THE COHOMOLOGY OF GROUP EXTENSIONS

BY
L. S. CHARLAP(!) AND A. T. VASQUEZ(?)

0. Introduction. If G is a group with a finitely generated normal abelian
subgroup K, then it is well known that the isomorphism class of G is determined
by (A) the groups K and G/K, (B) the structure of K as a module over G/K,
and (C) a cohomology class « € H*(G/K ; K). In principle then, it should be possible
to compute H*(G), the cohomology ring of G, from the above information. Prac-
tically, however, this seems to be impossible in general, even if we assume that
the cohomology of K and G/K is known.

The Hochschild-Serre spectral sequence [7] provides us with a sequence of
differential rings (E,,d,) (r =1,2,---) which approximate the ring H*(G) and
such that E,,, = H(E,,d,). Hochschild and Serre computed E, and found that
E%?~ HP(G/K; HY(K)). So E, depends only on (A) and (B) and is therefore
a rather crude approximation to H*(G). We determine d, (and hence E;) and
show that it depends not only on (A) and (B), but also on (C).

If A is a G/K-module, it can be considered a G-module, and we let E,(4) de-
note the spectral sequence associated with H*(G; A). We assume F is a ring with
some “‘nice’’ properties (a field will suffice). Then H(K;F) and HK;F) are
G/K-modules. We fix an integer N and write E,=E,(Hy(K; F));E,= E,(HYK ;F)),
and E, = E,(F). The hypothesis on F implies H'(K; F) ~ Homy (Hy(K; F), F)
and so we have a pairing EPQ EP*9— EP*?9*7, There is also a canonical
isomorphism 0: EZ*N - E2° since

H(G/K;HY(K; F)) ~ H'(G/K; H(K; HY(K; F))).

Our main theorem says that to find d, of an element u e EZ’", one takes the
product of 8(u) € EZ'® with an element x¥ e £2°¥ "' & HX(G/K ; HY (K ;Hy(K ;F))).
We now proceed to describe this element x".

x" can be written as d, of an element f¥ € E3"¥ ~ H°(G/K; HY(K; Hy(K ; F))).
fY is that G/K-invariant element of HY(K; Hy(K, F)) which corresponds to the
identity map under the isomorphism H"(K;Hy(K;F))~ Homg(Hy(K;F),
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Hy(K; F)). Now to indicate the dependence of d, on a, we put D, = d, (recall
ae H*(G/K;K) classifies the extension G). So we can think of D, as

D,: HY(G/K; H(K; Hy(K;; F))) » H”**(G/K; H*™(K; Hy(K; F))).

Note that if we consider the spectral sequence for the split extension (i.c. the
case a = 0), we get a map D, with the same range and domain as D, (since £,
is independent of o). We then show that

D(f") = Do(f") = Pu(®)

where Do(f") is, of course, independent of « and P, can be described as follows:
Since K is abelian, Pontryagin multiplication in H,(K, F) yields a map P which
fits in the following composition

K~H(K:Z) 5 H(K, F) 3 Homp(Hy_ (K; F), Hy(K;F))
~ HY"Y(K; Hy(K; F))
where y is the map that sends 1 in Z to 1 in F. Then P, is the induced map
P,:H{(G/K;K)~ H'(G/K; H"™(K; Hy(K;; F)).
Recapitulating, we state

MAIN THEOREM. Let ueES™. Then

dy(u) = (=1)0(x) - [Do(f") = Pu(@)].

The proof of this theorem occupies the first five sections.

§7 investigates the classes v = Do(f™), which we call the characteristic classes
of the G/K module K. We reprove in passing a fact noted by Hochschild and
Serre; in our notation it asserts that v! = 0. A description of v" is given which
owes nothing to the notion of a spectral sequence. Examples of the theory are
discussed in §8. §8 contains no proofs; the proofs will appear in [9]. In §9 the
Main Theorem is applied to the study of an interesting class of groups arising
from the study of Riemannian geometry. These groups are characterized by the
fact that K is free abelian and maximal abelian in G, G/K is cyclic of prime order,
and G is torsion free.

We wish to thank Armand Borel for several stimulating conversations, and the
referee for many helpful comments.

1. Preliminaries. Let G be a group with a finitely generated normal abelian
subgroup K, and let ® equal G/K . This can be summarized by the exact sequence

*) 0-KLehd-1.

We have written 0 and the left and 1 on the right to denote the trivial group;
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the notation is so chosen because we will use additive notation for K and multi-
plicative notation for ®@.

It is well known that in this situation K is a left ®-module and the extension
(*) is classified by an element a e H3(®;K) (cf. [3, p. 302]). In fact, G may be
represented as pairs (k,6) with ke K and o € ®. The multiplication in G is then
given by

(ky,04) " (k3,0;) = (ky + 0"k, + a(o4,0,),0,0,)
where a is a nonhomogeneous normalized 2-cycle representing «. The homo-
morphisms j and p are then described by
j(k) =(k,1) for keK,
and
pk,0) =0 for ce®.

We recall here the construction of the double complex which leads to the
Hochschild-Serre spectral sequence (see Chapter I in [8] for more details). Let
A be a left G-module and C,(G) the standard homogeneous complex for G.
Let U* be the cochain complex with U’/ = Homg(C (G), 4) and with the obvious
coboundary operator. Then U’ is a left ®-module according to the rule

(6f)(c) = g [f(g "¢)] for feU’,ceC(G) and oe® and gep '(6) = G.

Define I = CP(®,U?), the group of nonhomogeneous cochains of ® with
values in U?, and let L=¢D, ,I”*?. L has two coboundary operators

dO:Lp,q - Lp+l.q
and

d I > Lp,q+l

u-

which are defined in the obvious fashion. As usual, we set
d =dg+(=1)d,:. I’ » [P ret!,

which makes La cochain complex. The spectral sequence in question arises from
the filtration of L by the groups

Li=@ L where l= L.
q=0 p2i

Now consider E5%(A). According to [7, p. 87], an element x € E5%(4) can be
represented as

xP9 4 xp+l,q—1 eI?1 @Lpﬂ,q-l
such that

dx?? =0

0 -
doxP? = (=1)PdxP+ia=t,
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Furthermore x is 0 in E}%(A) iff there is y??~ ' 4 yP~ 1 P17 @ [P~ 12 gych
that

2

dq,y”—l’q+ (—-1)"duy”’q_1 = x P
dy’~ ' =0.

We need to isolate the following fact:
REMARK. Let x € E}(A) be represented by x? + x?*!9~! a5 above. Then
dy(x)e EP*2971(4) can be represented by

dex"" 117N 4 0e PR @ It IR,

This is clear from the discussion in [7].
We will also have need of the isomorphism

$:E¥(4) ~ H(®;HY(K; 4)),

and the two following descriptions of H(K;A): Let V/ = Homg(C {(K), A) and
V*=@; V. Then HYK;A)~ H%V*) and this is the usual homogeneous co-
chain representation. However, if U* is as defined above, we also have
HY(K;A) ~ H%(U¥*), and since the crux of the main argument is a comparison
of these two descriptions of H (K; A), we will go into it in some detail.

Let e:Co(K)>Z and 5:Co(G)—> Z be the usual augmentations. With these
augmentations both C,(K) and C,(G) are Z[K]-free acyclic resolutions of Z;
hence by general theory, they are homotopically equivalent. Using our descrip-
tion of G as pairs (k,0), we pick a specific equivalence as follows: The homo-
morphism j:K - G:k—(k,1) yields a chain map j,:C.(K)— C,(G). Define
Vs Co(G) = Cy(K) by

!l/n((km 00) P (kn s 0',,)) = (ko, Tty kn) .

Then y,j, is the identity, and it follows that j,, is homotopic to the identity.
However a trivial modification of the usual proof gives us the following more
convenient proposition.

PrROPOSITION 1.1. There is a chain homotopy s,:C,(G)— C,, (G) between
JaW, and the identity which satisfies

S,jn=0.

Asweremarked above, U* is a left ®-module, and this makes H*(K ;4)(~ H*(U*))
also a left ®-module. It is shown in [8] (using slightly different terminology) that
if we think of H*(K;A) as H*(V*), this ®-action can be described as follows:
Let ue H/(K; A) be represented by fe V7, and let ge G and o = p(g) € ®. Then
o-u is represented by f’e V’ where

(3) fl(kOa'"’kj) = g‘[f(a-l.kO""ga-l'kj)]eA'
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Now if the action of G on A4 is such that K acts trivially on A4, then we can write
o - ffor f’, and (3) makes V* into a left ®-module. From now on we assume that
K acts trivially on A.

One must be careful in comparing the left ®-modules V* and U* by means
of the maps j* and y*.

PROPOSITION 1.2. Let feV". Then o-(Yff)eU" and
@ Jjalo-Wnf)] = o-feV".
The proof consists of checking the obvious statements and will be omitted.

However, it is important to note that the analogous statement for Fe U" is
not true.

2. A reduction of the problem. Let F be a principal ideal domain considered as
a trivial G-module. In the applications F will be a ficld or the integers. We want
to compute
d,:ES%(F)— EZ*>*7\(F).

By a technical device, we can reduce this to a special case.

We first fix an integer N = 0 and then introduce two new spectral sequences
which correspond to two choices for coefficients. We recall that HY(K; F) is a
left ®-module; in an obvious fashion so is Hy(K; F), and both can be considered
as left G-modules on which K acts trivially. We now consider the spectral sequences
associated with the cohomology of G with these coefficients. We put

EPt— EP(H(KF)),
EP? = EPY(HNK; F)),
EP? = EP(F) all for pg =0 and r > 2.

Note that the above simplified notation ignores the choice of N. We hope this
will cause no serious confusion.
The universal coefficient theorem yields the following split exact sequence:

0 Extg(Hy_(K; F), F) - HK; F) » Homg(Hy(K; F),F) - 0.

This gives us a pairing HY(K; F)® Hy(K; F)— F, and we denote the image of
u ® a by (u,adeF for ue HYK; F)and a e Hy(K; F). If we let ® act diagonally
on the tensor product, the pairing is a left ®-module homomorphism, i.e.

{(o-u, 6:ay = {u,a) for ce®.
It is standard that this pairing gives a pairing of spectral sequences
ErM® E’p 4, E,‘.’+" »atq

and we have the usual multiplicative formula
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dx-y) = d(x)'y + (=1 x - d(y)

for xe EP? and ye E”7. Note, however, that ¢(x-y) = (—1)"?(x)- d(»).
We define an isomorphism

0:EZN » ER©
as follows: HY¥(K;F) is a trivial K-module so H°K;H™NK;F))~ HYK;F).
Since
ESN ~ HP(®;HY(K;F))
and

E}° ~ HUQ;HYK;HY(K;F)),

we can let 0 be induced by this isomorphism.

Note that H(K; F) is an F-module. We now make the following definite re-
striction on K and F.

We assume that H(K; F) is F-free for all i.

This will be the case, for example, if F is a field, or if K is free and F = Z. Now

HY(K; Hy(K; F)) ~ Homg(H\(K; F), HW(K ; F)).

We let g¥e HY(K ; Hy(K ; F))correspond to the identity map: Hy(K ; F)— Hy(K ; F).
It is easy to see that gV is left fixed under the action of ® on H¥(K; Hy(K ; F)),
and hence defines an element

Ne B3N = HY@;HY(K; H\(K ; F))).
ProPosITION 2.1. Let x€ E5N. Then
©) x =00 f".
Proof. We will use the pairing
HY®; H(K; HV(K; F))) ® H°(®; H'(K; Hy(K ; F))) » H(®; H'(K ; F)).

There is no sign change to worry about since in comparing this pairing to
E2°® EQN— EP® the sign changeis (—1)°*° = + 1. The problem is now one
of computing cup products in H*(®; ), and the result follows from the fact that
if #ie HY(K; HY(K, F)) corresponds to u € HY(K; F) and y e Hy(K; F), then
g > = Gy
and hence - g" = u.
PROPOSITION 2.2. d,(x) = (—1)P0(x) - d,(f™).

Proof. d;(x)=d(0(x)f")=d,(0(x))f "+ (=1)"* °0(x)-d,(f*) =0+ (— 17 6(x)-d, ().
Now under the isomorphisms £3'¥ ~ H(®;HYK; Hy(K ; F)) and
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E3N"!~ H®; Hy- (K3 Hy_ (K F))),
d, induces a homomorphism
D,: H(®; HY(K; Hy(K; F))) » H(®; Hy - (K ; H\(K; F))).

We emphasize the fact that the domain and range of D, depend only on K,®
and the action of ® on K while the homomorphism itself depends on the extension
G which is classified by « € H*(®; K). The next sections will be devoted to com-

puting D,(fY).

3. A computation. In this computation of D, (f¥), no explicit use will be made
of the special properties of f¥ other than the fact that it lies in E3"¥(4) for some
left ®-module A4; so we will work in this generality. The basic difficulty is notational

Let
¢*N:E5N(4) ~ HO(®; HY (K; A))

be the usual isomorphisms. On the right side we have nonhomogeneous @-
cochains in mind and think of HK; A) as H¥(V*). Thus if u € E?"(4), ¢°V(u)
is the cohomology class of a cocycle fe Homg(Cp(K),A) and ¢°™u) is left
fixed by @, i.e. for each 6 e @, f is cohomologous to f. So there is

ha € HOI’DK (CN— I(K) ’ A)
satisfying
6) oh,=06-f—f.

Recalling the chain homotopy s, and the cochain maps j* and y* defined
in §1, we can now state our result.

ProPOSITION 3.1. A 2-cocycle (for ®@) representing
¢>" " (dy(w)) e HH(@; H"™'(K; A))
is the function X defined by

X(O’,‘L’) = O"ht—h‘"—jN-l{O"[(‘t‘l/le)OsN_l]}.
for a,7€®.

Proof. We will use the interpretation of d, given in the remark in §1. Our
first task then is to find an element of L®" @ L*"¥~! representing u € E;"N(4).
First define FeI’>" (= C°%(®;U")) by F = y"f. Since

dF = (-nW"f =0,

F will serve as a “‘first component’’ for the representative of u . To find a “‘second
component,”” we compute doF € C'(®; U"). By definition

(doF)(0) = 6-F — Fe U¥ = Homy(Cy(G), 4).
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Using the machinery of the end of §1, we get
o' F = o-(Y"f) = (identity)"[o- ¥ /)]
= (jn¥n — Sn-10n — Oy +150)*[o ('PNf)]

= Yo - (0N = 8o W NIosy-1) - 0,

where d, is the boundary operator of Cy(G).
The zero arises since 6f = 0. Now Proposition 1.2 says that the first term
can be rewritten as y™(o-f). Hence

o-F = y™o-f)~ (o N]osy-1)

YN(f + 6h,) — 8([o- (W™ )]0 Sy-1) by (6)
= F+3W"h, —[o-(WN]osy-1), ie.
A h, — [o - W f)]osy-1).

Define Ye I}V 'by

Y(o) = ¥ h,—[o- (¥ f)]osy_,, so0
doF = (-1)%,Y.

M

Thus by (1), F+ Ye L>"@® L"""~! represents u € E3"(4), i.e. Y is a second
component.

By the remark of §1, we may obtain a representative for d,(u) from
dpYe I2N~' = C¥@; U ).

We remark here that we do not want to know dgY itself, but rather
¥ (deY) e C*(@;VN™1), and furthermore for a given o, 1€ ®, it will suffice
to know the cohomology class in HY Y(V*) of j""!(dyY(0,7)). We define
X eCH(@; V1) by

X(0,7) = j¥ Yo Y(z) — Y(o7) + Y(0)) for o,7€®,

and we will show that the cohomology class of X has the desired form.

Now by (7), Y(o) is the sum of what we will call a ““first term’’ and a “‘second
term”’; so, therefore, is X(o,7). Using Proposition 1.2 again, we see that the first
term of X(o,7)is 6 h, — h,, + h,. The second term is

o/ M- W Nlosy-0} — ¥ ([or - W NH]osy-1)
+j% (o - WM o sy-1),

and since by Proposition 1.1, sy_;jy—; =0, the second two terms of this ex-
pression vanish, and Proposition 3.1 now follows.



32 L.S. CHARLAP AND A.T. VASQUEZ [July

REMARK. It is obvious from its definition that ¢ h, — h,, + h, is independent
of the particular extension (i.e. of ) and depends only on the ®-module structure
of K. The second term does however depend on « since it involves the complex
C,(G) more or less directly.

4. The second term. In this section we examine the second term defined in the
previous section. To be more precise, we define X; and X, by

X(o,7) = 6-h,— h,, + h, and

®

X,(0,7) jN-l{O' ([~ ('/’Nf)]o SN-1)} >

so X = X, — X,. Note that for each o, 1€ ®, X(0,7) and X,(0,7) are cocycles
in V¥~ = Homy(Cy_,(K); A), and hence X,(o,7) is also a cocycle.

In order to analyze the complicated compositions in (8), we introduce some
more notation. Recall that C,(G) is a left G-module, and let L,_: Ci(G) —» C(G)
be the homomorphism given by acting on the left with (1,6~ ')e G(s € ®). This
map commutes with the boundary operator in C,(G), but, of course, is not a
K-module homomorphism. Let A,:A— A be the obvious map. Then (8) un-
ravels to yield

) X,(6,7) = A,oA.ofoyyoL,-108y-10L,-10jy_y.

We include here a diagram which will perhaps aid the reader in following the
discussion.

.

Cy-1(K) =15 Cy_1(G)

L,
Y
Cn-1(G)
SN-1
Y
O¥(6))
L.
f YN
A <—— Cy(K) «—— Cx(G)
| 4,
A
| 4,

A
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Define ) (0,7): C(K) = C;41(K) by
”1(0', T) = Bdto 'I,H- 10 Lt‘ 10 5,0 Lo“ojl

where B,:Cy(K)— C(K) for pe® is the map that takes (ko,---,k;) into
(pkos s pky).

PrOPOSITION 4.1. For each o,1€®,5(0,1) is a K-module homomorphism.

Proof. The proposition follows easily from the fact that s; is a K-module
homomorphism and that L, and B, satisfy the relations

L(k-x) = (6 k)L,(x) for ke K and xe C(G),
and
B,(k-y) = (p-k)B,(y) for keK and ye C(K).

PrOPOSITION 4.2. Let E(o,7): C(K)— C(K) be the Z-homomorphism de-
fined by

(E,(O', T))(kOs “ty kl) = (kO + o’ta(‘r_l,a-l), R kl + O"Ea(‘r-l, 6-1))

where as in §1, a is normalized nonhomogeneous 2-cocycle representing
ae H¥(®;K). Then

(i) E(o,7) is a K-module homomorphism

(ii) #,(0,7) is a chain homotopy between E,(0,7) and the identity I, i.e.

0,4+1(0,7) + #)-,(0,7)0, = I,— E(0,7).
Proof. (i) is entirely straightforward and will be omitted. For (ii) we get
01415((0,7) + #1-1(0,7) = B, 0 Y1410 L;-10 (0415 + §1-10))0 L, -4j,

= B, 0y,0L.-:(jioyy— I))o L,-10,

= B,.oy,0L,-10j0y,0L,-10j,— B,,oy,0L,-10L,-10j;.
We indicate the value of the first of these homomorphisms on (ko, -+, k;) dia-
gramatically,

sk ) 38 (s 1)+, G 1) EZ(01 kg 1), oy 071 K1)
¥
@0 ot (1 0™ i) KN gy 107 o 1)) (0 Mgy R
¥
(170 kg, vt 0™ ) D23 (Ko, e, ).

Proceeding in a similar fashion for the second homomorphism, we get
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(kos -+ k) ik ((ko, 1), +++, (K 1)) I£'>l')((ff_1’(31 o), (0" ko)
L(z™Y
(' ko +atT o)t 0T, (0T ekt a(nT oY), e oY)
¥
(7l ko +a(r 67 t), T ek + a(nT 6T Y))
B,,
(ko +ot-a(t™Yo™Y), -, k,+ot-a(x™ 67 ")),

which concludes the proof.
Now using the notation of §3, we can state an extension of Proposition 3.1.

PROPOSITION 4.3. Let #|(0,1): C(K)— C,,(K) be any chain homotopy be-
tween I, and E|(c,7). Then a 2-cocycle representing ¢~ '(d,(w)) is the function
W defined by

W(o,7) = 6-h,—h,,+ h, — [(67) f]o #y-(0,7)

Proof. Note that [o- 1 f]os#y_,(d,7) = X,(s,7), so that in view of the
previous discussion, the only point requiring justification is the substitution of
an arbitrary 5 ,(0,7) for the specific 5 ,(c,7). But general theory tells us that
for any 5, there exist K-module homomorphisms

T(o,7): C(K) > Cp42(K)
satisfying
az+2Tt(0,T) + T;—l(a',t)al = ”1(0’,‘5) —‘#l(ast)'

Thus if g is an N-cocycle go 5y _,(0,7) = go#'x_,(0,7) + 0 + a coboundary.
Since (o7-f) is a cocycle, the result follows.

5. Pontryagin products. Before continuing with the main argument, we pause
to consider Pontryagin multiplication in H,(K; ). Our basic reference for this
is [2]. We then will relate the chain homotopies 5#,(a,7) of the previous section

with the Pontryagin product.
The basic element in the definition of Pontryagin multiplication is the chain

map
P:C(K)®;C,(K)— C(K)
which satisfies
(1) P(klxl ® k2x2) = (kl + kz)P(xl ® xz) fOl‘ any kl,k2 € K and xl, xze C*(K),
and
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(i) the diagram
P
Co(K) ® Co(K) —> Co(K)
ls ®e
Z®Z €
& identity
Z_____— " 4, Z
is commutative.
Such maps P aways exist if K is abelian (see [2] for more details). We wish

to point out the following slight sharpening of the existence theorem for such
a P. Its proof is no more difficult than the original and will be omitted.

PROPOSITION 5.1. A map P can be chosen so that in addition to satisfying (i)
and (ii), it also satisfies
(iii) if ke K (and hence (k) e Co(K)) and x, e C,(K), then

P((k)®xn) = k'xn'

In what follows we always assume P satisfies (i), (ii), and (iii).
For ke K, (k)€ Co(K) and (0,k) € C,(K). We define maps

G,(k): C(K) - C,(K): x, > P((k) @ x,)
and
Dn(k): Cn(K) nd Cn+ I(K): Xp— P((O’k) ® xn) .

PROPOSITION 5.2. G,(k) and D, (k) are K-module homomorphisms and
O+ 1Dn(k) + D, 1(K)0, = Gu(k) — I,.
Proof. The first statement is trivial, and the second follows from
0,+1P((0,k) ® x,) + P((0,k) ® 0x,) = [P(3(0,k) ® x,) + (= 1) P((0, k) ® 0x,)]
+ P((0,k) ® 0x,) = P((0) ® x,) — P(k) ® x,) = x, — k*x, = I,(x,)—[G,(k)](x,)
since P is a chain map.

COROLLARY 5.3. If we use the notation of the previous section and put
b(e,7) =0t a(z™',6” "), then we may choose #(a,7) = — D,(b(a,7)).

Now we restrict back to the situation in §2 and take A4 to be F-free. We will
identify H,(K;Z) with K by the canonical isomorphism. We remark that a cycle
corresponding to ke K is 1 ®(0,k)e Z ®, C{(K). Let

Pn: Hn(K > A) - HomF(Hn(Ka F)’A)

be the homomorphism appearing in the universal coefficient theorem. Pontryagin
multiplication gives us a map
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H,K;Z2)®;H,_(K;F)-> H(K,Z®,F)~ H,(K;F),
or equivalently a homomorphism
P.:K - HomgH,_(K;F), H(K;F)).
With this preparation we can now state the following proposition:

PROPOSITION 5.4. Let ue H'(K;A) be represented by the cocyle
ge Homy(C,(K),A). Then goD,_,(k);C,-(K)— A is a cocycle and thereby
defines an element ve H" Y(K;A). We have

Pn- l(v) = p,,(u)o P;(k) .

Proof. 6(g°D - l(k))=gODn— 1(k)0 an = gO[G"(k) _In_ an+ 1 ODn(k)] =go Gn(k)—
g — 0 since g is a cocycle. Since A is K-trivial, go G,(k) =g, so goD,_,(k)
is a cocycle. For the second half of the assertion we introduce the following no-
tation: If x; € A ® x C(K) or Homy(C,(K), 4) is a cycle or cocycle, £; is its homo-
logy or cohomology class. Take y ®xc,-1€4 ®,C,_1(K) to be a cycle, then

[pa- 1]y ®kci-1)) = [Pa-1(Kg0 G, 1(-)))](y ®kci-1)
= y-[(g0 Gu-1(K))(ch-1)] = y-[(P'((0,k) ® c,-1))]
¥ [(go Py(k))(ca-1)) = Pu(t) 0 Pu(k) (Y ®xci-1))-

6. The Main Theorem. For the convenience of the reader, we briefly recall the
situation and notation of §2. Each ae H*(®;K) gives rise to an extension G
and hence to a spectral sequence £7? (= EP(Hy(K; F))) and to a differential
dy: B3N EZ’M~' which, by a canonical isomorphism, induces

D,:H®; HY(K; H\(K; F))) = H*(®; H"™!(K; Hy(K;; F))).

We also have a particular element f¥e HO(®; HY(K ; Hy(K ; F))). Since we have
assumed that H(K; F) is F-free for all i, p,: H(K; Hy(K; F)) » Homg(H(K ; F),
Hy(K; F)) is an isomorphism for all i.

As remarked in the last section, Pontryagin multiplication gives a homomor-
phism of ®-modules by the following composition:

P, e -
K ~ Hy(K; Z) —2>Hom(Hy_(K; F), H\(K; F)) P& H'™' (K;Hy(K; F)).
In this section we will denote this composition by P and let P* denote the induced
map
P,:H'(®;K)— H(®; H' " '(K; Hy(K ; F))).

TrEOREM 6.1. D (f™) = Do(fY) — P,(0).
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Proof. §5 gives a computation of a cocycle Y which represents D,(f").

Wc have
Y(0,7) = a-h, — hy, + hy + [(67)" fN]o D, 1(b(,7)).

Proposition 5.4 with A = H,(K; F) together with the definition of f ¥ implies that
the term [(07):fY]o D,_,(b(s,7)) representsP,(B) where Be H*(®;K) is the
class of b. The other term in Y is independent of « and is easily seen to represent
Do(f™). Hence the theorem will follow from the following lemma.

LEMMA 6.2. = —«.

Proof. Define c¢:®— K by c(o) = a(o,6~"). It is a straightforward compu-
tation to see that b + a = dc, which suffices to prove the lemma.

REMARK. Note that Theorem 6.1 together with Proposition 2.2 yields the
main theorem of the introduction.

7. The split extension. We consider the split extension G which corresponds to
o =0eH*®;K). In this case G is the semidirect product of K and ®. The gen-
eral considerations of the previous discussion lead us to consider the elements

oV = Do(fM) e H(@; H''(K; Hy(K;; F))).

These classes depend only on the structure of K as a ®-module, and so we purpose
to call them the characteristic classes of the ®-module K. It is easy to see that
they vanish for a trivial ®-module, and, roughly speaking, they provide some
mcasure of the difference between the cohomology of the semidirect product
and the direct product. In general we know very little about these classes. They
are not always zero —an example will be given later. We have, however, the
following fact:

ProposiTION 7.1. For any ®-module K,v! =0.

Proof. Since we have a homomorphism s: ® —» G with ps equal the identity,
naturality shows that p*: H*(®;A) » H*(G;A) is a monomorphism, and, in
fact, s*p* = (ps)* is the identity. Now the image of p* corresponds to the subgroup
E%°(4) which is a quotient group of H*(®;HO(K;A)) ~ H*(®;A4). Thus
E¥°(4) = E¥°(4). In particular, d, must have image O for all elements of
E%'. But D, is defined by d, in an appropriate spectral sequence.

REMARK. Putting together this last proposition with 2.2 and 6.1, we obtain a
formula for d,:E%'(F)— E¥°(F). This should be compared with [7, p. 133].

We now define the classes v " without the use of a spectral sequence.

Let C,(K) be as defined in §1, and now denote Homg(C,(K),4) by C(K; A).
As usual, this is a ®-module and §: C{(K; 4) » C'*(K; A) is a ®-module homo-
morphism. Thus we obtain the following usual exact sequences of ¢-modules:

(10), 0 Bi(K; 4)» Z'(K;4) 3 H(K;4) > 0,
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i
(11); 0—>Z"(K;A)—+C"(K;A)5—> B*Y(K;4)-0.

We will denote the Bockstein (or connecting) homomorphism associated to (10),
by A? and to (11); by Al.

Let Dy: H?(®; HY(K ;4)) » H?**(®; H*"'(K; A)) be the homomorphism cor-
responding to d,:E5%A) - E5*%97!(A) in the spectral sequence arising from
the split extension, and assume A is an F-module.

PROPOSITION 7.2. Let ue H(®,HY(K; A)). Then
Do(u) = my_;0 Ay—10 AN(u) € H(@; H" ™' (K; A)).

Proof. Since Hy_,(K;F) is F-projective, Extg(Hy_,(K;F),A)=0, so
H""Y(K;A) ~ Homp(Hy_ (K; F),A). Furthermore the computation of §3 shows
that Dy(u) can be represented by - h, — h,, + h, plus a term that vanishes since
o= —B=0 where Sh,=0'f—f and f represents u. The proposition now
follows upon chasing through the definition of the Bockstein homomorphisms
involved.

ReMARK. If we take 4 = Hy(K;F), we obtain the promised procedure for
computing v" = Do(f"). Furthermore this provides an alternative proof that
v' =0, since H,(K; ) is trivial K-module, and so B{(K;H,(K;F))=0.

8. Some examples. It scems appropriate at this point to give some examples.
As must be obvious to the reader, a computation of the characteristic classes v"
is extremely difficult even if the group K is not complicated, and its cohomology
is known. So far, all descriptions of the v" depend on the specific complex C,(K).
Essentially, this is because ® acts naturally on this complex. This complex is,
however, not always convenient for calculations. In fact, explicit computations
of the cohomology of K usually hinge on replacing C,(K) by a more *‘efficient’’
complex. What is needed is a set of theorems that describes the classes vV in
terms of any resulotion. There is no difficulty in finding such theorems. The re-
sulting formulae will be given explicitly in [9]. At the moment we state without
proof the results of some such computations. The proofs will also appear in [9].

EXAMPLE 1. K = Zg = the cyclic group of order eight; ® = Z, = the group
with two elements. ® acts on K by multiplication by five; i.e. if o is the nontrivial
element of ® then ¢-x = 5-x. We choose A = F =the field of two elements.
Thus H(K,F)=Z, in all dimensions. In this case v? = Do(f?)# 0. This is
the simplest example we know in which a characteristic class is nonzero — even
when the final coefficients are a field.

ExampLE 2. In this example we again have v? # 0. This time ® is Z, ® Z,
and K is the dual of the augmentation ideal in Z[®], i.e. K is thus a free abelian
group of rank 3. We choose for final coefficients the group Z. Thus

Ve H¥(@;H'(K; Hy)(K;Z))).
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We show in [9] that this group is Z, and v? is twice a generator. Note that v?
has order 2. We show in [9] that v'always has order 2 (any i) if K is Z-free.

ExaMPLE 3. We take ® = Z, = a cyclic group of prime order, and restrict
attention to the case where K is free abelian of finite rank as an abelian group.
All module structures for this situation are described in [6]. Making use of this
explicit detailed knowledge of these modules we can prove that v' =0 for
all i; v'e HX(®;H'Y(K,H(K,Z))).

9. An application. References for this section are [1], [4] and especially [5].
If X is a compact flat riemannian manifold and = = n,(x), then X is a K(n,1),
so H*(X) ~ H*(n). Furthermore = is torsion free and satisfies an exact sequence

) 0-K-on->0®-1

where K is free abelian (of rank equal to the dimension of X) and normal and
maximal abelian in n; @ is finite and isomorphic to the holonomy group of X .
In this section we use our Main Theorem to derive some facts about the coho-
mology of such manifolds when @ is cyclic and, in particular, of prime order.

Now we suppose @ is Z,,, a cyclic group of prime order m,andthat K =L@ Z
as a ®-module, i.e. K contains a direct summand Z on which ® acts trivially.
Furthermore, if o e H*(®; K) classifies (}), we may assume o is in the image
of the map: H*(®;Z)— H*(®;K) given by the inclusion.

THEOREM 9.1. If E} is the spectral sequence for (X) with coefficients Z,
then
E3’ ~ H(Z,; H(K;2));E3’ ~ H'(Z,,; H' ™ '(L; 2))
and Ey =0 for i>1.
We sketch the proof as follows: If M is a Z,,-module, we let M* be the Z,,-module

Homy(M,Z). Then it is well known that H/(M;Z) ~ A\‘M* as a Z,-module
where the exterior power is taken over Z and Z,, acts ‘‘diagonally.”” Therefore

H{K;Z) ~ H(L;Z)®Z NH' "\ (L;Z)
where ““ A’ can be thought of as Pontryagin multiplication in H*(M ;Z). Hence

E} ~ H'(Z,;H/(L;2)) ® H(Z,,;Z A H"(L;Z)) and
(17
EY ' x H(Z,; ™ (L;2)) @ H'(Z,; Z N H~4(L; Z)),

where we have used the fact that the cohomology of Z,, is periodic of order two.
Now by the Main Theorem, d,:E3’— E}*?7~! is given by cupping with + «
and since, roughly speaking, « is in the summand Z of M, d, maps
HY(Z,;HYL;Z)) onto 0, and takes the summand HYZ,;Z A H'~(L;Z))
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isomorphically onto HYZ,; H'~'(L;Z)). Therefore, away from the *left edge”
everything dies, and the theorem now follows trivially from (17), after noting
that E3* is free so neither part dies there.

COROLLARY 9.2. Under the above hypothesis, the cohomology of n satisfies
an exact sequence

(18) 0- T*— H¥(n;Z)—> F*->0.

where T*, the torsion ideal of H*(n,Z), is a finite direct sum of Z,’s and has
trivial cup products while F* is a free abelian group which is a subalgebra
of an exterior algebra.

The proof follows trivially from the observation that E; = E,, by position.

Remark. It follows from [4] that if = is torsion free, K can always be written
as L @ Z, and furthermore that a is in the image of the map: H*(Z,; Z)—»H 2z »:K)-
Hence Corollary 9.2 applies and tells us that the cohomology of a compact
riemannian manifold whose holonomy group is cyclic of prime order satisfies
(18). For an alternative approach see [5]. We should remark that this problem
provided the original motivation for this paper.
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