations holding between
the x; as defining relations. Thus every relation ® holding in K between the x;
follows from the defining relations in G. Hence if 0: x; — x; is an automorphism
of G, any relation @ between the x; also holds between the x;"and conversely.
Therefore x; — x| defines an automorphism of K which extends 6.

Property EE* for ordered groups. An ordered group G can be embedded in the
formal power series ring D of G over any division ring K (see [10]). An element
Y of D is a map on G into K such that the subset of G on which ¥ takes nonzero
values is a well-ordered subset. If  and ¢ are in D and g in G, then addition
and multiplication in D are defined componentwise as follows:

W+ 9 = Ve + 9(e)
V4@ = T OO

THEOREM 6. If G is an ordered group, then G has property EE*.

Proof. Let I" be the formal power series ring of G over the rational field Q.
If y is in T, then ¥ is a function of G into Q such that Y(g) # 0 if and only if g is
in S, a well ordered subset of G. Let n, be the function defined as follows:

ng(h) = 1 if g = h and zero otherwise.
The map
o: G-»T

g o> mn,forall gin G

is the embedding of G into I (see [12]).

Under this identification G is a subset of I'. Let D be the division ring in T
generated by G, and let 6 be an order automorphism of G. Define the following
map:

0:D->T

0'(Y) (g) = Y(67'(g)) for all g in G.

0'(y) (g) = 0 if and only if @ ~'(g) is in Sy, or equivalently if g isin 0(S,). Since 6
is an order automorphism, 0(S,) is a well-ordered subset of G; since 0’ is well
defined. Direct calculation verifies that if y and { are in D then

'+ O(8) = 0'(V)(g) + 0'(D) (8)
WD) = O'W -0 (8.

Therefore 0’ is an isomorphism of D into I'. Also obviously 0'(nG) = 7y, hence
o l G = 6. Since 6(G) = G and D = {G}, 6(D) = D, thus 0 is an automorphism
of D extending 6.

and
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In conclusion we summarize some of the results of Theorems 1, 2, 4, 5 and 6.

THEOREM 7. Let G be a group with a normal subgroup H and a completely
infinite supercyclic series from H to G.

(1) If H is finite or abelian, then G has property E if and only if H has prop-
erty E.

(ii) If H is finite or abelian and characteristic in G, then G has property EE
if and only if G has property E.

(i) If H is an ordered subgroup of G such that every automotomorphism of H
induced by an element of G is an order automorphism, then G has property E.
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