RATIO LIMIT THEOREMS
FOR RANDOM WALKS ON GROUPS()

BY
CHARLES STONE

1. Introduction and statement of results. In this paper we will obtain ratio limit
theorems for random walks on locally compact Abelian groups.

Let G be a locally compact Abelian group, let e denote the identity of G, and
let | | denote Haar measure on G.

Let x denote a regular probability measure on G, and let ™ denote the n-fold
convolution of p with itself. Let S denote the support of p defined by

S = {xe G | w(P) > 0 whenever P is an open nbhd. of x}.

Then S is closed and u(S)=1. Throughout this paper we make the

Basic AssUMPTION. The closed subgroup of G generated by S— S is G itself.

This assumption involves no essential loss of generality since for the results
considered here the general case, when properly formulated, can be reduced
easily to this special case.

In order to prove our first theorem we will need a result concerning Haar measure
on G. Since this result, which depends on the structure theory for G, seems to be
new and of independent interest, we state it here as

PROPOSITION 1. Let A be a compact set and B be an open set, both having finite
positive Haar measure. Then for every ¢>0 there is an open set P, a compact set
Dc<P, integers m and k and points x,, . . ., Xp, Y1, . - .5 Vi in G such that

m|B| £ (1+e)kld], U x,+#D> 4
1sjsm
and y;+ P, 1 £j<k, are disjoint subsets of B.
Next we will prove

THEOREM 1. Let A be a compact set and B an open set, both having finite positive
Haar measure. Then for any integer n,, ¢>0, and compact set C, there is a §>0
such that for n sufficiently large

perr(x+y+ A)/|A| £ (1+e)u™(x+ B)/|B|+e~°", xeG and yeC.
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Theorem 1 implies that ratio limits exist if u satisfies

Condition 1. There is a compact set C such that lim sup,., » (U™(C))}/"=1.

Let o7 denote the collection of all Borel sets A such that 4 is relatively compact
and 0=|04| <|4|. Then we have

COROLLARY 1. Suppose Condition 1 holds. Then for A and B in & and n, an
integer

[.L(”+"0)(X+A) _ IAI

Im = ®o+B) 18|

uniformly for x and y in compact sets.
We call p symmetric if u(— A)=pu(A) for all Borel sets A.

PROPOSITION 2. If u is symmetric, then Condition 1 holds.

Let & denote the collection of continuous homomorphisms from G to R. Let g
denote the extended real-valued function defined on & by

g@s) = L e u(dx), se&L.

ProOPOSITION 3. If g(s)< 1 for some s € &, then Condition 1 doesn’t hold.

PROPOSITION 4. Suppose G is compactly generated. Then Condition 1 holds if and
only if #(s)=1 forallse &.

Even if Condition 1 doesn’t hold we can still obtain ratio limit theorems provided
that G is compactly generated and p satisfies
Condition 2. The smallest closed semigroup containing S in G itself.

COROLLARY 2. Suppose G is compactly generated and Condition 2 holds. Then
there is a unique s, € & such that g(s,) =infye o g(s). Moreover for A and B in &/

[ exp (=so@n s

lim M("+"0)(x+A)
[ exp (= so@n az
B

n—o I"(n)(y + B)

= (&(s0))" exp (so(y—x))

uniformly for x and y in compact sets.

Let p™ denote the Radon-Nikodym derivative of u™ with respect to Haar
measure. (It follows from our basic assumption on p that G must be s-compact and
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hence that the Haar measure on G is o-finite. Thus p™ is well defined.) If p™ can
be chosen to be continuous or bounded we assume that this has been done.

The above results can be sharpened if p satisfies

Condition 3. For some n p™ is absolutely continuous with respect to Haar
measure and has a bounded density p™.

THEOREM 2. Suppose Condition 3 holds. For any compact set C, integer no and
e>0, there is a 8 >0 such that for n sufficiently large

prr(x+y) £ (L+e)p™(x)+e %, xe€G and yeC.
COROLLARY 3. Suppose Conditions 1 and 3 hold. Then for any integer n,

. p(""‘”o)(x)
LN

uniformly for x and y in compact sets.

COROLLARY 4. Suppose G is compactly generated and Conditions 2 and 3 hold.
Let s, be as in Corollary 2. Then

lim P Nx)

lim LS = (g6 exp (so(y =)

uniformly for x and y in compact sets.

Interesting results also follow if u satisfies
Condition 4. For some n, u™ has a nontrivial absolutely continuous component

with respect to Haar measure.
Let # denote the collection of all Borel sets B such that B has compact closure

and positive Haar measure.

THEOREM 3. Suppose Condition 4 holds. Let A and B be in . Then for any integer
no, €>0, and compact set C, there is a 8 >0 such that for n sufficiently large

prHrd(x+y+A)/|A] £ (1+e)p™(x+ B)/|B|+e~°", xeG and yeC.
COROLLARY 5. Suppose Conditions 1 and 4 hold. Let A and B be in . Then

KOt A) _ |A]

lim #—_\*T4) _ 141

wmo EO(y+B)  [B|

uniformly for x and y in compact sets.
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COROLLARY 6. Suppose G is compactly generated and Conditions 2 and 4 hold.
Let s, be as in Corollary 2. Then for A and B in #

f exp (—s0(2)) dz
= (8(s0))" exp (so(y—x)) f

fim p.(”*"o)(x+A)
(n),
new  p™(y+B) exp (—50(2)) dz

B

uniformly for x and y in compact sets.

Theorem 1 and its consequences generalize the well-known ratio limit theorem
of Chung and Erdés [1] and extensions by Kemeny [3], Kesten [4], Neveu [5],
Ornstein [6], and the author [9] in the Euclidean case. The proofs given here use
techniques from all of these papers. In particular, some key ideas used in proving
Theorem 1 were taken from Ornstein’s paper.

Theorems 2 and 3 and their consequences appear to be new even in the Euclidean
case. Their proofs are patterned after the method used by the author in [9].

For some extensions and applications of the above results, the reader is referred
to Port and Stone [7].

I1. Proofs.

Proof of Proposition 1. We observe first that the proposition is true if G is a
vector group and more generally if G is the direct product of a vector group, a
lattice group, a toroidal group, and a finite group. By using the structure theory
for locally compact Abelian groups we will reduce the general case to this special
case.

In general there is a compactly generated open and closed subgroup H [2, p. 36].
It suffices to prove the lemma for the subgroup H. In other words, without loss of
generality we can assume that G is compactly generated.

Let £>0 be given. Let 4 be a compact set of positive Haar measure. There is an
open set Q such that A< Q and |Q| £ |A4|(1+¢)*/3. There is an open neighborhood
U, of e such that A+ U, < Q.

Let B be an open set having finite positive Haar measure. There is a compact
set E< B such that (1+¢&)Y/3|E|>|B|. There is an open relatively compact set R
such that Ec R< R< B, where R denotes the closure of R. There is an open neigh-
borhood U, of e such that R+ U,< B.

Let U=U, N U,. There is a compact subgroup C such that C< U and G/C is
the direct product of a vector group, a lattice group, a toroidal group, and a finite
group [2, p. 89]. Thus, by the first part of this proof there is an open set P<G, a
compact set D<P, integers m and k, and points x,, ..., Xn, V1, ..., Vi in G such
that D and P are both unions of cosets of C, m|R+C|=(l1+¢&)*?k|4+C|,
Uizssm X5+ D2 A+ Cand y;+ P, 1 £j<k, are disjoint subsets of R+ C. Therefore
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m|B| £(1+e)k|A|, U1=s<m X;+ D> A4, and y;+ P, 1 £j<k, are disjoint subsets of
B, as desired.

LeMMA 1. Let y be any point in G and U any open neighborhood of e. Then for n
sufficiently large there is a z € G such that p™(z+ U)>0 and p™(y+z+U)>0.

Proof. By our basic assumption of §1 we can find a positive integer m and points
S35 -5 Som in S such that s;+-- - +8p—Sp41— - —Sam €y+ U. Then for n=m
we can find points s3, . . ., §3, in S such that s+ - - -+, —8p,1— - - —Ss, € y+ U.
Let z=s;4,+ - - - +53,. Then u™(z+ U)>0. Moreover s1+ ---+s, € y+z+ U, so
that u™(y+z+ U)>0 as desired.

LEMMA 2. Let P be an open set, D a compact subset of P, y € G, and n, an integer.
Then for every e>0 there is a 8>0 such that for n sufficiently large

p*rd(x+y+ D) £ (1+eu™(x+P)+e™,  x€G.

Proof. We can find an open neighborhood U of e such that D+ U—U<P.
By Lemma 1 there is a positive integer n, and a z € G such that u™J(z+U)>0
and p™X(y+z+U)>0. We can write u"V=ap+ by +cv where a, b, c are strictly
positive constants such that a+ b+ c=1 and ¢, x, v are regular probability measures
on G, ¢ being concentrated on z+ U and y being concentrated on y+z+ U. Let r
denote a fixed integer. Then

pmm D = 0 Z K, k, m)p?P * x® s ym=1=10,
E:

where * denotes convolution and

, mla’bFem—I-k
KU, ks m) = s =Rl

Let £>0 be given. Set
An(e) ={(j, k) |0 = j,k =m and K(j+1,k—1,m) £ (1+)K(, k, m)}.
As is well known and easily shown, there is a 8 >0 such that for m sufficiently large

> K(j, k,m) < exp (8(mn,+1))

AR(e)

where A5(e)={(j, k) | 0=j, k=m and (j, k) ¢ An(e)}. Now

z K(, k, m)g® % x® % ym=1-B < (14¢) Z K(+1, k=1, myp® % x® % ym=1=0

Am (€) Am (&)

< (149 Z K(, k, m)gV =D % y®+D 5 yim=1=10),
izl
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Further for j=1
@D s y G+ D gy m=i=B) gy O(x 4y D) < @V =D s x4 ym=1=0) g yO(x — 74 D—U)
< @Dk xR xy M =18  D(x 4 D+ U—U)
S @k y®) 4y =1-) . O (x 4 P),
Combining the above we see that for m sufficiently large
Pt (x+y+ D) £ (1+eu™*(x+P)+e %,  x€G.

By letting r run through 0, ..., n; —1, we see that Lemma 2 holds in the special

case n,=0.
In order to complete the proof of Lemma 2 it suffices to show that there is a
8>0 and y, € G such that for » sufficiently large

EM(xFyo+ D) = (1 +e)u*V(x+P)+e%", x€eaq.

Choose y, in S, the support of u. Let U be an open neighborhood of e such that
D+U<P and D—U<P. Then u(y,+U)>0. We can write u=ap+by where a
and b are strictly positive constants such that a+b=1 and ¢ and x are regular
probability measures ¢ being concentrated on y,+ U. Then

wm = z K@, n)p® » y»=9,
7

where K(j, n)=n!a’b"~[j!(n—j)!. Set
B,(e) ={j| K(j,n) £ (1+e)K(+1,n+1) and K(j,n) £ (1+e)K(—-1,n-1)}
There is a 8 >0 such that for n sufficiently large

K(j,n) < e
e¢Bnte)

Thus for sufficiently large values of n

pP(x=yo+ D) £ ¢ * p™(x+D+U)

IA

@ * ,u.(")(x+P)

IA

e~y z K(@j, n)p¥+D % = N(x+P)

Bp (&)

IIA

e="+(1+e) > K(j+1,n+1)g/* D x*M(x+P)

Bn (&)

IA

e—dn + (1 + e)pf”" 1)(x +P)'
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Also

EP(X+yo+D) £ e+ > K(j, n)g® * x*(x+yo+ D)

By (8)

IIA

e +(1+e) > K(j—1,n—1)g? * X" ?(x+yo+ D)

By (8)

IA

€™+ (1+e)p % W Dx-+ o+ D)

IA

e "+ (1+eum-Y(x+D-U)

IA

e+ (L+ QD+ P),

as desired.

Proof of Theorem 1. Let 4 be a compact set and B an open set, both having
finite positive Haar measure. Let an integer n,, ¢>0, and a one point set C={y}
begiven. Let P, D,m,k,and x,, . . ., X, ¥1, - . -, V) be as in Proposition 1. By Lemma
2 there is a 8 >0 such that for » sufficiently large

-on
p."'*"o)(x+y+x,+D) § (l+e)y‘"’(x+y,+P)+%a

x €@, 1sis<m, and 1 =j=k
Then
prrd(x+y+A) < m(l+eu™(x+y,+P)+|A|e~", xeG, and 1<k
Consequently

pr+ro(x+y+ A)/|A] < (m|B|/k|A])(1+)p™(x+ B)/|B| +e~*"

< (1+%u™(x+B)/|B|+e~%,  xeG.

Thus Theorem 1 is true for C restricted to one-point sets. It is very easy to go from
here to the general case.

Proof of Corollary 1. Let C be the set of Condition 1. We can assume that
e C. We can also assume that |0C|=0. For, even if not, we can use Urysohn’s
lemma to find an open relatively compact set C;> C such that |0C;| =0 and replace
C by C;.

It now follows from Theorem 1 that for every >0 there is a 8, >0 such that for
n sufficiently large

r(O)/IC| = (1+eu™(—y+C)|C|+exp (=&n),  yeC.
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Thus for any 8>0 there is a positive integer m such that u™(—y+ C)=e~’" for
ye D. Since for k=1

W) 2 [ WD)
o]
we see that u®™(C)2e~%™ k>1. Theorem 1 now implies that

lim (um™(C)» = 1.
n— o

Using this result together with Theorem 1, we see that lim, ., (1™(4))!/*=1 for
A € . A final application of Theorem 1 yields Corollary 1 as desired.

Proof of Proposition 2. The proof of this, possibly known, result is quite easy.
Let . be symmetric and let & be its characteristic function. Then £ is real valued.
By looking at 42 if necessary, we can assume that /i is nonnegative. We can easily
find a probability density p such that p is continuous and symmetric and has
compact support, and p is nonnegative and integrable. The Fourier inversion
formula yields

[ powa) = [ po®) do.
It follows easily that
. 1/n
lim ([ o) =1

and hence that Condition 1 holds, as desired.
If s € & and g(s) < o0, we can define a probability measure u; on G by du/du=
(g(s)) e or equivalently for all Borel sets 4

(d) = f (8(6)) e u(dx).

Let u{™ denote the n-bold convolution of u, with itself. Then for all Borel sets 4

W) = [ (e0) e uan);

W) = [ (elore= ().

We observe that p; has the same support as pu.
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Proof of Proposition 3. It follows from the above formula that if g(s)<1 and
A is compact, then

lim sup (u™(A))*" < g(s) < 1,
n— o

as desired.

Suppose G is compactly generated. Then G is the direct sum of a compact group
D, a vector group V, and a lattice group L [2, p. 90]. Suppose ¥V is isomorphic to
R® and L is isomorphic to Z% Z denoting the set of integers. Let d=a+b. Then
there is an isomorphism ¢’ from ¥+ L onto the subgroup of R¢

Gy ={y =1 Y | Yas1, ..., yq are integers}.

Let ¢ denote the function from G to R? defined as follows: given x € G, let z(x)
be the unique point in ¥+ L such that x=z(x)+ D; let p(x)=¢'(z(x)). Then pisa
continuous homomorphism from G into R%. Let J denote the dual to R For
teJ and y € R% we write t(y)=t¢-y as usual. Clearly # - ¢ is a continuous homo-
morphism from G to R and every continuous homomorphism from G to R is of
the form ¢ o ¢ for some t € 7. Let v be the probability measure induced on R¢ by
the probability measure p on G and the map ¢ from G to R? We note that v,
the n-fold convolution of v with itself, is the measure induced on R? by u™ and the
map .
Let g, denote the extended real-valued function defined on J by

&) = J‘R , €XP (t-yyw(dy), ted.

We will have need later of Cramer’s condition, which we denote as
Condition 5. (G assumed compactly generated.) There is a constant ¢>0 such
that

[, exp €lyhm@) < oo.

Then g, || is finite and infinitely differentiable for |¢| <c.

Proof of Proposition 4. That Condition 1 holds only if g(s)=1 for all s & is
just Proposition 3. Conversely, suppose G is compactly generated and g(s) = 1 for
allse %. Then g,(t) =1 for all ¢t € 7. It follows from Lemma 5 of [9] that thereis a
compact set C;< R? such that lim,,_, , ®*™(C;))*=1 and Condition 1 holds with
C=¢~(C,), which is clearly compact.

Proof of Corollary 2. Suppose Condition 2 holds. Then »{y | #-y>0}>0 for
all t € J except t=0; i.e., in the terminology of [9], v is not one-sided. Thus as in
[9] there is a unique z, € J such that g,(¢,) =g,(¢) for t € J. Define s, € & by
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So=1o ° . Then s, is the unique point in % such that g(s,) < g(s), s € . From Propo-
sition 4 and Corollary 1 we see that for any integer n, and 4 and B in &7

(et 4) |4

m —-=—
oo uwiM(y+B) | B|

uniformly for x and y in compact sets. By partitioning 4 and B into a finite number
of sets in &/ on which exp (—so(x)) is approximately a constant, we get the con-
clusion of Corollary 2, as desired.

Suppose ™ is absolutely continuous and has a continuous and bounded density
p™ with respect to Haar measure on G. Then »™ is absolutely continuous and has
a continuous and bounded density g™ with respect to Haar measure on G;.

LeMMA 3. Suppose G is compactly generated and Condition 3 holds. Then there
are constants a>0 and 8> 0 such that for n sufficiently large

|PP(x)—ag™(e(x))| = e7", x€G.

Proof of Lemma 3. If 0 is a character of G, write 6(x)=(0, x). Then for n
sufficiently large 4" is integrable and

PO = j (6, x)i"(6) db

= [ 61 200 2120, 02) at, at

where 6, and 6, denote arbitrary elements in the dual groups of V+L and D
respectively. Observe that /i is continuous and is less than 1 in absolute value except
when 6=0. Since the dual of D is discrete, there is a >0 such that for » suffi-
ciently large (see [8, Theorem 2.6.6])

[ aces, 001 do, db, < e
62#0
Thus there is a constant a>0 such that for n sufficiently large
| PP —ay f (6, )p(0,, 0) dby] < e=%*,  x€G.
There is also a constant a, >0 such that
[ @ 0761, 0) dty = asg™ox.

By setting a=a,a,, we see that Lemma 3 holds, as desired.
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LeMMA 4. Suppose G is compactly generated and Conditions 3 and 5 hold. Let
myq denote the mean of v. Then for every 7> 0 there is a 8 > 0 such that for n sufficiently
large

qg”(y) e’  yeG, and |y—nmg| > .

Proof of Lemma 4. By Condition 3 we can obtain an integer n, and a positive
constant M <oo such that »™ is absolutely continuous with respect to Haar
measure on G; and has a density g’ such that g™(»)< M, y € G;. Then for n
sufficiently large »™ is absolutely continuous and has a continuous density g™
such that ¢g™(y)< M, y € G,, and

q™(y) = fq"‘°’(2)q"“"°’(y—2) dz, yeG;.

Choose > 0. Since v satisfies Cramer’s condition there is (see [9]) a 8 >0 such that
for n sufficiently large

Vo) y | |y—nmo| Z Tn[2} < e %"2M,
and
v®y | |y| 2 ™m/2} < e"*"2M.

Then for n sufficiently large, we have that for |y —mon| = n

() = f qo(2)q" "N (y—2) dz

|212mn/2
+f q(no)(z)q(n—no)(y_z) dz < e-dn’
ly—2—-nmg|2Zn/2

as desired.

We assume now that the Haar measure on G, is chosen so that the Haar measure
of

{(.V1,~~-,J’d)| I.V1| = 1/2,---,|J’a| S1/2,y441 ==y, =0}

is equal to 1.

Let », be defined in terms of v in the same way that u, is defined in terms of s.
Let m,, and Z, denote the mean and covariance of v,.. The functions m, and X, are
continuous and infinitely differentiable for |¢| <c. Also, as t — 0

m, = my+Zot+0(|t|?) and I, = Z,+0(|t)).

Let T denote the support of v. Then G, is the smallest closed group containing
T—T. Thus, in particular, X, is nondegenerate and m, has an inverse #,, for m—m,
sufficiently small, which is infinitely differentiable.
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LeMMA 5. Suppose G is compactly generated and Conditions 3 and 5 hold. Then
for some constant v, >0

q™(y) = (g(tym))" exp (= y-ty)(Qmn)?|Z,, )" V2(1 +04(1)),  y€Gy,

where 0,(1) — 0 as n — oo uniformly for |y —nm,| < 7n.

The proof of this lemma is quite similar to the proof of Theorem 3 of [9] and
will be omitted.

LEMMA 6. Theorem 2 holds under the restrictions that G be compactly generated
and that Condition 5 holds.

Proof of Lemma 6. It follows from Lemmas 4 and 5 that for any compact set
C<G integer n, and &> 0, there is a § >0 such that for » sufficiently large

g*+ o (p(x+1) £ (1+g™@()+e-™,  xeG and yeC,

and the conclusion of Theorem 2 now follows from Lemma 3.

Proof of Theorem 2. It follows from Condition 3 that there is a positive constant
M<oo such that for n=n, u™ is absolutely continuous with respect to Haar
measure and has a continuous density p™ < M. In proving Theorem 2 it suffices to
consider integers n,= + n,, where n, =n,. Given such an n, we can write u®2=
(p+x)/2 where ¢ and y are regular probability measures having continuous bounded
densities, ¢ having compact support. Let C be a compact subset of G. Then (see
[2, p. 36]) we can find an open and closed compactly generated subgroup H of G
such that C< H and ¢(H)=1. From Lemma 6 we see that for every ¢>0 there is a
8> 0 such that for » sufficiently large

(1+)2p(x+y) = (1+)pg*P(x)+e*"/2, xeH and yeC,

where p( denotes the continuous bounded density of ¢. For fixed r
prEInD = 0 2 K(j, n)g? % y =2,
7

where K(j, n)=n!/2%!(n—j)!. Set
By(e) ={j|n/4 =j<n K(,n = (1+e"2K(j+1,n+1),

and K(j,n) = (1+¢)2K(G—1,n—1)}.
By making 8 smaller if necessary, but still positive, we have that for n sufficiently
large

K(j,n) < e~o"2M.
J¢Bn(e)
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Thus for » sufficiently large

B % z K(@j, n)p® x =9
1¢Bn(s)

has a density bounded above by e~%"/2. Also the density of

p® % Z K@, n)g? % y»=9
jeBn (&)

at x+y is bounded above by

(l + e)p(r+rm2 *"2)()() +e—6n/2.

In summary
p(r+nn2)(x+y) < (1 +6)P(r+nn21n2)(x)+e—6n’ xeG and ye€ C

from which Theorem 2 easily follows.
Proof of Corollary 4. Let s, be as in Corollary 2. Then by Proposition 4 the
measures u{p satisfy Condition 1. Let p{» be their densities. For n sufficiently large

PR(x) = (8(s0) " ¥p™(x);

so that while the densities p{’ are continuous they are not necessarily bounded
and Theorem 2 is not directly applicable (this made a gap in an earlier proof of
Corollary 4 which was found by the referee). However, the proof of Theorem 2 can
be modified to yield Corollary 4. We can write u{2’=(p+ x)/2, where ¢ is a regular
probability measure having compact support and a continuous bounded density,
and y is a regular probability measure which has a continuous density p, such that
exp (—So(x))p,(x) is bounded and integrable.

The only point where the proof of Theorem 4 breaks down is the estimate of the
density of

1
pso * K(O, mx® = o5 pid * x™.

We can assume that r is large enough so that u{) is absolutely continuous and has a
continuous density which is bounded above by M exp (so(x)) for some finite
number M which may depend on r but not on x. We need

LEMMA 7. Let x be a regular probability measure on G which is absolutely con-
tinuous and has a continuous density p, such that, for some M <o, p,(x)<
M exp (so(x)) for xe€ G. Then for nz1 x™ is absolutely continuous and has a
continuous density pM™ such that p{™(x) < M exp (so(x)/n) for x € G.
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Proof. The proof proceeds by induction. Assume the lemma is true for n. Then

PPN Mo x =y = M exp (so(x)/n+1)

and hence

PPPAx—Y) S M exp (so(x)/n+ 1)(pP(Y)V"+ 1 (py(x — y))rin+ 1.,

By Hoélder’s inequality

[ oronm -y ay s 1.

Thus the boundedness property holds for n+ 1. The continuity property follows
easily as well. This completes the proof of Lemma 7.

Let g denote the density of n{ and suppose that g(x) < M exp (so(x)) for xe G
and p(x) < M exp (so(x)/n) for x€ G and n=1. Then by the same argument
27" % x™ has a density bounded above by 2~"M exp (so(x)/n+1). Using this
estimate we get something slightly weaker than the conclusion of Theorem 2:
for any compact set C, integer n, and >0, there is a 8 > 0 such that for » sufficiently
large

pitm(x+y) £ (1+e)pP(x)+e~’",  x,yeC.
Since the measures p{™ satisfy Condition 1, it follows that

G Cas)
e R0

uniformly for x and y in compact sets. But
PP(x) = (8(s0))" exp (—so(x))psg(x),

and Corollary 4 now follows immediately.

Proof of Theorem 3. There is an integer n such that u™’=(p+x)/2 where ¢
and yx are regular probability measures, ¢ being absolutely continuous and having
a continuous bounded density. The proof of Theorem 3 now continues along the
lines of the proof of Theorem 2, using Theorem 2 instead of Lemma 6.

Corollary 5 follows immediately from Theorem 3. Corollary 6 follows
immediately once we verify that for any integer n, and sets 4 and B in #

WEoGEA) 4]

uniformly for x and y in compact sets. But this result follows from Proposition 4
and Corollary 5.

lim —— ———~
w1+ B)
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