ON THE THEORY OF EXPONENTIAL GROUPS(Y)

BY
LAJOS PUKANSZKY

1. Introduction. Let # be a real solvable Lie algebra. As it is known, there
exists a sequence of ideals £,=¥>%,>...2%,=(0) of £, such that the
codimension of #;,; in Z;is 1 or 2 (i=0, 1,2,..., m—1), and such that in the
latter case the representation induced by the adjoint representation of % on
Zi| ;.1 is irreducible. If for some i=0, 1,2, ..., m—1, the codimension of %, .,
in &, is 1, and if /, is a nonzero element of .#; not contained in %, ,, we have for
all/in &

ad l(lp) = y(Dl, (mod Z;.,)

where y(/) is a linear form vanishing on the first derived algebra of 2. If the
codimension of #;,, in %, is 2, there exists a pair of elements /', I”, linearly
independent mod %, 1, of .&; such that for all / in &

ad I(I') = y'(DI' =" (D"

(mod Z; 1),
ad l(l") = v"(OI"+y' (D"

where y” and y” are linear forms on .Z of the kind considered above. The collection
of all linear forms {y(/), v'(/) + iy"(I)} where y, y’, y" respectively have been obtained
in the indicated fashion, is called the system of roots of .#. The set of values corre-
sponding to a fixed / in £ coincides with the collection of eigenvalues of the
operator ad / on Z.

We say that a real solvable Lie algebra is exponential if its complex roots are
of the form (1 + i«) 8(/), where « is a nonzero real number and &(/) is a real linear
form on #. We shall call a connected and simply connected Lie group exponential,
if its Lie algebra is exponential. Let £ be a solvable Lie algebra and G the corre-
sponding connected and simply connected Lie group.

It is known (cf. [2] and [8]) that the exponential map establishes an analytic
isomorphism between the underlying manifolds of % and G resp. if and only if ¥
is exponential. One sees easily, that any subalgebra or factoralgebra of an exponen-
tial Lie algebra is again of the same kind.

An important special case is that of a nilpotent Lie algebra, which is characterized
by the vanishing of all roots.

The study of the classification of all irreducible unitary representations of an
exponential group was started by J. Dixmier’s work on nilpotent groups, continued
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later by A. A. Kirillov (for a systematic account cf. [7]). The first result referring
to not necessarily nilpotent exponential groups is due to O. Takenouchi, who
showed that the factor representations of exponential groups are of type I (cf.
[9]). In a recent work [1] P. Bernat gives a detailed study of the system of all
irreducible unitary representations of an exponential group. His results, extending
those found in the nilpotent case by Kirillov, can be summed up as follows. Let
£ be an exponential Lie algebra and £’ the dual of the underlying space of Z;
we denote by (/,I') (le &, ' € ¥’) the canonical bilinear form on £ x.#’. Let
I, be a fixed element of £’ and H a subalgebra of .#. We say, that H is subordinated
to [, if the first derived algebra of H is orthogonal to /;; in this case we shall write
H <. Let us denote by 2 the connected and simply connected Lie group belonging
to %, and by H the connected subgroup corresponding to the subalgebra H<.%.
If H< g, the formula

x(exp h) = exp (i(h, l))) ~ (he H)

defines a character of H. Let us denote by ind (H, /;) the unitary representation of
% induced by the character y of H. Takenouchi showed, using G. W. Mackey’s
results on systems of imprimitivity, that any irreducible unitary representation of
& can be written in the form ind (H, I;), by choosing H and /; appropriately.
Bernat proves first that, conversely, for any given /; in %’ there exists at least one
choice of the subalgebra H, subordinated to /;, for which ind (H, /5) turns out to be
irreducible. We denote by o the adjoint representation of Z acting on %, and by
8 the representation, which is contragredient to o, of Z on .’ ; that is, for any g € &£
the operators 8(g) and o(g) are connected by the relation

(g™ L1 =, 8(g)) (e, l'eZ).

Suppose now that Hy <[y and H; </ such that ind (H,, ly) and ind (H,, I}) are
irreducible. Then we have ind (H,, l;)=ind (H,, [1), the equality sign indicating
the unitary equivalence of the corresponding representations, if and only if there
exists an element g of Z such that /;=38(g)l;; in other words, if and only if /;
and /; belong to the same orbit of £’ with respect to 8. In order that, for a given
I;, the representation ind (H, ly) be irreducible, it is necessary that H should be of
a maximal dimension in the family of subalgebras subordinated to /;. Furthermore,
for such an H, dim H depends only on the orbit determined by /;. Denoting this by
o(l5), Kirillov proved that in the nilpotent case the dimension in question is given
by dim £ —1% dim o(/g) [3, Lemma 5.2]. In the general case, however, the maxi-
mality of the dimension of H is far from being sufficient to imply the irreducibility
of ind (H, ly); in fact, already the consideration of the affine group of the real line
furnishes counterexamples. As Bernat shows, a sufficient condition assuring that
the maximality of dim H implies the irreducibility of ind (H, /;) is that all real roots
of &£ be zero. An exponential Lie algebra satisfying this condition is called quasi-
nilpotent; evidently a nilpotent algebra is quasi-nilpotent.
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The purpose of the present paper is to give necessary and sufficient conditions
on the subalgebra H, in order that ind (H, /) turn out to be irreducible. To describe
these we denote by H* the orthogonal complement of H in #’. Then we have first
the following result (cf. Theorem 1): ind (H, Iy) is irreducible if and only if H is
of a maximal dimension among the subalgebras subordinated to /;, and the linear
variety lo+ H* is contained in o(/y) (=the orbit of /;). We show (cf. Lemma 5),
that the first of these conditions, similarly as in the case of nilpotent groups, is
equivalent to dim H=dim ¥ —1 dim o(/y). As far as the necessity of the second
condition is concerned, this follows immediately from the results of Bernat quoted
above. In fact, to this end it suffices to observe that evidently

ind (H, Ip) = ind (H, I+ h*)

for any choice of 4 in H', and therefore, if these representations are irreducible,
then /[y and [+ h* must lie on the same orbit. Next we prove (cf. Proposition 3)
that corresponding to Bernat’s observation the first condition implies the second
one if # is quasi-nilpotent. Another situation, where the same implication is true,
is furnished by an I, for which the orbit o(ly) is closed (cf. Proposition 4). Since
for a nilpotent & all orbits of ¥’ according to & are closed (even Zariski closed;
cf. e.g., [7, Deuxiéme Partie, Chapitre I, §2]), the sufficiency to yield irreducibility,
of dim H=dim % —4 dim o(/;) obtains here a new proof. We repeat, however,
that in the general case the two conditions are independent of each other (cf.
Remark 2 after Definition 2 in §3).

Theorem 2 shows that in the case of solvable algebras with real roots the
necessary and sufficient condition of Theorem 1 can be alternatively described in
close analogy with finite groups. For this we recall first the following theorem of
Shoda (generalized by Mackey, cf. [5, Theorem 6]). Let G be a finite group, " a
subgroup of G, and x a homomorphism of I' into the multiplicative group of
complex numbers of absolute value one. For an element x of G, we denote by T,
the intersection of the subgroups I' and x~'I'x, and by y, the character of T,
defined by x.(y)=x(xyx~!) (y € T'y). Then the representation, induced by x, of G
turns out to be irreducible if and only if for all x not belonging to T, y, is different
from the restriction of x to I',. Let G be the connected and simply connected Lie
group which belongs to the solvable Lie algebra # with real roots. Suppose again
that H is a subalgebra, subordinated to /5, and denote by H the connected subgroup
determined by H. Theorem 2 asserts that ind (H, /;) is an irreducible unitary rep-
resentation of G if and only if the condition to yield irreducibility of the above
theorem is fulfilled upon replacing " by H and y by the character

x(exp h) = exp [i(h, l))]  (he H)

of H resp.
The reader is assumed to be familiar with the basic properties of induced repre-
sentations, as exposed in [6]; we shall also use several reasonings of Takenouchi
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[9], to be specified later. On the other hand, it is necessary for our purposes to
reproduce the relevant parts of Bernat’s paper [I] with some variations, and
therefore, on this side, we shall use but a small number of elementary computations
without proof. For the same reason, we give a complete proof of Theorem 1.

The author gratefully acknowledges the inspiration he received through the
lectures of B. Kostant at Haverford College in December of 1965.

2. Notations. Besides those explained in the Introduction, we shall make
constant use of the following notations.

a. Let V be a finite dimensional vector space over the real field and B(v,, v,)
(v4, v, € V) a skew symmetric bilinear form on V. For a subspace W of V we denote
by W43 the orthogonal complement of W in V with respect to B. The subspace
R=V7} is called the radical of B. We shall often use the following elementary
relation, valid for any choice of the subspace W of V:

dim Wi = dim V—dim W+dim (W N R).

W is called self orthogonal if W< W3, and maximal self orthogonal if W= W4.
One verifies easily by aid of the above formula that a self orthogonal subspace W
is maximal if and only if

dim W = 3(dim V+dim R).

b. All skew symmetric bilinear forms considered in this paper are going to be
obtained by taking a Lie algebra &, by fixing an element /; of the dual &£’ of the
underlying space of .%, and by putting

B, 1) = (I, 5], o) (I, I, € &).

The expressions self orthogonal and maximal self orthogonal with respect to /;
have to be interpreted through the bilinear form determined by /;. Its radical will
be denoted by R(ly), or simply by R, if its dependence on /; is indicated by the
context. Let %, be a subspace of Z; then B(/ly, l5; %1, l;) will stand for the
restriction of the above bilinear form to %, (if £, =2, it will not be indicated).

c. Let H be a subspace of & ; then, as explained in a, H3 will denote the orthog-
onal complement of H in £ with respect to the bilinear form B. On the other hand,
H* indicates the orthogonal complement of H in the dual of £ with respect to
the canonical bilinear form on £ x .#".

d. All Lie algebras considered in this paper are assumed to be exponential. If
% is a Lie algebra, we denote by .2 the corresponding connected and simply
connected Lie group. Similarly, for any subalgebra H of %, H will stand for the
connected subgroup determined by H. Finally, if / is some element of %, we shall
write [ for the element exp / of Z.

3. Let . be a Lie algebra and /; a nonzero element of the dual of .#; all these
will be kept fixed throughout this section. We shall write mostly R for R(l;).
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One sees at once that R is the collection of all elements of & satisfying (ad /)l =0.
Hence R is a subalgebra of £ and g € R implies 8(g)lo=1;. One can easily show,
by making use of the assumption, according to which % is exponential, that con-
versely, if 8(g)lg =1, for some element g of 2, then g belongs to R, and thus the
closed subgroup R of Z coincides with the stabilizer of /j, but we are not going to
use this fact directly. Sometimes R too will be referred to as the stabilizer of /;.
Let us denote by O the orbit o(lp) of Iy in £’ according to the representation & of
Z. We have dim O=dim ¥ —dim R; taking into account that the right hand
side is just the rank of the skew symmetric bilinear form B(/,, I,; l;), we can con-
clude that dim O is always even.

Suppose now that H is a subalgebra of £ satisfying H <lg; that is, that H is
subordinated to /;. Let us observe, incidentally, that this is equivalent to saying
that H is self orthogonal with respect to /; (cf. 2. b). If A, is some element of H,
8(ho)lo—1g is orthogonal to H. In fact, this is equivalent to (h, 8(Ao)ls)=(h, Iy) for
all 4 in H. The left hand side is the same as
(=1y

J!
and to obtain the desired conclusion, it suffices to observe that ((ad ho)’(h), I;)=0
for j>0if H<I;.

DErFINITION 1. Let H be a subalgebra with H </;. We shall say that H has the
property F, and write H=(F) if and only if

lo+H* = {8(h)ly; he H}.

REMARK 1. We have just proved that the right hand side is always contained in
the left hand side. The converse, however, is false even if the dimensions of the
two sides coincide. In fact, let % be the Lie algebra with the basis {e,, ¢,} satisfying
[eo, e1]=e,; & is evidently exponential. If /; in %’ is such that (e;, /) #0, then
R=0, and we have H </, for any 1-dimensional subalgebra H. On the other hand
H=(F) if and only if H={e,}.

Before proceeding we observe (cf. 2a) that H <[y implies H< H3, hence (cf. 2a)

dim H = 3(dim £ +dim (H N R)) £ 3(dim £ +dim R) = dim £ —1dim O.

((ad ho)'(h), o)

(exp (—(ad ho)h, o) = (, Io)+ 2,

DEFINITION 2. Suppose that H is a subalgebra with H</;. We say that H has
the property J, and write H=(J), if 1, dim H=dim ¥ —1dim O, 2, [;+ H <O are
satisfied at the same time.

REMARK 2. It is useful to observe that in general none of those two conditions
implies the other. To see that 1 does not imply 2, let .% and I, be as in Remark 1,
and denote by {x,, x;} the coordinates of an element x of .#’ with respect to the
basis dual to {e,, e,}. Then

0 = o(lo) = {x; g (xo) = sg ((eo, lo))}

dim £-4dim O = 1.

and thus
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But for a 1-dimensional subalgebra H the linear variety /o + H* is contained in O
again if and only if H={e,}. To show that 2 does not imply 1 consider the Lie
algebra with the basis {e,, e,, €3}, satisfying [e;, ex]=e3, [e1, e5]=[e2, €5]=0; it is
nilpotent, hence, in particular, exponential. Choose /; such that (es, /o) #0; then
with notations as above O={x; x3=(es, o)}, and thus dim £ —1% dim O0=2. On
the other hand, defining H by H={ez}, we have lo+ H*=0, but dim H<2. This
example is a special case of the following situation. Suppose that H is an ideal
of & satisfying R< H < I;. One can show that in this case the intersection of O with
Io+ H* is open in the latter; hence, if O is closed, we have lo+ H*<O.

DEFINITION 3. Suppose that H is a subalgebra with H </;. We say that H has
the property G, and write H=(G), if dim H=4(dim £ +dim R(lo+h*)) for all
elements A* in H*.

Notation. Suppose that %, is a subalgebra of %, such that Hc %, c.#. We
shall write H=(F, %£,) to indicate that H has the property F as a subalgebra of
£, with respect to the element of £, which is the restriction of /; to £ ; similarly
for properties J and G.

Next we prove

PROPOSITION 1. For any subalgebra H of £, the properties described in Definitions
1-3 are equivalent.

Proof. We shall carry it out in three steps.
A. (F)=()).
Since /o+ H* <O is trivially fulfilled, all that we have to show is that

dim H = 4(dim £ +dim R),

or what amounts to the same (cf. 2a, 2b), that H is maximal self orthogonal with
respect to /5. We denote by p the analytic map, defined for 4 in H by p(h)= 8(h)l;,
of the underlying space of H into o+ H*. One sees easily that the rank of this map
at the point h, of H is the same as the dimension of the subspace T'(h,) of £’
given by T(ho)={l'; l'=38(ho)(ad h)'lo; he H}. Since dim T(ho)=dim T(0), this
rank is constant. On the other hand, this must be the same as

dim H* = dim ¥ —dim H,
since, H having the property F, the map p is onto. Hence
dim 7(0) = dim H—dim (H N R) = dim ¥ —dim H,
and thus
dim H = dim £ —dim H+dim (H N R) = dim H3,

B indicating the skew symmetric bilinear form arising from /g (cf. 2b). Since H< I,
we also have H< Hj, and thus finally H= H3 which is the desired result.
B. (J)=(G).
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If H=(J), we have [o+ H*<O0, and the stabilizer of any element of the form
lo+ht, with A+ in H*, has the same dimension. Thus,

3(dim £ +dim R) = dim H = 3(dim £ +dim R(l,+h%))

for all At € H*; in other words, H has the property G.

C. (G)=(F).

The following reasonings will be organized with a view of other applications in
the next sections, and, for the same reason, we shall prove slightly more than
actually needed.

LEMMA 1. Let %, be a subalgebra, of codimension one, of £ containing H, and
suppose H=(F, %,). Then we have H=(F) if and only if R(l+15) is contained in
P, for all I in L§. The latter condition is automatically satisfied if £, is an ideal
and R(l)) s .

Proof. 1. To establish the necessity of the above condition first we observe that
by virtue of A and B, H=(F) implies H=(G). In this fashion H is, in particular,
maximal self orthogonal with respect to any element /;+ /§, where /g is arbitrary
in £%, since HS.%, implies £ < H*. On the other hand, it is evident that Hj
contains the radical of B. Thus, finally R(/o +/5)c HS &, for all I§ € &,

II. We shall prove the sufficiency in several steps. Observe that in what follows,
to simplify the language, we shall often speak of /; instead of the restriction of
Iy to Z,.

1. For I3 =0 we obtain R=R(ly)=%,. Denote by R, the radical of /5 in Z,;
evidently RS R,. Since in any case dim £ —dim R=dim #,—dim Ry+7 (=0, 2),
or dim R—dim Ry=1 or —1, we have here dim Ro/R=1.

2. Since H=(F, £,) and since by A, (F)=-(J), H is maximal self orthogonal in
£, with respect to /y from which, as in I above, we conclude that R, < H, R,# H.

3. Let I’ be a fixed nonzero element in #§. Then we have for all [, in Z,:
—(ad l)'l"’=o(lp)l’, where « is some linear form on %,. From this we conclude
that 8(exp Ip)l’ = [exp a(lo))’ (o € Lo).

4. To obtain the proof of the sufficiency, it suffices to show the existence of an
element r in R, < H satisfying 8(exp tr)lo=1Iy+tI’ for all real ¢. In fact, we observe
first that the dual of Z, can be canonically identified with the factor space of .#’
according to #%. We denote by = the projection from £’ onto %5 Writing §,
for the representation, corresponding to 8, of £, on %, one verifies easily that
8o(exp lo)m=nd(exp lp) for all [, in £, Since H=(F, %,), taking into account
that the orthogonal complement of H in % is the image of H* under =, for any
given ht in H*' there exists an element h, in H such that 8(ho)mlo=mlo+mh?,
which gives 8(ho)lo=1Ilo+h*+cl’, where c is some real number. This gives (cf. 2)
for any real ¢:

8(ho exp (1r)) Iy = 8(ho)(lo+1tl") = lo+h*+ [t exp (a(ho)) + ).
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Choosing t= —c exp (—a(h)) and writing A=h, exp (r) € H this yields 8(h)l;
=ly+h*, and since h* was arbitrary in H+, we have the desired conclusion.

5. R, being the stabilizer of the restriction of /5 to £, we have —(ad r)'lo=y(r)I’
for all r in R, where the linear form y vanishes if and only if » belongs to R. On
the other hand (cf. 3), —(ad r)’I’=o(r)l’ (r € R,). From this, in view of 4, we
conclude that it suffices to find an r in R, such that y(r)=1 and «(r)=0. In fact, in
this case —(ad r)'lo=1', —(ad r)'I’=0, and thus 8(exp tr)l’=1I;+1l’ for all real .

6. Suppose now that .#,, is an ideal; then evidently «=0 and so the problem just
mentioned has certainly solutions. Hence in this case RS.%, suffices to imply
H=(F), if H=(F, %Z,) is valid.

7. Suppose that in the general case no r with the required properties exists.
Then there is a real number d such that y(r)=da«(r) for all r in R, which gives
(ad r)'(Io—di’) =0 identically and hence R(lo —dl’)2 R,. By the reasoning of 1 above,
in this case dim R(l;—dl’)=dim R,+ 1, which excludes the equality sign. Since
evidently R(lo—dl") N £, < R,, R(ly—dl’) then cannot be contained in %, and
this contradiction proves Lemma 1. Q.E.D.

LEMMA 2. Suppose that ¥, is a subalgebra, containing H, of £. Suppose also
that dim Zy+2=dim &, and that |, is irreducible under the restriction of the
adjoint representation of & to £,. Denote by R, the radical of the restriction of
lo to L. Then H=(F, &) implies H=(F) if and only if RZ R,.

ReEMARK. In what follows we shall write £|%,=irr (£,) to indicate that £,
has the properties of the first two sentences of Lemma 2.

Proof. 1. To establish the necessity we proceed as in Lemma 1. H=(F) implies
(cf. A) dim H=4(dim #+dim R), RS H and thus R€R,. On the other hand
H=(F, %,) gives dim H=%(dim £, +dim R,) and so finally dim R+2=dim R,
and RZ R,.

II. 1. To prove the sufficiency, we observe again that H=(F, %,) gives R, S H.
On the other hand, since

dim #—dim R = dim £, —dim R, +2k (k=0,1,2),

R& R, implies dim R+2=dim R,.
2. We conclude from Z|&,=irr (£,), that there exists a pair of linearly
independent elements {/3, /5}, orthogonal to %, of £, such that for all /, in £,

—(ad lo)'l; = 8(l)(I1—aly),
—(@d Ip)I; = 8(lo)(edy+13)
where the linear form & on %, is not identically 0 and «#0. This gives also
8(exp Ip)ly = exp 8(lp)(cos [ad(/p))1 + sin [ad(/p)]/2),
8(exp lp)l; = exp 8(lp)(—sin [ad(lp))l1 + cos [ad(ly)]lz).
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3. Next we observe that to prove H=(F), it suffices to find a pair of elements
ry, re in Rq satisfying 8(exp (11, + toro))lo =1l + 1,11 + tol; for all real ¢, and f,. In
fact, reasoning as in 4 of part II of the proof of Lemma 1, using H=(F, £,) we
conclude that for any given A* in H*' there exists an element 4, in H, and real
numbers ¢, and ¢, such that 8(h)lo=1I5+h* + c,l1 + cols. This gives

8(ho exp (tiry + tar))lo = S(ho)(lo+ il + toly) = lo+ht 41113 +t4ls,

where

11 = ¢;+exp [3(l)](cos [«d(ho)]r, —sin [ad(ho)]r2),

co+exp [8(lo)(sin [ad(ho)]t, + cos [ad(ho)]t2).

Choosing t, and t, such that t; =t,=0, and writing A=hg exp (t,r, + tor,), we
obtain in this fashion 8(h)lo=1/,+h*. Since h € H, in view of the arbitrariness of
ht e H*, this gives H=(F).

4. Wehaveforallrin Ry: —(ad r)'lo = A,(r)!1 + Ay(r)lz,and we haved,(r) = Ay(r)=0
if and only if r belongs to R. Furthermore, since by 1 the codimension of R in R,
is 2, A; and A, are linearly independent. By 3, to prove H=(F) it suffices to find a
pair of elements {r;, r,} in R, satisfying A,(r;)=8;; and 8(r;)=0 (i, j=1, 2). Such a
pair certainly exists if the triple {A;, A;, 8} in £’ is linearly independent. In order
to prove this we observe first that the system {/3, /3, o} is linearly independent in
Z’'. In fact, if this were not so, there would exist numbers b, and b, such that
lo=>b,11+ b,l5. This would imply (cf. 2)

0 = —(ad r)'(lo—bil1—byl)
= [A(r) = 8(N)[bs + abg]lly + [Ao(r) — 8(r)[— aby + b5 ]z

for all r in Ry, or A(r)=d; &(r) (j=1, 2), contradicting the linear independence of
{A1, A}. We denote by W the subspace of £’ spanned by {/1, I3, [o}. W is invariant
under (ad r)’ (r € R,) and we have using the previous system as a basis

8(r)  ad(r) Au(r)

Yr) = —(@dr)|w = | —ad(r) 8(r) 2Asr)].
0 0 0

12

Let us write
Xo aXg X;
(X0, X1, X2) = | —axo X0 Xz .
0 0 0
The collection % of all matrices of this form is a Lie algebra with the basis
e=(1,0,0),e;=(0, 1,0), e5=(0, 0, 1) satisfying [eo, e;]=e; — ey, [€), e2] =ce; + 5,
[e1, e2]=0. If the system {A;, Ay, 8} is linearly dependent, we have §=a;A; +ay),,
and then the map ¢ defined above establishes a homomorphism of R, onto a
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2-dimensional subalgebra, different from {e,, e,}, of L. Therefore, a proof of the
impossibility of this suffices to prove Lemma 2. Let #; be a subalgebra of &z
with the basis

f1 = aceo+aie; +aze,, f2 = boeo+bie; +bye,,

where a,#0, say. Replacing, if necessary, {f, f2} by {(1/ao)f1, f2—(bo/ao)f1}, we
can assume a,=1, by=0. But then we must have also [f3, fo]=[eo, f2] = ¢fo where
¢ is a real number, which is impossible, since the roots of ad e, are 1 + i«, and «#0.

LEMMA 3. Suppose that H=(G) and that X, is a subalgebra of ¥ containing H.
Then we have also H=(G, £,).

Proof. We observe again that the dual of £, can be canonically identified
with the quotient space of £’ according to £§, and that the projection 7 of £’
onto %, consisting in restriction to %, maps H* onto the orthogonal comple-
ment of H in Z;. On the other hand (cf. 2a, b) H=(G) means simply that H is
maximal self orthogonal with respect to /o +h* for all A* in H*; but then it is
certainly maximal self orthogonal in %, with respect to all =(ly+h*).

To finish the proof of the statement that H=(G) implies H=(F), we observe
first that if %, is a subalgebra of .# such that

dim £ > dim £, +1 and 2|Z, # irr (L))

(cf. Remark after Lemma 2), then there exists a subalgebra ., containing .#; such
that if dim £, >dim £, + 1, we have £,/.&, =irr (¥,) and dim £, =dim &, +2;
in fact, this follows from an easy application of the theorem of Lie. Therefore, by
virtue of Lemmas 1-3, it suffices to prove that if H=(G), and if .Z, is a subalgebra
of codimension 1 or 2 of %, such that in the latter case £ |Z,=irr (£,), then &,
satisfies the conditions of Lemmas 1-2. Indeed, observing that trivially H=(F, H),
we can finish then our proof by induction, using an increasing sequence of
appropriately chosen subalgebras containing H. By arguments used repeatedly,
H=(G) implies that H is maximal self orthogonal with respect to lo+/5 (Is € £5%);
hence R+ ) SR, cHS <= Z. Also,

dim H = }(dim £ +dim R) = (dim £,+dim Ry)

and therefore dim R,—dim R=dim . —dim £, =1 or 2; hence always positive.
For later use we list here the following two statements which are immediate
consequences of Lemmas 1-2 resp. and of the equivalence of properties F and J:

LeMMA 1. Let %, be a subalgebra, of codimension one, of &, containing H, and
suppose that H=(J, %,). Then H=(J) if and only if for all I in L5 R(lo+15) is
contained in £,. If %, is an ideal, the last condition follows from R(lp)= .

LeMMA 2'. Suppose that the subalgebra £, of codimension 2 in & contains H
and that Z|Lo=irr (£,). Then H=(J, £,) implies H=(J) if and only if R<R,,
R#R,, where R and R, are the radicals of Iy in & and £ resp.
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4. Throughout this section, as in §3, we keep the exponential algebra %, and
the nonzero element /; of £’ fixed. We recall (cf. 1), that if the subalgebra H is
subordinated to /5, ind (H, Ig) denotes the unitary representation of .2 induced
by the character y(h)=exp (i(h, Iy)) of H (h € H).

One part of the proof of the following Proposition follows closely certain
reasonings of Kirillov (cf. [3, particularly Lemma 5.1]) and Bernat (cf. [1, Chapitre
III)).

PROPOSITION 2. Suppose that the subalgebra H of £ is subordinated to ly. Then
the unitary representation ind (H, ly) of 2 is irreducible if and only if H=(J).

Proof. We shall use induction according to the dimension of the groups con-
sidered. The Proposition being trivially true in the 1-dimensional case, in what
follows we shall suppose dim % > 1, and assume its validity for groups of dimension
less than dim £. We divide the proof into three parts.

A. We suppose first, that there exists a nonzero ideal I, orthogonal to /g in .Z;
in what follows we denote by the same letter a minimal ideal having this property.

1. Let us prove that if either H=(J), or ind (H, I')=irreducible, we have I< H.

«. We know that if H=(J), H as a subspace of % is maximal self orthogonal
with respect to /o. Therefore, it suffices to verify that the subalgebra H,=H+1 is
self orthogonal. But this is clear since [H;, H,]=[H, H]+1, and by virtue of H< I,
[H, H] is orthogonal to /.

B. Suppose now, that ind (H, /o) is irreducible. If Z, is a subalgebra, containing
H, of &, we write ind (H, l; Z,) for the unitary representation induced in Z,
by the character of H corresponding to /. We assume that 7 is not contained in H,
and prove that then ind (H, lp; H+I) is reducible. Since the representation induced
in 2 by the representation ind (H, ly; H+I) of exp (H+I) is the same as ind (H, I),
and since the reducibility of the inducing representation implies that of the induced
one in this fashion we shall obtain a contradiction. Observe that if 74 H, then, by
virtue of the minimality of I, we have H N I=0. We distinguish two cases.

(a) If [H, I1=0, exp (H+1I) is isomorphic to the direct product of H and 7
and in this case ind (H, lo; H+1) is clearly reducible.

(b) Suppose now that [H, I]#0. We have either

dim/ =1, 1={e} and adh(e) = Ah)e,
or dim I=2, I={l,, I;} and
ad h(l) = 8(h)(li—aly),  ad h(ly) = 3(h)(aly+12), [, 15] = 0,

where A and 8 are nontrivial 1-dimensional representations of H, and «#0. We
consider here in detail the second case only; the first can be settled in a similar
fashion. We denote by H; the kernel of 8, and by H, the subspace of elements,
orthogonal to lo, of H. Observe that Hy= H is impossible; in fact in this case, by
virtue of the irreducibility of ind (H, I5) we would have H=. and hence /;=0



498 LAJOS PUKANSZKY [March

which we excluded at the beginning of this section. If H;=H,, H+1I/H, is iso-
morphic to the algebra £ ={f, f1, fo} With [fy, fil=fi —ofs, [fo, fol=0f1+fa, and
we obtain ind (H, ly; H+1) by lifting up to exp (H+1) a representation, induced
by a character of exp {f5}, of exp 2, but this is always reducible. If S=H, N H,is
properly contained in H;, we can write H= X+ Y+ S, where X={x}, Y={y} with
8(x)=0and 8(»)=1, (y, [)=0 resp. H<l; implies [H, H]<S; hence S is an ideal
in H+1. H+1/S is isomorphic to the direct product of £ with a 1-dimensional
algebra R, and ind (H, ly; H+1I) is obtained by lifting up to exp (H+1) a repre-
sentation of exp (5? x R) induced by a character of R, which is again reducible.

2. For what follows observe that the dual of #=.#/I can be canonically
identified to the subspace I+ of #’, and that by virtue of our assumptions we have
loel*.

LeEMMA 4. Suppose that the subalgebra H of £ is subordinated to the element I,
of &', and that H contains the ideal I, orthogonal to Iy, in &. We denote by H the
canonical image of H in & =%|I. Then we have H=(J) if and only if H=(J).

Proof. We denote by § the representation corresponding to 8 of exp £ on Z'.
Writing / for the image in 2 of / € £, we have with the identification explained
above §(/)lo=8(/)l5; hence the orbits of /g with respect to 8 and § coincide. Since
also lo+ H~ =Iy+ H*, to finish the proof it suffices to observe that, by virtue of
I< H, dim A+ dim I=dim H, and therefore dim A =dim £ —1dim O is equivalent
to dim H=dim £ —4dim O.

3. We denote by p the canonical homomorphism of 2 onto exp Z; we have
ind (H, Ip)=ind (H, Iy)- p. To finish the proof of Proposition 2 in case A, suppose
first, that ind (H, ;) is irreducible. Then so is ind (A, I;); hence by virtue of the
hypothesis of the induction, we have H=(J) which by Lemma 4 implies H=(J).
Conversely, H=(J) gives H=(J); hence by induction ind (A, Iy) and along with it
ind (H, ) is irreducible.

B. Here we suppose that the orthogonal complement of /; does not contain
any nontrivial ideal but that there exists a minimal ideal I not contained in the
center C of Z. If dim /=1, and I={e}, we have ad l(e)=X()e (/€ £), where
A#0, since [ is not contained in C. Also, (e, ly) is nonzero since otherwise we would
have case A. If dim /=2, we can choose a basis {/;, /;} in I, such that

ad I(1) = 8()(li—ely), ad I(ly) = 8()(edy+1) (€ L« #0),

where as before 80 and (/;, 15)%+ (I, 15)?>#0.

We denote by Z, the kernel of A or of 8 resp.

1. We prove first, that if either H=(J) or ind (H, l;) is irreducible, H is con-
tained in %,. We shall do this by assuming that H¢ %, and by showing that this
leads to a contradiction. We give the proof in three steps.

a. Let us show that if H</l; and Hd %, then H N I=0. We take the case when
dim I=2; the other case can be settled similarly. Since / is a minimal ideal, if
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H N I#0, we have I< H. Since, by virtue of our assumption, H is not contained
in %, there exists an element 4 in H with 8(4)=1. We have then, since H</,:

0= ([h> ll]’ ll,')) = (119 16)—0((12, Ié)),
0 = ([h, L), lo) = e(ly, lo)+ (s, o)

which gives (/;, [5)=0 (j=1, 2), contradicting the assumption that I is not orthog-
onal to /.

b. Suppose now that the representation ind (H, ) is irreducible. We observe
that Hd4 %, implies [H, I1#0. Since by virtue of H N I=0, a word by word rep-
etition of the argument of A.LB.b. shows that ind (H, [y; H+1) is reducible,
contradicting the irreducibility of ind (H, /). Hence, in this case H< %,

c. Next we consider the case when H=(J). Then by virtue of Proposition 1 and
Lemma 3, also H=(J, H+1). We shall show that this is impossible, if H N I=0.
Here we shall restrict ourselves to the discussion of the case dim I=1; the case of an
I with dim =2 can be settled similarly (cf. for this also A.l.8.b.). We denote again
by H, the subspace of elements, orthogonal to /; of H, and H, the intersection of
H and of the kernel of A; we have then H,& H. If H, N Hy= H,, the factor algebra
of H+1I according to H, is isomorphic to e?={J0, J1}, with [Jo, J;]=J;, the image
of H being {J,}. Then by Lemma 4, {/,} must have the property J in £ with respect
to an element J’ of £’ with (J,, J¢) #0 (since (e, /4) 50), which can be shown to be
impossible by a simple computation. If S= H, N H, is properly contained in H,, we
can write H=X+Y+S, X={x}, Y={y} with A(x)=0, A(y)=1 and (J, [5)=0.
Since H < Iy, we have [H, H]<[S, S], from which we conclude that S is an ideal in
H+1. The factor algebra of H+ I according to S is isomorphic to k4 1={Jo, J1, J2},
where [J,, J1]=J, and [Jy, Jo]=[J1, J2]=0; the image of H is {J,, J5}. Again an
application of Lemma 4 shows that {J,, J,} must have the property in £, with re-
spect to J' € ,S?’, satisfying (J;, /") #0, (Jo, J')=0, which can easily be disproved.

Summing up, if either ind (H, /y) is irreducible, or H has the property J, H must
be contained in the centralizer of 1.

2. We suppose now that ind (H, /;) is irreducible, and prove, that this implies
H=(J). H being contained in £, we can form the representation ind (H, ly; Z,)
which, too, is irreducible and therefore, by the hypothesis of our induction,
H=(J, %,). Hence to finish the proof, by virtue of Lemma 1’ it suffices to show,
that the radical R of [j is contained in the ideal #,. If this is not so then, in the
case of an [ with dim /=2, there exists an element r in R satisfying 8(r)=1, which
gives

0 = ([r, 1], lo) = (Ir, lo) — U, o),
0 = ([, o], lo) = e(ly, Io) +(l2, Io)
implying that I is orthogonal to /5. The case dim I=1 can be settled similarly.

3. Suppose finally that H=(J). Then also H=(J, £,) and therefore by induction,
ind (H, ly; &,) is irreducible. We denote this representation by T and show that T
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induces an irreducible representation in .Z. Since this is precisely ind (H, ;) in this
fashion we prove also that H=(J) implies the irreducibility of ind (H, /5). To obtain
the desired conclusion, by results of Mackey [4], it suffices to observe that

(a) the orbits of the representation induced by 8 on I'=2"/I* are countably
separated and simply connected (cf. [9, p. 156]); hence

(b) the stabilizer of the image =/; of [y in I’ is connected, and therefore coincides
with 2,

(c) the ideal I being in the center of #,, the restriction of T to I is unit operator
times the character x of 7 corresponding to =ly; that is y(exp (te))=exp [it(e, lp)],
if dim I=1, and x(exp (111 + tolp)) =exp [i(t,]; + 1215, 1p)), if dim I=2.

d. We continue to denote by C the center of .Z. If we do not have case A, then
dim C=0, or 1. The former possibility implying B, it remains to consider the case
when dim C=1, C={c} and (¢, [5) #0. Then there exists an ideal I, containing C,
such that dim I/C=1 or dim I/C=2. In the first case we write I={l, c},
ad I(ly) = 8(Dly+v()c (I € £); observe that we can suppose (/y, /o)=0. We denote
by &, the kernel of y; one sees easily that this is the stabilizer in # of the image
wly in I’ of Iy under the representation induced in I' by dé(/)= —(ad l)’ (/€ £). If
dim I/C=2 we can assume

I ={l, 5 c}, ad l(ly) = 8(1)(l, + adg) +y:(D)e,
ad l(ly) = 8(D)(—aly+ 1) +v()c (le @),

where §#0 and (/;, /))=0 (j=1, 2). In this case, too, I is abelian (cf. [9, p. 155]).
In fact, to this end it suffices to observe that for all / in &

ad I([l}, L)) = [ad I(1), L]+ [, ad I(y)] = 23(D)[11, 2],

hence, since §#0, we have A or B. We denote by Z, the intersection of the kernels
of y, and y,, and observe, that it can be interpreted as a stabilizer exactly as above.
We divide the discussion in two major parts.

1. First we show that if H is a subalgebra not contained in %, in either of the
above cases, of £, such that either ind (H, [;) is irreducible, or H=(J), then there
exists a subalgebra H, contained in %, such that ind (H, l;)=ind (H,, l;) and
that H,=(J) is equivalent to H=(J). We write H=H+1I and observe, that it
suffices to find a subalgebra H, of H N %, such that

ind (H, Iy, H) = ind (Hy, lo, H) and H = (J, H), H, = (J, H).

In fact, we have then certainly ind (H, ly)=ind (H, [5). Suppose now, that H=(J),
say. To prove, that this implies H,=(J), we can proceed, as at the end of the
proof of Proposition 1. In fact, if the subalgebras £, and %, are such, that
HAs¥,=%, and that either dim %, +1=dim #,, or dim £, +2=dim %, and
Lo &, =irr (&,), then using H=(J) we conclude, that &, satisfies, with respect
to .Z,, the conditions of Lemma 1’ or Lemma 2’ on %, necessary that H, =(J, %)
imply H, =(J, &£,). Starting with H, =(J, H), we can then finish the proof of H, =(J)
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by induction. Let us write H,=H N %,; we are going to prove that H,=H,+1
has the required properties. We begin by observing that, since / is abelian, we have
H,<H n %,. To prove, that H, < it suffices to remark, that

[Hl, Hl] = [HV, HY]+[H79 I]a

H <, implies [H,, H,]<[H, H] | ly, and [H,, I] is contained in {/;} or in {/;, I;}
resp.; hence is again orthogonal to /g. If H=(J), then C< R(l;) < H, hence C< H.
Similarly, if ind (H, l)=irreducible, then C<H (cf. A.1.8.a.). We denote by H,
the intersection of the kernel of 8 and of H. Then Z=H, N H, is the centralizer
of I'in H, and hence it is an ideal in H. We denote by S the subspace of elements,
orthogonal to /;, of Z; we have Z=C+S. Next we show, that S is an ideal in H;
since [S, I]=0, this implies, that it is an ideal in A= H+1, too. But

[S,H] =[S+C H]=[Z,H]c Z = S§+C,

and thus, by virtue of H<l, [S, H]=S, which proves our statement. Observe,
that evidently S< H,. Let ¢ denote the canonical homomorphism of A on its
factor algebra .2 according to S. We write A and H, for the images, under ¢ of
H and H, resp., and denote by [; the elements, corresponding to Iy, of #';
evidently A, H, <ly. In order to have ind (H, Iy; H)=ind (H,, ly; H); by known
properties of induced representations it suffices to show ind (A, I;)=ind (4., [)).
Similarly, using Lemma 4 we conclude, that A=(J) implies H=(J), and H,=(J)
implies H,=(J). Next we turn to the discussion of the structure of .Z; here we
distinguish two cases.
o. dim I/C=1. With the notations introduced before, I={/,, e} and

ad l(l)) = 8Dl +y(De (€ 2), (b, 1)) = 0.

Since we exclude 4 and B, we must have y#0, and thus, because of H¢.%,,
H,Z H.If H,= H,, then we have on H: y=d8, where d is a nonzero constant, and
therefore ad A/, +dc) = 8(h)(l,+dc) for all & in A, and (I, +dc,l;) #0. Hence, by
B above if either ind (H, ly; H) is irreducible, or H=(J, H), H must be contained
in Hy+I=H,+ 1< %,, contradicting Hd¢ % ,. Observe, that H </ excludes /, € H;
indeed, otherwise we would have for all 4 in H: 0=([h.lo], lo)=y(h)(c, l;), and
therefore, because of (c, lp) #0, H<.%,. Summing up, we have to consider two
subcases.

a. Hy=H. We can writt H=X+C+S, where X={x} with (x,/5)=0 and
y(x)=1. Thus we have Z={e,, e, e}, with the only nonvanishing bracket
le1, es]=e5, and (e;, o) =0 (j=1, 2), (e, o) #0, finally H={e,, e5}, H, ={e,, e5}.

b. HyNn H,<H, H;#H, We have then H=X+Y+C+S, X={x}, Y={y},
0=(x, lo)=(», o), y(x)=1, 8(x)=0, »(»)=0, 8(y)=1. Observe, that [x, y]=x
(mod S); in fact, H<I; gives [x, y]J=ax (mod S) and a=y([x, y])=1. Therefore
P ={e,, €1, €5, €5} With the nonvanishing brackets [eo, e;]=—e;, [es, e2]=eq,
[e1, e2]=e;. Furthermore H={e,, e, es}, H, ={eq, ez, €5} and (e,, [5)=0 (j=0, 1, 2)
(es, lo) #0.
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B. Suppose now dim I/C=2. Using the notations introduced before, we denote
by V the subspace, spanned by y,, v, and 8, of £’. We are going to prove that, if
dim V < 3, there exists a choice of {/;, l,}, such that y;=0 (i=1, 2). In fact, since
8#0, we have dim VV'>0. If dim V=1 we have y;=d,8 (j=1, 2), hence it suffices
to replace {l,, I} by {li+x.¢, I+ x5c}, where {x;, x,} satisfy dy=x; —ax,, and
dy= —ax;+x,. If dim V=2, the map (/)= —((ad /)|,)’ (/€ £) defines a homo-
morphism of £ into the 3 dimensional algebra 2 considered in the proof of Lemma
2, such that dim (%) =2 and, because of 8§ 20, $(¥) #{e;, e,} which is impossible.
Replacing % by H, and using H¢ %, we conclude that H is properly contained in
H,2H,, and dim H/H,#1, H,# H is impossible. If dim H/H,=2, no nonzero
element a,/, +a,l, can belong to H. In fact, otherwise we would have

0 = ([h, aily +asls], 1) = (ary:(h) +azya(h)(c, ko)

since H< Iy and (I;, [5))=0 (j=1, 2).

But this gives a; =a,=0, by virtue of (c, /5) #0, and the independence of {y,, y}
on H. Summing up, we have to consider the following subcases.

a. dim H/H,=2 and H,;=H. Observe, that in this case evidently [H, H]<Z,
hence also [H, H]<S. We can write H=X,+X,+C+S with X,={xj},
yi(x,)="8;and x; | Iy (i, j=1, 2). Therefore £ ={e;, e,, €5, 4, es}, where [e;, e;]=es,
[es, es]=es, H={e1,‘ e, s}, Hl ={e;, e4, €5} and (e;, 16)=0 (=123,4).

b. dim H/H,=2 and H, N H; is properly contained in H,. We have

H = X1+X2+ Y+C+S,

where the x;, beside conditions as in (a) satisfy 8(x;)=0 (j=1, 2). Furthermore
Y={y}, 8(»)=1, y(»)=0 (=1, 2), and (», l)=0. To obtain the brackets among
{x1, X2, y} We note, that the map ¢ considered above, when restricted to H, estab-
lishes an isomorphism between H/(S+ C) and 2, and that, with the notations of
the proof of Lemma 2, (k) =(— 8(h), —y,(h), —y2(h)) (h € H). We have therefore
[y, x1]= — x; +ax, [y1x2]= —eax; —x, mod (S+ C) and hence, because of H </,
also mod (S). We conclude in this fashion, that P ={e,, e,, e, €4, e} with the non-
vanishing brackets [e, e;]=—e;+ ey, [eg, €5]= —ae;—e,, [eg, €5]= —e3+ ey,
[eo, es]=oces+es, [e1. es]=es, [es, e;]=es. Furthermore H={e,, e;, es, es},
H,={eo, 3, e, es} and (e;, Io)#0 only for j=5.

c. dim H/H,=1, Hy=H. We have in this case a,y,+asy,=0 on H, where
a?+a3#0. Replacing {/,, L.} by {a,], +a.l,, —a,l,+a,l,} we can suppose y; =0 on
H, and we have then [h, [,]=0 (h € H). As shown above, H contains its centralizer
in 2 if either H=(J), or ind (H,ly) is irreducible, and therefore /; € H. On the
other hand, y,#0 implies /;, € H. Proceeding, as in «-a, we conclude, that
'?={e1, €2, 83}, [61, 82]=€3, 1‘7={€1, 6’3}, A ={82, e3} and (eja 76)’:0 (]= 1, 2)°

The statement ind (A, lp)=ind (H,, [) is proved for cases «. a, f.a, and B.c
in [1, Lemma 5, Chapitre II}, and for cases «. b and B. b in [1, Lemma 7, Chapitre
II].
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To prove, that all subalgebras listed above possess property J, by virtue of Propo-
sition 1 it suffices to show, that they have property G. We shall confine ourselves
to verify H=(G) in case B. b; the rest can be settled in a similar fashion. We write
(es, It)=x#0. Using a basis, dual to {e}, in &', we get [ + H*={(0, 0, 0, y, y,, x)},
where y, and y, are arbitrary real numbers. If A is not maximal self orthogonal
with respect to an [’ in [+ H*, then there exists a nonzero element e of the form
ases+ase,, such that 0=([h, €], I) for all 4 in H. Hence, in particular

0=(lenel,])=asx, 0={(eyel,])=aux,

contradicting e#0.

2. To finish the proof of Proposition 2, we suppose first, that ind (H, ly) is
irreducible, and prove, that this implies H=(J). According to 1 above, it suffices
to consider the case, when H<.%,. But then ind (H, [;; Z,), too is irreducible and
hence, by induction, H=(J, #,). Therefore to obtain the desired conclusion, it is
enough to check, that %, satisfies the conditions of Lemma 1’ and Lemma 2’
resp. We recall, that with the notations used above dim £/#,=dim I/C=1 or 2.

a. If dim I/C=1, suppose, that r is a nonzero element of R(/g+ /) —%,, where
I3 is arbitrary in #£§. Then, in particular, since /, € Z,, 0=([r, L], 1) =y(r)(c.lp),
and so y(r)=0 and r € &,,.

B. Assume now, that dim I/C=2. Since (/,, [p)=0 (j=1, 2), we have

(L 4L 1) = v, by (G=1,2)

for all / in &. Since (c, l5) #0, we conclude from this first, that Rc R, <%, and
secondly, by virtue of the independence of y; and y,, that dim R+2=dim R,.

3. Assume finally, that H=(J). To prove that this implies that ind (H, I) is
irreducible by 1 it suffices again to consider the case when H is contained in %,.
Since we have also H=(J, &£,) we can conclude by induction, that ind (H, ly; £,)
is irreducible, and then finish the proof exactly as at the end of 8 by observing (cf.
the beginning of ¢) that the stabilizer of #/; in & is &, (for the computation of
the orbits cf. again [9, p. 156]).

The following Lemma follows from Proposition 2 above and from Théoréme,
Chapitre III in [1]; our purpose here is to give a direct proof, independent of
representation theory.

LEMMA 5. The subalgebra H is of a maximal dimension in the family of all sub-
algebras subordinated to Iy if and only if dim H=dim £ —4 dim O, where O is the
orbit of 1.

Proof. If H<ly, H is self orthogonal with respect to /;, and therefore
dim H =4(dim &£ +dim O)=dim £ —1 dim O. In this fashion it suffices to show,
that the value on the right hand side is assumed by an H, H <. In what follows
vie prove the existence of an H with H=(J), which implies the desired conclusion.
We proceed by induction and assume the validity of the statement to be proved for
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algebras of dimension less than dim #. Using the notations of the proof of Prop-
osition 2, if we have case A, then Z = /I, by induction, contains a subalgebra
H of the desired sort. By Lemma 4, its complete inverse image H in .# satisfies
H=(J). For each of the subcases of cases B and C we have constructed a sub-
algebra %, of codimension 1 or 2, of %, satisfying the conditions of Lemma 1’
or Lemma 2’ resp. Therefore to finish the proof of our Lemma it suffices to choose,
using the hypothesis of our induction, a subalgebra having the property J, of Z.

REMARK. Observe, that the above proof yields also the following result: Any
orbit O of the representation, contragredient to the adjoint representation, contains
a linear variety of dimension 1 dim O. In fact, it suffices to note, that if H=(J)
then, by definition, /;+ H* <0, and that

dim H* = dim #—dim H = }(dim £ —dim R) = 1 dim O.
Combining Proposition 2 with Lemma 5, we obtain the following:

THEOREM 1. Suppose, that G is an exponential group with the Lie algebra £, and
let I be a nonzero element of the dual &' of &. Denote by O the orbit, containing I,
of the representation, contragredient to the adjoint representation of G. Suppose,
that H is a subalgebra of £, such that its first derived algebra is orthogonal to I,
with respect to the canonical bilinear form on ¥ x £'. Then the character

x(exp h) = exp [i(h, l))] (ke H)

induces an irreducible representation of G if and only if the dimension of H is maximal
in the family of subalgebras satisfying the condition above, and if the linear variety
I5+ (orthogonal complement of H in ') is contained in &'.

5. The purpose of this section is to give two sufficient conditions, under which a
subalgebra H, subordinated to /; and satisfying dim H=dim ¥ —4 dim O (cf.
Lemma 5) has the property J too.

We recall (cf. Introduction), that an exponential algebra % is called quasi-
nilpotent, if it has no nonzero real roots. In particular, every nilpotent algebra is
quasi-nilpotent.

PROPOSITION 3. Suppose, that ¥ is quasi-nilpotent, and that the subalgebra H,
subordinated to Iy € &', satisfies dim H=dim ¥ —1 dim O. Then we have also
H=(J)).

Proof. The statement being clear if dim £ =1, in what follows we shall assume
dim # > 1, and suppose the validity of the proposition for algebras of smaller
dimension. Also, we can assume dim H<dim £ since otherwise H clearly has
property J. We denote by £, a subalgebra, containing H, of .#, such that either
dim #,+1=dim £ or dim #,+2=dim £ and £/ L, =irr (¥,) (cf. Remark after
Lemma 2). If dim H=dim £ —1 dim O then H is maximal self orthogonal with
respect to B(/y, I5; Iy), hence also with respect to B(ly, ly; Lo, lo) (cf. 2b). From this
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we conclude, that R Ry =%, and that, by induction, H=(J, #,). Therefore it
suffices to verify, that in each case %, satisfies the conditions of Lemma 1’ and
Lemma 2’ resp. If the codimension of Z, in & is 1, then it is enough to observe,
that it is necessarily an ideal of .Z. In fact, if /, is a nonzero element not belonging
to %, and if I, is arbitrary in %, we have ad /o(/;) =«/;(mod #Z,). Since « is a real
eigenvalue of the operator ad /,, and since £ is quasi-nilpotent, we have «=0,
proving [Z, L] Z,. If dim £+ 2=dim £ then, as observed above, RER,c H
and dim H=14(dim £, +dim Ry)=3(dim £ +dim R) and thus dim R+2=dim R,.

The following statement is an immediate consequence of Proposition 2 and
Proposition 3, along with Lemma 5.

COROLLARY (BERNAT). Suppose, that £ is quasi-nilpotent, and that the dimension
of the subalgebra H is maximal among the subalgebras subordinated to l,. Then
ind (H, ly) is irreducible.

PROPOSITION 4. Suppose, that the dimension of the subalgebra H of the exponential
algebra ¥ is maximal among the subalgebras subordinated to the nonzero element
Iy of &'. Suppose also, that the orbit O of I, is closed. Then ind (H, I) is irreducible.

Proof. By virtue of Proposition 2, it suffices to show, that the previous assump-
tions imply, that H=(J). Since by Lemma 5 we have dim H=dim £ —14 dim O, it
is enough to prove, that /;+ H* <. By the assumption on O, the intersection of
O and of [y + H* is closed, hence it suffices to show, that at the same time it is open
in lo+ H*. Let h} be an element of H+, such that /;+h} belongs to O, and consider
the map ¢ from H into O N (lob+ H*) defined by ¢(h)=38(h)(lo+hs) (he H).
Evidently it is enough to prove, that the rank r of ¢ at =0 is not smaller, than
dim H*=dim . —dim R. But using the reasoning of A of the proof of Proposition
1 we conclude, that

r = dim H—dim (H 0 R(ly+h) = dim H—dim R(ly+ k)
= dim H—dim R()) = dim H*,
since Iy + h§ € O implies dim R=dim R(lo + A}).

6. In this section we suppose, that £ has real roots. The motivation for the
following considerations is described at the end of the Introduction.

Let H be a subalgebra, subordinated to Iy € &', of &, and H the connected
subgroup corresponding to H. We define again a character y on H by y(exp )
=exp [i(h, I5)]. Let x be a fixed element of 2. We have y(x ! exp hx) =x(exp h) for
allexp h e xHx~* N H if and only if (o(x~Y)h, lo)=(h, Io) for all h e o(x)(H) N H;
but this is equivalent to 8(x)lo—1I € (c(x)(H) N H)*=8(x)(H*)+ H*. This leads
to the following

DErINITION 4. We say, that the subalgebra H, subordinated to /;, has the
property C, and write H=(C) if 8(x)(lo+ht)=1lo+h3 (hi, hi € H*) implies x € H.

PROPOSITION 5. We have H=(C) if and only if H=(J).
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Proof. A. (J)=(C). By virtue of Proposition 1 it suffices to show, that H=(F)
implies H=(C). If h} (j=1, 2) are elements in H*, we can find elements A, in H,
such that 8(A)lo=1lo+hi (k=1, 2). Hence 8(x)(Io +hi) =1y + h5 implies

8(hz *xhy)lo =15,

and therefore A5 'xh, belongs to the connected subgroup corresponding to the
radical R of /;. But if H=(F) then, in particular, H is maximal self orthogonal
with respect to /5, and thus R< H. Hence finally 45 xh; e R<H and x € H.

B. (C)=(J). Again by Proposition 1 it suffices to prove, that H=(C) implies
H=(G). We are going to do this by showing, that if H=(C), then H is maximal
self orthogonal with respect to /5. In fact, it will suffice then to observe, that
H < implies H< Iy +h* for any At in H+, and thus the condition H=(C) remains
the same upon replacing /i by lo+hs (h € H*).

Since the roots of & are real, there exists a subalgebra £, of codimension 1, of
£, containing H(?). Next we prove, that H has the property C with respect to
Z,, or that H=(C, %,). We denote by = the projection of £’ onto Ly=¥"'|L5s,
and observe, that the orthogonal complement of H in % is the image of H*
under #. Furthermore, if 8, is the representation, corresponding to 8, of &, on
ZL,, we have 8q(lp)m=n8(l,) for all [, in #,. Therefore, if H#(C, Z,), there exist
elements 4} (j=1,2) in H*, and /, € £, not in H such that

So(lo)m(lo +hi) = m(lo+ h3).
By the previous remarks, this implies
(l)(lo+ht) = lo+hs+13,

where [§ is orthogonal to %,. Since h3+I5 € HY, and I, € H, we have then a
contradiction to H=(C). Proceeding by induction, we conclude, that H is maximal
self orthogonal in %, or dim H=4(dim £,+dim R,). Since H=(C) trivially
implies, that R< H, R is of codimension 1 in Ry, and dim H=%(dim £ +dim R),
proving, that H is maximal self orthogonal in Z.

Combining Proposition 5 with Proposition 2 we obtain the following.

THEOREM 2. Let G be an exponential group with real roots, I a closed connected
subgroup of G, and x a continuous homomorphism of T into the multiplicative group
of complex numbers of absolute value one. For an element x of G, we denote by T',,
the intersection of the subgroups I and x~*T'x, and by x, the character of T,. defined
by x(v) =x(xyx~1) (y € I',.). Then the representation, induced by x, of G is irreducible
if and only if, for all x not belonging to T, the character x, is different from the
restriction of x to I',.

(?) This is the only point, where the hypothesis of the real roots is used. Although likely to
be valid, the author could not prove Theorem 2 without this restriction.
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Proof. We denote by .# the Lie algebra of G. Then I' is the image, through the
exponential map, of some subalgebra H of .#. According to what precedes, to
obtain the desired result it suffices to observe, that x can be written as exp [i(h, /o)]
(h € H) with an appropriately chosen /; in #".

REMARK. As observed earlier (cf. the end of the Introduction), Theorem 2
extends to certain exponential groups a situation known for finite groups (cf. [5,
Theorem 6]).
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