A FACTORIZATION ALGORITHM FOR g¢gxg MATRIX-
VALUED FUNCTIONS ON THE REAL LINE R

BY
HABIB SALEHI (%)

1. Introduction. Let H,;(A*), 0<d < o, be the set of all g x g matrix-
valued functions F* =[ff], 1 £i, j< g, on the upper half-plane A * such that
each entry f;; isin the Hardy class Hy(A" ). Let Ly "(R) be the set of all g x ¢
matrix-valued functions F on the real line R which are the nontangential limits
of the functions F* in Hy(A*). Similarly let H(A™) and LY™(R) denote the ap-
propriate classes of g x ¢ matrix-valued functions on the lower half-plane A™
and on R respectively.

An important problem in multivariate prediction theory with continuous time
is, given a nonnegative hermitian g X ¢ matrix-valued function F on R such that
Fe Li(R) and {logdet F()}/(1+ A*)e Ly(R), to find a g x g matrix-valued
function ® on R such that

F(1) =®(A)D*(1) ae. on R,

where ®(2) = [$°C(t)e™™ dt, C( - )€ Ly(R), and if @*is the holomorphic extension
of & to A*, then

da

vz 0

0
®*(i)>0 and det®* (i) =exp %—f logdet F(A)
- 00
An iterative procedure which yields an infinite series for @ in terms of F has
been given by Wiener and Masani in [9] for the case that F is defined on the
unit circle C. To carry out the algorithm they assumed
(1) F(%) =1+ M(®)& ess.l.ub.|M(e®)|s < p<1 (| |5 =Banach norm).
0<0=2n
When F is nonnegative hermitian-valued on C they showed that the algorithm
would hold under a weaker condition, namely that there exist constants c;,c,,
0<c¢; £c¢, <00, such that

2 el SF<c,l.
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In [7] Masani was able to improve the results he and Wiener gave in [9] by

assuming in lieu of condition (2) that

(i) F is nonnegative hermitian-valued on C such that Fe L (C).
(3) (ii) F ~! exists a.e. on Cand F "' € L,(C).

(iii) If v(e®), u(e®) denote the smallest and largest eigenvalues of F(e),
then u/veL,(C).

In his work Masani repeatedly made use of the fact that F~'e L,(C). However
for many situations this condition is not necessarily satisfied. Moreover to ac-
complish his algorithm he had to factor the scalar-valued function (v + u) which
is not known.

In [10] an attempt by Wong and Thomas was made to obtain results similar to
those in [9] for the case that F is nonnegative hermitian-valued and on the real
line R. Their proof is ambiguous and incorrect. The correct result can be obtained
as consequence of our work.

§2 is devoted to preliminary results which are used in the rest of this paper.
In §3 we consider the factorization problem for any g x g matrix-valued function
F on R, not necessarily hermitian, such that

1 1 {I + M(2)}, where ess. Lu.b. |[M(D)|z= p<1.

7{1""}-2 —0 <A< o

@ F)=

We show that F can be factored in the form
F(1) =®,()®,(A) a.e. on R,

and obtain an algorithm similar to that given in [9] by Wiener and Masani for
the factors ®, and @,. In §4 we consider the case that F is nonnegative hermitian-
valued and on the real line R. Our condition pertains to the boundedness of the
eigenvalues of F(1) and is weaker than condition (4). In §5 we look at a special
case when F is a rational function on R.

2. Preliminary results. As in [9] bold face letters 4, B, etc. will denote g X ¢
matrices with complex entries a;;, b;j, etc. and bold face letters F,®, etc. will
denote functions whose values are such matrices. tr,det, *, will be reserved for
the trace, determinant and adjoint of matrices. | 4 |5, | 4| will denote the Banach
and Euclidean norms of 4 [9, IT]. The (k, +)th and (k, —)th Laguerre func-
tions I, and I; are defined on the extended complex plane by I (w)=
in” V2 {(w=i)*(w+i)**'} and Iy (w)= —in" YH{(w+i)*[(w—i)**"} respectively.

We shall be concerned with the sets Ly(R) of g x g matrix-valued functions F
on R each entry of which isin L;(R), 0 <4 < c0.If Fisin Ly(R),1 <6 < o0, then
for each k = 0, the matrix Ay = [®, I (4) F(2)d2 is called the (k, +)th Laguerre
coefficient of F. For 1 £6 < o0, LY*(R) will denote the subset of functions in
L,(R) whose (k, —)th Laguerre coefficients A,, k =0, vanish and L;(R) will
consist of functions in L* whose (0, +)th Laguerre coefficient are zero. Similarly
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L3 (R) and L;(R) may be defined. This definition of L2*(R) is equivalent to the
one mentioned in §1.

If Fe L,(R) and has the Laguerre coefficients (4, +), k =0, then F,, will
denote the function in L3 *(R) whose (k,+)th Laguerre coefficients are A4, for
k =0, and whose remaining Laguerre coefficients are zero. F, will denote the
function Fo, — AJ 1. Similarly F,_ and F_ may be definedin LY~ (R).In L,(R)
we introduce the Gramian, inner product and norm

(D,%) = f_i@(l)‘l’*(l)di,

(@,P)= tr(®,¥), |@] = (tr(@,®)""
We now state a lemma the proof of which is in [8, §4].

2.1 LemMA. Let Fe LY*(R). Then (a) det Fe L3 (R).
(b) Either detF=0 a.e. on R or {log|det F(2)|}/(1 + A?)e Ly(R).

2.2 DEFINITION. (a) @is said to be of full-rank iff|det®(1)| >0 a.e. on R.

(b) ® is called an optimal function in L}*(R), 0<é < oo, iff ®e LI*(R),
®*(i))20 and ¥e LY*(R), Y¥* =0D* = (¥ ())(¥*)*()}'/> <D™ (D).

(c) The notion of optimality for a function ® in L) (R) may be introduced
similarly.

If ¢ =1, a nonzero function ® in I$* (R), 0 <d < oo, is optimal iff

O*(i) = exp — I |<1>(/1)|—‘“——>0
i) = exp — _wog x>0

For g > 1 the following lemma yields a necessary and sufficient condition for
optimality.
2.3 LEMMA. (a) Let ®e LY*(R). Then the following statements are equivalent:
(i) ® is of full-rank and optimal in LY*(R),
(i) @*(i) 2 0 and det @ is a nonzero optimal function in Lg;(R).
(b) Analogous results to (a) holds for a function in LY (R).

3. A general factorization algorithm for ¢ X ¢ matrix-valued functions on the
real line R.

3.1 Factorization Problem. Given a q X q matrix-valued function F on the
real line R such that Fe L,(R) and {log|det F(2)|}/(1+ A%) is in L,(R), to find
functions @,,®, on R with the properties:

F(1)=®,()®,(A) a.e. on R,
@, ¢ LY (R), @€ L;"(R),

|det(®@)* (i) | = |det(®D,)™( - i)] = exp—-— f log|det F(1) | ——3 i + 12 .
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We shall solve this problem under the following assumption.
3.2 ASSUMPTION. p=ess.L.u.b_o <y <oo|T(1 + A2)F(A) —I|p <1. If we let
M(2) = n(1 + A)F(2) — I, then F(A)=(n(1+ 42))""{I + M(1)}, where

p=ess.L.ub.|MA)|p<1.

— <A< 00
3.3 DerINITION. We define two operators 2., Z_ on L,(R) by
2.(®)=(@®M),, 2Z_(®)=M®?)_,

where the operations ()4, ( )_ are the same as in §2.
Some easily established properties of these operators are stated in the next
lemma.

3.4 LemMA. (a) 2, and P _ are bounded linear operators on L,(R) into L} (R)
and L;(R) respectively and |2, |, |2?_| <.
(b) If # is the identity operator on L,(R), then ¥ + #, and S + P _ are inver-
tible and
F+P) '=F Py +PL— .,

where the series is absolutely convergent in the Banach algebra o of bounded
linear operators on L,(R).

(©) ZV7H(®) = (ZH@®M) ,, P (@) = (MP(®D))_.

(@) 2.(D = (M), 23(lg D= (s M) M), 2_(Ig ) = (Ml,)_, 22(Ig T)
=(MMlig)-)-, .

@ |22 D], | 20D | < (@)

The following definition therefore makes sense.

3.5 DEFINITION. (a) ¥y, = (£ + 2,) '1g D), ¥ =(F + 2 ) (I, D).

(b)) G=1/(515) ¥+ +M)¥,_.

We proceed to prove the crucial result that the function G is constant-valued,
the constant being an invertible matrix. This will be done by considering the
Laguerre coefficients of I515G. We shall first show that 151, Ge L,(R), and
therefore has such a series.

3.6 LEMMA.
Yo, =l l—2.(sD)+ 205D - - € L} (B),
Yo =11 —2_(IgI) + 22(;I) — - € L5 (R),

(a)

the series being absolutely convergent in the norm of L,(R), and
(b) I515Ge L(R).

Proof. (a) The series expansions obviously follow from the last definition
and the expansions given in 3.4, Since the ranges of #, and 2 _ are included in
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L%*(R) and L5 (R) and these are closed subspaces of L,(R), it follows from
the expansions that ¥,, € LY*(R) and ¥,_ e L% (R). Also these series converge
in the L,(R) norm, since by 3.4 (e),

go |25 D] and 5) |2 UsD| <4 2>:0 W< oo.

(b) follows from (a), since l5lyG =¥, (I + M)¥,_ and I+ Me L. (R).
(Q.E.D)

3.7 THEOREM. Let Ay be the (0, — )th Laguerre coefficient of (M¥,_) and By
be the (0, +)th Laguerre coefficient of (¥o+M). Then

(@) I+M¥o- = (I+45)l5 + (M¥o-)os, Yo (I+M) = (I+Bg)lg +
(¥o+M)o-.

(b) G=constant =1+ Ay =1+ By ; A; =Bg.

(c) I+M,¥,,,¥,_ are invertible a.e. on R and (I + M)™" € L(R).

(d) G is invertible.

Proof. (a) Since I+ Me Ly(R) and ¥,_€ L,(R), (I + M)¥,_€ L,(R).
Also by 3.3 and 3.5,

I+M)¥,. = Yo +(M¥,.)- + 4515 +(M¥o_)o+
= (J+2)(¥o-) + 45l +(M¥o_)o+
= T+ AST; +(M¥, )0,

This gives the first relation in (a). The second is proved similarly.
(b) By 3.5 (b),

Ig16 G=Yoi (I + M)¥o_ =¥, {(I+ A7)l +atermin L5'(R)},

hence for all k = 1, the (k, — )th Laguerre coefficient of I l5 G is 0. But we also
know that
ISIEG = ¥o,(I + M)¥,_
= {(I+ BJ)I§ +a term in L™ (R)}¥,-_,
hence for all k = 1, the (k, + )th Laguerre coefficient of I5 15 G is 0. Thus for all
k =1, the (k, — )th and (k, + )th Laguerre coefficients of I, /G are 0. Therefore

IS(DIZDGR) = Colg (D) +CF1FA) =2C [n(1+42) +i(Co — Cg)/n? (A + i)
a.e. Since we know I;1§Ge L,(R), therefore C; = Cy = C and hence

Is (DI (NGA) = C{I5 (D) + 15 (A} = 2" *Cl (VIS (A).

Thus G(A) = 27'/*C = constant matrix.
The range of 2, isincluded in L;(R), and therefore by 3.6 (a), %o = lo1 + ¥,
where ¥, € LY (R). This together with the first equality in (a) entails that
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16166 = ¥o.(I + M)¥o_ = (Ig1 +¥.){(I + 45)l5 + (M¥o_)o+}
= lgIg(I + Ao) + Ig(M¥_)o+ + ¥+(I + 45)1 5 + ¥+ (M¥o_)o+-

If we integrate both sides over R we get G =1 + A4;.

The other expression for G is proved similarly.

(c) By Assumption 3.2, I + M is in the Banach algebra L(R) at a distance u
less than 1 from I. Hence it is invertible and (I + M) ~'e L(R). Next since
Yo, € LYY (R)and (Po.,) (i) =7 "?/2>0, by 2.1 (b), |det¥,|>0 ae..
Consequently ¥, is invertible a.e. on R. We can similarly show that ¥ _ is
invertible a.e. on R.

(d) By 3.5 (b), IglgG=Yo,(I+M)¥,_. For almost all AeR, each of
¥o.(4), I+ M(4) and ¥,_(A) is invertible. Therefore G is invertible. (Q.E.D.)

In view of 3.7 (c) we may invert the equation IgliG = ¥,,.(I + M)¥,_ to
obtain

F=15lg(I+ M) ={(l§)*¥s1}G{(I5)*¥o'} ae. on R.

We shall now show that (I¢)*¥s 1 and (I5)*¥;! are themselves in L3*(R) and
L3™(R) respectively, so that we have a factorization of the desired kind.

3.8 LemMa. (Ig)*¥oile LT (R) and (I5)*¥5t e LS (R).

Proof. Let A be the (0, —)th Laguerre coefficient of MW¥,_ or equivalently
the (0, +)th Laguerre coefficient of W,.M (cf. 3.7 (b)). By 3.7 (a) and 3.5 (b),
Yo {(I+ A5 + (M¥5_)0+}G™ ! = Yo (I + M)¥,_G™* = I5Il51. Therefore
Yol ={(I+A)l; +(M¥,_)}G™*. Since G~ is a constant, it easily follows that
(I9)¥oi € Ly (R).

(b) is proved similarly. (Q.E.D.)

3.9 LemMA. (a) W, is a full-rank optimal function in LS*(R) and ¥, _ is a
full-rank optimal function in Ly™(R).

(b) exp(n ™! [ log|det(I + M(4))|(1 + ) ldl = |detG|.

Proof. By 3.6 (a), ¥o. € LY*(R) and (¥,,)"(i) = n~12/21 > 0. Also by 3.7
(c), |det¥o, | >0 a.e., and by 3.8, (Ig)*¥5 € Ly* (R). Therefore by 2.3, ¥, is a
full-rank optimal function in LJ*(R).

The results for ¥,_ can be proved similarly.

(b) By 3.5 (b), lgl5G=¥,.(I + M)¥,_. Hence log|detG| + q log(I515)
=log|det¥,. | + log|det¥,_| + log|(I + M)|. Multiplying both sides by Ig Iy
and integrating over R, by (a) and 2.3 the result follows. (Q.E.D.)

To sum up, we have proved the following theorem.

3.10 TrEOREM. If (i) the function Me Ly(R) and
p = ess.lub. [M(D)|p<1,

—00<A<o00
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(i) Yor = l;l - (IJM)+ + ((lgM)+M)+ =, ¥oo = Il — (IgM)- +
M(;M)_)_ — -, and

(i) G ="Yo+(I + M)¥o-/(515).
Then (a) the (0, —)th Laguerre coefficient of M¥,_ is equal to the (0, +)th
Laguerre coefficient of ¥y, M.

(b) Yo, and (I3)*¥s! are of full-rank optimal functions in L3*(R) and
(¥o) () =" 2)L

(c) ¥,- and (I3)*¥5! are of full-rank optimal functions in L3™(R) and
(¥o-) (=)= 2)L

d) (I +M)=I513¥+G¥5" and consequently

F=I5lg(I+ M) = {(I5)*¥o+ } G{(15)*¥52}.

(e) |detG| = exp(l/m) [ =2, log|det (I + M(A))|(1 + A%)"'da.
Now let \/G be any square root of G. Then setting

@, =(I5)"¥oi/G,  @=()’/G¥ ,
we obtain a solution of the Factorization Problem 3.1 under the Assump-
tion 3.2.
3.11 ReMARK. By a simple calculation, we get

(@,)*() = (@) (—i) = Qéi”

and
|det(d>l)+(i)l = |det(d>2)'( - i)| = exp(1/2n) f 00log|detF().)|(1+}.2)'1d}».

Since G may not be nonnegative hermitian, ®, and @, are not optimal in
L3*(R) and L?7(R). However taking polar decomposition of (®,)*(i) and
(®,) ~(— 1) (cf. [2, §83]) we have (®@,)" (i) = (®,) (— i) = PyU,, where P, >0
and U, is a unitary matrix. We see that the functions

d)?=d)lU(;-1, ‘I’g=‘l’2Uon1
are optimal and of full-rank. Moreover

F=00, =(D(1)(U0®3U0).

The second factor will not in general be optimal in L5 (R), since

(UsD3UG) (= i) = UogPoU,

which is not nonnegative hermitian. However when F is hermitian-valued, we
shall show that ®, = ®%, that G is hermitian, and that both factors can be taken
to be optimal.
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4. A factorization algorithm for nonnegative hermitian g X g matrix-valued
functions on the real line R. We shall apply the algorithm obtained in §3 to the
case in which F is hermitian-valued. In this case our restriction on F can be
weakened and is stated in terms of the eigenvalues of F(1), A € R. The final results
are also stronger than those obtained in §3.

4.1 AssumPTION. F satisfies the following conditions:

(i) F is nonnegative, hermitian-valued on R such that Fe L,(R) and
{logdet F(1)} /(1 + A*) e L (R).

(ii) There exist nonnegative measurable functions g(4) and h(1) such that
gl < F < hI, where 0 =ess.l.u.b._ < 1<o0{h(4)/g(D)} < .

It easily follows that |[2/(g(A) + h(A))]F(A) — I | < (h(A) — g(A)/(h(D) + g(A))
<36/(6+1)<1. Letting M =2F/(g + h) — I, we have

F=(1/2)(g+h(I+M)& esslub. |MA)|5<8/(6+1)<1.
— <A< O

We next state the following lemma.

4.2 LemMA. (a) g,h and (g + h)e L,(R).
(b) logg() /(1 + 42), logh(A)[(1 + A%) and log{g(A) + h(A)} /(1 + A%) are in
L,(R).

By (a) and (b) there exists a full-rank optimal function ¢ in L?*(R) such that
(g+m)2=|¢|>

Because (g + h)/2 is a scalar-valued function we can determine the (k, +)th
Laguerre coefficient a, of ¢ (cf. [1, §XII]) and may write

o]
¢ = E akl,:-.
k=0

It remains to obtain a factorization for (I + M). However in this case because
M is hermitian-valued, 2 _ is expressible in terms of £, by means of the adjoint
operator and consequently the general algorithm given in §3 can be considerably
simplified. More fully since M* = M, by 3.3 for all ® € L,(R) we have

(2 +(@)* =(®M)] = (®M)*)_ = 2_(D*).
By induction, it readily follows that
(211 D)* =7 D).
Hence by 3.6 (a), Y5+ = ¥o- and therefore
G = Yo (I + M)¥5, [(1513)

is nonnegative hermitian, in fact positive definite, since it is invertible. Letting
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®, =(I5)*¥51+/ G, where /G is now the unique positive definite square root
of G, then the equality in 3.10 (d) becomes

I + M) =(@,®)/(515).

Since we have already seen (cf. 3.10 (b)) that ®; and (I§)’®;' =./G™'¥,,
are optimal functions of full-rank in L3*(R), we have proved the following theorem.

4.3 THEOREM. Let (i) F satisfy Assumption 4.1,
(i) M={2/(g+h)}F -1,
(i) Yoy =IoT—(UgM)+ +((lgM) M), — -,
(i) G="¥o.(I + M)¥3, [(I5]5),
V) @ =(3)*¥5}/G.
Then (a) ®, and (I3)*®;! are full-rank optimal functions in L% (R).
(b) F=|¢|’®,®%/(5]5),
where ¢ is the full-rank optimal factor of the function (g + h)/2.
Letting @ = ¢®, /l; we have
F = 00*,
In the following lemma we show that ® is the desired factor.
4.4 LeMMA. @ = ¢®, /I is a full-rank optimal function in L% (R).

Proof. Since ¢pe LIT(R) and @, is in L3*(R), ¢ = X, 2, a;lif and

o]
(Dl = 2 Akl:.
k=0
Since (I + M) =®,®%F/(513),
™) @, /15 |7 = tr(@.@F/(515)) = tr (I + M) < 2g.
Since ¢ e 1% (R), it follows by (1) that @ € L,(R). It is easy to see that for all
n =0, the (n, —)th Laguerre coefficient of ® is 0 and the (n, +)th Laguerre
coefficient of @ is Xy oaxd,—r. Hence @ = X2 { T (aid,-.} € LY*(R).
(QE.D)

Since each factor (1/I3), ¢ and ®, is of full-rank so is the function
® = (1/15)9®;.
Also since I3 (i), $* (i) are positive and ®g (i) > 0,
2 @ (i) = {1/15()}¢" (H@T () > 0.
By 2.3 it easily follows that

©

3) det®*(i) =expn~! f log|det®|(1 + 42)"1di> 0.
0
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We have already seen that ® is a full-rank function in L?*(R) and by (3), det ®
is a nonzero optimal function in Lg,‘;(R), therefore by (2) and 2.3, @ is a full-rank
optimal function in LJ*(R). (Q.E.D.)

4.5 REMARK. Since ¥,, and (I7)*¥y1e I3 (R),

¢)) ¥o: = T Al & (I5)’*¥5: = L B,

n 20 nz0

From 3.6 (a), we find that A4y =1 and for alln>1,

) w
A,,=—I‘,,+ ) rkrn—k_ X z I‘krm-krn—m'l'""

k=1 m=1k=1
where T is the (k, + )th Lagurre coefficient of (Ig M). The coefficients 4, are thus
determinable. By the identity
0 0
E Akl: ¢ Z Bkl,:- = (l;)zl.
k=0 k=0

The coefficients B, can be found from the recurrence relations
AoBy, =1 = ByA,,
B,A, + B, A,,

AOBl + AlBO = 0
AoBz + AlBl + AzBo = 0 = B0A2+BIA1 +B2A0.

Since 4, = I, matrix inversion will not be encountered in finding the B,’s. From
®, =(I5)*¥514/G, by (1), it follows that

<pl={z B,J,:‘}JG - T BJO).
k=0 k=0

From the proof of 4.4, we see that

(I) = z z aan—k \/ Gln+a(2)
n20 k20
and hence ( X5 0a;B,- DG2 the (n,+)th Laguerre coefficient of ®, is determinable.
4.6 REMARK Condition (ii) of Assumption 4.1 may equivalently be stated in
terms of the eigenvalues of F(1). In general these eigenvalues are not known and
itis easier to work with any known pair of functions g and h satisfying condition (ii).

5. A factorization algorithm for nonnegative hermitian rational ¢ X ¢ matrix-
valued functions on the real line R. In this section we consider nonnegative hermitian
q X q matrix-valued functions F which satisfy Assumption 4.1 and in addition
are rational. To simplify our work it is assumed that the poles of I5(g + h)F~!
are simple in A” . However the results are true for more general situations.

() ai, k = 0, is the (k, +)th Laguerre coefficient of the optimal factor ¢ of the scalar-
valued function (g + h)/2 (cf. 4.2).
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By 3.7 (a), Wo.(I+ M)=(I + BJ)lS + (¥o,M),_, where B is the (0, +)th
Laguerre coefficient of Wy, M. Since (I + M) is a rational function, its inverse
exists everywhere except possibly at finitely many points so that

¥y, ={I+Bg +(¥o:M)o_/lg}(I+M) 'ae.onR.

{I + By + (¥o+M),_/l5} admits an analytic extension {I + By + (¥o+M)o-/lg}"
to A” and (I + M) ™!, I may be extended to meromorphic functions (I + M)~ *(w),
I5(w) to A™ . It easily follows that

where the 6}, 1 < j < n, are the polesof Ig(g+h)F ' in A” andthe C;,1<j <n,
are constant matrices.
To sum up we have proved the following theorem.

5.1 THEOREM. Let (i) F be a rational q x q matrix-valued function on the
real line R satisfying Assumption 4.1.

i)®) Ig(g + h)F~* have simple poles ¢,,---,0, in A" . Then there exist
constant matrices C,,C,,--+,C, such that

= C
¥, D)= X —I—ge on R
0+( ) J=1 l__o_!

We shall now indicate how the C;’s may be obtained. We know that
Yo, = Xi-oA.ly, where A, are given by Remark 4.5. Having obtained Ao, --,4,_ 1,
we assert the following corollary.

5.2 COROLLARY. Let Ay =[ay*] and C;=[c}"], 1<r,s<q. Then

r,s__

. 1 detAy®
77 2/ detA”’

where

~\k
A=[(£i-:)+)ﬂ], 15j=<n; 0Zk=n-1;
-

and A}* is obtained from A by replacing the jth column of A by the transpose of
(5% a7, a32)
s b »%n— *

5.3 ReMARK. The later 4, (k = n) need not be computed from the relations
given in Remark 4.5, but directly from C,, ---,C, as indicated in the next corollary.

5.4 COROLLARY. For all k=0, A, are given by

(3) We may choose g and 4 to be rational. E.g. 1/tr F~1 and tr F are such a pair of functions,
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- _ ;. (0, + i)
Ak = 2\/7[ jEl C] (O'j — i)k+l.

In general @ is given by an expression containing infinitely many terms. However
for this case a closed-form expression for the factor is obtainable.

Acknowledgement. The author wishes to thank Professor P. R. Masani for
suggesting the problems discussed in this paper and for his valuable comment
while the author was at Indiana University.

REFERENCES

J. L. Doob, Stochastic processes, Wiley, New York, 1953,
P. R. Halmos, Finite-dimensional vector spaces, Van Nostrand, Princeton, N. J., 1958.
E. Hille, Analytic function theory, Vol. II, Ginn, New York, 1962.
V. 1. Krylov, On functions regular in a half plane, Mat. Sb. (N.S.) 6 (48) (1939), 95-138;
Amer. Math. Soc. Transl. (2) 32 (1963), 37-81.

5. P. Masani, The Laurent factorization of operator-valued functions, Proc. London Math,
Soc. 6 (1956), 59-69.

6. ———, Shift invariant spaces and prediction theory, Acta Math. 107 (1962), 275-290.

7. , The prediction theory of multivariate stochastic processes. 111, Acta Math. 104
(1960), 141-162.

8. H. Salehi, The prediction theory of multivariate stochastic processes with continuous time,
Doctoral dissertation, Indiana University, Bloomington, 1965.

9. N. Wiener and P. Masani, The prediction theory of multivariate stochastic processes,
Part I, Acta Math. 98 (1957), 111-150; Part II, Acta Math. 99 (1958), 93-137.

10. E. Wong and J. B. Thomas, On the multidimensional prediction and filtering problem and
the factorization of spectral matrices, J. Franklin Inst. 272 (1961), 87-99.

1.
2.
3.
4.

INDIANA UNIVERSITY,
BLOOMINGTON, INDIANA

MICHIGAN STATE UNIVERSITY,
EAsST LANSING, MICHIGAN



