A GALOIS THEORY FOR NONCOMMUTATIVE RINGS(})

BY
H. F. KREIMER

Introduction. In 1944, Jacobson [4] developed a Galois theory for nonnormal
and nonseparable fields; and, in 1949, Hochschild [3] used the techniques of
Jacobson to present a Galois theory for division rings. These same techniques
will be used in this paper to present a Galois theory for rings with identity element.
The theory presented here is the analogue of the outer Galois theory for division
rings and it extends the Galois theory of commutative rings developed by Chase,
Harrison, and Rosenberg [1].

1. Generalized Galois theory. For any ring A4 with identity element, let 1
denote the identity element of 4; and for a € 4, let a; denote the mapping x — ax
of A into itself and let a5 denote the mapping x — xa of A4 into itself. In subsequent
use, ring will mean ring with identity element and subring of a ring will mean
subring which contains the identity element of the ring. A homomorphism ¢ of a
ring A4 into a ring B is an additive map of A4 into B such that a; o $=¢ o (ad)s,
a € A, where a¢ denotes the image of a under ¢ and ““o” denotes composition
of maps. Generalized Galois theory involves a formal study of the ways in which
additive maps between rings may relate to the multiplicative ring structure.

Let Z denote the ring of integers and let Hom; (4, B) denote the abelian group
of additive maps of a ring 4 into a ring B. Hom; (4, B) is an A-B bimodule and a
B-4 bimodule according to the rules apb=apo ¢ o by and bda=a, - ¢ o b, for
ac A, be B, ¢ € Hom; (A4, B). Let K, be a free unital A-B bimodule on one genera-
tor go. If € Hom; (4, B), there is a unique A-B bimodule homomorphism f; of K,
into Hom; (4, B) mapping g, onto ¢. The kernel J, of f; is an 4-B submodule of
K, and gives the relations between ¢ and the multiplicative ring structures of 4
and B.

(1.1) DEeFINITION. Let # be the lattice of A-B submodules of K, and let #
be the lattice of B-4 submodules of Hom; (4, B). For Je ¢, let R(J)
={¢ € Hom; (4, B) | J<J,}; and, for Re &, let J(R)=(\ocr Jo-

For Je #, R(J) is a B-A submodule of Hom; (4, B); and, for Re Z, J(R)
is an A4-B submodule of K,. The mappings J— R(J) and R — J(R) constitute
a Galois connection between the lattices ¢ and £, in the terminology of Ore [6].
For Je ¢, J=J(R(J)) is the (Galois) closure of J and J is (Galois) closed if it
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is equal to its closure. Similarly, for R € #, R= R(J(R)) is the (Galois) closure of R
and R is (Galois) closed if it is equal to its closure. The mappings J — R(J),
R — J(R) are anti-isomorphisms between the lattice of closed elements of _¢ and
the lattice of closed elements of #, with one map being the inverse of the other.
Note that the lattice of closed elements of _# (resp. #) is not a sublattice of _#
(resp. #). Indeed, in the lattice # (resp. %), the intersection of a family of closed
elements is again closed, but the union of this family need not be closed and it is
the closure of this union which is the least upper bound for this family in the lattice
of closed elements of # (resp. %).

To each ¢ € Hom; (4, B) corresponds the mapping k — 1(kf;), k € K,; and
this correspondence is a B-4 bimodule isomorphism of Homj (4, B) onto
Hom; (K,, B). By this isomorphism, identify Hom; (4, B) with Hom; (K,, B),
which is the dual of the right B-module K,. 1(kfs.)=1(a. o (kfs))=a(kfs)
=1(az o (kf))=1((ak)f,), for a€ A, k € K,, and ¢ € Hom; (4, B). Therefore, if
Je ¢, Jt={¢ eHom; (4, B) | 1(kf,)=0, keJ}={¢ € Hom; (4, B) | kf,=0,
keJ}={¢ e Hom; (4, B) | J<J,}=R(J); and, if Re #, R+={k € K, | 1(kf,)=0,
de Ry={k€ K, | kfy=0, ¢ € R}=oer Jo=J(R). For Je £, J|J=J*|J is the
kernel of the natural right B-module homomorphism 4 of K,/J into Homg (J, B)
=Hom; (R(J), B). his an 4-B bimodule homomorphism, and J is closed if and only
if 4 is a monomorphism. If B is a semisimple Artinian ring, then K,/J is a projective
right B-module, 4 is a monomorphism, and J is closed for any J € #. Let " be the
set of cyclic 4-B bimodules K,/J, J € £, and make X into a lattice anti-isomorphic
to _# under the correspondence J « K,/J. If K is a cyclic, unital 4-B bimodule with
generator g, there is an A-B bimodule isomorphism of K,/J onto K which maps
go+J onto g for a unique Je #. Thus /4 may be regarded as a lattice of iso-
morphism types of cyclic, unital 4-B bimodules. g,+J will be called the canonical
generator of K,/J. For K, K’ € ", K< K’ if and only if there is an 4-B bimodule
homomorphism of K’ onto K which maps the canonical generator of K’ onto the
canonical generator of K. It is the pair of lattices #° and £ which Hochschild
considers in [3]. For J € #, the natural left B-module isomorphism of R(J)=J*
onto Homg (K,/J, B) is a B-A bimodule isomorphism; and Homj (K,/J, B) is the
relations space of the cyclic 4-B bimodule K,/J, as defined by Hochschild. For a
division ring B, Dieudonné [2] characterizes the Galois closed elements of Z# as
those B-A4 submodules of Hom; (4, B) which are closed and linearly compact with
respect to the finite topology on Hom; (4, B).

(1.2) PROPOSITION. If ¢ is a homomorphism of ring A into ring B, thenJ, is a closed
element of #, R(J,)={$ o b, | b € B}, and there is a right B-module isomorphism of
Ky|J 4 onto (14)- B which maps go+J onto 1¢.

Pl'oof. FOl‘ any (ﬁ € Homz (A, B), Jd’ gj¢= nweﬂ(la) Jw. Since ¢ € R(Jw), j¢=J¢
and J, is a closed element of #. Let ¢ be a ring homomorphism of A4 into B. For
acA and Y€ R(J,), ago—golag) €J, and ap=1(ag > §)=1(} o (ap)z) =(14)(a4)
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=a(¢ o (1y),). Therefore R(J,)={¢ o b, | b € B}. There is an 4-B bimodule mono-
morphism of K,/J, into Hom; (4, B) which maps g,+J, onto ¢, and the mapping
¢y — 1y is a right B-module homomorphism of Hom; (4, B) onto B. That the
composite of these two maps is a right B-module isomorphism of K,/J, onto
(14)- B follows readily from the identities ag,+Js=go(ad)+J, and a(¢ o by)
=(ad)-(1(¢ o bg)) forae A and b e B.

2. Strongly independent homomorphisms.

(2.1) DEFINITION. A set S of homomorphisms of ring 4 into ring B is independ-
ent if {R(J,) | ¢ € S} is an independent set of B-4 submodules of Hom; (4, B),
i.e., whenever m is a positive integer and ¢;, 1 <i<m, are distinct elements of S,
then R(J,,) N 312 R(J,,)=0.

Since R(Jy)={¢ o b, | b € B} for any homomorphism ¢ of ring A4 into ring B, a
set S of homomorphisms of ring A into ring B is independent if and only if, when-
ever m is a positive integer and ¢;, 1 £i<m, are distinct elements of S, there does
not exist a nontrivial relation >, ¢; o (b;),=0, bye Bfor 1<i<m.

(2.2) DErINITION. A set S of homomorphisms of ring A4 into ring B is strongly
independent if, whenever m is a positive integer and ¢, 1 <i<m, are distinct
elements of S, then J,, + (L2 J4, = Ko.

If m is a positive integer and ¢, € Hom; (4, B), 1Si=<m, are such that
Jo, + (=2 Js, =Ko, then

0 = R(K,) = R(J,,,l + ,éz J.,,,) = R(U,,) N R(f\2 J.»,)

= R(Jy,) N é R(J) 2 R(Js,) N Z:; R(J,,).

Therefore a strongly independent set of homomorphisms of ring A into ring B is
independent.

(2.3) PROPOSITION. A set S of homomorphisms of ring A into ring B is strongly
independent if and only if, whenever m is a positive integer and ¢;, 1 <i<m, are
distinct elements of S, there exist a positive integer n and elements x; € A and y; € B,
1Sj<n, such that 37—, (x;$,)- y;=1¢, and 33}, (x4;)- y;=0 for 2<i<m.

Proof. If J,, + (2o, =Ko, then go=k+k’ where keJ,, and k'€ MLz Jy,.
Suppose k'=2>7., x,80);, Where n is a positive integer and x;€ 4, y;€ B for
1Sj=n. Then S}y (xbs)- ¥,= 1k o, =1(gof,) =191, since go—k'=k € J,,; and
Si-1 () y,=1(kfo) =0 for 25 i<m, since k' € (Vg Jo-

Conversely, suppose there exist a positive integer n and elements x; € A and
y;€ B, 15j<n, such that 3}., (x;¢,): y,=1¢; and 3>}-, (x;¢))- y;=0 for 2Zi=<m.
Let k'=2}.1 x;80y; and k=go—k'. For a€ 4, a(k'fs,)=(ad,)-(1(k'fs,))=(as,)
(1$:)=a(gof»,) and a(k'f,) =(ag)- (1(k'f,,)) =0, 25 i< m. Therefore k' € (-2 Jo,
and k=go,—k'€J,,. Consequently go€J,, +( -2y, and Jo, + iz Jo =Ko.
The proposition is now immediate.



32 H. F. KREIMER [April

Let m be a positive integer, let ¢, € Hom; (4, B) for 1<i<m, and let
Jo=(=1Js,- JoSJs, and there is an A-B bimodule epimorphism of K,/J, onto
K,/Js, which maps the canonical generator of K,/J, onto the canonical generator
of Ko/Js, 1Si=m. These epimorphisms determine a canonical 4-B bimodule
monomorphism of K,/J, into the direct product [ ], Ko/J,,. It is an easy conse-
quence of Proposition (2.3) that a set S of homomorphisms of ring 4 into ring B
is strongly independent if and only if, whenever m is a positive integer and ¢,
1<i<m, are distinct elements of S, the canonical 4-B bimodule monomorphism
of Ko/Jo, Jo=(=1Js,, into []ix; Ko/Jy, is an isomorphism.

(2.4) PRrOPOSITION. If B is a quasi-Frobenius ring, then any independent set S of
homomorphism of a ring A into B is strongly independent.

Proof. Suppose that m is a positive integer and ¢;, 1 <i < m, are distinct elements
of S. Letting Jo=(\-1J4,, there is an A-B bimodule monomorphism of Ky/J,
into [T 1 Ko/Jy,. But TTi~1 Ko/J,, is a finitely generated right B-module and B,
being quasi-Frobenius, is right Noetherian. Therefore K,/J, is a finitely generated
right B-module. Since B is quasi-Frobenius, the mappings J— R(J)=J* and
R — J(R)=R* are anti-isomorphisms between the sublattice {J € £ | Jo,=J} of #
and the sublattice {R € Z | RS R(Jy)} of Z. In particular, if S is independent,

Ko =IO =I(RUs) 0 3 RU)) = IR+ (YIRS = I+ [} Ju

Consequently, S is strongly independent.

(2.5) DEFINITION. Let G be a group of automorphisms of a ring B and let
I(G)={be B| bo=b, o€ G}. A subring 4 of B is G-admissible if: (i) I(G)= 4,
(ii) the set S of restrictions of elements of G to A is a finite, strongly independent
set of homomorphisms of A4 into B, and (iii) /(G) is a direct summand of the left
I(G)-module A4.

(2.6) LeMMA. Let G be a group of automorphisms of a quasi-Frobenius ring B
and let S be the set of restrictions of elements of G to a subring A of B. If I(G) < A4,
A is a finitely generated right I(G)-module, and S is an independent set of homo-
morphisms of A into B; then S is finite and strongly independent.

Proof. S is strongly independent by Proposition (2.4). Suppose m is a positive
integer and ¢;, 1 <i<m, are distinct elements of S. Letting Jo=("\~1 J,,, the 4-B
bimodules K,/J, and [}~ ; K,/J,, are isomorphic; and the right B-modules Ko/J,,
and B=(1¢,)- B are isomorphic, 1 <i<m. Therefore K,/J, is a free right B-module
on m generators. Since B is quasi-Frobenius, B is right Artinian and it is possible
to show that no set of fewer than m elements can be a set of generators for the right
B-module K,/J,. But the mapping a — ag,+J, carries a set of generators for the
right I(G)-module 4 onto a set of generators for the right B-module K,/J,. There-
fore m cannot exceed the number of elements in a finite set of generators for the
right I(G)-module 4, and S is finite.
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(2.7) PrOPOSITION. Let G be a group of automorphisms of a division ring B such
that the full Galois group of B over 1(G) is outer. A subring A of B such that I(G)< A
and A is a finitely generated right I1(G)-module, is G-admissible.

Proof. I(G) is a division subring of B and 4 is a left vector space over I(G).
I(G) is a subspace of A4 and a direct summand of the left 7(G)-module A. The set
S of restrictions of elements of G to A4 is independent by [5, Proposition 7.6.1].
Since B is a division ring, it is quasi-Frobenius and 4 is G-admissible by Lemma
2.6).

(2.8) LEMMA. Let G be a group of automorphisms of a ring B and let S be the set
of restrictions of elements of G to a subring A of B. If I(G)< A, S is finite, and there
exists c € A such that 3 4cs (cd)=1; then I(G) is a direct summand of both the
left I(G)-module A and the right I1(G)-module A.

Proof. Let a € A. Since S is the set of restrictions of elements of the group G
to A, Dses (ap) € I(G). cgo (Coes ¢) is a left 1(G)-module homomorphism of A
into I(G), ¢ o (Zges $) is a right I(G)-module homomorphism of 4 into I(G),
and both are right inverses for the injection map of I(G) into 4. Consequently,
I(G) is a direct summand of both the left 7(G)-module 4 and the right I(G)-
module 4.

Following Chase, Harrison, and Rosenberg [1], a set S of homomorphisms
of a ring 4 into a ring B is said to be strongly distinct if for any two distinct ele-
ments ¢,, ¢, of S and any nonzero idempotent e € B there exists a € 4 such that

(ad1)e#(ado)e.

(2.9) PROPOSITION. Let G be a group of automorphisms of a commutative ring B.
A subring A of B such that I(G)<= A, A is a separable algebra over I(G), A is a
finitely generated 1(G)-module, and the set S of restrictions of elements of G to A
is a strongly distinct set of homomorphisms of A into B, is G-admissible.

Proof. Let H={0 € G | as=a, a € A} and let 7 be the injection map of 4 into B.
A Qe A and 4 Q¢ B are commutative rings; 1 ® 7 is a ring homomorphism
of AQye A into 4Ry B; and the map = of 4 ®;q B into B such that
(x®@ y)mr=xy for xe A, ye B, is a ring homomorphism of A ®,¢ B into B.
Since 4 is a separable I(G)-algebra, there exists an idempotent e € 4 ®yq 4
such that e(1 ® n)m=1 and ae=ea for a€ A. If o € G, then 1 ® ¢ is an automor-
phism of 4 ®y¢ B and e,=¢e(l ® )(1 ® o)7 is an idempotent in B. But a-e,
=(ae)(1 @ n)(1 @ o)yr=(ea)(1 ® n)(1 ® o)yr=e,(ao) for a € A. Since S is strongly
distinct, e,=0 for ¢ H. If o€ H, e,=e(l ® 9)(1 ® o)r=e(l ® n)m=1. There-
fore, if e=37-; x; ® y; where n is a positive integer and x;, y;€ 4 for 1<j<n,
then 37, x/(y,0)=1 for o € H and >}, x,(y;0)=0 for 0 € G but ¢ ¢ H.

Suppose m is a positive integer and ¢, 1<i<m, are distinct elements of S.
Let o, € G be such that ¢; is the restriction of o; to 4, 1 Si<m; and let z;=y,0,,
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15jsn X%, (x;7)-2;=1 for 7 € Ho; and >}, (x;7)-z;=0 for 7 ¢ Ho,. Since the
é;, 1 Si<m, are distinct elements of S, o; ¢ Ho, for 2<i<m. Therefore

n

Zl (xj¢1)'zj = z (xj°1)‘Zj =1

and

> (x#)z;= D> (x0)-z;=0for 25 i<m.
j=1 =1

By Proposition (2.3), S is strongly independent. B is a commutative ring and it is
possible to show that a free B-module on m generators cannot be generated by
any subset of fewer than m elements. Therefore the argument in the proof of
Lemma (2.7) may be applied to show that S is finite. Letting w=724cs ¢, @ is an
I(G)-module homomorphism of 4 onto an ideal [ in I(G). But >}-; x;-(y;w)=1;
therefore I- A= A. Since I(G) is a commutative ring and A4 is a finitely generated
I(G)-module, there exists b € I such that (1-5)4=0 [7, Lemma 2, p. 215]. But
then b=1 and there exists ¢ € 4 such that 1 =cw=73 s c¢. It now follows from
Lemma (2.8) that 4 is G-admissible.

3. Finite Galois theory.

(3.1) DerINITION. Let G be a group of automorphisms of a ring B. Bis a K-ring
(aft'er W. Krull) with respect to G if any finite subset of B is contained in a G-
admissible subring of B.

(3.2) LEMMA. Let B be a K-ring with respect to a group G of automorphisms of B,
and let S be the set of restrictions of elements of G to a subring A of B. If I(G)S A
and S is a finite, strongly independent set of homomorphisms of A into B, then there
exists ¢ € A such that Y s (cd)=1.

Proof. Suppose ¢;, 1 Si<m, are the distinct elements of S for a positive integer
m. If S is strongly independent, there exist a positive integer n and elements x; € 4
and y;€ B, 1<j<n, such that 3}_, (x;6,)-y;=1¢,=1 and >}-; (x,¢;)-y;=0 for
2<i<m. Let C be a G-admissible subring of B such that {y,| 1=5js<n}cC.
Letting w=4cs$, w is a right I(G)-module homomorphism of A into I(G)
and w ® 1 is a right C-module homomorphism of 4 ®;, C into I(G) Q¢ C=C.
The cokernel of w ® 1 is canonically isomorphic to (coker w)®q C. But
>ty (x;w)-y;=1, therefore w ® 1 is an epimorphism and (coker w) ®q C=0.
Since I(G) is a direct summand of the left 7(G)-module C, coker w=0, w is an
epimorphism, and there exists ¢ € A such that 1 =cw=7 45 (cé).

(3.3) COoROLLARY. Let B be a K-ring with respect to a group G of automorphisms
of B. A subring A of B is G-admissible if, and only if, I(G) < A and the set of restric-
tions of elements of G to A is a finite, strongly independent set of homomorphisms
of A into B.
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Proof. The corollary is an immediate consequence of Definition (2.5) and
Lemma (2.8).

Let G be a group of automorphisms of a ring B, let T be a subset of B, let
H={ce G| bo=b, beT}, and let S be the set of maps of T into B which are
restrictions of elements of G. H is a subgroup of G and there is a one-to-one corre-
spondence between S and the set of left cosets of G relative to H. Indeed, the
restriction to T of the elements in any system of representatives of the left cosets of
G relative to H is a one-to-one map of that system onto S. Moreover, T is mapped
into itself by the elements of S if and only if H is an invariant subgroup of G.
Now assume that B is a K-ring with respect to G, and let a € B. There exists a
G-admissible subring 4 of B such that a € 4. Since the set of homomorphisms of A
into B which are restrictions of elements of G is finite, there are only finitely many
images of a under the automorphisms in G. Consequently, if T is a finite subset
of B, S must be finite and H is a subgroup of finite index in G. For a subgroup
H of a group G, let (G : H) denote the index of H in G.

(3.4) LeMMA. Let B be a K-ring with respect to a group G of automorphisms of B,
let A be a G-admissible subring of B, and let H={c € G | ac=a, a € A}. H is a sub-
group of finite index in G; and, if H, is a subgroup of G such that H< H,, then I(H,)
is a G-admissible subring of B, Hy={c € G | bo=b, b€ I(H,)}, and B is a K-ring
with respect to H,.

Proof. Let S be the set of restrictions of elements of G to 4. Since 4 is G-
admissible, S is a finite, strongly independent set of homomorphisms of 4 into B.
In particular, (G : H) must be finite. Let H, be a subgroup of G such that HS H,.
Clearly I(G)<I(H,). Since (G : H) is finite, so are (G : Hy) and (H, : H). If
{o,€ H, | 1ZSp=<(H, : H)} is a system of representatives of the left cosets of H,
relative to H and {r,e G| 1=5¢=(G : H,)} is a system of representatives of the
left cosets of G relative to H,, then {o,7,| 1Sp=<(H,: H) and 129<(G : H,)}
is a system of representatives of the left cosets of G relative to H. Since S is strongly
independent, there exist a positive integer n and elements x; € A and y,€ B, 1 <j<n,
such that >7.; (x,0,7,)-y;=1 and 3%, (xj0,7)-y;=0 for 2<p=<(H, : H) or
2292(G : Hy). If w;=32={:1" (x0,); then w, e I(H,) for 1Zj<n, 37-, (wyry)
-y;=1, and 3}, (w;r))-y;,=0 for 22¢=(G : H,). Certainly H,S{o€ G | bo=b,
b € I(H,)}, and the set S; of restrictions of elements of G to I(H,) is no more than
the set of restrictions of the automorphisms 7,, 1 £¢<(G : H,), to I(H,). Therefore
S, is finite and strongly independent by Proposition (2.3). I(H,) is G-admissible
by Corollary (3.3).

If the set {r,| 1=¢=(G: H,)} is chosen so that 7, € H;, then >}., w,y;
=271 (Wwm)-y;=1 and 3>}, (wjr) y;=0 for 2=<¢g=<(G: H,). Therefore
17,¢{oce€ G| bo=b, beI(H,)} for 2£9=(G : H,) and {o € G | bo=b, b e I(H,)}
=H,. Letting T; be a finite subset of I(H,;) such that the automorphisms ,,
129 =(G : H,), restrict to distinct maps of T, into B, Hy={c € G | bo=b, be T,}.
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Let F be 2 finite subset of B, let T, be the set of images of elements of T, U F
under the automorphisms in G, and let Hy={oc € G | bo=b, be T,}. T, is a finite
set and there exists a G-admissible subring 4’ of B such that T,=A4’. Since
T,cT,cA',{ceG|ac=a,ae A’} H,< H, and I(H,) is a G-admissible subring
of B. Also I(H,)< I(H,) and F<T,< I(H,). Since the set of restrictions of elements
of G to I(H,) is finite and strongly independent, so is the set of restrictions of
elements of H; to I(H,). Since T, contains the images of its elements under the
automorphisms in G, H, is an invariant subgroup of G and, consequently, I(H,)
is mapped into itself by the automorphisms in G. Let {u, € H, | 1 Sr<(H, : H,)}
be a system of representatives of the left cosets of H; relative to H,. Since H, is
an invariant subgroup of Hy, {u; | 1=r=(H, : H,)} is also a system of repre-
sentatives of the left cosets of H, relative to H,. {u;'7,|1=<¢=<(G: H,) and
1=r=(H, : H,)} is a system of representatives of the left cosets of G relative to
H,, as is also {r;'u, | 1=9=(G : H,) and 1=r=(H, : H,)}, since H, is an in-
variant subgroup of G. By Lemma (3.2), there exists b € I(H,) such that

q=(G:H1) r=(H1:H2)

> (bri'w) =L

. q=1 r=1
Letting

q=(G:Hy)

c= > (br7Y), cel(Hy)

q=1

and
r=(H;:Hg)

Z (cu,) = 1.

r=1
It now follows from Lemma (2.8) that I(H,) is H;-admissible. Since F may be
any finite subset of B, B is a K-ring with respect to H;.

(3.5) PrROPOSITION. Let B be a K-ring with respect to a group G of automorphisms
of B, let A be a G-admissible subring of B, let S be the set of restrictions of elements
of Gto A, and let H={oc € G | as=a, a € 4}.

(i) A=I(H).

(ii) The right I(G)-module A is finitely generated, projective, and contains I(G)
as a direct summand.

(iii) Homy, (4, B) is a direct sum of the B-A bimodules R(J,)<Hom; (4, B),
des.

@@v) If Jo=(\eesJs» there exist canonical A-B bimodule isomorphisms
A @y B~ KolJo= Homp (Homy, (4, B), B).

Proof. H is a subgroup of finite index in G and B is a K-ring with respect to H
by Lemma (3.4). Let {r,€ G | 1 <¢=<(G : H)} be a system of representatives of the
left cosets of G relative to H with 7, € H. Since A is G-admissible, there exist a
positive integer n and elements x, € 4 and y, € B, | £j<n, such that >}.,; (x;7,)-y;
=1and >7.; (x;75)-y,=0for2=¢=(G : H). Thus 2}, x;y,=1 and 3}, (x,0)-y;
=0 for c€ G but o ¢ H. Let A, be an H-admissible subring of B such that
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{y;|12jEn}<A,, and let H,={c€ H| ao=a, a€ 4,}. By Lemma (3.4), H, is a
subgroup of finite index in H. If {o,€ H| 1Sp<(H : H,)} is a system of repre-
sentatives of the left cosets of H relative to H,, there exists ¢ € A, such that
25{"HY (cop)=1 by Lemma (3.2). Letting z;=>2=#H#2 (y,c)o,, z,€I(H) for
1<j=n, and

while

n p=(H:H;) n
Z (x,0)-2; = (Z (x,aa;l)-y,c)ap =0
=1

j=1 p=1

for o € G but o ¢ H. Letting f; be the restriction of (z;),- >4 =, to I(H), f; is a
right 7(G)-module homomorphism of I(H) into I(G) for 1<j<n, and

2 o= ﬁ”’ (Z (x,fq‘l)-z,b)fq =br=b

for be I(H). But X}-; x;-(bf;) € A for be I(H), and therefore 4=I(H). The
representation a=>}., x,-(af)), a € A, shows that 4 is a finitely generated, pro-
jective right I(G)-module. I(G) is a direct summand of the right I(G)-module A
by Lemma (3.2) and Lemma (2.8).

For ¢ € S, R(J,) is a B-4 submodule of Hom, (4, B). Let ¢, be the restriction
of r,to A for 1=q=(G : H). If y € Homy, (4, B), let

q=(G:H) n

(ZJ)L ‘b (X)L

For aed, aw=3j., Z‘éi‘f’”’ (xj¢)-((zja)¢q)=29‘=1 (x4)-(af)=ay; therefore
$=w, but 3., (2] $¢- (xh)r € R(J,,) for 1 2= (G : H). Therefore ¢y € 3 yes R(J,)
and 45 R(Js)=Homg, (4, B). Since S is a strongly independent set of homo-
morphisms of 4 into B, it is an independent set and {R(J,,) | ¢ € S} is an independent
set of B-4 submodules of Hom; (4, B). Therefore Hom,, (4, B) is a direct sum
of the B-A4 bimodules R(J,), ¢ € S. Let J; be the 4-B submodule of K, generated
by the set {bgo—gob | b € I(G)}. R(J,)=Homy,g, (4, B) and there is an A-B bi-
module isomorphism of 4 ®;, B onto K,/J; which maps 1 ® 1 onto g. Since A4
is finitely generated, projective right 7(G)-module, Ko/J;~ A4 ®;¢, B is a finitely
generated, projective B-module. Therefore the natural 4A-B bimodule homo-
morphism 4 of Ky/J, into Homg (R(J,), B)=Homjg (Hom,, (4, B), B) is an iso-
morphism and J; is a closed 4-B submodule of Ko. If Jo=("sesJy, then Jy is
also a closed 4-B submodule of K,. Clearly J, =J,, so R(Jo) < R(J;) =Hom,, (4, B).
But R(Jo)=R((Mses Js) 2 2oes R(Jo)=Homy, (A4, B). Therefore R(Jo)=R(J,),
Jo=J(R(Jo))=J(R(J}))=J,, and the theorem follows.

(3.6) ProrosiTION. If B is a K-ring with respect to a group G of automorphisms
of B and H is a subgroup of finite index in G, then I(H) is a G-admissible subring of B.
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Proof. Suppose I(H) were not a G-admissible subring of B. Let F, be any
finite subset of I(H), let n be a positive integer, and suppose that a finite subset
F, of I(H) has already been chosen. Letting H,={c € G | bo=b, be F,}, HS H,
and I(H,)<I(H). There exists a G-admissible subring 4 of B such that F,< 4.
{o€eG|ao=a,ac A} H, and I(H,) is a G-admissible subring of B by Lemma
(3.4). Therefore I(H,)#I(H) and there exists c € I(H) such that c ¢ I(H,). Let
Fo,.1=F,V{c}and H,,,={c€ G | bo=b,be F,,,}. HS H,,,<H,; and a prop-
erly descending chain {H, | n= 1} of subgroups of G, each of which contains H,
is defined by induction. But then H cannot be of finite index in G.

(3.7) COROLLARY. Let G be a finite group of automorphisms of a ring B. B is a
K-ring with respect to G if, and only if, G is a strongly independent set of automor-
phisms of B and I(G) is a direct summand of the left 1(G)-module B.

Proof. B is a G-admissible subring of itself if, and only if, G is a strongly in-
dependent set of automorphisms of B and I(G) is a direct summand of the left
I(G)-module B. If B is a G-admissible subring of itself, then B is certainly a K-ring
with respect to G. Conversely, suppose B is a K-ring with respect to G. Since G is
finite, the trivial subgroup {1} of G has finite index in G and B=I({1}) is a G-
admissible subring of itself.

(3.8) THEOREM. If B is a K-ring with respect to a finite group G of automorphisms
of B, then the mapping H — I(H) is a bijection of the set of subgroups of G onto the
set of G-admissible subrings of B.

Proof. Bis a G-admissible subring of itself by Corollary (3.7). If H is a subgroup
of G, then H2{1}={o € G | bo=b, b € B}. By Lemma (3.4), I(H) is a G-admissible
subring of B and H={o € G | bo=b, b € I(H)}. Conversely, if A is a G-admissible
subring of B and H={oc € G | as=a, a € A}, then A=I(H). The theorem is now
immediate.

Let G be a group of automorphisms of a ring B. If H is an invariant subgroup
of G, then I(H) is mapped into itself by the automorphisms in G. If A4 is a subring
of B which is mapped into itself by the automorphisms in G, then the restriction of
elements of G to 4 is a homomorphism of G onto a group of automorphisms of A.

(3.9) PROPOSITION. Let B be a K-ring with respect to a group G of automorphisms
of B. .

(1) If H is an invariant subgroup of G, then I(H) is a K-ring with respect to the
group G' of automorphisms of I(H) which are restrictions of elements of G.

(ii) If F is a finite subset of B, then there exists a G-admissible subring A of B such
that F< A, A is mapped into itself by the automorphisms in G, and A is a K-ring with
respect to the group G’ of automorphisms of A which are restrictions of elements of G.

Proof. Let H be an invariant subgroup of G and let G’ be the group of automor-
phisms of I(H) which are restrictions of elements of G. Clearly I(H)=21(G)=I1(G").
Let F be a finite subset of I(H) and let H;={oc € G | bo=b, b € F}. Then HS H,
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and F<I(H,)<I(H). Since F is finite, (G : H,) is finite and I(H,) is G-admissible
by Proposition (3.6). Therefore I(G’) is contained as a direct summand in the
left 7(G')-module I(H,). The set S of restrictions of elements of G’ to I(H,) is
equal to the set of restrictions of elements of G to I(H,). If {o, e G | 1 Sp=(G : H,)}
is a system of representatives of the left cosets of G relative to H,, there exist a
positive integer n and elements x; € I(H,) and y; € B, 1 £j<n, such that

Z (xj01)-y; =1
=1
and

3

(xj05)-y; =0

1

for 2<p=(G : H,). If y;=y,07! for 1 <j<n, then

;x,y =1

D (x0)-y; =0
=1

[
]

<.

and

for o € G but ¢ ¢ H,. Repetition of the argument in the first part of the proof of
Proposition (3.5) shows that there exist z; € I(H,)<I(H) for 1 <j<n, such that
>t=1x2;=1 and J}., (x;0)-z;=0 for o€ G but o¢ H,. Then z,0, € I(H) for
1<j=<n, and 3}, (x,0,)-(z;01)=1 while >}, (x;0,)-(z,0,)=0 for 22p=(G : H,).
Consequently, S is a finite, strongly independent set of homomorphisms of I(H,)
into I(H) and I(H;) is a G’-admissible subring of I(H). Since F may be any
finite subset of I(H), I(H) is a K-ring with respect to G'.

If F is a finite subset of B, then T={bo | b€ F and o € G} is a finite set and
H={o€ G | bo=b, b € T} is an invariant subgroup of finite index in G. If A=I(H),
then FET< A, A is mapped into itself by the automorphisms in G, and 4 is a
K-ring with respect to the group G’ of automorphisms of 4 which are restrictions
of elements of G. Moreover, since (G : H) is finite, 4 is G-admissible.

4. Infinite Galois theory.

(4.1) PrOPOSITION. Let B be a K-ring with respect to a group G of automorphisms
of B, and let G* be the closure of G in the set of maps of B into B with respect to the
finite topology.

(i) Dosec R(J,) is a direct sum of the B-B bimodules R(J,)<Homj (B, B) and
>oec R(J,) is a dense subring of Hom,, (B, B) with respect to the finite topology.

(ii) G* is a group of automorphisms of B which is compact with respect to the
finite topology and B is a K-ring with respect to G*.

Proof. Suppose m is a positive integer and o, 1 <i<m, are distinct elements of
G. Let T be a finite subset of B such that the automorphisms o;, 1 £i<m, restrict
to distinct maps of T into B; let A be a G-admissible subring of B which contains
T; and let ¢, be the restriction of o, to A4, 1 <i < m. The homomorphisms ¢;, 1 <i<m,
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are distinct, and the set of restrictions of elements of G to A is strongly independent,
hence independent. Therefore there does not exist a nontrivial relation
STy o (b).=0, bye B, for 1 £i<m. Then certainly there cannot exist a non-
trivial relation >, o; 0 (b;),=0, b;€ B, for I Si<m; and {R(J,,) | 1Si<m} is an
independent set of B-B submodules of Hom (B, B). It follows that {R(J,) | o € G}
is an independent set of B-B submodules of Hom, (B, B) and J,.; R(J,) is a
direct sum. For ¢ € G, R(J,) is a B-B submodule of Hom;,, (B, B); and >,.¢ R(J,)
is a subring of Homyy, (B, B) since G is a group of automorphisms of B. Let
¢ € Hom,g, (B, B), let F be a finite subset of B, and let 4 be a G-admissible subring
of B which contains F. The restriction of ¢ to 4 is an el.ment of Hom,, (4, B);
and Homyg, (4, B)=2 s R(J;), where S is the set of restrictions of elements of
G to A, by part (iii) of Proposition (3.5). Therefore y and some element of
> sec R(J,) restrict to the same homomorphism of 4 into B and, hence, to the same
map of Finto B. Therefore >,.c R(J,) is a dense subring of Hom,, (B, B).

By routine arguments using the finite topology, it can be verified that G* is a
semigroup of monomorphisms of the ring B into itself and I(G)={be B | br
=b, 1€ G*}. Let 7€ G*. If b € B, then the set T; of images of b under the auto-
morphisms in G is finite, the restriction of = to T, coincides with the restriction of
some o € G to Ty, and (bo~)r=(bo~1)o=b. Therefore = is an automorphism of B.
Let F be a finite subset of B and let T,={b7~! | b € F}. The restriction of = to T,
coincides with the restriction of some o € G to T, and the restriction of r~* to F
coincides with the restriction of ¢~! to F. Therefore = e G*, G* is a group of
automorphisms of B, and I(G*)=I(G). Let A be a G-admissible subring of B.
A is a finitely generated right /(G)-module by part (ii) of Proposition (3.5), and
the restriction of € G* to a finite set of generators of the right /(G)-module 4
coincides with the restriction of some ¢ € G to this set. Therefore the set of restric-
tions of elements of G* to A is equal to the set of restrictions of elements of G
to 4, and A is G*-admissible. Consequently, B is a K-ring with respect to G*.
For be B, T,={br | 7€ G*} is a finite set. Let T, be topologized by the discrete
topology and let [,cs 7, be the product space. Since T, is compact for each
be B, [Tyes Ty is compact. But the mapping 7 — (b7)yep is @ homomorphism
of G* with the finite topology onto a closed subspace of [ ,c5 T,. Therefore G*
is compact.

(4.2) THEOREM. Let B be a K-ring with respect to a group G of automorphisms
of B, and assume that G is a closed subset of the set of maps of B into B with respect
to the finite topology.

(i) For a subgroup H of G, H={c € G | ac=a, a € A} for some subring A of B
if and only if H is a closed subgroup of G with respect to the finite topology.

(ii) For a subring A of B, A=I(H) for some subgroup H of G if and only if A
has the property that any finite subset of A is contained in a subring of A which is
G-admissible.
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Proof. If A is a subring of B, then H={oc € G | ao=a, a€ A} is a closed sub-
group of G by routine arguments using the finite topology. Suppose H is a closed
subgroup of G and let Hy={ce€ G | bo=b, be I(H)}. Clearly HSH,. If Fis a
finite subset of B, there exists a G-admissible subring 4 of B such that F= A4, A4 is
mapped into itself by the automorphisms in G, and A4 is a K-ring with respect to the
group G’ of automorphisms of 4 which are restrictions of elements of G, by part (ii)
of Proposition (3.9). Let H' (resp. H;) be the set of restrictions of elements of H
(resp. H,) to A. H' and H; are subgroups of G’ and I(H')=I(H) N A=I(H;).
Since A is G-admissible, G’ is finite and H'= H; by Theorem (3.8). Therefore the
set of restrictions of elements of H to F< A4 is equal to the set of restrictions of ele-
ments of H, to F. Consequently H is dense in H, with respect to the finite topology.
Since H is closed, H=H,={oc € G | bo=b, b € I(H)}.

If H is a subgroup of G and F is a finite subset of I(H), let H,={c € G | bo=b,
beF}. HS H, and F<SI(H,)<I(H). Since F is finite, (G : H,) is finite and I(H,)
is G-admissible by Proposition (3.6). Conversely, suppose A is a subring of B
with the property that any finite subset of A4 is contained in a subring of 4 which is
G-admissible, and let H={c€ G |ao=a, ac A}. Let {4;|iel} be the set of
subrings of 4 which are G-admissible, where I is some indexing set, and let
H,={ceG|ao=a, ac A;} for iel If be B but b¢ A, let U={o€ G | ba=b}.
The set theoretic difference H;— U is a closed subset of G for i€ I. If I, is a finite
subset of 1, (s, (H;— U) is nonempty. Indeed each 4,, i € 1, is a finitely generated
right I(G)-module. Let F; be a finite set of generators for the right 7(G)-module 4;,
i € I,, and suppose A, is the subring of 4 which is G-admissible and contains the
finite set | Jie;, Fi. Then 4,4, and H,<H, for i€ I,. Since 4,=I(H,), there
exists o € H; such that bo#b, and o € (e, (H;— U). But G is compact by part
(ii) of Proposition (4.1). Therefore (;e; (H;— U) is nonempty. If o € (ie; (H;— U)
then bo#b. But if a € 4, then a € A4, for some i € I and ao=a. Therefore o € H and
A=I(H).
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