LATTICES AND THE ADJOINT GROUP
OF A LIE GROUP

BY
HOWARD GARLAND(!) AND MORIKUNI GOTO(2)

1. Introduction. By an analytic group and by an analytic subgroup of a Lie
group, we mean a connected Lie group and a connected Lie subgroup of a Lie
group, respectively. Unless specified otherwise, an analytic subgroup and its
corresponding Lie subalgebra will be denoted by the same capital Roman and
capital German letter, respectively. For example, if G denotes an analytic group
and A denotes an analytic subgroup of G, then ® will denote the Lie algebra of G,
and U will denote the subalgebra of & corresponding to 4. We make the conven-
tion that the Lie algebra of a Lie group is the tangent space of that group
at the identity.

Let G be an analytic group, and let A(G) denote the group of all continuous
automorphisms of G. We give A(G) the compact-open topology. Let GL(®)
be the Lie group of all linear automorphisms of the vector space &, and let A(®)
denote the closed subgroup of all Lie algebra automorphisms of ®; then A(G)
can be naturally imbedded in A(®) as a closed subgroup (see [2, p. 138]). When
G is simply connected, A(G) and A(®) coincide. We let I(G) denote the analytic
subgroup of A(G) consisting of all inner automorphisms of G. I(G) depends only
on ®, and therefore will also be denoted by I(®); I(G) will be called the adjoint
group of G (or of ®). We identify gl(®), the Lie algebra of GL(®), with the
Lie algebra of all endomorphisms of & ; then A(®) corresponds to the subalgebra
a(®), consisting of all derivations of &; I(%), on the other hand, corresponds
to the subalgebra i(®) of all inner derivations of ®.

If S is a subset of G, we set

A(S) = {re A(G) | 1(s) = s, for all seS};

then A(S) is a closed subgroup of A(G), and we let A°(S) denote the identity
component of A(S).

DEerINITION. A discrete subgroup I' of a Lie group L is called a lattice in case
a measure y, induced on the coset space L/T" by a right invariant Haar measure
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on L, satisfies u(L/I') < co. If, moreover, L /T" is compact, then I is called a
uniform lattice.

It is not difficult to see that a uniform lattice is a lattice, and that if L contains
a lattice, then L is unimodular. A lattice in a solvable, analytic group is always
a uniform lattice (see [13]). It is our purpose here to prove the following two
theorems:

THEOREM 1. If T is a lattice in an analytic group G, then A°(T") < I(G).

THEOREM 2. If an analytic group G contains a lattice, then the adjoint
group I(G) is closed in A(G) (equivalently, in A(®) or in GL(®)).

In general, I(G) is not a closed subgroup of A(G) (see [7, pp. 127-128]). The
converse of Theorem 2 is false, as we shall show at the end of this paper. The
following proposition allows us to reduce the proofs of Theorems 1 and 2 to the
case when G is simply connected.

ProPOSITION 1. Let G be an analytic group, and let G' be the universal cov-
ering group of G; let * denote either 1 or 2. If Theorem * is true for G', then
it is true for G.

Proof. Let I' be a lattice in G, let n: G’ > G be the covering map, and set
n~ () =T". Since I'" is a lattice in G’ and since I(G) = I(G’), Proposition 1
follows for * = 2. Next, let Z(I'") = {tre A(G’) | (") = I''}; then £(I'") is a closed
subgroup of A(G’) such that Z(I"") o A(I"’); we denote the identity component
of Z(I'") by Z%T’). For a fixed yeI'’, Z°(I"’) - y is a connected subset of I'’, and
hence is equal to y. This proves that Z%(I"’) = A%T™"). Let D be the kernel of x;
D is a discrete, central subgroup of G’, and in the identification A(G) = A(G’),

A() = {re A(G") ! 7(y) =y mod D, forall yeI''} =« X(I'),

whence A%(') < Z%(I'") = A%T"). Proposition 1 now follows for * = 1. Q.E.D.

From now on we will assume that G is a simply connected, analytic group.

The paper is organized into five sections. In §2 we develop some necessary
cohomological machinery, which we apply in §3 to obtain Theorem 1 when G
is solvable. In §4 we develop some machinery for passing to the general case.
In §5 we complete the proof of Theorem 1, and then, using the results of §4 and
Theorem 1, we prove Theorem 2. Finally, in the appendix at the end of this paper,
we show that the converse of Theorem 2 is false.

Professor H. C. Wang pointed out to us the construction of R’ and I', on
page 458, and the possible usefulness of this construction for our purposes (his
original construction was for uniform lattices). The appendix also derives from
one of his suggestions. Our results were originally formulated for uniform lattices
and the extension to lattices was suggested by Professor A. Borel. The first-named
author became aware of the problem treated in Theorem 2, in a discussion with



452 HOWARD GARLAND AND MORIKUNI GOTO [September

Professor J. A. Wolf. We are pleased to acknowledge our gratitude for all these
valuable suggestions and discussions.

2. Cohomological tools. In this section we shall describe some results concerning
the cohomological theory of Lie groups based on C*-cochains (see [4] and [12]).
Let L be a Lie group and let p: L - GL (V) be a continous representation of L
in the finite-dimensional, real vector space V. For a positive integer g, let FI(L, V)
be the set of all C*-maps of L X L X --- x L (q times) into V; let FO(L, V) = V.
For each integer g = 0 we define a coboundary operator

d% FY(L,V) - FiY(L, V)
by
d°(a) = v — p(a)v, veV, aelL;

and for ¢ >0, fe F4(L,V)

d'f(a, -, a541) = (-—l)"“[p(al)f(az,---,aqﬂ)
1)

M=

-+

13

(- 1)if(a1’"',aiai+1,"':aq+l) +(- 1)q+1f(ap"',aq)]a

1

for ay,-,a,4,€L. We set ZYL,V)=kerneld?, B(L,V)=0 and for q = 1,
B%L,V)=image d*"'. Finally, we set HYL,V)=Z%L,V)/BYL,V). Z%L,V)
is called the space of g-cocycles, B(L, V) the space of g-coboundaries, and H4(L, V)
the gth cohomology group of L with respect to p. When L is a discrete group,
the H(L, V) defined above, coincide with the usual Eilenberg-MacLane groups.

Let M < L be a closed subgroup; then restricting p to M, we obtain a continuous
representation pIM :M - GL(V), and with respect to le we can form the
complex {FM,V)} and the cohomology groups H%M,V). For each ¢ =0
we have the restriction map ¢%: FY(L,V)— F¥M,V), and these maps commute
with the coboundary operators; hence we have an induced map ®?: HYL,V)
— HY(M,V), called the gth restriction homomorphism. When g =1, we will
drop the superscript, and simply write ¢ and ®.

PROPOSITION 2. Let L be a Lie group, and T a lattice in L; then the restriction
homomorphism ®: H(L,V)— H'(T', V) is one-one.

Proof. Let fbe in Z!(L,V) and let us assume that there exists ve V such that
f(») =v—p(pv for all yeI. Define f’'eZ'(L,V) by f'(a) =f(a) — (v — p(a)v)
for ae L;then f’(y) = O for all y e I". We wish to show that f € B'(L, V). However,
this is true if and only if f’ € B!(L, V), so we can assume without loss of generality
that f(y)=0forall yeT.

Since f € Z'(L,V) we have from (1)

@ f(ab) = f(a) + p(a)f(b),  a,belL.
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Hence for yeI, we obtain f(ay) = f(a). Thus, letting a’ = al"e L/T", f induces
amap f':L/I"— V such that f'(a’) =f(a). Let da’ denote the invariant measure
on L/T" with total volume equal to one. Setw = [,,-f'(a’)da’; then for be L

w— p(b)w = J‘L‘r[f "(a”) = p(b)f'(a")]da’

f r[f '(a") = (f'(ba’) = f'(b'))]da’
Ly

= f'(b")=f(b),

so that f = d°we B!(L, V). Q.E.D.
We denote the group of all continuous automorphisms of L by A(L). We let R
denote the real line, and by a one-parameter group of automorphisms of L we
mean a C*-map
T:R X L>(t,a)— 1(t,a) =t(a)e L,

such that each 7,€ A(L) and for all s, te R, 7,,,= 1,07, For aeL, we let 7'(a)
denote the tangent vector to the curve t,(a) at ¢t = 0. For be L, let r, and /, denote
right and left translation by b, respectively. Since 7,(ab) = 1,(a)7,(b), we obtain

3) t'(ab) =dry, - t'(a) + dl, - ©'(b),

where dr, and di, are the tangent linear maps induced by r, and [,, respectively.
7’ defined above is thus a C®-vector field on L, satisfying (3). Conversely, let us
assume that ¢ is a C ®-vector field on L, satisfying (3) for ' = £. Let t,(a) denote
the unique integral curve to & with 74(a) = a. If t(a) is defined for ¢ in the open
interval I, about 0 of radius e, then for t, s, t + s€I,, the uniqueness theorem
for ordinary differential equations implies

@ Tr+5(a) = 7(7,(a)).

If a and b are in L, and if 7,(a) and 7,(b) are defined for ¢ € I,, then by computing
the tangent vector to the curve t,(a)t(b) at t, €I, and by using (3) and (4), we
can see that 7,(a)7,(b) (t€l,) is an integral curve of &; the uniqueness theorem
of ordinary differential equations thus implies that t,(ab) exists for t € I, and in fact

(5) 1{ab) = 1(a)7,(b).

From the theory of ordinary differential equations we have that for ao in L we
can find a neighborbood U of a, and ¢ = &(ay) > 0, such that t,(a) is defined
for all tel, and aeU, and the map t:I, x U— L, defined by 1(t,a) = 1,(a),
is a C*-map. Let us take a, = e, the identity element of L; then U generates
L, the identity component of L, so that (5) implies that 7,(a) is defined for all
aeI® and tel,. Now (4) implies that we can take ¢ = co. Next, using the fact
that v can be defined on R X L° and applying (5), we can show that 7,(a) can be
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defined for all te R and all a €G. Since 7, and 1_, are inverses, 7, defines a one-
parameter group of automorphisms, as defined above.

Let L be the Lie algebra of L; that is, £ is the tangent space to L at the identity.
We then have that

6) t(a)=exptX-a-exp—tX, teR, acLl, Xeg&,

defines a one-parameter group of automorphisms of L. Such a one-parameter
group will be called a one-parameter group of inner automorphisms. A direct
computation shows that for 7, defined by (6)

©) t'(a)=dr,- X —-dl,- X, aelL.
Thus we have

PROPOSITION 3. Let L be a Lie group and t, a one-parameter group of auto-
morphisms of L; then the vector field ' satisfies (3), above. Conversely, a C*-
vector field " on L which satisfies (3), generates a one-parameter group of auto-
morphisms. T, is a one-parameter group of inner automorphisms if and only if
t' is given by (7) for some X € L.

When the component group L/ L° is finitely generated, A(L), with the compact-
open topology, is a Lie group (see [8]). In this case a(L), the Lie algebra of A(L),
can be identified with a*(L), the Lie algebra of all C®-vector fields on L, satis-
fying (3). We let i*(L) denote the subalgebra of a*(L), consisting of all those
vector fields given by (7).

Let Ad denote the adjoint representation of L in £, and form Z!(L, 8), B!(L, ),
and H'(L, L) with respect to this representation. We define 1:a*(L) - Z'(L, L) by

®) ME)(a) = dr,-1- &(a), aeL, Eea*(L).

(2) and (3) imply that 1 is well defined, and it is easily seen that 4 is linear, one-one,
and onto. Moreover, from (7), we have that A(i*(L)) = B'(L, ). We summarize
these remarks in

PROPOSITION 4. If we define A:a*(L)— Z*(L, ) by (8), A is a linear, onto iso-
morphism such that A(i*(L)) = B\(L,). Thus we have an induced, onto iso-
morphism A:a*(L)/i*(L) - H'(L, Q).

3. Proof of Theorem 1 (solvable case). Let G be a solvable (simply connected,
analytic) group; let T be a lattice in G. By a result of G. D. Mostow (see [13]),
I' is a uniform lattice in G, and in particular, T is finitely generated. Let # = ®
denote the nil-radical; that is, 9 is the maximal nilpotent ideal in . From [11]
we know that ' N =TIy is a lattice in N, and I'N is a closed subgroup of G,
with identity component N. Since T is finitely generated, A(I'N) is a Lie group.
Let A°%(G) and A°('N) denote the identity components of A(G) and A(I'N),
respectively. For all § € a(®), 6(®) = N (see [9, p. 51]) so that (expd)(g)=gmod N
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for geG. Thus we have a well-defined restriction homomorphism y:A4°(G)
— A%('N); let ¥,:a(G)— a(I'N) denote the corresponding Lie algebra homo-
morphism.

By Proposition 4 we have a one-one linear map a(I'N) —» Z'(T'N, 9%). We
compose this map with Z!('N, N) —» Z'([, N) (restriction map), and with
Z\(T, M) - Z'(I, ®) (induced by the injection N — &), and we thus obtain a linear
map p:a(I'N)— Z'(T,®). It follows from [5] that p is an onto isomorphism.
We give the proof here that u is one-one, which will suffice for our purposes.
Thus if 6 € a('N) and u(6) =0, then exptdé-y =1y for all te R and yeI. Since
T’y is a uniform lattice in N, we obtain, by applying A. I. Malcev’s result in [10]
to N and Ty, that exptd-n=n for all neN; it follows that for all teR,
exptd € A%(T'N) is the identity. Thus § = 0, so we have proved that p is one-one.

Now the commutative diagram

26,6) -2 2'(r,®)

& ‘
a(G) —*—— a(I'N)

induces the following commutative diagram

H'G,.6) —2s H'(T,6)

Ja ]|
a(G)i(G) ——> a(TN)Y,(i(G),

where M is induced by p and ¥ by y,. A is defined as before (see Proposition 4)'
We observe that since G is connected, i*(G) corresponds to i(G) = i(®), under
our identification of a*(G) with a(G). Since u(Y,(i(G))) = B'(I',®), and since
u is one-one, it follows that M is one-one. A and @ are one-one by Proposition 2
and Proposition 4. Thus ¥ is one-one. Applying the result in [10], we obtain that
A(') n A°(G) is the kernel of  so that the Lie algebra of A°(T) is the kernel of .
Since ¥ is one-one, the kernel of ,, is contained in i(G), and hence A%(T) < I(G).
This concludes the proof of Theorem 1 when G is solvable.

4. Tools for the general case. Propositions 5 and 6 below are proved in [3]
(see Proposition 2.2 and the preceding remarks), but we present the proofs here
for the sake of completeness. Let A = & be the maximal semi-simple ideal, and let
B be the centralizer of A in G; that is, B={Xe® | [X,Y]=0, for all Y eUA};
then B is an ideal of &, and since any derivation of a semisimple Lie algebra is
inner, we have a direct sum decomposition & = A @ B. It is to be noted that
both W and B are invariant by all automorphisms of &. Let R be the (solvable)
radical of ®; then R =B, and B has a Levi decomposition B =S @ R, where
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S is a semi-simple subalgebra of B, but is not an ideal in B unless S = 0.
® = (UADS)D N gives a Levi decomposition of G.

Let 3 be the centralizer of R in B; then 3 is an ideal of B and so is 3 + R.
Hence 3 + R/R is a semi-simple ideal in B/R. Since 3 + R/R = 3/3 N R, the
Levi theorem implies that J contains a semi-simple subalgebra D such that
3=D®(FNR). Since D can always be imbedded in a Levi factor of ® (see
[9, Corollary 1, p. 93]), and since D centralizes R, D must be an ideal in &. Thus
Dc W, and hence D «c A NB =0; thus D =0and J < R. We note that R and
3 are invariant under A(®), and that any ideal £ in ® containing R is invariant
under A°(®), or equivalently under a(®)(A4°(®)is the identity component of A(®).)

PROPOSITION 5. Let & be an ideal of B with Rc L. Let 6 be a derivation of B.
If there exists an element Y, € 8 such that

5Y=Ad Yo(Y), Yeﬁa

then we can find Y, e & such that 6 = Ad Y, on B. In other words, let
fx:a(B)— a(R) denote the restriction homomorphism; then f, ' (i(R)) = iy(2)
={AdYei®)|Yeg}.

Proof. Since £ o R, there exists a semisimple subalgebra € < B, such that we
have a (vector space) direct sum decomposition B = E® L. Weset §; =5 — ad Yy;
then &, is a derivation of B such that §,Y =0 for Ye £. For Xe€ and Ye &
we have [6,X,Y]=6,[X,Y]—-[X,6,Y]=0. 3,, the centralizer of £ in B,
is an ideal satisfying 3, =« 3 < R. The previous computation shows that for
X eC, we have 6,X€3,. Thus §, induces a map from € to 3,, still denoted
by d,, such that

)] 0,[X,X,]1=[6,X,,X,]+[X:,6,X,], X.,X,€eC.

For X €, let ¢(X) denote the restriction of ad X to 3, ; then ¢ is a representation
of €, and (1) implies that §, is a one-cocycle of € with respect to ¢. By the first
Whitehead lemma, there exists Y’ €3, such that §,X =[Y’,X] for all Xe@.
Since 5, =adY’'=0 on £, we have §, =ad Y’ on B. Hence § =ad(Y, + Y')
onB and wecantake Y; =Y, + Y’ Q.E.D.

PROPOSITION 6. Let MM be an ideal in ® containing R. If IMN) is closed in
GL(M), then I(®) is closed in GL(®).

For the proof of Proposition 6, we utilize the following Lemma from [6]:

LEMMA 1. Let H be an analytic subgroup of the general linear group
GL(n,C). If the radical of H is closed in GL(n,C), then so is H.

Proof of Proposition 6. 9t has a direct sum decomposition M = (A NM) @ &,
where € is an ideal in B and W NI is semisimple. I(IN) is the direct product
of I(A N M) and I(R), so that if I(IMN) is closed, then I(L) is closed.
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Let f:A°(B) —» A°L) denote the restriction homomorphism and let
fe:a(B)— a(L) denote the corresponding Lie algebra homomorphism. Since
I(R) is a closed subgroup of 4°(L), we have that f~*(I(8)) is a closed subgroup
of A°(B). Hence the analytic subgroup of A°(B) corresponding to £, (i(2)) < a(B)
is a closed subgroup; however, Proposition 5 implies that f, ™' (i(£)) = ig(8).
The radical of ig(R) is ix(R). Since ix(R) is also the radical of i(B), Lemma 1
implies that I(*B) is a closed subgroup of A(B) (and hence of GL(B)).

Now & = A B with [A,B] = 0; hence I(®) is the direct product of I(A)
and I(B). I(A) is closed in GL(A) since A is semisimple; also I(B) is closed in
GL(B) by our above argument. Hence I(®) is closed in GL(®). Q.E.D.

We now summarize some measure theoretic results which we will need. For
more details see [15, §9] or [7, Chapter 10]. If S is a locally compact Hausdorff
space and if C,(S) is the space of real valued, continuous functions on S with
compact support, then a positive measure on S is a real valued linear functional
1:CLS)— R, such that if feC,S) is nonnegative, then u(f)=0. If P and Q
are locally compact, unimodular groups, such that Q is a closed subgroup of P,
then P/Q has a left invariant measure which is unique up to a constant factor.

PROPOSITION 7. Let P be a locally compact topological group and let Q and R
be closed subgroups of P such that Q o R. If P, Q, and R are all unimodular,
then there exist invariant measures A, p, v on P/Q, Q/R, and P[R, respectively,
such that for any function f e C/P/R):

@ f F(@R)IY(pR) = f ( F(qR) du(qR)) dA(pQ).
P/R P/Q \JQ/R

Proof. One simply has to verify (2) for f e C/(P/R). But for such f one can
define v(f) by the right hand side of (2), where one chooses the invariant measures
uand A arbitrarily. One sees immediately that v is invariant, and hence 4, g, and v,
chosen as above, satisfy (2). Q.E.D.

COROLLARY. Assume P,Q,R, A, p, and v are as in Proposition 7; moreover,
assume that P is a Lie group and v(P|R) < oo; then u(Q/R) < o and A(P/Q) < 0.

Proof. It suffices to show that (2) holds when f is identically equal to one.
But then, since P is a Lie group, we can find an increasing sequence of nonnegative
functions f, in C(P/R), which approach f pointwise. The desired conclusion
now follows from Proposition 7, and from the monotone convergence theorem.

Q.E.D.

Next we recall some results from [14]. If P is a topological group and H a sub-
group of P, then H is said to have the Selberg property (or property (S)) in case,
for any open neighborhood U of the identity and for any p € P, there exists a
positive integer n with p"e UHU. If f:P — P’ is a continuous epimorphism,
then f(H) has property (S). A lattice I" in a Lie group L has property (S) (see [1]).
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We retain the notation introduced at the beginning of this section. Let & and K’
be the maximal compact ideals in W and &, respectively; then set € =8 + K’.
C is then the maximal analytic, compact, normal subgroup of a semi-simple part
of G.

LeEmMMA 2 [14, THEOREM B, p. 211]. Let 6:G—> G/CR denote the projec-
tion. Suppose that L is a closed subgroup of G with its identity component
solvable. If O(L) has the property (S), then O(L) is discrete.

LemMma 3 [14, THEOREM A, P. 211]. Let P be an analytic group with simply
connected radical R; let n:P— P/R be the projection; and let L be a closed
subgroup of P. If the identity component of L is solvable, then the identity
component of the closure of n(L) is also solvable.

ProPOSITION 8. Let I’ = G be a lattice; then ITCR is a closed subgroup of G
with identity component CR.

Proof. I" has property (S) in G, and hence 6(I') has property (S) in G/CR.
Hence Lemma 2 implies 6(I') is discrete. Proposition 8 now follows. Q.E.D.

5. Proofs of Theorems 1 and 2.

(i) Proof of Theorem 1. Let I" be a lattice in G; then G is unimodular and
hence if J is any ideal in & such that R = J, then det(Ad g|3) =1forany geG
(where Ad g | 3 denotes the restriction of Ad g to J). In particular I is unimodular.
By Proposition 8, I'CR is a closed subgroup with identity component CR. By
our previous remark I'CR is thus a unimodular, closed subgroup of G. Hence
we can apply the Corollary to Proposition 7 to GoITCR o TI'. We obtain that I
is a lattice in TCR. Hence I'; =I' 1 CR is a lattice in CR.

Let n:CR — C =CR|/R be the natural projection, and let T be the closure of
7(T",). By Lemma 3, we show that T?, the identity component of T, is solvable.
Since C is compact and T is closed, we must have that T° is a torus of finite index
in T. We set R’ = T°R; then R’ is a closed, solvable, analytic subgroup of CR.
WesetI', =I"; n R’; then

I,/T,~T,R'/R = n([,)T°R/T°R = TR/T°R = T/T®,

so that I', is of finite index in I';. Thus I, is a lattice in CR. By our observation
at the beginning of this section, R is unimodular. It then follows easily that
R’ = T°R is unimodular; hence, applying the Corollary to Proposition 7 to
CR o R’ oT,, we find that T, is a lattice in R’. Hence, by G. D. Mostow’s result
in [13], I, is a uniform lattice in R’, and hence in CR. Since I', = T, we have
that T, is a uniform lattice in CR. Thus we have proved

PropoSITION 9. Let T be a lattice in G; then 'y =T CR is a uniform lattice
in CR.
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Let 7 be in A(T). Since the closure of I',R is T°R = R’, T maps R’ onto itself;
hence we have the restriction homomorphism w:A(I') > A(R’). Using Theorem 1
(solvable case) we have that w(A%T)) = I(R’). Now we choose neighborhoods
UcI(R’) and V = R/, of the identity such that we have a local cross-section
Y:U—V of the homomorphism Ad:R’—I(R’); that is, Ad oy = identity.
Next choose a connected neighborhood W of the identity in A%T) such that
o(W) < U. For geW, we define A(0) to be Ad(¥(w(c))) o', where Ad here
denotes the adjoint map Ad:G — I(®); then A(¢) is an automorphism of G,
whose restriction to R’, and a fortiori to R, is the identity. We denote the restriction
of A(6) to B by u(o). u: W — A(B) is continuous and W is connected. Hence u(W)
is connected. Since the restriction of u(o), o € W, to R is the identity, Proposition 5
implies that u(o) € I(B). On the other hand, A(W) being connected, the restriction
of A(W) to semi-simple, normal subgroup A4 is composed of inner automorphisms.
Hence A(W) < I(G), and hence W < I(G). Since W generates A°(T'), we have
that A°(T) < I(G). Q.E.D.

(ii) Proof of Theorem 2 under the additional assumption that I is a uniform lattice.
Let Ad: G — I(G) denote the adjoint map, and let 6, =Ady,, 6, =Ady,,-, be
a sequence of inner automorphisms where y,€I', n=1,2,.--. Suppose that the
sequence @, approaches ¢ € A(G); also, let y*,---,9 be a finite system of genera-
tors for I'; then for each i = 1,2, -+, s we can find a positive integer N(i) such that
o 1o,(3®) = y® for n > N(i). Next, since A(T') is closed in A(G), we can find an
open neighborhood U of the identity in A(G) such that

AT)A U = A%T) < I(G).

We can find a positive integer M such that for n>M, ¢~ "o, € U. Let n be an integer
larger than M and all the N(i); then ¢ ~'6,e A(T) N U < I(G), so that o€ I(G);
thus we have proved that Ad(I")~, the closure of Ad(I') in GL(®), is contained
in I(G). Let S denote the coset space I(G)/Ad(I')” . Since Ad induces a continuous
map of the compact space G/I" onto S, S is compact, and hence closed in
A(G)/Ad(")™ ; it follows that I(G) is closed in A(G). Q.E.D.

(iii) Proof of Theorem 2. By Proposition 9, I'; is a uniform lattice in CR and
hence, by (ii), I(CR) is closed in A(CR). Hence Proposition 6 implies that I(G)
is closed in A(G). Q.E.D.

APrPENDIX. We will now give an example of a solvable, unimodular, analytic
group G, such that I(G) is closed in GL(®), but G does not contain a lattice.

For every triple of real numbers o = (a,, a5, a3) # (0, 0, 0), such that
oy + o, + a3 =0, let A, be the one-parameter matrix group

o, 0 O
B,=expt |0 a, O |teR
0 0 oy
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Let G, be the semidirect product of 4, and R>. N, the nil-radical of G,, is R>.
Assume G, contains a lattice I'; then I' is a uniform lattice, since G, is solvable
(see [13]). TN N=Tyisa lattice in N and T N/N is a lattice in G,/N = A4, (see [11]).
Since I'y is just the integral span of an appropriate basis in N, and since the linear
transformations in the lattice I'N/N < A, leave I'y invariant, we have that the
matrices representing I N/N, with respect to a suitable basis in N, are all integral.
Hence for some t # 0, all the coefficients of the characteristic polynomial of B,
are integral. Let J denote the set of all positive real numbers satisfying an equation
of the form X®+ a,X?> +a,X —1=0, where a, and a, are integers. Let
J'= {logj|jeJ}; then J'3 =J’ xJ' x J’' is a countable subset of R®>. Hence
we can find o= (a;,a,,03) with o + a, + o3 =0, such that taeJ'? implies
t = 0. For such «, G, cannot contain a lattice. On the other hand, G is unimodular
and I(G,) is closed in A(G,), for all o as above.
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