INTEGRAL GEOMETRY IN HOMOGENEOUS SPACES(")

BY
JOHN E. BROTHERS

1. Introduction. In [9] Federer proved an integralgeometric formula con-
cerning the integral over the group of isometries of n dimensional Euclidean
space of the k +I—n dimensional Hausdorff measure H**'""[4 N g(B)] of
the intersection of a Hausdorff k rectifiable subset A with an isometric image
of an [ rectifiable subset B, k+1=n. He also proved an integralgeometric
formula concerning the integral over the space of ! dimensional planes E of
H**''"™ANE).

It is natural to seek analogous formulas for subsets of an n dimensional Rie-
mannian manifold X with a transitive group of isometries G; partial results in
this direction were obtained by Chern [4] and Kurita [20]. It suffices to con-
sider proper submanifolds of class 1.

Let 4y,B, be proper k,I dimensional submanifolds of class 1 of X and
Ac Ay, Bc B, be Borel sets. Assume that G acts transitively on the set of
tangent spaces of A,, and of B,, respectively. Let ¥ be a (left invariant) Haar
measure on G.

Suppose k+ 1= n. There exists a constant a depending only upon 4,, B,
and ¥ such that

*) f H**'""[4 N g(B)]d¥Yg = aH*(A) f AdH',
G B

where A is a positive function induced on X by the modular function of G.
o > 0 if and only if for some g € G there exists a € A, N g(B,) for which the union
of the tangent space T,(4,) of A, at a with T,[g(B,)] spans T,(X).

Let & be a set of closed ! dimensional submanifolds of X such that G acts
transitively on & and if E€ &, then G N {g:g(E) = E} is transitive on E. Also
assume that & has a G invariant measure ®. Then

f H**'""(4 N E)d®E = paH*(A),
'

where f is a positive constant depending on the choice of ®.
Suppose k + I < n. Assume G to be compact, dimG = m + n. If the metric
on X is related in a certain way to a bi-invariant metric on G, then
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f H°[A N g(B)]dH**"*"g = yH*(A)H'(B).
G
If instead of compact G, one has X = R"and G = R" x O,, then
[ [ #ounz+ s@pantizao,e i aH®),
n R'l

where @, is a Haar measure on O,. y is a constant depending only upon A4, and
B,. y>0 if and only if for some ge G there exists a e 4,N g(B,) for which
T(A,) N T,[g(B,)]=0. This theorem is a special case of 11.1 and is closely re-
lated to a result of Freilich [14]. In proving this theorem, Federer’s coarea
formula is generalized to give nontrivial results for maps f:X— Y such that
rankf,(x) <dimY for xe X.

If X has constant curvature, « and y are independent of Ay, B,.

Now suppose k+ [ 2n. In [12] Federer developed a theory which can be
used to define in a natural manner the intersections of a normal k current with
either the isometric images of a normal / current or the elements of &. One may
therefore seek integralgeometric formulas for normal currents.

In order to define these intersections, a ‘‘lifting’” map L, is defined and
studied for fibre bundles # having coherently oriented fibres. Ly is a chainmono-
morphism of the complex of normal currents in the base space into the
complex of normal currents in the bundle space, continuous on N bounded sets.

Suppose X is oriented and has constant curvature, S is a normal k current
in X and T is a normal I current in X. Then SNg, (T)isa normalk+1—n
current for almost all ge G and there exists a constant § > 0, depending only
upon k, I and ¥, such that for each bounded Baire k form ¢ on X and each
bounded Baire [ form  on X,

fc S Mgy (T) (s[+¢ Avg* W)]d¥g
{aS(qs)T(./,) if k>n/2 or I>n/2,
6[S(¢)T(l//) + S(*¢) T(*I//)] if k=1=n/2.

Now assume that the elements of & are oriented and for E€ £ G N {g:g4(E) = E}
acts transitively on E. Then S NE is a normal k+ [ —n current for almost
all E€ &, and there exists a constant ¢ > 0, depending only upon k, I and ®,
such that

LS N E[x(x¢ A\ xg)]dOE = S(¢)

for each bounded Baire k form ¢ on X . [ is the covariant dual of the positively
oriented unit / vector field on E.] These statements are also true for quasi-normal
currents.
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A corollary of this theorem generalizes to dimensions less than n a theorem
proved independently by Krickeberg [19] and Federer [10]: Suppose k + 1> n.
A quasi-normal k current S is normal if and only if

f M[(S N E)Jd®E < oo.
&

If G acts transitively on the tangent k vector field of S, it is shown that for each
Borel subset 4 of X,

L"SnE!I(A)d(DE = 1| S| ),

where ” S ” is the variation measure of S and A depends upon S and ®. An an-
alogous generalization of (*) is also obtained.

This paper is essentially a revision of the author’s Ph.D. thesis [3]; however,
many of the results have been extended, and some are altogether new.

The author wishes to express his gratitude to Professor Herbert Federer for
his constant encouragement and for his suggestions concerning, in particular,
the simplification of several proofs. Thanks are also due to Professor Wendell
H. Fleming for his continued interest.

2. Preliminaries. The purpose of this section is to fix notations and ter-
minology concerning certain well-known concepts; more details may be found
in references such as [23], [21] and [7] regarding measure theory and the theory
of Hausdorff measure, and [17], [5], [28] and [13] regarding differential geom-
etry, Lie groups, differential forms and currents. The notation and terminology
of [12] and [13] will be used in this paper.

2.1. Tangent space. If X is an n dimensional manifold of class 1 and xe X,
then T(X) is the n dimensional real vector space of tangent vectors of X at x.

2.2, Exterior algebra. For each finite dimensional vector space V and
k=0,1,.--,dimV,

Aw¥) and  AX(V)

are the associated spaces of k vectors and k covectors (contravariant and covar-
iant skewsymmetric tensors of rank k). Furthermore,

dimV dimV

N «(V) = EB Aw(V) and /\*(V)=ﬂ=90 N W)

are the corresponding exterior algebras, with the exterior multiplication A .
For ve A (V) and we A¥(V), wv is the scalar product of v and .

Each inner product g of V, with the corresponding norm | |, induces inner
products and norms on A.(V) and A*(V), also denoted by g and | |; dual
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orthonormal bases for A (V) and A *(V) are obtained by exterior multipli-
cation from dual orthonormal bases for ¥ and A'(V).

The vector spaces A (V) and A¥(V) are also dually paired with respect to
the mass and comass norms || ” defined as follows:

If ve A (V), then ” v" = inf{ Z,,eglﬁl :B is a finite set of simple k vectors
and v= Xz pf}.

If oe A\*(V), then || =sup{wy:y is a simple k vector and |y| < 1}.

2.3. Currents. If X is a separable Riemannian manifold of class oo, then
E.(X), N(X) and I,(X) are respectively the vector spaces of k currents, normal
k currents and integral k currents having compact support in X. D,(X) is the
space of k currents in X, as defined in [6].

E*(X) is the vector space of differential k forms of class co on X . D*(X) is the
subspace of EX(X) consisting of all forms having compact support.

Te D(X) is locally finite if M(T A f) < oo for each fe Do(X).

With T is associated the variation measure " T" such that for f=0,

| T[(f) = sup{T():¢ e D}X) and | ] <s}.

T is the unit Baire k vector field on X characterized ” T” almost everywhere
in X by the condition

T($) = f ¢Td||T| for ¢eD'(X).

Tis locally normal if T and 0T are locally finite. Similarly, we define ‘‘locally
rectifiable’” and “‘locally integral”. N¥°(X) is the space of locally normal cur-
rents in X .

2.4. Differential. Suppose X and Y are manifolds of class oo and f: X — Y.
If xe X, y =f(x) and f is differentiable at x, the differential of f at x is a linear
transformation

fr(¥): T(X) - T(Y);
f#(x) can be extended to unique algebra homomorphisms
S AR AT and £59: ATTNT > AT,
which induces continuous linear transformations
fPENY) > EXX) and f,:Dy(X)- D(Y).

2.5. Adjoint map. Let Vbe an n dimensional vector space with inner product
and k < n a nonnegative integer. Choose a unit n vector e and denote by “‘x’’
the linear map A (V)—> A,.-«(V) characterized by

VA *p = |v|2e.
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There is a unique extension of * to A¥(V) such that
so(*x)=wv for we N(V), ve A\u(V).
IfI<n, k+1=n, we A\(V), 0o A*w#0 and (e A(V), define

vNw= (—1)'" *0 N\ *w "’1*(*0/\ W)€ Ngs1-a(V)
and

oN{=(-D)'*(*oA*0), t=k+I1+kl.

2.6. DEFINITION. R" is the n dimensional Euclidean space, consisting of all
sequences x = (x',---,x") of real numbers, with the metric

x-y= X x'y' for x,yeR".

e, e, are the standard orthonormal basis vectors of R".
2.7. Notation. L, is the Lebesgue measure over R".

a(n) = L(R"N {x:|x| <1}).

2.8. DErINITION. HF is the k dimensional Hausdorff measure. If A is a subset
of a metric space X, then H*(4) equals the limit, as 7 — 0", of the infimum of
the sums

Y2 *a(k) (diameter f)*, feF

corresponding to all countable coverings F of 4 such that diameter f < r for
feF.

2.9. REMARK. If X = R", then H" = L, (see [24]).

If S is a proper k-submanifold of class 1 of a separable Riemannian manifold X,
then the restriction H* NS of H* to S is the ‘““volume element” of S induced
by the metric of X.

If S is oriented, one also denotes by S the current which takes the value f sP
on each ¢ e DX(X). It follows that S is the positively oriented unit k-vector field
tangent to S, and

S(¢) = f pSaH* .
s
2.10. REMARK. If X and Y are Riemannian manifolds of class 1 and m
=dim X, n = dim Y, then
H™"(S) = H"x H'(S) for ScXxY,

but this is not generally true if m < dim X or n < dim Y (see [2]).

2.11. Notation. If G is a Lie group, one denotes by L, and R, the left and
right translationsof G by aeG. Ad a=L,0R;"'. e is the identity element
of G.
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2.12. Notation. O, is the orthogonal group of R"; SO, is the component
of 0, containing e.

®, is the Haar measure on SO, for which ®,(S0,) = 1.

2.13. DEFINITION. If k,I,n are integers, 0<k<n,0<l<n, k+ 1= n, then

Pk, 1) = (Z)-l (k+ll—-n),

yn kD) = y2(n, k, Da(k)a(Da(m)™ alk +1—n)"",

kg = @FEDE+I—n+1) aQnt2o[2Akt!—n+1)]
L (R Y () a[2(k + D] 220 +1)]

If k or I equals O or n, we define
'V(n’k’l) = Vz("’k,l) = 'yc(nak’l) = 1.

3. The lifting map. Let G be a Lie group which acts effectively on a compact,
oriented m dimensional Riemannian manifold Y of class co as a group of orienta-
tion preserving transformations leaving H™ invariant. Assume H™(Y) =1, and let
u be the positively oriented unit m form on Y. We consider paracompact fibre
bundles # of class co with fibre Y and structure group G. We shall assume for
convenience that the base space and bundle space of # are Riemannian mani-
folds. Basic information concerning fibre bundles can be found in [26].

3.1. LeMMA. Let X and X' be Riemannian manifolds of class co. If
SeE(X), TeE(X'), M(S) < oo and T is rectifiable, then

ISxT| =S| x|T|, and (S x T)" =(5,0) A (0, T)
”S X T" almost everywhere in X x X',
Proof. From the definition of S x T, we infer that
SxT)|SxT|=60 A ©T) |S]|x|T]-
Furthermore,
|5, A, TON] < S@ | [TM] =1

for "S" X " T|| almost all (x,y)e X x X’. On the other hand, by [13, 8.16]
there exists a simple Baire | form ¥ such that M(y) =1 and T(y) = M(T); con-
sequently, if f is a nonnegative Baire function on X', then

MS)M(TASf) = M(S)TAfWY)SM(S x TAS)
and thus
Is| < |T|<|sxT].
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3.2. LEMMA. Let X and X' be Riemannian manifolds of class o and
g:X->G,h:X-> X beofclass 0. Definef:X x Y- X' x Y by

J(x,p) = (h(x), 8(x) ().
If TeE(X) and M(T) < o, then
Je(Tx Y) = hy(T) X Y.
Proof. We can clearly assume that X = X' and h is the identity map.
Let p:XxY>X, qg:XxY->Y be the projections and consider fixed
forms ¢ € E(X), y€EY), i+j=k+m.
fe(Tx N[P*(®) A a* )] = Tx Y[p*() A (a0 )* )],

and one uses 3.1 to show that this is zero unless j = m. Thus suppose j = m and
¥ =nu, neEYY). It is easy to verify that

(g0 N)*(W) = Hg* () + v,
where H(x,y) = n[g(x)(»)] and v is the sum of terms of the form Iw A ¢ with
Ie EX(XXY),w € p*[E"(X)], {eq*[E"(Y)], s <m. Thus
Tx Y[p*(¢) A (a0 N)*W)]=Tx Y[Hp*($) A W],
which is equal to T(¢) Y(¥) for constant g and consequently for g of class 0.

3.3. THEOREM. Let & be a fibre bundle with base space X and bundle space B.
There exists a unique linear map

La:E(X) N {T:M(T) < o} > E ,(B)

such that:
(1) If # is the product bundle, B=X x Y, then

La(T) =T x Y for TeE(X).
(2) L is natural with respect to bundle maps.

Proof. Let {V;:jeJ} be a locally finite open covering of X by coordinate
neighborhoods with a subordinate partition of unity {f;:jeJ}. Let p the pro-
jectionmapof #.1fjeJ, ¢;: V;x Y- p"(Vj) is a coordinate function associated
with V;.

If TeE(X) and M(T) < o, TAf; x YEE,,,(V; X Y). Setting

Tj* = ¢j#(T/\ij Y),
we observe that if Ly exists, it is necessary by (1) and (2) that

Lg(T) = X T

jeJ
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Thus define Lg(T) = X; ., Tj*. Lg is clearly linear. One uses 3.2 with X = X", h
equal to the identity map and g replaced by the coordinate transformations g;;
to show that Lg(T) is independent of the choice of V;, f;, ¢;. One also uses 3.2
to show that L is natural with respect to bundle maps. Consequently, Lg is the
desired mapping.

3.4. REMARK. Let # be a fibre bundle with bundle space B. There exists
o € E™(B) such that if é: Y— B is an admissible map, then é*(w) = .

If x € B, orient the fibre Y, over x so that the restriction of w to Y, is positively
oriented.

3.5. COROLLARY. Let & be a fibre bundle with bundle space B, base space
X and projection p.
(1) If reR, then Lg is continuous on

E(X) N {T: M(T)<r}.

(2) Let U be an open subset of B with compact closure such that for some
r>0, H'(Y,NU)>r whenever Y. NU is not empty. There exist positive
constants cy,cy such that

coM[TNp(U)] S M[Lg(T) NU] £ ¢, M[T N p(U)]

for TEE(X), M(T) < .

(3) SptLg(T)=p '(sptT).

(4) Lg:Ny(X)—> N,(B) is a chainmap of degree m.

(5) If TeE(X) and M(T) < o, then there exists a Baire k vectorfield v
on B and a positive Baire function h such that

P#(B)[ho(b)] = T[p(b)] and Lg(T) (b) = v(b) A ¥,

for | Lg(T)| almost all beB.
(6) If Tis rectifiable, then Lg(T) is rectifiable; furthermore, for H* almost
all xe X,

' ™(| Lo(T) ||, b) = &%(| T|, p(B)

for each beY,. In particular, if T is an oriented manifold of class 1, then
Lg(T) is p~'(T) oriented as prescribed in (5).

Proof. (1) and (3) are immediate from our theorem. (2) follows from 3.1
for product bundles, and the theorem implies the general case.
For the proof of (4), we consider a fixed Te N(X). By 3.3

Lg(0T) — OL4(T) = .EJ $;«(TAdf; x Y)

Y Li(TAdf) = 0.

Jel
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(5) follows from 3.1 and the observation that if f: X - X’ is a diffeomorphism
of class co, then

fo(D) = [ (D] fu(D ™.

The rectifiability of Lg(T) follows from (2). As for the second assertion, if
T=hS, where S is a k dimensional oriented submanifold of class 1 and h is a
Baire function, then (6) follows immediately from our theorem. In general, we
use [13, 8.16] to find k currents Ty, T,, -+ such that lim;, M(T— T;) =0 and
for each i, T; is a finite sum of currents of the form hS with h(y) # O only if
yeS and T(y) = + S(y). Thus by (5), (2) and [13, 8.16(2)], for | Lg(T)| almost
all ae B

| La(T) (a) | |©** (| La(T) |, a) — (| T: ||, p(a))|
[ La(T)*(a)®** (| La(T) || , @) — La(T) (@)@**™(| La(T) |, @) |
= O**""[|Lo(T- T)||,a] >0 asi— o

I

Furthermore, if p(b) = p(a) then
O"*™(| La(T) ||, b) = ©**™(|| La(T) |, a);
hence, by (2) and [13, 8.16(2)], for || T| almost all xe X
O "(| Lo(T) || ,a) = ©%(| T||,x) for p(a) =x,
and it is easy to obtain the assertion from this.

3.6. THEOREM. Let & be a fibre bundle with bundle space B, base space X
and projection p. Let P:E (B) — E (X) be the continuous linear map for which

P(S) = (—1)™pu(SAw) for SeEy,.(B).
Then:
(1) PoLg is the identity.
(2) Ify is a bounded Baire l form on X with | £ k, then
P[S A p*(¥)] = P(S) A ¥ for S€E;4n(B),
La(TAY) = La(T) A p*(¥) for TeEy(B).

Proof. Let p':X x Y- X and q:X x Y- Y be the projections. Let V;, f;
and ¢;,jeJ, be as in the proof of 3.3. To prove (1), we need to verify that

Lao(T)[p*(¥) A @] = T())

for Y e EX(X) and Te E(X), M(T) < o, and for this it suffices by 3.3 to show
that for jeJ

TAS; x Y[p'*W) A 7 (@)] = TAS(¥).



1966} INTEGRAL GEOMETRY IN HOMOGENEOUS SPACES 489

But by 3.1, TAS; x Y(¥) =0, where v = p"*() A [4%(8) — ¢ ()]
The first statement of (2) can be verified directly, and the second follows from 3.3.

3.7. THEOREM. Suppose G =Y and # is a principal fibre bundle with base
space X, bundle space B and projection p. Then if TeE,,,(X), Teimage Ly
if and only if M(T) < o and

(1) g4«(T)= £ Tfor geG;

(2) For " T" almost all be B, there exists ve /\,[ T,(B)] such that

T(b) = v A\ Yp(b)(b)-

Proof. If TeimageLg, it follows from 3.3, 3.4(2) and 3.4(5) that T satisfies
(1) and (2).

Suppose Te E, , .(B), M(T) < oo and Tsatisfies (1)and (2). Letp’: X x G—> X,
q:X x G — G be the projections. Let V;, f; and ¢; be as in the proof of 3.3. Fix
YyeEXX). For each j, set T,=¢; W(TA fiop). T;€ Esn(X x G) and
?=a4[T; A p’"*(¥)] A u is a right invariant finite measure on G. Thus | 7| is
a Haar measure on G, and it is not difficult to see that y = c;H™ for some c; € R.

By (2), TAfjo p[p*(¥) A v] =0, where v = — ¢, '*q%(u); therefore, by 3.6(2)
we have

¢; = TAf;2 p[p* @) A @] = P(T) Af);
hence if u € E°(G), then
Ti[p™*W) A a*(uw)] = y(u) = P(T) A\ f,(¥) Glup).
Finally, M[P(T)] < 0, and it follows from (2) that
T, = P(T)A\f; x G

and from 3.3 that
T = La[P(T)].

3.8. REMarks. It is easy to find Te N, (B) for which (1) holds but (2)
does not.

With slight modifications, the results of this section hold for fibre bundles
with noncompact fibre. One defines the map P:D,(G)— D, (X) using the form
o, defined as follows: Choose S < Yso that H™(S) =1; let g, V;,f; and ¢;,
jeJ, be as in the proof of 3.3, and let

wo = E;f’ op ¢7'%¢*(u|S).

For 3.7 to hold, it is necessary to assume in addition that G is unimodular.

4. Intersections of currents. Here the intersection theory for currents in a
connected, oriented, » dimensional homogeneous space X is developed.
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Let G be a connected Lie group of transformations of X which acts transitively
on X, dimG=n+m. Fix oe X and define n:G— X by n(g) =g(0). Let ¥
be the principal fibre bundle with group I = n~!(0), bundle space G, base space X
and projection 7. I, =1~ '(x) for xe X. Write L for L.

Assume that I is unimodular and oriented and has a left invariant metric;
we also denote by T the left invariant m vectorfield on G whose restriction to I
is T. Let u be the covariant dual of I use p as in 3.8 to define P: D (G) - D (X).

Let X have a Riemannian metric and v be the covariant dual of X. Define
o =7n*() A u, orient G so that w is positively oriented, and assign a metric to
G such that |f | =1 and m4(g) is an orthogonal projection for g€ G.Clearly,
|w| = 1. If X has a G-invariant measure, then we may assume v to be such that
the Hausdorff measure H™*" on G is left invariant; in all cases H™*" is equiv-
alent to a Haar measure ¥ on G.

fand p are the functions on G x G to G defined by f(a, b) = ab™'and p(a,b)=a.

If SeN{G x G) and j = m + n, then for ¥ almost all geG,

(S.£,8>€N}*,_.(G x G)
is the slice of S by f over g as characterized in [12].
4.1. LeMMA. Ifu,vareleft invariant vector fields on G, then for (a,b)e G x G
(Ly0 /)4(a, b)(u(a,),o(b)) = adb,(u —v)(bab™").

Proof. Define I on G by I(x)=x""'. Then f(x,b) =R, '(x) and f(a,y)
= L,0I(y), hence

(Lyo f)4(a, b) (u(a), v(b))= ad by (u)(c) + (Lyo Lo D)4 (v)(c), c=bab™'.
Furthermore, I (v)(b™") = — Ry~ *4(e) [v(e)] = — (L0 R,™ ") 4(v)(b™"), hence
(Lyo Lo D) 4(v)(c) = — ad by (v) (0).

42. LEMMA. Suppose xeX, geG,k>0,1>0,k+12n, ae N\ T(X)]
and Be N[T(X)], y=g'(x). Fix ael, and let i: T(X)— T(G) be the
transpose of ny(a). Let T,(G), a = g(b), have the metric for which L,.(b) is an
isometry. Let

o = i@ AT@),
B’ = L, 4(a)oiog,(»)(B) AI(b),
W € Ai+i-n+mlkernelfy(a,b)]

be the unique vector for which

¢w = f*()(a,b) A $[(«',0) A (0,5)]

I

and
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whenever ¢ € 4\“""*"‘[ T, y(G x G)]. Then:
(1) i(xa) A I(a) = *i(a)._'
@ (=D x[i(0) A I(@)] = i(+a).

(= D™ *Dila(xa A\ # 84 (1) (BN] A (@) = [+a’ A* L u(b)(8)]
= (=1 ¢ 'py(a,b)(w),
where cw(a) = R,”'* [(0)a)]ande=(n—D)(k+1—n+m)+n—k.

Proof. We can assume « and f to be simple unit vectors. To prove (1), ob-
serve that

3)

(@) [i(@) A (i(xa) A T(a))] = v(x)(@ A *a)=1.

To obtain (2), replace a by *a in (1).

The first equality of (3) follows from (1) and (2). Let 4, B be respectively the
k+ m,l+ m dimensional linear subspaces of T,(G), I, (G) which contain
a’,p’. Suppose J=dim[ANL,,(b)(B)] and choose orthonormal bases
a;,a3,s0x+m and by, by, by, of A and B, respectively, such that

a; = Lgu(b)(b) for i=1,2,--,8,

k+m I+m

o' = -/—\1 a;, ﬁ’ ='/—\l bi'

One can easily show that

@,0 A0,B) = (=)™ A wo,

where a2 s
Wo =2 {\1 (ai b))
and 5 k+m 14+m
v=2""% A @-b)A A (@0 A A 0,-b).
i=1 i=d+1 i=3+1

From 4.1. we infer that we can assume d=k+l—n+m, and that
w=(=1)C¢*D=bgy  where K =f*(w)(a,b)(v), hence

é
pe(a,b)(w) =27%3(—1)0+D"BK A q,,
i=1
On the other hand

K = o(g)[fs(a,b)()]

I+m

= 2@« A N La®®).

and using this, one verifies directly that
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A ai= (= 122K s [so A Ly s(B)(B)],
i=1

s={+m)(n—1)+ (k+ m)(n— k), which completes the proof.
4.3. DErFINITION. Suppose SeN(X), TeN(X) and k+ 1= n. Whenever
CL(S) X (T),f,8) € Ny¥1-n+m(G X G), we define

SNgu(T)=(—1)Popu(KL(S) x L(T),f,8)), t=nk+ mk+ mn,
4.4. THEOREM. (1) If SN g.(T) exists, then
spt[S N gu(T)] = (sptS) Ng(sptT).

(2) Let U be an open subset of X having compact closure, and C = G be com-
pact. There exists a constant ¢ such that if Se Ny(U), Te N(U), then

| Mts A gumave s mma).

(3) For each Yy eE**'""(X) and SeNy(X), Te N(X), define N(S,T)(g)
=S Ng.(T)(y) whenever SNg,(T) exists. Then

N | N(X) x N(X) N {(S, T) : M(S) + M(T) < o}

is continuous with respect to weak convergence in Ny(X) x N(X), and in
D,(G).

(4) For ¥ almost all ge G, the following are true:

D) SNgu(T)eNps-(X).

(i) For | S Ngu(T)| almost all xeX,

[S Ngx(D](x) = S(x) N gu(T) ().

Gii) If S and T are oriented proper submanifolds of class 1, then
SN g(T)=AUB where A is an orientable k + 1 —n proper submanifold of
class 1 and H**'""(B) = 0; if A is oriented according to (ii), then A = S N g,(T).

Proof. (1) follows from 3.5(3) and [12, 3.5].

To prove (2), first choose an open subset ¥ of G having compact closure such
that U is contained in the interior of p(V) and for some r>0,H™(I, NV)>r
whenever I, NV is not empty. Let W= VUC™'V and note that if ge C, then

VeVngW)
Ung@ca[VngW)].

and

Now observe that by [12, 3.6(4)] and 3.5(2) there exists ¢, depending only on
V and C such that
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fc MLp,((L(S) x L(T).f,g%) NV Ng(W)]d¥g

fc M[p,((L(S) OV x L(T) N W.f, g)]d¥g

coM(S)M(T).

Finally, use 3.7 to show that p,(<L(S) x L(T),f,8))eimage L and apply 3.5(2)
and (1) to infer the existence of ¢, > 0 such that the first number is not less
than

IIA

¢y fcM[S Ng.(T)]d¥g.

(3) follows from 3.5(1) and [12, 3.6(6)].

(4)(i) follows from 3.5(4), [12, 3.5] and the definition of P.

Now consider a fixed x € X for which S(x), T"[g_l(x)] and (S x T) (x,g~ '(x))
exist. Choose ael,, and observe that

[L(S) x L(T)]"(a,b) = c(L(S)7(a),0) A (O,L(T)"(b)), b=g 'a.

Furthermore, if w is defined as in 4.2, then it follows as in [12, 3.13(3)] that we
can assume g to be such that

w = (L(S) x L(T),f,8)"(a,b).
On the other hand, by 3.7
Iy = (=1)'p4(KL(S) x L(T),f,g)) e image L

and in view of 3.5(5), we can apply 4.2 to obtain (ii).

As for (iii), 3.5(6), [11, 3.1] and [12, 3.13(3)] imply that we can assume g to be
suchthat #,=4"and n~'[S N g(T)]=4’ UB’,wheren ' [n(4")]=A", 7" '[n(B")]
=B’, A’ is a proper k+ ! —n+ m dimensional submanifold of class 1 of G
oriented according to 4.2 and H**'™"*™(B’)=0. Thus A =n(4’) is a proper
k + 1 — n submanifold of class 1, and if we set B = n(B’), then H**'""(B) = 0 by
[9, 3.2]. Finally, we infer from 4.2 and 3.5(6) that if we orient 4 according to
(ii), then L(4) = A’ and consequently P(4’')= A by 3.6(1).

4.5. REMARKS. 4.4(3)and (4)and [13,7.4] show that the intersections SN g (T)
are intrinsically determined by the action of G and, in particular, are independent
of the metric on X.

In order to be consistent with 4.4, we are led to define

g NT = (=D "D T Ngu(s)

whenever TN g.(S)eN,,,_(X).

If I is compact, spt N (S, T) is compact; however, if I is not compact, then it
is not always true that N (S, T)e L'(G). Examples may be found in R?, if we
take G to be the affine group.
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4.6. COROLLARY. If Se N (X) and Te N(X), then:
(1) If k+1>n and SN gu(T) exists, then

LS Ngs(T)] = 3S Ngu(T) + (—1)"7*S Ng,(aT).
(20 IfReN(X)andj+k,k+1=n, then for ¥ x¥ almost all (g,h)eG x G,
[g4(R)NSTNhy(T) = g.(R)N[S Nhy(T)].

(3) Whenever ¢ € E' (X), ¥ € E' (X), i<k, j<I, i+j<k+1—n,
and S Ng,(T) exists, then so does

SAPNguTAY) = (—1Y*""[SNgu(DINdNE "W).

Proof. Since p,((L(S) x L(T),f,g>)eimageL by 3.7, (1) follows from
3.5(4), [12, 3.6(1)] and 3.6(1).

For oriented manifolds, (2) follows from 4.5 and 4.4(4), and reference to
[13, 7.4] completes the proof.

One verifies (3) directly from the definition, using the second statement of
3.6(2), [12, 3.6(2)] and the first statement of 3.6(2).

4.7. CoROLLARY. Suppose Sel(X) and Tel(X). For almost all ge G, the
following are true:

(1) SNgu(Deliy;-(X).

(2) For H*''"™" almost all xeX, ©%|S|,x) and ©'(|T|,g""(x)) are
integers with

@ (| S Ng (D], x) = O S|, x)O'(| T|.g~*x).

Proof. (1) follows from 4.4(2) and 4.6(1).

The proof of (2) is similar to that of 3.5(6): The assertion for S = hyY,, T=hY,
where Y,, Y are k, I submanifolds of class 1 and hg, h are Baire functions, follows
from 4.4(4) and (see 4.9) 4.6(3). For the general case, we proceed as in 3.5(6),
using 4.4(4) instead of 3.5(5) and 4.4(2) instead of 3.5(2).

4.8. REMARK. If X is not orientable, S N g,(T) cannot be defined. However,
if I has a finite number s of components, we can define | S N g4(T) | as follows:
If I, is the component of I containing e, then Y= G/I, is orientable and there
exists a covering map o:Y— X. Let Y have the metric for which ¢ is locally
an isometry. If % is the bundle with bundle space Y, base space X and fibre I/I,,
then we define

" SNgu(T) " = sa#(” Lg(S) N g4[Ley(T)] ")

It is easy to see that this definition is independent of the choice of o.
4.9. ReMARk. The constructions and results of this section remain valid if
S and T are locally normal.
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Using 4.4(2), we can also define SN g,(T) for S and T quasi-normal (mass
limits of normal currents). S Ng,(T) is quasi-normal for ¥ almost all geG.

The following theorem generalizes 4.4(3). Let QN,(X) denote the set of quasi-
normal k currents in X.

4.10. THEOREM. Suppose ¢ € E' (X) and ¥ € E' (X).
(1) Suppose i+j=k+1=n. If SeQN(X) and TeQN(X), define

F(S,T)(8) = SNg.T[¢pNng™*W)]
whenever S N g,(T) exists. Then
F|QN(X) x QN(X) N {(S, T): M(S) + M(T) < oo}

is continuous with respect to weak convergence in E(S) x E(X), and in
D (G).
(2) Suppose i+j=k+1—1=n. If SeQN(X) and TeQN(X), define

F(S, T)(g) = 0[S N g (D[ N g~ *(¥)]
whenever SN g4(T) exists. Then
F|QN(X) x @N(X) N {(S, T): M(S) + M(T) < oo}
is continuous with respect to weak convergence in E(X) x E(X), and in D G).

Proof. We shall prove (1); the proof of (2) is similar. Consider fixed
SeQN(X), TeQN,(X) and g € G such that S N g,(T) exists. Use p*(w) A g%(w)
to orient G x G. We first show that

(1S Ngu (D[ Ng™ * W]
= CL(S) x L(T).£,&>(+[p*(+[7*($) A D A #a*[2*(¥) A 11D,

where s=m+n+iIn+km+mn and q(a,b)=>b, (a,b)eG x G. We next
observe that [12, 3.6(3)] holds for quasi-normal currents, and apply this prop-
osition together with 3.5(1) to complete the proof.

To verify the formula, first apply 4.2(1) and (2) to show that

2o N WA p= (=)™ [2* @) Al AL [2F @) A KD
Next observe that
PP(*d = (=)' *+[P*(©) A g*(@)] for (€ EXG),
where 1= (m + n + k)(m + n), hence
p*@*[¢ Nneg” FWIA W
= (=D *[p*(*[7* () AuD A *p*Ly ' [* WA w]),

where r = n(k + | + 1) + m. Furthermore, this form coincides on f~(g) with
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(=" *[p*(=[n*(®) A u]) A xq*[=* () A 111,
and the formula follows from this.

5. The principal integralgeometric formula. Here a general formula which is
valid in any Riemannian homogeneous space is derived.

Let G be a connected group of isometries of an n dimensional Riemannian
manifold X which acts transitively on X. Let dimG=m + n, define n, f, I, I,
as in §4, orient T,(X), and let G be provided with a left invariant metric such that
H™I)=1 and n,(g) is an orthogonal projection for geG.

5.1. REMARK. It is easy to see that |det(adg,)| is independent of g eI, for
x € X . Consequently, there exists a positive analytic function A, on X such that
A(x) = |det(ad g )| for xe X, gel,.

5.2. DerINITION. ¥, is the Haar measure on G having H" as its m image.

5.3. DerINITION. If x€ X, then @, is the unique Carathéodory measure on
I, such that ®, is invariant under right translation by elements of I and
o.(I)=1.

5.4. REMARK. If G is unimodular, ¥ =¥, is independent of choice of =.

5.5. THEOREM. Suppose Se N (X) and Te N(X) with k+1=n, and F is
a bounded Baire function on G x G. For each (x,y)e X x X, define

F(x,y) = fI I F(a,b)|| xa 1, (S) A b~ (T) | (0)d®, x ®,(a,b).
Then i
J; fx f, F(a,g7"a)d®.ad|| S N g4(T)| xd¥.g

= [ s namals)x | Tlwy.

Proof. In view of 4.8, we can clearly assume X to be oriented. The proof is
divided into three parts. Define w as in §4.
Part 1. Let h be a bounded Baire function on G. Then

[ LES) | () = L f; xhd(I),,d NEZ

Proof. Clearly, we may assume sptS to lie in a coordinate neighborhood N,
with associated coordinate function ¢: N x I - G. If we denote the right member
of our conclusion by A(h), 5.3 implies that A =,(||S| % |I]). On the other
hand, 3.5(5) implies that

L(S)" (b) = [transpose 7 ,(b) (S[x(B)])] A 1(6) = (S, 0) A I(b)
for | L(S) | almost all be G, hence by 3.3 and 3.1,
L(S) = ¢4(S X I) = $4(5,0) A TA = L(S) 4.
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Part 2.

fffF(a,g'la)d(bxad”Shg#(T)“xd\I’,,g
GJxJi,
= 27| L) x LD AS* @) |(F), =4k +1—n+m).

Proof. We use 3.7 and Part 1 to infer that the left member is equal to

2 [ e x Ln L[ Brave,

and apply [12, 3.6(5)] to complete the proof.
Part 3.

27°| L(S) x LD A fH(@) | (F) = Jnxxxf(x,y) A S| x| T| x ).

Proof. L(S) x L(T) = (L(S)",0) A (0, L(T)™) | L(S) | x | L(T) |, hence
|L® x LD Af*@ )| = [w] LS| x| LD],

where w is the Baire k + 1 —n+ m vectorfield defined, for | L(S)| x | L(T) |
almost all (a,b)e G x G, in the same way as the vector w in the hypothesis of
4.2. Our assertion now follows from Part 1 and 4.2(3).

5.6. DEFINITION. Suppose v, w to be k, I vectorfields of unit mass, each de-
fined on some subset of X, such that if v(x) and v(y) exist, then there exists ge G
such that

g+(x)[v(x)] = £ u(y),

and similarly with respect to w. Choose g, g, € G such that g,(0) = x,g,(0) =y.
Define

Yo,w) = f I*gsd @ Ashgl 9] (0)d®oh.

Clearly, y(v,w) depends on v and w only.

If v and w are simple and A(x) is the k dimensional subspace of T,(X) con-
taining v(x), and similarly for B(y), then for convenience we also denote (v, w)
by y(4,B). . .

5.7. COROLLARY. Suppose that S and T have the same property as v and w
in 5.6. Then, whenever C, D are Borel subsets of X,

[ Isnsunltcnsonav.e = 1. Ds|© [ ad|7].

Proof. Follows from our theorem with F(a,b) =1 if n(a)eC and n(b)eD,
and F(a,b) =0 otherwise.
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5.8. COROLLARY. Let A, B be proper k,1 dimensional submanifolds of class 1
of X such that G acts transitively on the sets T(A) and T(B) of tangent spaces
of A, and of B, respectively. Then, whenever C is a Borel subset of A and D
is a Borel subset of B,

fHk+l—n[C Ng(D)]d¥,g = y[ T(4), T(B)]H"(C) [ A,,dH'.
o Jp

Proef. Follows from 5.7 and 4.4(4).

5.9. REMARKS. If dimG = n(n + 1)/2, then I acts on T,(X) as either the
orthogonal group or the special orthogonal group, and it follows from [9, 6.2]
that

YL T(4), T(B)] = y(n,k,]).

In 8.6 we indicate how this can be derived from 5.8.

5.8 can be proved directly by use of the coarea formula [11, 3.1] in place of
[12, 3.6(5)].

Clearly, we can have y[ T(4), T(B)] = 0. It is, however, possible that for some
r<n, the intersections 4 N g(B) are almost always of dimension k+I!—r>k+1—n,
hence one might expect that for a suitable metric on G,

f H**'"'[C ng(D)]dH'*"g = SHY(C) J A dH',
G D

where § is a positive constant depending on A and B. This is discussed in §11.

5.10. REMARK. If G is either compact, semisimple or nilpotent, then G is
unimodular (see [16]).

Suppose G is connected. If K is a connected, unimodular Lie subgroup of G
which is transitive on X, then G is unimodular [18, p. 69]. Suppose G is the
maximal connected isometry group of X and for xe X, G N {g:g(x) = x} acts
irreducibly on T,(X). It is proved in [22, p. 54] that if G is not compact, then X
is Riemannian symmetric and either G is semisimple or X = R".

On the other hand, there is an example in [25] of a bounded domain D in
C’which admits a transitive connected Lie group G of complex analytic homeo-
morphisms but which is not symmetric. By a theorem of Hano [15, p. 886],
G is not unimodular. The Bergman metric on D is invariant under the action of G.

5.11. ExaMPLE. Let C denote the complex numbers, C*=C — {0},
R, =RN{x:x>0}, and G, = C* x C. We shall regard G, as a subgroup of
the affine group of C,

(a,b)(z)=az+ b for (a,b)eGy, z€C.
G, is not unimodular; in fact, if (a,b) € G,,

|det[ad(a,b),]| = |a]*.
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G, acts transitively and effectively on X, = R, x C in such a way that
(@b)(x,2) = (|a|x, (@,b)(2)  for (x,2)e Xo.

Let I = G, N{g:4(1,0)=(1,0)}. I =C N {a:|a| =1} x {0}, and the Euclidean
metric on Tj; o,(X,) is invariant under the action of I'; extend this by the action
of Gy to a metric on X,.

An example which is more interesting from the standpoint of our theorems
is the space X = X, x X, with the group of isometries G = G, X G,, where
(u,0)(x,y) = (u(x),v(y)) for (u,v)eG,(x,y)eX.

5.12. DEFINITION. A subset A of a Riemannian manifold Y of class 1 is k
rectifiable if and only if 0 < k <n and there exists a Lipschitzian function on
R* to Y which maps some bounded subset of R*onto 4.

5.13. DEFINITION. A subset 4 of a Riemannian manifold Y of class 1 is Haus-
dorff k rectifiable if and only if

HYA4) < ©

and there exist k rectifiable subsets B,, B;,-:+ of Y such that
H"(A - U Bi) =0.
i=0

5.14. REMARK. Since any bounded L, measurable subset B of R* can be
regarded as being a rectifiable k current, to each H* measurable Hausdorff k
rectifiable subset 4 of X there corresponds a locally rectifiable k current T such
that

|T| = H*nA.

By [13, 8.16], for H* almost all xe 4 the k vector '1—:(x) is simple; let T.(4)
denote the k dimensional linear subspace of T.(X) which contains T(x). Using
[13, 8.16], one easily sees that T.(A) depends only on 4 and xe 4.

5.15. THEOREM. Let A be an H* measurable subset of X and B be an
H' measurable subset of X such that A is Hausdorff k rectifiable and B is I recti-
fiable, k + 1 = n. Further, suppose that G acts transitively on T(A) and on T(B).
Then

f H**'""[A N g(B)]d¥.g = 7[ T(4), T(B)] H(4) I A dH'.
. B

Proof. Using 5.14 and [13, 8.16], we choose sets 4,,4,,B,,B; such that
A=Ay, UA,, B=B,UB,, H(4,) = H'(B,) =0,A4, is H* measurable, B, is
H' measurable, 4, is contained in the union of countably many proper k-sub-
manifolds of class 1, and B, is contained in the union of countably many proper
l-submanifolds of class 1.
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For A,,B, the assertion follows from 5.8; to complete the proof, we show
that for ¥, almost all geG,

H*''™"([4, ng(B)] U [4; Ng(By))) = 0.
Applying [9, 3.2] to f and using [9, 4.1], we infer the existence of numbers cq, ¢y, ¢,
such that

L Hk+t—n([Ao N g(B)] V) [Al ng(Bo)])d‘l’,,g

S o [ BTG ) AL B)

U (n7'(4) N L[ (By)]D]d¥.g
 H* MM~ (4) x ™ (B)yun~'(4,) x 771 (By)]
c(H " "[n”  (4o)]H'*"[n~'(B)]

+ H**""[z"Y(4)]H"*"[»"'(By)]) = 0.

I\

IIA

6. The integral geometry of oriented ‘“domains of integration”. In this section
an integralgeometric formula concerning the action of currents on forms is
established for spaces having constant curvature.

Let X be a connected Riemannian homogeneous space whose group of iso-
metries G has dimension n(n + 1)/2. Suppose G to be connected.

6.1. DerINITION. If k, ] are nonnegative integerssuch thatk < n, I <n,k + I1=n,
then

(n,k, 1) = Lo les A+ Aeax AR(ey A -+ A €,-)|*d®,R.

In 9 we show that I'*(n, k,I) = y*(n, k,I).

6.2. THEOREM. Suppose r+s=n, voe N\(R"), ve A(R"), woe NA(R",
we AJ(R"), and

N(v, 00, , W) = Lo [0 A Rowo)] - [o A RO$1d®,R

(1) If r#n/2 or s#nf2, then
N(v, 00, W, W) = T} (n,n—r,n—5)(vy " v)(Wo * W).
) If r=s=n/2, then
N(,v0,w,wo) = T2(n,n—r,n—s)[(vo V) (Wo" W) + (*vg - ) (xwo - W)].

Proof. We identify the elements of SO, with their matrix representations.
For each pair of positive integers « < < n, I,5 is the linear transformation of
R” carrying e; to e, for i # a, i # B, and carrying e, to —e,, g to —eg. I, is the
linear transformation of R" carrying e, to e; for i <n and e, to —e,.
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We divide the proof into two steps; the assertions are easy consequences
of Step 2.

Step 1. Suppose f to be such a continuous real valued function on SO, that,
for some pair of distinct positive integers « < n, < n, f(R) is independent of
the Bth column of R for R € SO, and is linear and homogeneous in the elements
of either the ath column of R or the fth row of R. Then

fd®o, = 0.

50,
Proof. In the first case, if a < f,

[ 140, = [ swepao,r = - | sa0,.

In the second case, choose a left and right invariant metric on O, for which
H™(S0,)=1, m=n(n—1)/2. Since ad I (SO,) = SO,,

j fdo, —f fdH" = foad(I,,,, I)dH™ = — Lo"fd(D,,.

Step 2. Suppose vo=e, A--Ne, #0, v=e5 N Neg#0, wo=e,,
N--Ne, #0, and w=e, A--Ne, #0. If vy-v=0, then

(1) r#n/2 or s # n/2 implies that N(v, vy, w,w,) =0

(2) r=s=n/2implies that N(v, vy, w, wy) = O unless vy, = + *vand wy = +*w.

Proof. For the proof of (1), choose v so that f, # «; for i =1,2,---,r. For
R e SO,, [vo A Rwo)]*[v A R(w)] is the sum of terms of the form

©) [vo-v" A RW)][v" A R(W"): R(wo)]

where v’, v”, w’, w” are standard basis multi-vectors, v =0v" A 0", w=w" A w",
and v" = e;, A\ - A\ e;, with p > O and, for some u, 6, = f,. Furthermore, () is
the sum of terms of the form

(v 0") [0§- ROw' Y] [o" ROvY] (v

where vy, vy, Wwg, wg are standard basis multi-vectors and vy = vy A v,
wo =wg A wg. It therefore suffices to show that

[, Rad) - wIRE) wildoR = 0.

But degv” + degvg < n, hence [R(vg) w'][R(v")-wy] does not involve some
column of R and is linear and homogeneous in the elements of the §,th column
of R, and Step 1 can be applied.

To prove (2), observe that if vy # + *v, the first part of Step 1 implies that
N(v,v9,w,wo) = 0. Furthermore, if w, # + *w, then there exists o such that
[ * vA R(w)o]-[v AR(W)] is independent of the elements of the ath column of
R, and thus N(v,*v,w,w,) =0 by the second part of Step 1.
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6.3. REMARK. G is unimodular; an elementary proof of this fact can be given
with little difficulty. Let ¥ be the Haar measure on G characterized in 5.4.

6.4. THEOREM. Suppose X is oriented, Se N(X) and Te N(X), k+1=n.
Then, for each bounded Baire k form ¢ on X and each bounded Baire | form
VY on X,

| sneumis ng~wnave
{Fz(n, k,DS(@)TW), k>n/2 or l>n/2,
A,k D[S TW) + S¢HTY)], k=1=nf2.

Proof. Fix ¢ and y, and for each (x, y) € X x X such that | S(x) =] T( | =1
define

[6SWTO)], k> nj2 or 1> n/2.
[$SCII[WT)] + [+ $SOI[+¥TW], k=1 =nj2.
Fix oeX and define n:G— X by n(g) =g(0). If (a,b)e G x G is such that
| S Nab™4(T)[n(a)]| =1, define
F(a,b) = [¢ nba™* W][S Nab~ (D] [x(a)];

otherwise, set F(a,b) =0. F is a bounded Baire function and we can apply 5.5
to F.

To evaluate #, consider a fixed (x, y) € X x X such that | S(x) | = | T(») | =1,
and choose hel,, h’el,. We have

F(x,y)= j [a*(+$) A b* )] [a™ 4 (+S) A b1 4(x T)] (0)d®, x D,(a, b)

I.x1y

P(x,y) = {

= f [h*(+ ) A g*h * )1 [h ™ (xS) A g7 4"~ 1 4(* TY] (0) dDog;;

consequently, 6.2 implies that #(x, y) = I'’*(n, k, [)P(x, y). Therefore, application
of 5.5 yields

| snsunis nemwiave - vokd [ pafs| x| 1],

which completes the proof.

6.5. REMARK. If X is not orientable, then it is well known that » is even and
X is isometric to the n dimensional real projective space P,. See, for instance,
[17, p. 308]. If ¢ is a covering map of the oriented unit n-sphere S, onto P, and
L:E(P)N{T:M(T) < oo} »E,(S,) is the associated lifting map, then

fGL"S) A g4 [L'(M[e*(@) Ng~*o*§)]d¥g = $T2(n, kD) S@) TW).
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6.6. THEOREM. If Se N(X) and TeN(X), k+1=n, then
T(n, k, ) M(S)M(T) < j MIS N g,(T)] d¥g
G

< y(n, k, )M(S)M(T);
the second inequality is strict unless S and T are simple.

Proof. By 5.7, we only need show that if ve AR"), we A(R") and
lol = 1wl =1, then
T%(n,k, 1) £ y(v,w) £ y(n, k1),
the second inequality being strict unless v and w are simple.

The first inequality follows from 5.6 and 6.2. To verify the second, use [13, 2.2]
to obtain finite sets V, W of simple k, I vectors such that

v= Xa,l=2X |oc?|
[ |

aeV aeV
and
w= X B,1=2X |B].
BeW BeWw
Then by 5.9,

yoows X f oA 2(B) || d,g
S0,

(2,8) e VW

= y(n kD) I |a||B] = v(n kD).
(2,B) eVXW

Finally, note that the inequality is strict unless v and w are simple.

7. The Cauchy-Crofton formulas. The formula derived by Chern in [4] is
generalized to currents. A formula is obtained for the oriented case also. The
proofs were suggested by the proof of [11, 6.13].

Let G and X be asin 5. Suppose & to be a set of closed, oriented ! dimen-
sional submanifolds of X such that G acts transitively on &, the action
preserving the orientation of the elements of &, and such that if E € &,
then G N {g:g,(E) = E} is transitive on E. Also assume & to have a G invariant
Haar measure.

Fix Ye &, define K = G N {g:g,(Y) = Y}, and choosing o€ Y, define n: G > X
by n(g) = g(0). Let I =n"'(0). There exists a left invariant metric on G such that
H™I)=1 and

n#(a)l T(6), n#(z)l T.(K)

are orthogonal projections whenever a€'G, ze K. Let dimK =1+ A.

Letting gK € G/K correspond to g(Y) = n(gK), we can identify & with G/K.
By i[27, 9] there exists Ta Haar measure ® on & such that for each Borel set
S <G,
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f H'**S NE)d®E = HYK NnDH™""(S).
U4

1t follows from 4.9 that if X is oriented and Se Ny(X), k+1=n, then
SNEdN, ;- (X) for ® almost all Ec & .

7.1. THEOREM. Suppose S€ N(X), k+12n, to be such that whenever §(x)
and S(y) exist, there exists g€ G such that g,(x)[S(x)] = + S(y). Then, for
each Borel subset B of X,

L][ SNE|(B)d®E = S, Y)| S| (B).

Proof. If ge G, define f(g) = det(ad g,.). The proof is divided into three parts.
Part 1. Let U be a compact neighborhood of o,

A=I[r"' UV~ (U] I
and, for t>1,

A, =An{g:t Sf(®) 1},
Then

At = ﬂ:_l[n(A‘)] = At_l and lim H m+n(At)—1 dem+n =1.

t—>1+ Ae

Proof. This is proved by means of a straightforward application of the coarea
formula [11, 3.1] to f.
Part 2. Let A be a compact subset of K such that A™'= A4 and
A=n""[n(4)] "K. Then
H'*4(4) f |S NE||(B)®E = 8, 7) f fAH™| S| (B).
] 4

Proof. Let n and { denote the characteristic functions of n(4) and of B,
respectively. By [11, 3.1] and 5.1,

f fdH'** = H(K N 1) f nA,dH'.
A Y
Applying 5.7 and recalling 5.2, we have

3.9 5| ®) f faH"

#& oD [ [ tnos ™d|sngun]anmg

fe/x {J; J;{C('I og™hd " S Nr(F) " dH”"g} dDF .
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since g4(Y) = n(F) for ge F. In order to compute the expression #(F) in braces,
we use 4.4(4) to find F=gr(K) such that SNaFe N,y ;_(X), and let
p=|gr4 (S)NY|. The left invariance of the metric on G implies that

F(F) fK jx(Cogp)(noz'l)dudH'“z

f { o gp(x) fﬂ oz Yx)dH'"**zdux.
X K

Consider a fixed xe Y, x = zo(0), where zoe K. For zeK,noz 'zy(0) =1
if and only if z € z4A4; consequently,

f noz Y(x)dH'**z = H'*4(z,4) = H'*4(4),
K

hence
J(F) = HHA)||S Ngre(Y) | (B),

and the remainder of the proof follows easily from this.

Part 3. [, | SNE| (B)d®E = %S, Y) |s|®-

Proof. Use [27, 9] and Part 1 with G replaced by K and X replaced by Y to
obtain compact subsets A, of K such that 4, ' = A4,, A, =n"'[n(4,)] NK,
and

lim H'**4)7! j fdH'** =1,
t—>1t A,
Now apply Part 2 with 4 = 4,, divide by H**(4,), and let t > 1%

7.2. REMArk. For the following theorem, we need make no assumption
concerning the orientability of the elements of &.

7.3. THEOREM. Let A be an H" measurable subset of X, k+ 1= n, such
that A is Hausdorff k rectifiable. Further, suppose that G acts transitively on
T(A). Then

f H**'*""(4 N E)d®E = y[ T(4), T(Y)] H*(4).
'

Proof. Using 5.15 instead of 5.7, one proceeds in the same manner as in the
proof of 7.1.

7.4. DeFINITION.  If Te E(X) and M(T) < o, then Y is the Baire I form
characterized by the following conditions: |//TT =1, Yyrv=0if v is an ] vector-
field such that v+ T = 0, and Y(x)=0if T(x) is not defined.

7.5. THEOREM. Suppose X is oriented and dim G = n(n + 1)/2. If Se N(X),
k + 1= n, then, for each bounded Baire k form ¢,

f SNE(@ NYp)dOE = T2(n,k,1)S($).
'3
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Proof. The proof is analogous to the proof of 7.1. Choose A4 and # as in the
proof of 7.1, Part 2. Applying 6.4 with T=Y and § = nyy, we have

I?(n, k, ) S($)H'**(4)

HYI NK) st Ngo(N[ N g~ iy dH™ g

f f S A(F)[ O g~ *(niry)]dH' g dOF .
G/K JF

Use 4.4(4) to find F = gx(K) such that S N7n(F)e N, 4+;-(X), and define
K " gr '4(S) N Y" )
{ = g (@) NYyler 1 u(S) NY] 0g: 7

We proceed in the same way as in the proof of 7.1, Part 2 to show that the inner
integral is equal to

f f (Cogr) (o z ~\)dudH"
KJX

= H* A)S N gp (V) [¢ Ngr * Uy)]
= H"*YA)S Nn(F) (¢ N Yuiry)s

which completes the proof.
7.6. REMARk. If X =P,, o and L are as in 6.5, and & is the set of isometric
embeddings of S, in S,, with ®@ defined relative to S,, then

f L(S) NE[6*(¢) NY5]dRE = T*(n,k,1)S($).
&

7.7. REMARKS. It follows from 4.4(2) that if S is quasi-normal (see 4.9), then
7.1 and 7.5 are true for S.

The following theorem becomes, for k =n, X = R”", and & the set of oriented
lines in R", the theorem proved independently by Krickeberg [19, Theorem
5.5, p. 120] and Federer [10].

7.8. THEOREM. Suppose X is oriented and dimG = n(n + 1)/2. Let S be «
quasi-normal k current in X, k+1>n. Then Se N(X) if and only if

f M[4(S N E)]dPE < .
&

Proof. If ¢ e E*"'(X), we infer from 7.5, 4.10(2), the definition of ® and
4.6(1) that
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f S NE)(p NYp)dPE = I'*(n,k —1,1)05(¢),
¢

and the sufficiency of our condition follows from this.
Necessity follows from 7.1.

8. Evaluation of y(v, w) for the complex case. Let X be an #» dimensional complex
Riemannian manifold such that there exists a group H of holomorphic isometries
of X which is transitive on X . Suppose also that for xe X,

{h,(x):heH and h(x) = x}

is the unitary group of T(X). We evaluate y(4, B) for 4, B which have as values
complex subspaces of the tangent spaces of X. We need only consider the case
where X is the n dimensional complex projective space CP™.

8.1. DErINITIONS. C"is the n dimensional complex vector space of all n-tuples
(z!,+-+,2") of complex numbers. C" has the standard Hermitian metric h, de-
fined by

ho(v,w) = Zn) v,
j=1

CP" is the n dimensional complex projective space with homogeneous co-
ordinates [z*,---,2"*1].

U, is the unitary group of linear transformations h of C" for which
h*(ho) = ho.

8.2. REMARK. One introduces coordinates and a Riemannian metric in
C" by means of the map c: R*"— C" for which

c(xt e, xm Y™ = (¢t + iyt e, X"+ iy
ho(v,w) = ¢~ '(v) - ¢c”'(w), and if F:C">C" is a differentiable map for which
F*(ho) = hy, then F is an isometry.

CP" is a compact, complex manifold; the complex structure on CP" is obtained
by requiring the map ¢':C**' - CP", ¢'(z) =[z], to be holomorphic. S, acts
freely on S,,4; =C""1N{z: | zI =1} as a group of isometries by means of the
Map Syn41 X Sy = Sz,4; defined by (z,4)—>Az. 6=0"|S,,4, is a principal
fibration of S,,+; over CP" with structure group S;.

There therefore exists a Riemannian metric on CP” such that ¢ 4(z) is an ortho-
gonal projection for z € S, . Furthermore, the action of U, on S,,,; commutes
with the action of S, and, consequently, if Z,=U,,; N{de:A€S,}, then

G, = U, I/Zn
acts transitively on CP" as a group of holomorphic isometries.

8.3. LemMA. H?*(CP")=zn"'(n+ 1)a(2n + 2).
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Proof. If xe CP", then ¢~ !(x) is isometric with S;. The formula follows
from application of the coarea formula [11, 3.1] to o.

8.4. THEOREM. If xe CP", then
{h4(x):heG, and h(x)=x}
is the unitary group of T(CP").

Proof. Let n:U,,,—S,,+,; be the projection defined by n(h)=h[c(es,+2)],
and let t=00n. We can assume that x =1(e). j: C"— C"*! is the isometry
defined by j(z) = (z,0). j induces a monomorphic embedding j, of the direct
product U, x S, into U,,; such that

Jx(h, D (j(2),w) = (i[h(2)],Aw)
for (h,A)eU, x S, zeC", weC. It is clear that 7~ '[1(e)] = image j,, and that
JslUn x {1}1/Z, 0 ju[U, x {1}] = imagej,/Z,
acts on T, (CP") as the unitary group.

8.5. THEOREM. Suppose xe CP" and P,Q are respectively k, 1 (complex)
dimensional complex subspaces of T, (CP"), k+1=n. Then

(P, Q) = y/2n,2k,21).

Proof. We may assume that 0<k<n, 0<l<n, x=[0,---,0,1], and
P = T/(A) and Q = T,(B), where

A= CP'n{[z]:2/=0, j=1,---,n—k} and
B=CPPN{[z]:2/=0, j=n—k+1,-,2n—k-1}.
ANB = CP"Nn{[z]:2=0, j=1,-,2n—k-1},

and it is easy to see that A, B, A N B are isometric embeddings of CP*, CP'
CP**'"" in CP", and that for geG,,

ANg®B) = g(4NB)
for some g’ e G,. Recalling 5.2, we apply 5.8 and 8.3 to obtain
¥(P,Q) = H*(CP)™'H*(CP")™'H***!="(CP* """ H>"(CP") = y(2n,2k,2]).

8.6. REMARK. We can readily evaluate the constant y(n, k,[) by using S, and
isometric embeddings of S; and S, in S,, and proceeding as in the proof of 8.5.

9. Evaluation of I'’(n,k, ).
9.1. DeriNiTIONS. With ze R" one associates the translation T,:R"— R",
T,(x) =z +xfor xeR".



1966] INTEGRAL GEOMETRY IN HOMOGENEOUS SPACES 509
With ge SO" and we R"™™ one associates the oriented m dimensional plane
Mg, w) = g4(R,N{x:x'=w for i=1,--,n—m}),

where A7'(e,w) has e,_,+; A --- A e, as a positively oriented tangent m vector-
field.

G, is the group of orientation preserving isometries of R". Under the map
which associates with (z,g) e R" x SO, the isometry T, o g of R", the image of
L, x ®, is the Haar measure ¥ characterized in 5.2 and 5.4.

Under the map A, the image of the measure ®, x L,_,, is a G, invariant
measure for the space &, of oriented m dimensional planes in R".

9.2. REMARK. Identify G, with R" x SO, and define the projection #:G,— R",
n(z,h) =z. Let Y= A}(e,0) and K =G, N{(x,8):xeY, g.(Y)=Y}.

By evaluating for S=R"N{z: | zl < 1} x SO, the formula in §7 which char-
acterizes the measure ® on &,,, we see that @ is equal to the A image of ®, x L, _,,,.

9.3. THEOREM. T'*(n,k,l) = y*(n,k,l).

Proof. The proof is divided into three steps; the formula follows upon com-
parison of Step 3 with 7.5. Let 4 = (e, 0) n{z:|z| <1}.
Step 1.

T2(n, k,n—k) = (Z )_l.

Proof. Let A be the set of increasing functions
l:{l’...,k} — {1’ ...’n}

and 1, be the inclusion. If A€ A, then j;: R*— R" is the linear map for which
je)=eyn, i =1,---,k, and p,is the orthogonal projection which is the transpose
of j,. For each Ae A, we have

Cnkn— k) = [ (et pogos)dtse
SO,
On the other hand, if ‘“J’’ denotes ‘‘Jacobian’’, then
1=[J(goj;)]* = ’EA (det p;0 g0j;,)%

Step 2. If [,fdH*< oo, then

f f FlWa A g™ F@xREA e A dx)| dBOd®, x Ly(g,w)
SO.xRk J AN~ k(g w)

- (2) oo

Proof. Keeping 9.1, 9.2 and 4.4(4) (ii) in mind, one applies 7.5 with ¢ = fi,,.
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Step 3. If 0<m <k and ¢ =dx* ™' A ... A dx", then

v“SO X Rk—m 40 ),:_k""”(g’ W) [./IA N g_l #(¢)] dq)ll X Lk-m(g9 W)

() )

Proof. The method of proof is exactly the same as for the proof of [8,8];
one uses Step 2 in place of [8,5].

10. A generalization of the coarea formula. Federer’s coarea formula
[11, 3.1] is generalized to give nontrivial results for maps f: X — Y such that
rank fy(x) <dimY for xe X.

10.1. LeMMA. Suppose p,q,r,s are nonnegative integers, p>0, q>0,
r=n,0<s=<nandS,, is the linear transformation of R" such that

Sp/q(ei) = € i=1,-1,

and

Spiele) = pqg e, i=r+1,,n

If AcR", then

223pr—sqn—rHs[Sp/q(A)] g an-s/ZHS(A)
g n_sp'_"qs_’Hs[Sp/q(A)]o
Proof. If « >0and A = R", define ¢, (A4) to be the infimum of the sums

X(edge ), feF,
corresponding to all countable coverings F of A by cubes of the form
(%) RN {x:|x'-a’|<B, i=1,-,n}
for B <a, aeR". Define d,(4) to be the infimum of the sums
Y(diameter )}, feF,

corresponding to all countable coverings F of A such that diameter f < a for
feF. It is easy to see that

(x+) 2°dyy2(A) Z c(A) Z 1™ 2d g (A).

Now fix « >0, A = R"and consider a countable covering F of A by cubes of
the form (#). Observing that each S,(f), fe F, is the union of p"~" translates of f,
we conclude that

c(A) 2 P e[S (D]
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Furthermore, let S, S be the linear transformations of R” for which S(x) = p ~'x
and
Sp(ei) = pé;, i= 1’ Ay
and
SP(e) = e, i=r+1,---,n.

Since S, ' = S?0S8, it follows that
P e[Sy (A)] = ¢ [SoS(A)] Z p" c.(4).
Similarly, we have

Ca [S p/ q(A)] g qr - nca [SP(A)]

q el SH(A)] = g7'c,[S,(A)]

and

It follows that

q " rp " scpqar[s p/q(A)] g cqa(A) g pr - ”qs - rca[S p/q(A)] >

and from this we obtain the conclusion by applying (%), letting « — 0% and
referring to 2.8.

10.2. DEFINITION. If X and Y are Riemannian manifolds of class 1, f: X - Y,
[ is differentiable at x and r is a positive integer, then

J.f(x) = sup{fx () ®): ve A[TLX)], [v] =13.

10.3. THEOREM. If X and Y are separable Riemannian manifolds of class 1
with dim X = m, f: X - Yis a Lipschitzian map, and

r = sup{rankf,(x): x e X},

then
f J.fdH" =f H""[A N\ (0)]dH'y
A Y

whenever A is an H™ measurable subset of X, and consequently

ng,de’"=ff gdH™ "dH"y
b ¢ Y Jr-1y

whenever g is an H™ integrable function on X(?).

Proof. The proof is a modification of the proof of [11, 3.1]. Assume that
r < k =dim Y. Referring to the proof of Part 7 of [11,3.1], we see that we can
assume f to be continuously differentiable.

(2) In research to be announced in Bull. Amer. Math. Soc., H. Federer has shown that
YN {y:H""[f~1(»)]>0} is Hausdorff r rectifiable.
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Define
B = {x:rank f,(x) =r}.

Since B is open, f(B) is the union of countably many proper r-submanifolds of
class 1 of Y, hence we can apply [11, 3.1] to obtain the formulas for f | B. To
complete the proof, it suffices to show that

*) [ a0y ne- manry o

Suppose M to be a Lipschitz constant for f and if 4 < X, define

v(») = H"TANST(3)] for ye¥.
Let p be the measure on X such that

*
u(d) = f vydH" for A c X,
Y

where *‘ [*** means ‘‘upper integral”. For a € X, let
K(a,p) = X N {x : distance(x, a) < p}
whenever p > 0, and let

W@= lim u[K(ap)]/H"[K(a,p)]

The remainder of the argument is divided into four parts; () follows from Parts 3
and 4.
Part 1. If Ac X, then
H(A4) £ M'o(m) ™ a(r) a(m — r)H"(4)
and
YO {y:v,(y) >0}

is the union of countably many sets of finite H™ measure.

Proof. The first statement follows from the second and [9, 3.2]. Suppose
H™(A) < . Let ¢ = M"a(m) ™ 'a(r)a(m — r) and

C,=YN{y:v,(y)>s} for s20.

If C, is not the union of countably many sets of finite H" measure, there exists
s >0 such that H'(C,) = co. [1] asserts the existence of D < C, such that
s"'cH™(A) < H'(D) < © and we infer from [9,3.2] that

*
cH™(A) < J. v, dH" < cH™(A).
D
Part 2. If A is an H™ measurable subset of X, then v,is an H" measurable

function.
Proof. The proof of Part 2 of [11, 3.1] extends easily to the present situation.
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Part 3. If A is an H™ measurable subset of X, then

p(A) = f HMTANS T (0)]dHYy = L w'dH™

Proof. The proof of Part 3 of [11, 3.1] extends easily to the present situation.

Part 4. If ae X =R", Y=R* and J,f(a) =0, then u'(a) =0.

Proof. Let j be a positive integer. Since rank f,(a) < r, there exists an ortho-
gonal projection g: R*— R*™"*! such that qof,(a) =0. The continuity of fy
at a implies the existence of a convex neighborhood U of a such that

|gofu(x)| <j™'M for xeU,

whence
lq Of(x)—qof(z)léj'lM|x—zl for x,ze U.

Furthermore, since p is invariant under rotations of R¥, one may assume that
qe)=¢ fori=1,---,k—r+1.

It follows that if S is the endomorphism of R* such that

k—r+1 _k—r+2

SO = Gy gy LY ey
for ye R, then
|Sof(x)—Sof(z)| §2Mlx—z| for x,ze U.
Furthermore, application of 10.1 to S yields
H'(C) £j~'2'k"*H'[S(C)] for C = R*.

Applying Part 3 to f and S o f and Part 1 to Sof, one concludes that if A is an
H™ measurable subset of U, then

W) = [ HTACGS 0TSO dH

IIA

o2k f H" " TAN(S of) ' (w)]dH'w
Rk

IIA

T2 MK a(m) " (P)a(m — r)H™(A).

11. Sets having high dimensional intersections. The situation hypothesized in
5.9 is discussed, and in certain spaces a more general version of the integralgeo-
metric formula derived in 5.8 is obtained.

The notation used in §5 will be readopted. In addition, suppose there exist
closed subgroups J, K of G such that:

(a) I is the direct product of J and L=K N1I.

(b) Each ge G has a unique representation g =1tp, 1€ K, peJ.
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(c) K is normal in G and has a bi-invariant metric such that 7:|K «(a) is an
orthogonal projection for ae K.

Note that one may have X = R" or X compact. Let dimL=j and @ be the
Haar measure on J for which ®(J)H/(L)=1.

11.1. THEOREM. Let A be an H* measurable subset of X and B be an H'
measurable subset of X such that A is Hausdorff k rectifiable and B is | recti-
fiable, and let (see 5.14)

r = sup {dim(T(4) + T,[g(B)]): g€G, xe A Ng(B)}.

Suppose also that G acts transitively on T(A) and on T(B).
There exists > 0 depending only upon T(A), T(B) such that

f ,f H**'""TA N1p(B)]dH"*rd®p = BHY(A)H'(B).
J JK

Furthermore, if r =k + 1 and each tangent space of X is oriented, then

B = y[* T(4),+ T(B)].

Proof. Define f:KxK—-K by f(a,b)=ab'. If ScKxK and
H**'*2J(S) = 0, one proceeds as in the proof of Part 1 of 10.3 to show that

[ mrrmreis - ianre = o.
K

Using this in place of [9, 3.2] and proceeding as in the proof of 5.15, we see that
it is only necessary to prove the assertions for A < A,, B < B,, where A,, B, are
proper k, l-submanifolds of class 1 of X.

If Sc X, let S"=n""(S) NK. Define ¢ as follows: Let M, N be k,! dimen-
sional linear subspaces of T,(X). &M,N)=0 if dim(M + N) # r; otherwise,
choose simple unit vectors ve A,_ (M), we A,_x(N) so that v, w lie in the
orthogonal complement of M NN and define

EM,N) = |o Aw|.
If (x,y)e A x B, define for each peJ,

*

Fp(xs y) = f é[a - 1#(x) [ Tx(AO)] ’ b~ ! p#(y)[ Ty(BO)]]dej(a’ b) .
=} x{on}’

The remainder of the argument is divided into two steps.
Step 1. For each peJ,
HY(L) f H**'""[A N1p(B)]JdH" /7 = f F,dH**!.
K AxB

Proof. It is easy to see that dimK = n + j. Consider a fixed p € J and define
f: Ay x p(By)' = K by f(a,b)=ab™! . Application of 10.3 to f yields
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fHk+l—r+j[f—l(T)nAr x p(B)/]dH’+jT
K

k+1+2j
[ g
A’%p(B)’

[ gegarant oy,
4xB  J {x}'x{p(»}’

Furthermore, the first integral is equal to

22HY(L) f H*'Y A Ncp(BAH ™ r,  S=k+1—r+],
K

because by 10.3, H® almost all of f~!(z) is a &-submanifold of class 1 for
H™*/ almost all teK, and the projection p:f~!(1)— K, p(a,t”'a)=a, has
Jacobian 27%? at each manifold point of f~'(7). Finally, if (a,b)e A’ x p(B)’,
one uses 4.1 and the bi-invariance of the metric on K to show that

Jesif(a,b) = 2°1%¢[a™* () [ T(40)], b () [ T,(Bo)11,
x = a(0), y=p"'b0).
Step 2. There exists § > 0 depending only on T(A4), T(B) such that

f f F,dH**' d®p = BH/(L)H(A)H'(B).
J JAXB

If r=k+1, then B = y[* T(4), » T(B)].

Proof. There exist M < T,(X), Nc< T,(X) such that for H**' almost all
(x,y)e A x B, there exist g, €K, h,eK, p,eJ, a,€J for which

T(4o) = 8xpx#(0)(M),  T(Bo) = hy0,4(0)(N).

Since K is normal in G and I is the direct product of J and L, we have for each
peld,

Fp(x’ )’) c[(gxu) - 1#(36) [ Tx(AO)] > (phyp— lv) - p#(y) [ Ty(BO)]] dej(u, U)
LxL

- B [ dMAp, o, 0] aH .

It is clear that ¢ is continuous on the product of the space of k planes in T,(X)
with the space of I planes in T,(X). Furthermore, Step 1 implies that F, is
H**' measurable, hence for the function F defined on J x A x B by F(p,x,y) =
Fy(x,y) is ® x H**! measurable and we can apply the Fubini theorem to obtain
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Hi(L)™! f; L , F,dH**'d®p
- f f f EIM, Ap, ™" 93, 4(0) (N)]dDpdH A H (x, )
AXB L JJ

— HYA)H'B) f M. 2p (VI x O ).
Finally, the integral
foJ:[M,Ap#(o)(NﬂdH"x (4, p)

is clearly positive; if r = k + I, then it is equal to y[* T(4),* T(B)], since H’ x ®
is a Haar measure on I =Lx J.

11.2. REMARK. Examination of the proof of Step 2 reveals that if K =G,
then for r = k + [ it is not necessary to assume that n,(a) is an orthogonal pro-
jection for a e K. (This assumption is, of course, necessary for the formula for
B to be valid.)

If k + 1 < n, then the formula obtained by replacing r by k + [ is true regard-
less of the value of r. However, f =0 unless r =k + /.

11.3. REMARK. Suppose X = R" and &,,G, are as in 9.1. Let 4 be an H*
measurable, Hausdorff k rectifiable subset of X, k+1<n.

Set Y= 14e,0) and define H, = G, N {(z,8): [z + g(Y)] N A is not empty}
for each g € SO,,. One uses [9,4.1] to show that H, is Hausdorff k + [ rectifiable.
Defining 6:G,— SO, x R"™" by o(z,g) = (g,po g~ '(z)), where p is the ortho-
gonal projection of R" on the orthogonal complement of Y, one easily sees that
o +(h)| T,(H,) is an orthogonal projection for H**' almost all he H,. Applica-
tion of Part 1 of 10.3 to | H,, where H, = H, and H**(H,) = 0, shows that
10.3 can be applied to a]Hg to yield

[, B e x et = HS)
Rn-1

for each Borel subset S of H,.
Using 11.1 instead of 5.15, one proceeds as in the proof of 7.3 to show that

f H[A N (g, w)]dH*wd®,g = y(n,n — k,n — H(4).
50, JRr-1
It follows from [7, 9.7] that this is the formula derived by Freilich in [14, 3.1].

BIBLIOGRAPHY

1. A. S. Besicovitch, On existence of subsets of finite measure of sets of infinite measure,

Indag. Math. 14 (1952), 339-344.
2. A. S. Besicovitch and P. A. P. Moran, The measure of product and cylinder sets, Proc.

London Math. Soc. 20 (1945), 110-120.



1966] INTEGRAL GEOMETRY IN HOMOGENEOUS SPACES 517

3. J. E. Brothers, Integral geometry in homogeneous spaces, Ph. D. thesis, Brown University,
Providence, R. 1., 1964.

4. S. Chern, On integral geometry in Klein spaces, Ann. of Math. (2) 43 (1942), 178-189.

5. C. Chevalley, Theory of Lie groups. 1, Princeton Math. Ser. Vol. 8, Princeton Univ.
Press, Princeton, N. J., 1946.

6. G. DeRham, Variétés différentiables, Actualités Sci. Indust. No. 1222, Hermann, Paris,
1955.

7. H. Federer, The (¢, k) rectifiable subsets of n space, Trans. Amer. Math. Soc. 62 (1947),
114-192.

8. , Dimension and measure, Trans. Amer. Math. Soc. 62 (1947), 536-547.
9. , Some integralgeometric theorems, Trans. Amer. Math. Soc. 77 (1954), 238-261.
10. , An analytic characterization of distributions whose partial derivatives are

representable by measures, Bull. Amer. Math. Soc. 60 (1954), 339, Abstract 407.

11. , Curvature measures, Trans. Amer. Math. Soc. 93 (1959), 418-491.

12. , Some theorems on integral currents, Trans. Amer. Math. Soc. 117 (1965),43-67.

13. H. Federer and W. H. Fleming, Normal and integral currents, Ann. of Math. (2) 72
(1960), 458-520.

14. G. Freilich, On the measure of cartesian product sets, Trans. Amer. Math. Soc. 69(1950),
232-275.

15. J. Hano, On Kdéhlerian homogeneous spaces of unimodular Lie groups, Amer. J. Math.
79 (1957), 885-900.

16. S. Helgason, Differential geometry and symmetric spaces, Pure and Applied Mathematics
Series Vol. 12, Academic Press, New York, 1962.

17. S. Kobayashi and K. Nomizu, Foundations of differential geometry, Interscience Tracts
in Pure and Applied Mathematic No. 15, Interscience, New York, 1963.

18. J. L. Koszul, Exposés sur les espaces homogenes symétriques, Sociedade de Matematica
de Sdo Paulo, Sdo Paulo, 1959.

19. K. Krickeberg, Distributionen, Functionen beschrinkter Variation und Lebesguescher
Inhalt nichtparametscher Flachen, Ann. Mat. Pura Appl. (4) 44 (1957), 105-133.

20. M. Kurita, Extension of Poincaré formula in integral geometry, Nagoya Math. J. 2 (1950),
55-61.

21. L. H. Loomis, The intrinsic measure theory of Riemannian and Euclidean spaces, Ann.
of Math. (2) 45 (1944), 367-374.

22. T. Nagano, Homogeneous sphere bundles and the isotropic Riemann manifolds, Nagoya
Math. J. 15 (1959), 29-55.

23. S. Saks, Theory of the integral, Monografie Matematyczne No. 7, Warsaw, 1937.

24. A. Sard, The equivalence of n-measure and Lebesgue measure in E,, Bull. Amer. Math.
Soc. 49 (1943), 758-759.

25. 1. I. Pyateckii-Shapiro, On a problem proposed by E. Cartan, Dokl. Akad. Nauk SSSR
124 (1959), 272-273.

26. N. Steenrod, The topology of fibre bundles, Princeton Math. Ser. Vol. 14, Princeton
Univ. Press, Princeton, N.J., 1951.

27. A. Weil, L’intégration dans les groups topologiques et ses applications, Actualités Sci.
Indust. No. 869, Hermann, Paris, 1938.

28. H. Whitney, Geometric integration theory, Princeton Math. Ser Vol. 21, Princeton
Univ. Press, Princeton, N. J., 1957.

BROWN UNIVERSITY,
PROVIDENCE, RHODE ISLAND



