ON ANALYTIC FUNCTIONS WHICH HAVE ALGEBRAIC
VALUES AT A CONVERGENT SEQUENCE OF POINTS(*)
D. L. HBI‘I(..LIKER

I. Introduction. A function g(z) is algebraic if it satisfies an equation

M ez’ (g(2)) = 0

A,u=0

3

®

with c,, constant. If in particular the coefficients are algebraic or, equivalently,
rational integral, g(z) is said to be algebraic in the arithmetic sense. Th. Schneider
(Schneider [1, Theorems I, III]) in 1951 established criteria under which an
analytic function is algebraic in the arithmetic sense. O. S. Igen (Igen [1]) generalized
Schneider’s results. In this paper we seek other criteria which extend Schneider’s
theorems and in certain cases, Igen’s theorems as well. The results are then
generalized to sufficient conditions for m functions to be algebraically dependent.
The degree to which these theorems are best possible is discussed.

II. Algebraic functions. The height H(6) of an algebraic number 6 is the
maximum of the absolute values of the coefficients of the minimal polynomial of 6.

LemMA 1. If g(2) is algebraic in the arithmetic sense, then

g(1/v) is algebraic of bounded degree for all

&) sufficiently large integral v
and
3) lim sup log H(g(1/)) < oo,

y—= log 14

Proof. g(z) satisfies equation (1) with integral coefficients and hence

i,

@ e "N g(1p)) = 0.

Au=0

3

®

Thus (2) holds for all but finitely many values of v. Using Le Veque’s Theorem
4-3 (Le Veque [1, p. 126]) and (4), we obtain

H(g(1}y)) = 6™ max ), [ ="
-
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Thus there is a positive constant k£ for which H(g(1/v)) <v* for v>v,. Hence (3)
holds.
We shall need the following generalization of Lemma 1.

LemMmaA 2. If g(z) is algebraic and g(z,) is algebraic for infinitely many algebraic
values of z,, then g(z) is algebraic in the arithmetic sense and hence (2) and (3) hold.
Proof. g(z) satisfies equation (1) and hence
1,m
) cwzy(8(z))* = 0.
Au=0

We can write
0 1 k
(6) . Cau = c§\u)+c§\u)§1+ te +c§\u)§k

where the ¢{%’s are algebraic, and the £,’s are transcendental and linearly independ-
ent over the field of algebraic numbers. Substituting (6) into (5) we obtain

i,m
cRz(gz)) = 0.
Au=0
Therefore the functions
i,m
GV = > e (e@)
Au=0

have zeros at z,. But G*)(z) is algebraic so that it can have infinitely many zeros
only if it is identically zero.

The interesting thing is that for functions which are analytic at z=0, the con-
verse of Lemma 1 is also true. In fact (2) or (3) may be weakened. Note that for
g(z) analytic at z=0, g(1/v) is defined for sufficiently large v. We begin by keeping
(2) and weakening (3).

THEOREM 1. Let g(z) be analytic at z=0 and suppose that

g(1/v) is algebraic of degree at most d

M for sufficiently large integral v
. log H(g(1/v)) _ 1 ]
@) limsup =5 ey =7 < WP 12— 13d+2

Then g(z) is algebraic in the arithmetic sense. Conversely, if g(z) is algebraic in the
arithmetic sense, then there is a d for which (7) holds and (8) holds with y=0.

Proof. Let g(z) be analytic in |z| <r. We have 1/v <r/2 for v> v, with v, integral.
Let ¢ be such that y <7< 1/(20d3+ 12d?—13d+2). Then by (8) we have, for suffi-
ciently large v, say v>v,, that

©) log H(g(1/v)) < tvlogv.
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Let

(10) = S (s
Au=0
We seek integers c,, not all zero and not too large for which
(11 d(1/y) =0 forv=vo+1,...,v9+n.
Where I, m, and n are integers to be specified later. Let g(1/v)=8,=pB and
degg(lfy) = 8(v) = & < d.

Let the minimal equation for 8 be

é
D b =0
=0
so that
max |b,| = H(g(1/v)).

0=x=6
The following lemma is easily established by induction on p.
LEMMA 3. There are integers s,, for which
“ = by H(SoutS1uB+ - +55-1,8°7Y)
and
Isw] £ QHB)* (x=0,...,8—-1;=0,1,2,...).

From (11) and Lemma 3 we obtain a system

1,
(12) Vl_l\bz‘_”sxuchu =0,
A,u=0

3

®

where x=0,...,8—1 and v=v,+1,...,v,+n, of at most nd equations in the
(I+1)(m+ 1) unknowns c,,.

Let /=[n/2(d+1)] and m=4d(d+1)—1. Then (/+1)(m+1)=2nd. For some
integer c(n) to be specified later, we seek a solution of (12) for which

(13) leas] < nie(n).

Let ¢,,=0,1,...,n*c(n)—1. Let y, ; denote the linear form on the left of (12).
Then using Lemma 3 and (13) we get

(19 |yv.sl S c(n) exp [/ log n+mtv log v+ o(n log n)].

The number of c,,-vectors is

1,m

1_[ nhe(n) = pl+ DM+ DI2(p(p))d+Dim+ D
Au=0
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By (14), the number of y, ;-vectors is at most

vo+n
[T (c(m)exp [llog n+mtvlog v+ o(n log n)])%.
v=vo+1

Thus we see that there is a function f(n) = o(n log n) such that if A= (2d(d+1)—1/2)t
and c(n) = [exp (hn log n+f(n))}, then the number of c,,-vectors is greater than the
number of y, ;-vectors. With this choice of c(n) we have two different c,,-vectors
that are mapped into the same y, ;-vector. Consequently, by the linearity of
Yv.s their difference is mapped into the zero vector. Letting c,, denote the com-
ponents of the difference vector, we see by (13) that (12) has a solution in integers
¢, not all zero for which

(15) |eas] S n* exp [hn log n+o(n log n)).

Since & >0, the upper bound in (15) is an increasing function of n.
We have ¢(z)=0 for

zZ = 1/(V0+1),..., 1/(Vo+n).
We shall now show that if ¢(z)=0 for
zZ = l/(Vo+1),..., 1/(V0+n1),

then ¢(z)=0 for z=1/(vo+n,+1) provided n, >n and n is sufficiently large.
The function
$(2)
(z=1/(mo+1))- - -(z—1/(vo+n))
is analytic in |z| £3r/4. Therefore, by using the maximum principle and the fact
that 1/(vo+n, + 1) <3r/4, we get

1
¢(Vo+n1+l)
( 1 1 )( 1 1 )
V0+n1+1 V0+1 Vo+n1+l V0+nl
(16)
< max $(2) )
|2| =3r/4 ( 1 ) ( 1 )
z— celz—
V0+l V0+n1

From (10), (15) and the fact that A</, we obtain

(an 14 5 exp [ (37 ) log ma+ ot log )|

for |z| =3r/4. Also for |z| =3r/4 we have
(18) lz=1/@o+ DI - -|z=1/(mo+ny)| Z (/)™
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Using n}ie~"1<n,! <nt: we obtain

(19) 1 1

_ | 1 1
V0+n1+l V0+1

Vo+n1+1_l/o+n1

=< y"lnn'l"l
for some positive constant y. Putting (17), (18), and (19) into (16) yields

@[]

- 1
< exp [(2(d_+1)+h_ l)n1 log ny+ o(n; log nl)]-

By using (10), (15), and (9), we get for the conjugates

1 1
(x)
¢ (Vo+n1+1) of ¢(Vo+”1+1)

the upper bound
@1

1
¢‘”)(m) ‘ < exp [{h+ (4d(d+1)—1)t}n, log ny +o(n, log ny)].

Let K be the denominator of ¢é(1/(vo+n;+1)). Then by (10) and (9),

22)  K<exp [{2@;“) +(@dd(d+1)— 1)z}n1 log 1y +o(n log nl)] :

By using (20), (21), and (22), we get for the norm of the algebraic integer

Ké(1/(vo+n1+1)),
o )

< exp [{—3+(10d3+ 642 —13d+ 1)t}n, log n, + o(n, log n;)].

Thus by (8), the norm has absolute values less than 1 for all n; > n if n is sufficiently
large.
With this choice of n, we have

¢(1/(vo+n,+1)) =0  fornm = n
and consequently
$2) =0  forz=1/@+1),1/(o+2),....

This implies, since ¢(z) is analytic at z=0, that ¢(z)=0. Consequently g(z) is alge-
braic in the arithmetic sense.
We remark that the upper bound in (8) which is asymptotic to 1/20d3, can be
improved by a better choice of / and m to one which is asymptotic to 1/18.6d43.
Theorem I generalizes Schneider’s Theorem I. It also generalizes Igen’s Theorem
I when specialized to the case z,=1/v and g(z) a function of a complex variable.
A series of the form
(24) f&) = 2 az=z)(=2),
i=

where {z,} is a sequence of complex numbers, is called a generalized Taylor series.



1967] ANALYTIC FUNCTIONS WITH ALGEBRAIC VALUES 539

LeMMA 4. If f(z) is analytic for |z| <r and |z,| S 8r for v=1,2,3,...; then the
series (24) converges for |z| <(1—28)r and |a,| < c((1—28)r)~* for x>x,, where c
is some positive constant.

LemMMA S. If
liﬁiup (Ja,))t* = % and liIP_’s;lp |z,] = 8R,
then the series (24) converges for |z| <(1—23)R to an analytic function.
LEMMA 6. Let « and B be algebraic numbers of degree s, and s,. Then
(25 H(e+B) = c(H(x))'2(H(B))
where ¢ >0 depends only on s, and s,. If «#0, then
lo| 2 1/2H().

We omit the proofs of Lemmas 4 and 5, but we shall indicate why (25) holds.
Let 6 be an algebraic number with degree s, denominator a and conjugates
=00, 62, .. 69 Define

H*(8) = |a| T max (1, |6°]).
i=1

Then by Lang’s Lemma 1 (Lang [1, p. 47]),

(26) 27sH*(0) < H(6) < 2°H*(6).

Also we have

H*(«+p) < |ab| | [ max (1, [o®+87))
i.j
< lab| [ [ (2 max (1, |o«®]) max (1, |89])) = 21 H*(«) H*(B)

1.7

and this combined with (26) yields (25).

We shall investigate the degree to which Theorem I is best possible.

THEOREM I1. Let y be defined by (8). Then for y=1 there are uncountably many
(transcendental) functions g(z) for which

27 g(2) is analytic at z = 0.

For a sufficiently large integral v,

28) g(1/v) is algebraic of degree at most d.

The set of functions satisfying (27), (28), and y <1/2d is countable.
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Proof. We first prove the second assertion. Let g(z) be analytic in |z| <r. Then
we have 1/v<r/4 for v>v, and

© 1 1 1
(29) g(2) = goal(z—y_o+1)(z_v—o+2)' ”(Z'v°+x)
for |z| <r/2.

Let

v=vo—2
(o+1-=v)---(vo+x—V)

R, = a
zZo v+ 1)- - (votx)

Then for v>v, with v, sufficiently large and for some constant c¢; >0,
(30) IR, —g(1/¥)| = (crv)=¥ 7070
The coefficients aq, . . ., a, are determined once

g/(o+1)), ..., g(l/(o+x+1))

have been chosen. Suppose that there are two distinct choices « and 8 of g(1/v)
for v>v,;. Then by (30),

(€2)) 1/2H(e—B) < |a—B| < 2(cy)=C~%"D,
Let £>0. Then from (31), Lemma 6 and (8) we infer that for v sufficiently large,
(32) C2V2d(y+s)v > (Clv)v"vo'l

where ¢, >0 depends only on d. But for ¢ sufficiently small, (32) contradicts y < 1/2d.
Thus, there is at most one choice for g(1/v) for v>v,. Consequently the denumer-
able number of choices for g(1/v), v <v, determines g(z) and there are only countably
many such functions g(z).

Now let us prove the first part of the theorem. We seek functions g(z) given by
(29) satisfying (28) and such that

. log H(g(1/v)) _
33) ler..sq?p viegy L.

Let a,=¢,/2"(x+1) and v,=0 where ¢, can be chosen in two different ways as,
say, 1 or — 1. Then (29) converges for |z| <2. Consequently g(1/v) is bounded and

v—1
v-l(_l)lex
g(1fy) = Z—(ZS"—“) <M

for some constant M. Moreover, g(1/v) is rational with denominator (2v)*~* so
that (33) holds. Thus (29) yields uncountably many such functions g(z) all of
which are transcendental by Lemma 2. This completes the proof of Theorem II.
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Thus we see that if (8) could be replaced by the condition y < 1, then the resulting
theorem would be best possible.

Let us now consider functions g(z) which satisfy (27) and (28). We know by
Lemma 2 that if g(z) is algebraic, then y=0. Conversely, by Theorem I we know
that if y=0, then g(z) is algebraic. Thus Theorem I tells us that there are no such
functions g(z) with 0<y<1/(20d®+12d%—13d+2). Following E. G. Straus, we
define the arithmetic limit of y to be that number y, such that for each y=y,
there are uncountably many such functions g(z) and for all y < y, there are at most
countably many such functions g(z). Thus, by Theorem II, we have 1/2d<y,<1
if y, exists. See Figure 1.

uncountably many
transcendental functions

no functions 1 o
0 m— 2d Yo O
° —e o —e ~—
T 1/(20d° + 12d* — 13d + 2) ]
| v > 4
all at most countably many
algebraic transcendental functions
functions

FIGURE 1. The spectrum on the y-axis of functions g(z) satisfying (27) and (28).
We now weaken condition (2). By Schneider’s Lemma 29 (Schneider [3, p. 140])
and an argument similar to that in the proof of Theorem I, we obtain the following.
THEOREM III. Let g(z) be analytic at z=0. Suppose that
g(1/v) is algebraic, deg g(1/(vo+v)) < d, for

(34) integral v>v, and d, nondecreasing
and
3

Vo ® vlogv

Then g(z) is algebraic in the arithmetic sense. Conversely, if g(z) is algebraic in the
arithmetic sense, then the degree is bounded and there is a d, for which (34) and (35)
hold.

Theorem III generalizes Schneider’s Theorems I and I1I(2). Also if we let z,=1/v
in I¢en’s Theorem I and z,=1/v, y=(1/3)J in Igen’s Theorem II, then the resulting
specializations of Igen’s Theorems I and II are covered in the case that g(z) is a
function of a complex variable.

(®) Schneider’s theorem reads d,=o(v''?) but according to a remark in Igen’s paper
(Igen [1, p. 45]) Schneider has announced that this should be d,=o0(»*/3).
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III. Algebraically dependent functions. We now consider m functions f1(2), . . .,
fw(2z) which are analytic at one point which we might as well assume to be z=0.
We assume that the values of these functions at a sequence {z,} which converge
to, say, 0 are algebraic. Roughly speaking, if H(f,(z,)) and degf.,(z,), for
p=1,...,mand v=vo+1, vo+2,..., are not too large and if the sequence {z,}
converges sufficiently rapidly, then f,(z), . . ., fn(2) are algebraically dependent.

It would be possible to generalize our results to cases in which the sequence
{z,} has more than one cluster point in the domain of analyticity of the functions
in question.

Let Q be the field of rational numbers. For some index v, let

deg Q(fl(zvo Y R -,fm(zvo +) = d,.

Let
m vo+v
[1degfuz) <h, Dy= > h
u=1 x=vo+1
and
P, = |Zv° +v+1 2y +1| te |Zv0 +v+1— 2y, +vl-

We define a measure p and a finer measure o of the asymptotic behavior of P,
by

p = lim inf (log |log P,|/log v)
v—

and

o = lim inf (|log P,|/v* log v).

V=
Thus p and o are measures of the rate of convergence of {z,}. For ¢ we have
0= o= 00, but for p we have
LeMMA 7. If {z,} is a convergent sequence of distinct points, then

lim ((log P,)v) = —c0

and consequently 1 = p < 0.

Proof. Without loss of generality assume that {z,} converges to 0. Let ¢>0.
Then there is a v, such that

|zv°+y+1—z‘,o+,| <e ifv, x > v;.

Consequently, log P, < —yv for all large v and for every y>0.
ExaMpPLES. Assume v,=0. Let z,=1/v. Then P,=(1+v)~". Hence p=1 and
o=1. Let z,=v~12 Then

(4e1l2)—vv-v/2 < Pv < V—vlz.
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Hence p=1 and o=1/2. More generally, if {z,} is a convergent sequence of distinct
algebraic numbers of bounded degree with H(z,)=0(»*) for some constant a,
then p=1. For the sequence 1/2" we have

%(ﬂm < |logP,| < b%z(v2+3v+2).

Hence p=2 and ¢=0.

Let
1/m
a = lim sup log (D7, 1) (ﬁvg de+1)
and
o log log 3H(f,(z,))
v = lim sup log v

THEOREM IV. Let f1(2), .. ., fu(z) be m functions analytic at z=0. Let {z,} be a
sequence of distinct points converging to zero. Suppose that f,(z,) is algebraic for
p=1,...,mandv=1,2,3,...; h, is a nondecreasing function and that

1 m
36 +— < p.
(36) o 2 T <P

Then f1(2), . . ., fu(2) are algebraically dependent.

Proof. We shall only outline the proof since it is similar to that of Theorem I.
Let f,(z,) for p=1, ..., m be analytic in |z| <r. We have |z,| <r/2 if v>v,. Let

tu

$(2) = Zo Coyrin(f1(2))1- - - (fn(2))m.

=
We seek integers c;, ..., not all zero and not too large so that ¢(z)=0 for
Z=Zyi1y. ..y Zyy+ne Thatis

tu

(37) Zo czyut,,.(fl(zv))tl' : ’(fm(zv))t"' =0

forv=vo+1,...,vo+n.
Let B,=8,(v)=f,(z,), 8(n)=8(u, v)=deg B, and b,(,,=b;,,(v) be the denominator
of B, for n=1, ..., m. Then by applying Lemma 3 to each of the algebraic numbers
BL, ..., Bi» we obtain
ou)—-1
(38) B = byl baen 20 A(T1s oy T 01y e o oy Op)BI1e - - ST

where the coefficients are integers which satisfy

39) |a(rys ..oy Tms 015 - ooy OR)| S lfll (QH(B,))™.
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If we substitute (38) into (37) and set equal to zero the resulting coefficients of
B3t - -Bur we obtain

t1 -1 t =1
(40) z bdil) . 6’2’") ma(T]_, ey Ty O1y 000y Om)c,l ety 0

=0

for v=vo=1,...,vo+n; o,= . 8(w)—1; p=1,..., m. Thus we have a system
(40) of at most D equations w1th mtegral coefficients in the [ [7-, (¢, + 1) unknowns

Coy vt

Let £>0 and y, =y, +¢, then for v, sufficiently large we have
41 log 3H(f,(2,)) < (vo+n)"s
for v=vo+1,...,vo+n. Let
42 ty = [2D,)"™(wo+n)T],

where Y=m"1! >%_, yr—v,. We can assume without loss of generality that

43) Yu = yk+1/m w=1...,m).

1
m

nMs

For suppose that y,<y,<-:: <y, m#1 and that (43) does not hold. Then
1+ +Ym_1<(m—1)p—e) and (36) holds with m replaced by m—1. Now,
D,/(vo+n) is a nondecreasing function of n since A, is a nondecreasing function.
Consequently, by (43), ¢, is a nondecreasing function of » for which

m

449 ﬂ (t,+1) = 2D,.

u=1

Let «’=«+¢ and assume that e is small enough so that

@9) DR

1t follows from (41), (42), and (45) that

(46) 1,10g 3H(fu(z,)) S e, D7'™* =¥
for v=vo+1,...,v+n and

@7 t, £ ¢, Dyme =

where ¢, and all of the ¢;’s to follow are positive constants. The coefficients of
¢y, .1, in equation (40) have, by (39) and (46), absolute value at most

“3) [T QHL ) S exp leaDims =],

u=1



1967] ANALYTIC FUNCTIONS WITH ALGEBRAIC VALUES - 545

Hence by (44), (48), (47) and Schneider’s Lemma 29 (Schneider [3, p. 140]) we see
that there are integers c,, ..., not all zero for which

49) |Csyvzn| = €Xp [ca D™ =),

This upper bound is an increasing function of n since by (45), o’ <p.
We now assume that ¢(z)=0 for z=2z,_,,, ..., Zy,+n, for n; Zn. By considering
the function

$(2)

(z_zvo+l)' : '(z—zvo+n1),

which is analytic in |z| £3r/4, and the fact that
(50) |Zvg 4ny 41— Zvg 4 1] *[Zvg 4ny 41— Zvg 4ny | S €Xp [—1§ 52 log 1]
we conclude, by the maximum principle, that
1) |$vg +ny +1)| S €XD e, DYmRE =% + csmy —ng =" log ny).
For the denominator X of ¢(z,, ,», +1) We have
(52) K < exp [ceD;i"ng~*].
For the conjugates we have
(33) |82 (2vg +n, +1)| = €xp [z D3"ng~*].
By (51), (52), and (53) we see that the norm satisfies
|N(K$(2y, +n, +1))| < €xp [Codn, +1D7"n8 ™ + csny —nf = */2 log ny].

Thus for ¢ sufficiently small the last term in the exponent dominates the others so
that |N(Ké(z,, +n, +1))| <1 in the case p#1 provided n>n, and n, is sufficiently
large. Hence é(z,, 45, +1)=0 for n;Zn. Consequently ¢(z)=0 for z=z,,,,,
Zyy 42, - .. 50 that ¢(z)=0. Thus fi(2),..., fu(z) are algebraically .dependent if
p#1. Now assume that p=1. By Lemma 7 we have

(549 P, =< exp[—yn]

for n sufficiently large. Here y is independent of n, and can be made arbitrarily
large. By using (54) in place of (50) we conclude once again that

|N(K$(2yy 40, + )| < 1 forn > n,.

This completes the proof.

Theorem IV generalizes Schneider’s Theorem I. Indeed, let m=2, f,(z)=g(2),
fA2)=z, z,=1/v and deg g(1/v)<d. Then «=1/2, p=1, H(1/v)=v, y,=0 and the
hypothesis becomes y; <1 which is exactly Schneider’s condition. Consequently
g(2) is algebraic (in the arithmetic sense), provided it is analytic at z=0. In fact
from Theorem 1V we get the following generalization of Schneider’s Theorem I:
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Let g(z) be analytic at z=0. Let {z,} be a sequence of distinct algebraic points
converging to zero. Suppose that g(z,) is algebraic for v=1, 2, 3,... and that

lim sup 128 (deglf)v dege@) _ 4
v o gv

lim sup log log 3H(z,) _ 0

v logv ’
lim suploglogﬁ# < 2p-38-1.

Then g(z) is algebraic in the arithmetic sense.

In Theorem 1V the sequence {z,} is completely general except that it converges
and the points are distinct. In Igen’s paper separate conditions were imposed on the
height and degree of f,(z,) and more stringent conditions were imposed on the
sequence {z,}. In this paper we seek single restrictions on the combined behavior
of deg f,(z,), H(f.(z,)) and the rate of convergence of the sequence {z,}.

Let m=2, fi(z)=g(z), fo(z)=z and z,=1/v. Suppose that

im s SEGRECED 5.
Then condition (36) is replaced by 38+y;<1.
THEOREM V. Let B and y, be as above. Then for each y, = 1 there are uncountably
many (transcendental) functions g(z) such that
(55 2(2) is analytic at z = 0,
(56) g(1/v) is algebraic of bounded degree for integral v > v,.

The set of functions g(z) with g(1/v) algebraic which satisfy B+vy,<1 and (55) is
countable. In particular, in the case B=0 the arithmetic limit of vy, is 1 and hence, in
this case Schneider’s upper bound for y,, namely 1, is the best possible.

The proof is analogous to that of Theorem II only here the coefficient a, in (33)
is given by, for example,
a, = £2% ) (x+1).

uncountably many

no functions transcendental functions
0 A _A
(a8 N
—@-
T 1
all
algebraic
functions

FIGURE 2. The spectrum on the y;-axis of functions satisfying (55) and (56).
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Thus the spectrum of functions g(z) satisfying (55) and (56) is quite simple.
Such a function is algebraic if and only if y; =0 and there are no such functions
with 0 <y, < 1. See Figure 2. Figure 1 is a refinement of Figure 2 indicating what
happens at the point y,=1.

The following refinement of Theorem IV covers Schneider’s Theorem III and
can be established by a similar argument.

THEOREM V1. Suppose that o#0. Then the conclusion of Theorem IV holds under
the same hypotheses but with (36) replaced by

log H(fu(zv)) = O(v" logv)

SI'—

for u=1,..., m; and
Dird, ., = o(v%).

To cover Theorem I and Theorem III we need more complicated refinements of
condition (36) than that of Theorem VI, namely (a) and (b) below. Let

df = max (d, ).

For constants o, .. ., «, define

log {Dj«"™(dt, )" log 3H(£,(z,))}

w, = lim sup

V= o log v
@, Im( J. o,
Q“ = llT—'SOPP D ( +11,)“ ll(;)gg:;H(f;t(zv))
D™(dfy 1)

A = lim sup = g

and
Ly() = Dy™wo+v)° ~u(dfy )%~

THEOREM VII. Let f1(2), . . ., fu(z) be m functions analytic at z=0. Let {z,} be a
sequence of distinct points converging to zero. Suppose that f,(z,) is algebraic for

p=1,...,mand v=1,2,3,.... Then each of the following two conditions (a) and
(b) implies that f,(2), . . ., fu(z) are algebraically dependent.
(a) There are constants ey, . . ., oy for which 35 _, o, 2m,
(57) max Ix) £al'(v)  forpn =1,..., mand for some constant a,
Sasv

1 m
(58) ;;%<p
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(b) There are constants o, ..., oy With S7_, a,2m so that (1/m) 3™, w,=p,
(57) holds and

(59) Q, < =1,...,m),

(60) A=0  (u=1,...,m),
m o™

1 L1 9% < smaray

For example, (57) will hold with a=1 if A, is nondecreasing so that D,/(vo+v) is
nondecreasing; «,/m+p—w,20and o, 21 for u=1,..., m.
Proof. Let us prove part (b). Let e>0 and let Q,=Q,+¢. Then 0<Q, <oo and

Q%% lo
(62) log 3H(u(z)) S Tgam e = PO)

for sufficiently large v. Assume that (62) holds for v>v,. By (60) we have
lim p(v) = oo.

Therefore we can choose n sufficiently large and so that v<v,+n implies that
p(v) S p(vo+n). For such an n we have by (62)

log 3H(f(2)) = p(vo+n)

for
v=vo+1,...,v5+n.
Let
m 1/m
w= (21T 9%) " 05 Deraemp-estatye ]
u=1
and

m(n) = (n® log n)/dy ;.

Then by (57), t, is a nondecreasing function of n. From (59) we obtain dy. , =o(n")
and consequently 7(n) is nondecreasing.
Once again we obtain integers c;, ..., not all zero for which

€2y eim] S €XP [m (2 I:—[l QL)llmf(n)+0(‘r(n))]

and this upper bound is a nondecreasing function of n. If we assume that ¢(z)=0
for z=z,41,. .., Zy, +n, Where n; 2n, we conclude that

m 1/m
|$(zvg +n, +1)| = €XP ['n(2 Il QL) 7(n,) — (o —&)nf log n, +o(nf log nl)]’
u=1

m

K < exp [am (2 Il Q;)llmr(n1)+o(‘r(n1))]

u=1
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and

6% en 0] S exp [ +am(2 [T 91) ot +oteta)|
Consequently, -
| N(K$(2y4 +n, +1))]

m 1/m
< exp [{2m(l +a) (2 l_[ Q,’,) —(o— e)}n‘{ log n; +o(n4 log nl)] <1
u=1

if n>ny and e is sufficiently small. This completes the proof of (b). Part (a) is
established in a similar manner.

Conditions (a) and (b) become significant in case the inequality in (36) is re-
placed by equality. Condition (b) covers Theorem I(®) and Theorem III.

A number of interesting corollaries can be obtained. Let m=2, fi(z)=g(z),
fo2)=z,d,=d, «;=2p and «,;=0.

COROLLARY 1. Let g(z) be analytic at z=0. Let {z,} be a sequence of distinct
algebraic numbers of bounded degree with lim, . z,=0. Suppose that g(z,) is
algebraic of bounded degree. Let deg Q(g(z,), z,)Sd. Then either of the following
conditions (c) and (d) implies that g(z) is algebraic (in the arithmetic sense).

. loglog 3H(z,) . log log 3H(g(z,)) _
© lnz:sﬂyp gy + lu}lﬂiup IS T — < 2p—1.
_5 log H(g(zy))
L log H(z,)
(64) B = ln}lﬂs;up “logv < 0.
0.2
(65) AB < W’

In particular, if the requirement (63) is strengthened, we obtain the following
simpler result.

COROLLARY I'. Suppose o #0. Then the conclusion of Corollary 1 holds under the
same hypotheses but with (63), (64), and (65) replaced by

m g H(g(z)) _

v v logy

Iim sup li)_g_ngL)
V- ®© lOg 14

and

< 0.

We now turn to the case of unbounded degree.

(®) Except for the fact that the resulting upper bound for y in (8) is smaller due to the
cruder type of Diophantine equation argument used in the proof of Theorem VII.
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COROLLARY II. Let g(z) be analytic at z=0. Let {z,} be a sequence of distinct
algebraic numbers with lim,_, , z,=0. Suppose that g(z,) is algebraic for v>v,. Let
deg Q(g(zy, +v) v, +v) £ dy, deg z, deg g(z,) < h, and

vo+n

D,= > h,

x=vo+v
Suppose that ¢+#0, d,, and h, are nondecreasing,

i D8 2% log 3H(g(z) _

y—© v2e log 14

0

and

lim sup log Hz,) <

0.
v+ ® ‘Og 14

Then g(z) is algebraic (in the arithmetic sense).

Corollary I covers Theorem I.-Corollaries I and I’ generalize Igen’s Theorem I
in the case where o #0, H(z,) grows at most like a power of v and g(z) is a function
of a complex variable. Corollary II covers Theorem III and Corollary I'.
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