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WITH DISCONTINUOUS COEFFICIENTS(Y)

BY
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1. Introduction. In this paper we shall consider uniformly elliptic equations in
the complex plane of the form

(1.1) ws = A(Z)w,+ B(z)w+ C(z)w+ D(z).

In particular our chief concern will be with the differentiability properties of
generalized solutions of (1.1) in the neighborhood of a point on an arc across
which the coefficients of (1.1) have finite jump discontinuities.

A well-known local result [1], [S] may be stated as follows: If the coefficients
of (1.1) are Holder continuous in G, the closure of a disk G with center at a point
1o, then there exists a closed disk G, with center at 7, and G,CG such that the first
derivatives of any generalized solution(?) w(z) of (1.1) in G are Holder continuous
in G,. Suppose now that G is separated into two parts G* and G~ by a “sufficiently
smooth” simple arc L passing through ¢,, and that the coefficients A4(z), B(z),
C(z), and D(z) are Holder continuous in each of the closed regions G+ and G-
and therefore have at most finite jump discontinuities across L. In Theorem 1, it is
shown that there exists a suitably chosen disk G, with center at ¢, and G,CG, such
that the first derivatives w, and w; of any generalized solution of (1.1) are Holder
continuous in each of the two closed regions G; and Gy separately. This says that
the derivatives w, and w; are smooth up to L in G, from either side of L and have at
most finite jump discontinuities across it.

In §4 we specialize (1.1) to Beltrami’s equation

1.2) w; = A(Z)W,.

Many problems in analysis and geometry may be reduced to the problem of
reducing positive differential quadratic forms [1], with coefficients which have
discontinuities of the first kind across contours, to a canonical form. The above
problem in turn can be reduced to proving the existence of homeomorphic solutions
of (1.2). In Theorem 2 it is shown that if A(z) satisfies the conditions previously
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(?) That is, w(z) has generalized first derivatives in the Sobolev sense which belong to
L¥°(G) for some p>2 and satisfy (1.1) almost everywhere in G. See also §§2 and 3.
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imposed then every homeomorphic generalized solution of (1.2) has in addition
to the properties stated in Theorem 1, a nonvanishing Jacobian in each of the
closed regions G¢ and G; and that the image of L,, where L,=G, N L, is also a
smooth arc. This result may also be used to solve Riemann problems with shifts
on smooth contours by reducing them to Riemann problems without shifts.

In §5, the results of Theorems 1 and 2 are extended to generalized solutions of
quasilinear uniformly elliptic equations of the form

(1.3) w; = a(z, ww,+b(z, w),

under suitable smoothness conditions on the coefficients.

The proofs of the results in Theorems 1 and 2 are modifications of a method
which is used to prove differentiability properties for solutions of (1.1) in the case
that the coefficients are Holder continuous. It is based on a representation Theorem
due to Morrey [3], and Bers and Nirenberg [4], for generalized solutions of (1.1)
in which the coefficients can be bounded measurable functions. The representation
theorem says that every solution of (1.1) may be written in terms of analytic
functions of special solutions of (1.1) and thus the proofs of Theorems 1 and 2
are reduced to that of finding special solutions with the required regularity proper-
ties. This is done in §3. The results for (1.3) follow easily from Theorems 1 and 2.

I would like to express my thanks to Professor H. Weitzner for having suggested
a problem which led to this investigation, Professor L. Bers for his valuable advice
and Miss G. Wollmer for her encouragement during this work.

2. Notation, norms, and generalized derivatives. Let S be a bounded open
region in the complex z=x+ iy plane, S its boundary and S the closure of S. Let
f(z) be a function defined on S. By f; and f; we mean the formal derivatives

@1 Do fo= st L=ri=304i00.

We shall often consider functions f(z) which are at first defined in S and then
speak of the values of f(z) (and possibly £, and f;) in S. By this we mean that f(z)
(and possibly f; and f;) have limits from S at every point z, on $ and these are to be
taken as the values of the function on S.

A function f(z) is said to satisfy a Holder condition on S with exponent 0<p =<1
if

22 HES W=  lub,  LE@=/G

21,22€8; 21 #22 |z1—z2|“

We now introduce the following Banach spaces for functions defined on S.
C(S): The space of continuous functions with norm

(23) C(f, 8) = max | /().
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C,(S): The space of functions satisfying
249 C(f,S)=C(f,S)+H(f,S,p) <0 for0 < p< 1.

Lip (f, §): The space of functions satisfying
(2.5 Lip (f, 5) = C(f, 5)+ H(f, 5, 1) < .

CX(S): The space of functions having continuous first derivatives in S and
(26) CXf, S) =C(, S)+C(fo, $)+C(fs, S)+H(f2, S, W+ H(f:, S, p) < .

LX°(S): The set of functions defined on S (not a Banach space), which are
summable to the pth power p=1 on every compact S; of S and

1/p
@7 ( j f /@I dz dz) < My,
Sy
L,(S): The space of functions which are summable to the pth power and
i/p
2.8) L(f,S) = ( J' f If]? dz dz) < .
S

Let L be a simple rectifiable arc which contains its endpoints. L is said to belong
to C; for some 0<p=<1, if when it is written in parametric form with respect to
arc length s

.9 z(s) = x(s)+iy(s),

then the function z(s) has a first derivative which satisfies a Hélder condition with
exponent p for 0 <s =/, where / is the length of the arc.

We shall now consider the concept of generalized derivatives in the Sobolev
sense and in particular restrict ourselves to the complex plane. For an account of
this theory which is more than sufficient for the purposes of this paper the reader
is referred to Vekua [1].

Denote by D3(S) the class of functions having compact support in S and
continuous first derivatives in S.

DEerINITION. If £, g € L*°(S) and satisfy the relation

”Sf%‘;dzdz-+ ”g¢dzdz-=o,

(Hsf%dzdz+”g¢dzdz=o),

where ¢ is an arbitrary function of class DY(S), then g is said to be the generalized
derivative of f with respect to Z (with respect to z).

(2.10)
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We remark that if g € LI*°(S) for some p > 2 and if g is the generalized derivative
of a function f € L*°(G), then

(2.11) f€ Cy(Sh),

where p=(p—2)/p and S, is any compact subset of S.

3.1. Statement of Problem and Results. Let A(z), B(z), C(z), and D(z) be bounded
measurable functions defined in a region S. By a generalized solution (or just
solution) w(z) of

3.1 w; = A(Z)w,+ B@@)w+ C(2)w+ D(2),

we mean any function w(z) defined in S, which has generalized first partial deriva-
tives in the Sobolev sense belonging to LI°°(S) for some p>2, and which satisfies
(3.1) almost everywhere in S.

Let G be an open disk of radius R with center at #,, and denote by G its boundary.
Let L be a simple arc passing through #, which intersects G at two points and sepa-
rates G into two regions G* and G~. We shall make the following assumptions
regarding L, A(z), B(z), C(z), and D(z) which will be called

ConpITIONS 1.

(i) A(z), B(z), C(z), D(z) € C,(G*) for some O<p<1.

(i) |4(z)|£K<1in G* for some constant K.

(iii) L € Ci, p as in (i).

We remark that (ii) says that (3.1) is uniformly elliptic and that (i) says that the
coefficients of (3.1) satisfy Holder conditions in the closure of the regions G*
and G~ separately, but are allowed to be discontinuous across L. In what follows,
we shall show that under Conditions I, the first derivatives of any solution have this
same property in an appropriately taken neighborhood of #, which is contained
in G. The result to be proved is:

THEOREM 1. Under the hypothesis of Conditions 1, there exists an open disk G,
about ty, G,CG, such that every solution w(z) of (3.1) has the properties

3.2) wa, w; € Cy(G),

and therefore

(3.3) w(z) € Lip (G,),

where G¢ and G§ denote the intersections of G, with G* and G~ respectively and

w is given in Conditions 1.

REMARK. Since the properties sought for are local in nature, we shall assume
that R is sufficiently small so that any circle of radius » < R about ¢, intersects L
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at exactly two points and separates the disk of radius r into two regions. This can
always be done since Le C}, O<u<]1.

3.2. Preliminary to the Construction of Special Solutions. For the purpose of
proving Theorem 1 it will be sufficient for us to consider the inhomogeneous
Beltrami equation.

(34 w; = A(2)w.+F(2),

where F(z) satisfies (i) of Conditions I. Thus the problem reduces to that of con-
structing the particular solutions of (3.4) with the properties we desire. As a first
step in the construction of these solutions, we introduce a change of independent
variables so that the region G is transformed into one in which L is mapped onto a
straight line segment. To accomplish this, we shall assume that R satisfies the
conditions of the following lemma.

LeEMMA 1. For R sufficiently small, there exists an orientation preserving homeo-
morphism {=y.(z) of G onto another closed region G, such that:

(i) L is mapped onto a segment L, of the real axis.

(i) Gi, the images of G*, lie in the closed upper half and closed lower half planes
respectively.

(i) Denote by z=yx,({) the inverse mapping, then ,(z) € CXG), x.({) € CXG,)
and |(.|2—|¢)?=1in G.

(iv) {:=B(2)L. in G, where B(2) is a known function having the properties |B(z)| <
Bo<1 in G and B(z) € C,(G).

The proof of Lemma 1 follows from the properties of L and the implicit function
theorem. We shall not give the details here.

Assuming for the present that w(z) has continuous derivatives in G*, we have
that w satisfies the differential equation

(3.5) wi = A, (Qwe+Fi(0)
where

- AD-FG) L -
4O = T m t RO = Fau®),

and hence from Lemma 1,
(3.6) A4,(D), Fi() e CGE), |A(DIS K <1inGy

for some constant K;.
Define the transformation 5 =,({) as follows

@) 7= dut) = SO

where the + sign is taken for Im {>0 and the — sign for Im {<0.
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As defined ¢,({) is a sectionally affine transformation which maps the { plane
homeomorphically onto the % plane, sending the u.h.p. and the Lh.p. onto the
u.h.p. and Lh.p. respectively and leaves the real axis fixed. Denote by {=y,(n) the
inverse mapping. Then it follows from (3.7), that

where the + sign is taken for Im 20 and the minus sign for Im 5 <0.

Hence () and x,(n) have first derivative with respect to ¢, {, and 7, 7 respectively
which are constants and in general are discontinuous across the real axis unless
A$(0)=A41(0).

Denote by G,, G5, G5, L,, etc., the images of G,, G{, Gi, L, etc., under the
mapping n=y,({). Introducing 5 as a new independent variable, we find that w
satisfies the differential equation

(3.9) w; = As(p)w,+Fo(n) in Gz,
where

Ai(§)—A41(0) 1+ 4:(0)

(G100 Ao = A3 (n) = 1—Az(QA2(0) 1 +47(0)

for n € G#,

and where it is easily verified that

(3.11) Ax(n), Fy(n) € C(G#).

Furthermore, the following properties of A4,(n) follow from (3.6), (3.9), and
(3.10):

(.12 A43(0) = 0.
There exist constants K, and M such that

|[AF(m)] = K3 < 1, n €G3,
(3.13)
|A2(")1)—Az("72)| = M|"71"'72|"’ 71, 12 € G

It follows directly from (3.12) and (3.13) that

(3.14) 43| = Mg, neGi.

Since the origin is an interior point of G, there exists a disk G, of radius &
such that G,CG,. Obviously (3.9) through (3.14) hold in G# (the intersections of
G4 with G, respectively).
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Consider the function A,(n) defined by

As(m) = A5 () = A5 (n) for |n| < 8/2,7€Gf,
(3.15) = 245()(1—[n|/8) for §/2 < 9] = 3, 7€ G§,
=0 for |y| > 8.

Using (3.13), (3.14), and (3.15), it can be shown that

|4E(@)] < M|q|* for n e G,
(3.16) B
|48 (1) — A5 (m2)| < SM |9 —ns|* for my, 9, € G5
Let
(3.17) 0<s<1,
then
(3.18) C(A,, G#) < M8,  Cu(As, G£) < SM+MS < 6M.

In a similar fashion, consider the function Fy(n) defined by

Fy(n) = F§(n) = Fi¥(n) for |9| < 8/2, 7€ Gy,
(3.19) —2FF)1—|lfs)  for 82 < || S 8,7€GF,
=0 for |9| > 8.

It follows from (3.19) that F, € C,(G}) and

C(F,G}) = C(F,, G#), H(Fy, G, ) < SH(Fy, G, p)+2874C(F,, G&),
and hence
(3.20) C.(Fsy G§) £ 58-2C(F;, G£).

Instead of the differential equation (3.9), we shall investigate the differential
equation

(3.21) Ui = Am)Up+Fo(n), nm€E,

where E is the finite # plane and the functions 44(y) and Fy(n) are given by (3.15)
and (3.19).
Along with (3.21), we shall investigate the Beltrami equation

(3.22) Vi= AV, neE

Our aim is to construct two functions ¥ (y) and U(y), the first being a homeo-
morphic solution of (3.22) and the second a solution of (3.21), both having the
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property that their first order derivatives are Holder continuous in Gi. From the
fact that As(p)=A(n), Fs(n)=Fa(n) in Gy, it will follow on transforming these
functions back to the z plane, that they are respectively a homeomorphic solution
of V,=A(z)V, and a solution of U,=A(z)U,+ F(z) in some neighborhood G, of
to, and they have Holder continuous derivatives in G3.

We shall first consider the following Banach space. Let L, be the segment of
the real axis —8 <7, <8, where n=1, +in,. Denote by B the set of functions f(z)
having the following properties:

{a) f(n) is defined and continuous everywhere on E—L; (where E denotes the
finite » plane).

(b) f(y) vanishes outside of G;UL,.

(©) f(n) € CuGs), O<pu<l.

(d) Let f*(n) denote the values of f(5) in the u.h.p. and Lh.p., respectively, then
f*0)=0.

It is easily verified that B is a Banach space under the norm

(3.23) Iflz = Cufs GH)+Cu(f, G5).
It follows from (c) and (d) that for any f€ B
(3.24) If*@)| = H(f, G&, p)n|*.

We remark that it follows from (3.12), (3.15), (3.18), and (3.19) that 4, € B. In fact,
let h(n) be any function which is continuous on E— L, and such that h(y) € C,(G§).
Then,

(3.25) Ay(m)h(n) € B.

3.3. Beltrami’s Equation, Construction of a Local Homeomorphism. We shall
first consider the Beltrami equation (3.22), that is

(3.26) Vi = Ain)V, in E.

Following the main steps used by Lichtenstein [7], [1] in constructing homeo-
morphic solutions of Beltrami’s equation with Holder continuous coefficients, we
shall construct a homeomorphic solution of (3.26). The difference here is the use
of the Banach space B. We look for a solution of the form

G27) V() _17_1 J’J‘ fz)dzdz )dzdz IJ' ) f(z)dzdz 2+ T,

where f€ B.
For n e E—L; we have

(3.28) Vi=fG), Vo= 1+S(f) = 1-3 f Gf((zz) d;)‘f,
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where the last integral is to be taken in the principal value sense. Substituting
(3.28) into (3.27), we obtain

(3.29) S)—As@)S(f) = Asn),

which is an integral equation for fe B.

It will be shown that S(f) is a contractive mapping of B into itself provided &
is taken sufficiently small and hence since 44(n) € B, there will exist a unique solution
fe€ B of (3.29). The proof that S(f) is contraction mapping is quite lengthy. We
shall need the following two lemmas. The proof of Lemma 2 follows easily from
well-known properties of singular integrals and will not be included. The proof of
Lemma 3 will be left for the appendix.

LeMMA 2. Let fe B, then S(f) is continuous at all points 7 € E—L;.

LemMA 3. Let f€ B then S(f) € C,(G¢) and

(3.30) C(S(f), G) = “:Lﬁ 1£15,

(3.31) H(S(f), G, ) < M, +29)| ]|z,
and hence

(3.32) Cu(S(f), G#) £ (10/p+2M;, +25)| f|3,

where M, is a constant depending only on u and where 0< 8 < 1.

It follows from Lemma 2 and Lemma 3 that for any fe B, S(f) is continuous
outside L, and S(f) € C,(G#). Hence, using (3.25), we have that

(3.33) AsS(f) € B,

that is 4,5(f) maps B into itself. Since

(3:39) Cu4,5(f), G#) = C(4s, G#)CUS(S), G#)+ Cu(4s, GF)C(S(S), G&)
we have using (3.18), (3.23), (3.30), and (3.32) in (3.34)

(.35 48N = 2M(T0/p+2M;, +25)8*| f||s = M;8*| 5,

where M;=2M(70/u+2M,+25) and both M and M, and hence M) are inde-
pendent of 6.
Choose 8 so that

(3.36) 0

<(120M—+M4—“-)8"<1, 0<d<l,
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then
3.37D M3 < 1.

Hence, by a well-known theorem on contraction mappings [8] it follows that (3.29)
has a unique solution f€ B. Thus the function ¥ defined by (3.27) is a solution of
(3.29) and from (3.28) and Lemma 3 we have that

(3.38) V,, Ve C(G#).

It follows from (3.27) that ¥V(z) is continuous in the plane and from (3.38) that
V € Lip (G,).

Therefore, ¥V (n) satisfies a Lipschitz condition in G, and has Holder continuous
derivatives in G; and G5 separately but may have jump discontinuities across
L,. Since A,(n)=0 outside G, and since the solution of f € B of the integral equation
(3.29) belongs to L,(E) for any 1 <P<oo, it follows from a theorem of Bojarski
[9], [1] that ¥V (y)=%+T(f) establishes a homeomorphic mapping of the 5 plane
onto the V plane. Returning now to the independent variable z, we see from (3.7)
and Lemma 1 that the closed disk Gy, (i.e., the disk || < §/2), is mapped one-to-
one onto a closed neighborhood G, G5CG, of ¢, in the z plane in which the following
holds.

LEMMA 4. There exists a neighborhood G; of to, G3CG, and a function V(z) such
that V (z) is a homeomorphic solution of

(3.39) V: =A@V, in G,
having the properties
(3.40) V., V:€ C(G¢) and VelLip(Gs),
where G} and G5 are the intersections of G3 and G* and G~ respectively.
These are all the properties of ¥ (z) which we shall use in proving Theorem 1.
Later we shall need a property of ¥(z) which we now note. Consider the Jacobian

|[Va|2—|V5|? in G#. Since V, and V; may have jump discontinuities across L,,
| Va|2— | V5|2 may also be discontinuous across L,. From (3.26), (3.28), and (3.30)

Va2 = V2 = V20— 4513 2 (1= |S(BA - |4£]D)
(3.41)
2 (1-10/u] {131~ |42]%) in Gz.

From (3.29) and (3.18) we have

12M
Ifls S 14ols+ 465Dz 1f]s £ — 2
1- M5
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Hence using (3.36)

10 120M8*
— < ————0=c < 1,
© "f"B #(1 _MuSu)

and therefore from (3.41)
(3.42) [Va2= V522 M, >0 in G§

for some constant M,. Considering z as a new independent variable, it is easy to
see from (3.7), Lemma 1, and (3.42) that there exists a constant M, such that

(3.43) V2= |Vi|> 2 M, > 0 in Gi.

3.4. Inhomogeneous Beltrami Equation. We shall now turn our attention to
equation (3.19). That is

(3.44) Ui = AUy +Fo(n), n€E,

where A,(n) and Fy(») are defined by (3.15) and (3.19) respectively.
We shall seek a solution of this equation of the form

(3.45) vey = - [[ 125D g0z, pes.

We have forne E—L,

(3.46) Us =f)+Fsm), Uy =S()+S(EF).

Substituting (3.46) into (3.44) we obtain the following integral equation for fe B
(3.47) S@)—Am)S(f) = As()S(Fy).

Let & satisfy (3.36). We have already shown that A,S(f) is a contraction
mapping of B into B. To prove that (3.42) has a unique solution (any solution
f€ B would suffice), it is sufficient to show the following lemma, the proof of
which follows in a fashion similar to that of Lemma 1.2 and Lemma 1.3 and will
not be given.

LEMMA 5. S(F;) is continuous in E—L, and S(F;) € C,(G#).

Hence from (3.25) 4;S(F;) € B and thus by the theorem of contractive mapping
there exists a unique solution f'e B of (3.47). Hence U(n) defined by (3.45), is a
solution of (3.44) and in view of (3.46) and Lemmas 3 and 5, it has the properties

U, U;€ C,(G¢) and U e Lip (G§).
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Introducing z as a new independent variable and again letting G be as in Lemma
4, we have:

LEMMA 6. Let G5 be as in Lemma 4. There exists a function U(z) which is a solution
of
(3.48) U; = AQ)U,+F(z) in G,
having the properties
(3.49 U, U;€ C,(G¢) and U e Lip (G,).

3.5. Proof of Theorem 1. The proof of Theorem 1 is based on the following
lemma which is a special case of a representation theorem, due to Morrey [3],
and Bers and Nirenberg [4], for elliptic equations with bounded measurable
coefficients. We shall state it here in our case using the functions constructed in
Lemmas 4 and 6.

LEMMA 7. Let G, A(z) and F(z) be as above, then every generalized solution w(z)
of the equation

(3.50) w; = A(Z)w,+ F(2)
in the domain G5 admits the representation
(3.51) wz) = (V' (2)+U(2),

where V(z) and U(z) are defined by Lemmas 4 and 6 respectively and ¢ is an analytic
function in the domain V(Gs3).

We have as immediate consequence of (3.40), (3.49), and (3.51) that
(3.52) w., ws € C(GE) and we Lip (G,),

where G, is any disk with center at ¢, and G,CGs.

We are now in a position to prove Theorem 1. We first remark that in the case
that B(z)=C(z)=0 in G, Theorem 1 follows directly from (3.52) by taking
F(z)= D(z) and G, = G,. Let us now consider the more general case of equation (3.1).

Let w(z) be any generalized solution of (3.1) in G;. Then from (2.11) we have that
w € C,(Gs), where p=(p—2)/p and G; is any disk with center at ¢, and GsCG.
Hence in G5 w(z) is a generalized solution of

(3.53) w; = A@)w,+ F(2),
where

(3.54) F(z) = B)w+ C(2)#+ D(z),
and

F(z)e C, (G#),  p1 = min (p, p).
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Replacing the disk G by G5 and p by p, in Lemmas 4, 6, and 7 and in (3.52), we
have that there exists a disk Gg, G¢CGs in which

(3'55) Wz W; € Cp; (66*)’ we Llp ((_;6)’

If py=pn=p then (3.55) completes the proof of Theorem 1 if we take G¢ as G,.
For the case where p; =p <, it follows from (3.54) and (3.55) that

(3.56) F@) e C(Ge).

Hence replacing G by Gg in Lemmas 4, 6, and 7 and in (3.52), we have that there
exists a disk Gy, GoCGe, in which

3.57) w, ws€ C(G¢),  weLip (Go).
which completes the proof of Theorem 1.
4. Homeomorphic solutions of Beltrami’s equation. We shall now discuss
some properties of homeomorphic solutions of Beltrami’s equations
4.1 w; = A(z2)w, in G,
where A(2) satisfies Conditions I of §3.
THEOREM 2. Let w(z) be any homeomorphic solution of (4.1) then there exists a
disk G, with center at t,, G,CG, such that
4.2) () |wf>—|ws2>0 in Gg.
(i) Let t be any point of L, (Lo=L N G,), then
4.3) w(t)e C{L,), dw/ds+#0 on L,
where differentiation is taken with respect to arc-length s on L.

Proof. Let G; and V(z) be as defined in Lemma 4. From Lemma 7 it follows
that in G3

X)) wz) = $(V(2)),
where (V) is an analytic function of ¥ in the domain V(G;). Let ¢ be any point of
L3 (L3 =L N Ga), then

dw dt di ( dt)

4.5) Z =W a's+wzds =¢WVOONV: 5 +V2dy

exists at all points on L; and where by w,, w;, V., and V; we mean the limits taken
from either G§ or G5 . Let G, be any disk with center at t,, G,CG,. Then it follows
from (3.40) and (4.5) that on L, (Lo=L N G,) that

4.6) dw/ds e C,(L,) hence we CLL).
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Since w(z) and ¥(z) are homeomorphisms of G it follows that ¢'(¥(z))#0 in G,
and in view of (3.43) we have

@7 [wa|?=[ws|? = |§' V@I Vel*~ Vsl 2 Jo > 0 in G§
for some constant J,. From (4.5) and (4.7) we have for te L,
(4.8) ldw/ds| 2 |§'(V(EDI(I V2| = |Ve]) > 0.

Statements (4.6), (4.7), and (4.8) complete the proof of Theorem 2.

S. Quasilinear equations. The results of Theorems 1 and 2 may be easily
generalized to quasilinear uniformly elliptic equations of the form

5.1 w; = a(z, wyw,+b(z, w).

Let t,, G, G*, G-, and L be as before. Regarding the coefficients a(z, w) and
b(z, w) we shall make the following assumptions.

(1) a(z, w) and b(z, w) satisfy a uniform Holder condition with exponent p on
G * x Sy, where S, is any closed disk |w| <k and k is arbitrary. That is, there exists
a constant M (k) depending only on k such that for all z, and z, € G* and any w,
and w, € S},

|a*(z1, w1)—a*(zz, wa)| £ M(K)(|z,—zo|* + |wy— wa|*),
(5.2)
|b*(z1, w1)—b* (22, wa)| < M(k)(|21—za|* + w1 —wo|*), O<p<l

(2) Uniform ellipticity: for all zin G* and all w
(5.3) la(z, w)| £ ap < 1.

By a solution w(z) of (5.1) we shall mean any function w(z) having generalized
first derivative (in the Sobolev sense) which belong to LY%(G) for some p >2, and
which satisfies (5.1) almost everywhere in G.

THEOREM 3. Under conditions (5.2) and (5.3) there exists a disk Go, GoCG, such
that every solution w(z) of (5.1) has the properties

(5.9 wa, ws € C(G¢) and hence w e Lip (G,).

Proof. Let w(z) be any solution of (5.1) then, w e C,(Gs), p=(p—2)/p, where
G, is any disk with center at #, and G,CG. Then |w(z)| £ k, on G for some const k.
In view of (5.2) we have for all z;, z, € G&

|a*(z1, W(z1)) — a* (23, W(22))| £ M|z, —z,|%,
(5.5
|b% (21, W(z1))—b* (23, W(z2))| S M|z, —2zo|
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for some constant M, which depends only on k,, p, 1, and C,(w, G;). Hence as
functions of z

(5.6) a(z, w(2), bz, w(2)) € C,u(G>)-
We have from (5.3) that w(z) satisfies an elliptic equation of the form
5.7 w; = a(z)w,+b(z) in G,

where the coefficients satisfy Conditions I with pu < replacing . Thus Theorem 1
is satisfied and there exists a disk G,, G,CG,, such that

(5.8) w(z) € Lip (G)).
In view of (5.3) we have for all z,, z, € G,

|a* (21, W(21)) —a* (22, W(22))| £ M|z, —2z,",
.9

lb*(zh w(z,))—b*(z, W(zz))l = M1|21—22|"a

where M, is a const depending only on k, and Lip (w, G,). Hence

(5-10) a(z, w(z)), b(z(w(2))) € Cu(G).

Applying Theorem 1 to (5.7) in the closed disk G, we have that there exists a disk
G,, G,CG,, such that (5.4) holds.

THEOREM 4. Under conditions (5.2) and (5.3) there exists a disk G,, G,CG, such
that every homeomorphic solution w(z) of

“(5.1D) w; =a(z,ww, in G
has the properties that
(5.12) (@) |w.l2=|wsi22Jy, >0 in G

for some constant J,.
(ii) Let t be any point of L,, L,=L N G,, then

(5.13) w(t)e CXL,), aw/ds#0 on L,

Proof. From Theorem 3 we have that we Lip (G,) for some appropriately
chosen disk G,CG. Hence a(z, w(z)) € C,(G,) and the conditions of Theorem 2
are satisfied with G, replacing G. Let G,, G,CG,, be any disk for which (4.3) and
(4.4) hold and hence (5.12) and (5.13) follow.
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APPENDIX
Proof of Lemma 3. Let G, be a disk of radius 26 with center at the origin and
G35 and G3; be the corresponding parts of G,; which lie in the upper half and lower
half planes respectively. Then since f=0 outside G5

sm_—-j SO 4y a5 = }THGM S@_ 4, a5

¢, (Z—m)? -2
(A.]) _ 1 /() - 1 S
-1, o G 11 o, G- =%

g1(n)+g(n), neGs.
We note that

(A-2) C(f, Gz) = C(f, G3),  H(f, G, w) = H(f, G, w).

Denote by g1 (1), g1 (1) (83 (1), 82 (1) the values of g(7) (g2(n)) for 1 € G5 and
G; respectively. In what follows we shall estimate the moduli and Hélder constants

of g (y) and g7 (n). It can be easily seen that the same estimates may be obtained
for gz (n) and g4 () respectively. Many of the integral estimates we shall need are
classical and may be found in Vekua [1], if such is the case we shall merely say
that the estimate may be obtained in a standard manner. Consider first g5 (7).

ay  ew= -1 [[ L0 foum - Len,

1 zdz zZdz

(A9 et = Tmi Jog Gom) boz,(m) = 2,,, ot G

()
Splitting the boundary integral into two parts it can be easily seen that

x dx 2
4™ = 2m o R f (236’“’—7;)2

1 n—28 48q .
= I ('°g F Rl T R

#;

G

(A.5)

52 0
o @) ¢ )

where we take any single valued branch of the log cut from —238 to 28 along the
real axis. For n € G§ or G; we have 8 < |5 + 28| < 38 and using (A.5), a computation
shows that

(A.6) ]¢};;6(17)| <4 forqeGy.

Using (A.6) and (3.24) in I, and a standard estimate for I, in (A.3) we find for
|g7+(m)| and in a similar manner for | gz (y)| that since O<pu<1,

AN lgi] S D EGGH WY g6 S 2 B, Gr, w5,
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Consider gy () which is an analytic function of 7. A separation of gi () into
two parts as is (A.3) will not easily work since f(n) is in general discontinuous
across L; and f(z) —f(n) does not satisfy a Holder condition. This however may be
overcome by noticing that for » € G-, 7 belongs to G5 and for any z € G5

(A.8) |z—4| = |z—9.
Then since O<p<1,

a9 et = -5 [[ LD & e paym = L

HUGL ([ 1T i < € s
(A.10) |I3| = — N P dzdz < m H(f, G, w)é~.

Using (A.10), (A.6), and (3.24) in (A.9) we obtain

A1) |gi@)| < %’H(f, Gr ¥, g < = H(f G, wo*,

where the estimate for |g4 ()| may be obtained in a similar fashion. Combining
(A.7) and (A.11) we obtain

A12) IS0 S D HUGH )+, Gr ) forneGi.

We shall now estimate the Holder continuity of S(f) in G; and Gy . Let 7,
72 € G5 then

- ) £ —f(n)
gt (1) —gi () [ f o e

"12) f (2)—f(n2)
f fcza (z—m2)*(z—m1) dz dz

(A.13)
+(f(n2)—f(m»("’2:”’1+¢¢°‘(”;f:¢"’*‘°("2) +45300)
+ ) By, (1) — b55(12)) = Is+ 1+ 17+ 1.

I and I may be estimated in a standard way. It can be shown that

(A.14) L], |[Is] = MLH(f, G&, 1| —nal*,

where M, is a constant which depends only on p, 0<p <1, and in particular is
independent of 8. It follows from (A.6) that

(A.15) |I;| < 9H(f, G&, p)|ny—nal*

and a computation using (A.5) shows that

(A.16) AR NP I

G
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for any 7, 7, both belonging to either G* or G~. Using (A.16) and (3.24) we obtain
(A.17) |Is| < 16H(f, G&, W)ln1—nal*.

Combining (A.14), (A.15), and (A.17) we have

(A.18) |gi () —gi (n2)] £ @M, +25)H(f, G, )| —ma|*,
and in a similar fashion one can obtain
(A.19) |gz () —gz ()| £ @M, +25H(f, G, p)|n1—na|*

We shall now estimate the Holder continuity of the analytic function g1 (n).
This again can be easily done by using the device previously used. Namely if
11, M2 € G5 then 7, 7, € G§ and it can be easily shown that

- 7)2) f(2)—f()
&1 (1) — 81 (n2) J‘J‘Gz‘ G—nz—nD? dz dz

"lz) J(2)—f(73)
| f Cnie—m) %~

¢c2,("11) 9502,("72)
Y 2))

+(02)) = L+ T o+ 11 +11,.

(A.20)
+ (f("?z) —f ("11))(

+f{1)(P2 (1) — b,

G G2

For z € G3; the inequalities |z—1),| £|z—n,| and |z—7,| £ |z—7.| hold and there-
fore Iy and I,, may be estimated by

L] < =74l "72| H({, G}, w) J'J" dz dz —

(2] lz_"72”z_’71

(A21)
§ MI'IH(/; G-;’ P')|"71—"12|",
(A.22) |Lo| = MLH(f, G&, 1) |ms—nal*,

where M, is the same as in (A.14).
The estimates for I, and I, proceed in the same manner as those for I; and I
and we obtain

(A23) |Li| S 8H(f, G, Wlm—mal*,  |Lal < 16H(f, G, W)lny—ma|*.
Combining (A.21), (A.22), and (A.23) we have

(A.24) |g1 () —81 (2| = @M, +25)H(f, GF, lm—nal*,

and in a similar fashion

(A.25) |5 () —gd (2| £ @M, +25H(f, G5, B)ny—nal|*.
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Combining (A.18) and (A.25), (A.19) and (A.24) respectively we have
(A.26) H(S(f), G¢, 1) £ @M, +25)H(f, G, w)+H(f, G5 , 1))

Since the estimates (A.12) and (A.26) are independent of the distance to the
boundaries G5 and G; it follows that S(f) € C,(G#) and

= 10 = ,
CS(1. G < 2 Iflss HSU, G ) S @M +25)1 1
which completes the proof of the lemma.
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