TWO CHARACTERIZATIONS OF COMPACT
LOCAL TREES()

BY
G. E. DIMITROFF

1. Introduction. In the introduction to [7], Ward discusses the problem of
characterizing “one-dimensional” topological spaces by their inherent order
properties. The second characterization of compact local trees appearing in this
paper is just such a theorem. The first characterization is necessary for the proof
of the second and is stated as

THEOREM A. A necessary and sufficient condition that a locally connected con-
tinuum be a local tree is that it have at most finitely many prime chains, each of
which is composed of finitely many arcs meeting only at their endpoints.

To state our second main theorem we will use the following conventional
notation: if < is a partial order relation (reflexive, anti-symmetric, transitive)
on a set P, then for xe P

L(x) ={yeP:y=<xj}
M(x)={yeP:x < y}

THEOREM B. If X is a compact, Hausdorff space, then a necessary and sufficient
condition that X be a local tree is that X admit a partial order relation < such that

(i) < is semicontinuous;

(ii) < is order dense;

(iii) for xe X and ye X, L(x) N L(y) is the nonvoid union of finitely many
chains;

(iv) the set {x € X: there exists b< x such that x lies in the boundary of M(b)} is
finite.

The author wishes to express his debt and appreciation to L. E. Ward, Jr. for
his encouragement and suggestions.

2. Preliminary remarks. Let 4, B, C be subsets of a topological space X.
If BN C=¢=Bn C, then we write B|C. If

A=BUC, B|C, B#¢#C
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then we say A=B U C is a separation of A. If X is connected, then a subset D
of X is said to separate two subsets M and N of X in case

X-D=BuUC, BIC,C McB NcC.

By a continuum we mean a compact, connected, Hausdorff space. If points p and
q of a connected space X cannot be separated by any point of X, then we write
p~q. A prime chain of X is a nondegenerate subcontinuum E containing distinct
elements a and b with a~ b, and representable as

E={xeX:a~ x and x ~ b}.
In §2 of [3], the reader will find essentially the following

PROPOSITION 2.1. Let E be a nondegenerate subset of a continuum X. E is a prime
chain of X if and only if E is maximal in X with respect to the property that for each
pair p, q of elements of E, p~q.

If 4 is a subset of a topological space X, then we let F(4) denote the boundary
of A; that is, F(A) is the set of points x of X such that each neighborhood of x
(= open set containing x) meets both 4 and X — A4.

A point x of a connected space X is a cutpoint of X if x separates two points of
X. A point x of X is an endpoint if for each neighborhood U of x there exists a
neighborhood ¥ of x such that V< U and F(V)=V—V contains exactly a single
point. In [3], Wallace proves the following theorem in item (2.10):

THEOREM 2.2. For each point x of a continuum exactly one of the following is
valid: x is a cutpoint; x is an endpoint; or x is contained in a unique prime chain.

If C is a subset of a partially ordered set P, and for each x and y in C if x<y
or y<x, then < is said to be a linear order on C, and C is called a chain in P.
A maximal chain is a chain properly contained in no other chain. If 4 <P, then
an element x of A is said to be minimal (maximal) in A in case L(x) N A={x}
(M(x) " A={x}). A point 0 in a partially ordered set P is called a zero in case
0<x for all x in P. Finally, P is said to be order dense (and the partial order on
P is also called order dense) in case for x<y in P, there exists z in P such that
x<z<y.

A partial order relation on a topological space X is said to be semicontinuous
if M(x) and L(x) are closed subsets of X for each x in X. Let X be a compact,
Hausdorff space with a semicontinuous partial order. In [4] Wallace shows every
closed subset of X has maximal and minimal elements, so that each closed chain in
X has a unique maximal element and a unique minimal element. He also shows
that maximal chains are closed. If we require further that X be order dense, then
by Theorem 4 of [5] each maximal chain is connected. Thus in X each of the sets
M(x), L(x), and M(x) N L(y) are connected for every x and y in X. All these
results can be found in [5].

If X is a locally connected continuum, the cutpoint order on X with zero p is
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defined as follows: let p € X be arbitrary but fixed, and for x € X and y € X define
x<y in case x=p, x=y, or x separates p and y in X. By Lemma 12 of [5], the
cutpoint order is a semicontinuous partial order on X.

A tree is a continuum in which every pair of distinct points can be separated by a
third point. A local tree is a connected space every point of which lies in a neighbor-
hood whose closure is a tree. In [6], Ward has the following characterization of
trees which we shall use repeatedly throughout this paper:

THEOREM 2.3. Let X be a compact Hausdorff space. A necessary and sufficient
condition that X be a tree is that X admit a partial order, <, satisfying

(i) < is semicontinuous;

(ii) < is order dense;

(iii) for x€ X, y € X, L(x) N L(y) is a nonvoid chain;

(iv) M(x)—x is an open set, for each x € X.

In proving the necessity of the condition, Ward proves that for each 0 € X,
the cutpoint order on the tree X with zero 0 satisfies (i)-(iv), and he observes
further in [7] that this partial order is the unique partial order on X with zero 0,
satisfying (i)—(iv). Also, in the sequel we shall frequently use the fact (shown in [6])
that a tree is locally connected.

3. Theorem A. In this section we present the lemmas and theorems leading to
the proof of Theorem A.

LEMMA 3.1. Let T be a tree with cutpoint order < and zero 0. A point me T is a
maximal element in T if and only if m is an endpoint of T and m+0.

Proof. Suppose m is not an endpoint of T, and 0#m. Then m is a cutpoint by
Theorem 2.2, and

T-m=AUB, A|B, A#¢+#B,

where we may assume 0 € A. Then there exists x € B, and by the definition of <,
m< x, so m is not maximal.

On the other hand, if m is an endpoint it cannot separate any pair of points.
Thus if m#0, then m is a maximal element of T.

A continuum is called cyclic if it is a prime chain. We note that a compact local
tree is a locally connected continuum.

LeEMMA 3.2. Let E be a compact, cyclic local tree, let R be a nonvoid open subset
of E such that R is a tree, and let < be the cutpoint order on R with some x in R
as the zero. Then every maximal element of R lies in F(R).

Proof. Suppose on the contrary, that m is a maximal element of R and that
me R. By Lemma 3.1, m is an endpoint of R, so there exists an open set ¥ such that
me V<R and F(V)={a}. Now

E—a=VU(E-V), V|E-V),
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and E—V#4¢ since E is cyclic and V<R, a tree in E. This contradicts that E is
cyclic. Thus all maximal elements of R lie in F(R).

LeEMMA 3.3. Let E be a compact, cyclic local tree, let R be a nonvoid open subset
of E such that R is a tree, and let < be the cutpoint order on R with some x in R
as the zero. If M is a closed, connected chain with x € M<R, then R— M has at
most finitely many components, say Cy, ..., Cy, and C,N\ M is a single point
pi=inf C, for eachi=1,2, ..., k.

Proof. Suppose that R— M has infinitely many components, {C, : « € I}. For
each « € ], let ¢, be a maximal element of < in C,. (The point ¢, exists by Lemma
3.2 and by the fact that E is cyclic.) By Lemma 3.2, each ¢, lies in F(R). The set
{t, : e €I} is infinite, so there exists y € F(R) such that y is an accumulation point
of {t, : «eI}. Since y e R—M, and since R is locally connected there exists a
connected subset ¥ of R such that y € ¥, V is open in the relative topology of R,
and V< R— M. Since V is connected, there exists B € I such that ¥'<=Cj, but this
means V contains at most one f,, contradicting that y is an accumulation point
of {t, : «e I}. Thus R— M has at most finitely many components, Cy, ..., Cy.

Suppose for some integer i, 1 <i<k, there exist a,be M N C;, and say a<b.
Since < is order dense, there exists ce M such that a<c<b. This implies
R—c=A U B, where A|B, x, ac A and b€ B. Since C; is connected, C;<4 or
C, < B, but this is impossible since 4 N C;#¢# B N C,. Thus C; N M is a singleton
for alli=1, 2, ..., k. But if p;=C; N M, then p, separates x and C, in R, so p; is
the zero of C,.

Let X be a topological space and let n be an integer. A point x of X is said to be
of order <n in X if for every neighborhood U of x there exists a neighborhood
V of x such that ¥<U and F(¥) contains at most n points. A point x in X
is said to have order n if x is of order <n but x is not of order <m for each
m<n. We shall say that x has order at least n if x is not of order <m for m<n.

THEOREM 3.4. If E is a compact, cyclic local tree, then there are at most finitely
many points of E which have order at least 3.

Proof. Assume otherwise that E contains an infinite subset 4 each of whose
points has order at least 3. By compactness, 4 has an accumulation point x.
Let R be a neighborhood of x such that R is a tree. By Lemma 3.3, R—x has
finitely many components, so at least one such component C has the property
that x is an accumulation point of C N 4. The set C=C U {x} is a subtree of R.
The point x is not a cutpoint of C, so by Theorem 2.2 x is an endpoint of C.
Let < be the cutpoint order on C with x as the zero, and let M be a nondegenerate,
closed, connected chain in C, containing x and no maximal elements of C. By
Lemma 3.3,

C-M=U{C:i=12,...,n}

where the C; are the components of C— M. The set C, is a subtree of C and has the
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zero element m,; relative to <, where m=C," M by Lemma 3.3. Let
m=inf {m,, ..., m,}, say my=m. Then C—m=C, U (C—C,), where C, | C—Cy;
so m is a cutpoint, therefore m x. Now,

U{C:i=12,...,n} < M(m),

so that L(m)—m=C— M(m) is open in the relative topology of C and contains
infinitely many points of A N C. Further,

L(m)—{x, m} = C—M(m) < R,
so L(m)—{x, m} is open in E. By the order density of <, there exists
ye(Lim)—{x,m) N A.

Let U be any connected neighborhood of y such that U<L(m)—{x, m}. Suppose
there exist distinct points a, b, and c in F(U). Recalling from Theorem 2.3 (iii) that
L(m) is a chain, we may assume without loss of generality that a<b <c, which
implies that there exist sets P and Q such that

C-b=PuUQ, P|Q, acP and ceQ.

Since b¢ U and U is connected, U<P or U<, but this is impossible since
ae U and ce U. Thus F(U) has at most two elements, which contradicts y € 4,
and the proof is complete.

A well-known theorem of R. L. Moore states that every nondegenerate continuum
contains at least two noncutpoints. By an arc in a topological space X, we mean a
subspace of X which is a continuum and has exactly two noncutpoints. In case X
is a metric space, an arc in X is a homeomorph of the closed unit interval of the
real line.

In the proof of the next theorem and in §4, we will have occasion to use the
following conventional notation: if < and < are two partial order relations on a
set X, then for x € X,

Lix,<)={yeX:y=<x}, Lkx s)={yeX:y=x}
and similarly for M(x, <) and M(x, £).

THEOREM 3.5. A cyclic continuum is a local tree if and only if it is the union of
finitely many arcs, which may meet only at their endpoints.

Proof. Let E be a compact, cyclic local tree. By Theorem 3.4, there are points
X1, Xz, ..., X, Of E, where n is a positive integer, such that every point of
E—{x,,..., x,} has order < 2. Since E is cyclic, each point of E—{x,, ..., X,}
has order 2. We shall choose n>1. Let C be a component of E—{x,,..., X,}.
We wish to show C is an arc. We note first that by the local connectivity of E,
C is open in E and that ¢ # F(C)<{x,, . .., Xu}

Let y € C. There exists a neighborhood R of y such that R is a tree, R<C,
and F(R)={a, b}. Let < be the cutpoint order on R with zero a. By Lemma 3.2,
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b is the only maximal element in R. Thus, for each z € R, a<z <b, s0 z is a cutpoint,
and therefore R is an arc.
At this point, we need to prove the following lemma:

If R and S are arcs contained in C with endpoints ry, r, and sy, s, respectively,
and if both

(R—{ry, ra) N (S—{s1, 53}) # ¢,
(R_{rb r2}) v (S_{Sla Sz}) < Ca

then RV S is an arc.

Let z € (R—{ry, ra}) N (S—{s1, s3}), let < be the cutpoint order on R with zero z,
and let = be the cutpoint order on S with zero z. As a consequence of Lemma 3.1,
L(ry, <) and L(r,, <) are the maximal chains in R, their union being R and their
intersection being {z}. Similar statements hold for L(s,, £) and L(s,, <) with
respect to S. Suppose that L(r;, <) does not contain either L(s;, <) or L(s;, <),
and that neither L(s;, <) nor L(s;, <) contains L(r;, <). If

L(rh S) < L(sl’ é) v L(s2a é),
then there exist # and v distinct from z such that
uEL(rly S)nL(sl’ é)’ UEL(rh S)nb(sz, §)’

but this is impossible since z would separate » and v in L(r,, <). Then there exist
weL(r,, <), a€ L(s;, £), and b € L(s;, <) such that

we¢L(s;, S)VL(s;, £) =S and a,b¢L(ry, <)

By the closure and order-density of the maximal chains of R and S, we may assume
s1#a, s;#b, and r, #w. We note that

{z} = L@@, =) N L(b, £) N L(w, <)
and that L(a, <) N L(w, <) is a closed chain in both R and S. Let
d = sup [L(a, =) N L(w, <)].

Clearly, a#d#w, z<d=<a,z<d<w, de C, and
L(a, )N M(d, <) n L(w, <) = {d}.
Suppose d#z. Let U be any neighborhood of d for which
Uc C-[M(a, £)U M(w, <) U L(rg, <))

By remarks in §2, each of the chains L(a, <) N M(d, <), L(w, <) " M(d, <),
and L(d, <) is connected. Furthermore, each has a point in U and a point in
C—T, so that each of the three chains meets F(U). By the preceding paragraph,
the only point any pair of the three chains have in common is d € U. Thus F(U)
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contains at least three points, contradicting that d has order 2. We obtain a similar
contradiction if e+#z, where

e = sEp [L(®, =) N L(w, <)].

We conclude from the foregoing that

z = sup [L(a, £) N L(w, <)]

and

z = sup [L(®, =) n L(w, <)].

For any neighborhood U of z for which
U< C_[M(a, é) U M(W, S) U M(b9 §)]

we have that F(U) meets each of L(a, =), L(w, <), and L(b, <). But the inter-
section of any pair of these chains is z € U, which again contradicts that ze C
is of order 2. It follows that R U S'is an arc.

We may cover C with open sets R such that R< C and R is an arc. By the con-
nectivity of C, for any pair of points p, g in C, there is a finite family R, R,, ..., R,
of these open sets such that p € R;, g € R,,, and

R NR;# ¢ ifandonlyif |i—j| < 2.

By induction on the preceding lemma, R, U R, U --- U R, is an arc. Thus any
pair of points of C lie in an open, connected subset of C whose closure is an arc
and is contained in C.

Since E is cyclic, F(C) is nondegenerate. Let x5y be elements of F(C). There
exist neighborhoods U and V of x and y, respectively, such that

Un{xy, Xoy..., Xp} = {x}, Voi{xy, ..., x} ={}, UNnV =4,

and such that U and V are trees. If < is the cutpoint order on U with zero x,
and if ae UN C, then L(a) is a closed, connected chain and hence is an arc.
Since U N {x,,..., x,}={x}, and since L(a)—x is connected, then L(a)—x lies
in a component of E—{x,, ..., x,}, namely C. Thus L(a)=4 is an arc in C from
X to a. Similarly, we obtain an arc B in C from y to some b€ ¥V N C. From the
preceding paragraph there is an arc T in C from a to b, so by the lemma 4 U T U B
is an arc in C from x to y. If d € C, then there exists an open subset R of C such
that a, d€ R and R is an arc contained in C. By the lemma, RU (4 VTV B) is
an arc. Since the endpoints of R lie in C, RcAUTU B. Thus C<4AUTU B,
but since 4 U T U Bis closed, C=4 U T U B, and F(C)={x, y}.

It remains to show that the components of E—{x, xo,..., X,} are finite in
number. We may choose neighborhoods R;, R,, .. ., R, of x;, X5, ..., X, respec-
tively, such that R, is a tree (i=1, 2, ..., n) and R, N R;=¢ for i#j. By Lemma 3.3
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for each i=1,2,..., m, R,—x; has finitely many components, each of which is
contained in a component of E—{x,, X,, . .., X,}. It is clear that each component
of E—{x, X, ..., x,} must contain points of at least two of the sets R,—x;.
This proves that a compact, cyclic local tree has the stated properties of the
theorem. The converse is obvious.

We shall call the decomposition of a compact, cyclic local tree E into arcs
whose endpoints are {xi, ..., x,} (n=2), the arc-decomposition of E. In case E
has no points of order at least 3, the foregoing shows that E is the union of two
arcs with endpoints x; and x,, where x; and x, are arbitrarily chosen in E, and
therefore E is a “simple closed curve.” Otherwise, x,, ..., x, are the points of
order at least 3 in F, and the arc-decomposition is unique.

We shall say a space X is regular in case if x € U< X, and if U is open, then there
exists a neighborhood ¥ of x such that V< U and F(V) is finite. By [1, p. 140],
a tree is regular, and consequently a local tree is also regular.

THEOREM 3.6. A necessary and sufficient condition that a locally connected con-
tinuum be a local tree is that it have at most finitely many prime chains, each of
which is the union of finitely many arcs meeting only at their endpoints.

Proof. For the necessity, let X be a compact local tree, and let x € X. From the
remarks preceding the statement of the theorem, there exists a neighborhood V
of x such that ¥V is a tree and such that F(V) is a finite set. Then

X-F(V)=VuUX-V), V|X-V.

If E is a prime chain of X, then EN (X—V)#4¢. If EN V#4, then since E is
cyclic and connected, £ N F(V) must contain at least two points, and no other
prime chain of X can contain these same two points. Since F(V) is finite, ¥ meets
at most finitely many prime chains of X.

We may cover X with such neighborhoods, each of which meets at most finitely
many prime chains. This cover admits a finite subcover, so there can be at most
finitely many prime chains in X. The remainder of the proof of the necessity of the
condition follows from Theorem 3.5.

Let X be a locally connected continuum with at most finitely many prime chains
satisfying the condition of the theorem. If X has no prime chains, then X is a tree.
Suppose X has prime chains E,,..., E,. If xe X—(E, U --- U E,), then let U
be a connected neighborhood of x with

Uc X—(E,V---UE).

For any pair of points of U, there exists z € X such that z separates the pair in X.
By connectivity of U, z € U, so U is a tree. Suppose then that x lies in one or more
prime chains of X, say xe E; N --- N E,, k<n. As a consequence of Theorem
3.5, there exists a connected neighborhood U of x such that U N E; is a tree for
each i=1,2,..., k. If a pair of points y and z in U do not lie in the same prime
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chain of X, then some w in X separates y and z in X, and by the connectivity of U,
we U; thus U is a tree.

4. Theorem B. A few short lemmas lead to the second characterization of local
trees.

LEMMA 4.1. Let X be a continuum which admits a semicontinuous, order dense
partial order <, and let X have a zero. If E is a prime chain of X, then E has a unique
minimal element.

Proof. Since E is compact, E has a minimal element. Suppose x# y are minimal
elements of E. The zero of X lies in L(x) N L(y), which is closed in X. Let w be a
maximal element of L(x) N L(y), let K be a maximal chain in L(x) N M(w),
and let J be a maximal chain in L(y) N M(w). Since X is order dense, K and J
are connected. Further, K N J={w}. By connectivity, no pair of points of EU K U J
can be separated by any point of X, so K U J<FE, which implies x=w=y, contra-
dicting x#y. Thus E has a unique minimal element.

Let X be a topological space, and let < be a semicontinuous partial order on X.
For x and y in X, we write

x|y ifandonlyif x £y and y £ x.

Throughout the sequel, V will represent the set of all points y € X such that there
exists b € X, b<y, and y € F(M (b)). Note that for each x € X, F(M(x))<={x} U N.
Finally, for A< X, we shall let max 4 denote the set of maximal elements of 4
and let min 4 denote the set of minimal elements of A.

LEMMA 4.2. Let X be a continuum which admits a semicontinuous partial order <
such that X is order dense and has a zero, 0. If x, p and q are elements of X, p<Xx,
q<x, and p|q, then there exist connected chains P and Q, containing p and q,
respectively, such that P N Q ={a, b}, where a is the maximal element of P and of Q,
and b is the minimal element of P and of Q. Furthermore, ae N, and PV Q is
contained in a prime chain of X.

Proof. Let P’ and Q' be maximal chains in L(x) containing p and g, respectively.
Then
xeA=MpP) N"nM@nPNQ,
0eB=L(p)NnLgNPNQ,

and A and B are nonvoid closed chains in X. Let b=max B and a=min 4. Then
b<p, g<a. Letting

P=M®NL@NP, Q=M®nLanNQ,

we have P N Q={a, b}, max P=a=max Q, min P=b=min Q, pe P and g€ Q.
By the connectivity of P and Q, every neighborhood of a meets each of P—a
and Q—a, so a e F(M(p)), and therefore a € N. Also by connectivity, no pair of
points in P U Q can be separated by any point of X.
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LEMMA 4.3. Let X be a continuum which admits a semicontinuous, order dense
partial order having a zero 0, such that N is a finite set. If xe X—N and x+#0,
then there exists b < x such that M (b) N L(x) is a chain, and M(b) " N=M(x) N N.

Proof. Leta< x.If M(a) N L(x)is not a chain, then there exist p,q € M(a) N L(x)
such that p|q, and by Lemma 4.2, M(a) N L(x) N N#¢. Let

n e max [M(a) N L(x) N N].

Then a<n<x, and by applying Lemma 4.2 again, we have that M(n) N L(x)
is a chain. Thus, by choosing a@ € X with n<a<x, we have M(a) N L(x) N N=4¢,
and M(a) N L(x) is a chain. Suppose

M@-MxX)NN={n,...,n}
For each i=1,2,...,k, ae L(n) N M(a) N L(x). Thus
[L(n) V- - - U L(n)] N M(a) N L(x)
is a nonvoid, closed chain in M(a) N L(x). Let
p = max [(L(n,) U - - - U L(n,)) N M(a) N L(x)].

For some 1<j<k, pe L(n;) N M(a) N L(x), so n,e M(p)—M(x), and a<p<x.
Now letting be X, p<b<x, we have M(b)) " N=M(x) " N, and M(b) N L(x)
is a chain.

LEMMA 4.4. If X is a continuum with a semicontinuous, order dense partial order
having a zero 0, and if N is finite, then every maximal element of a prime chain of X
lies in N.

Proof. Suppose m is a maximal element of a prime chain E of X, and suppose
m ¢ N. By Lemma 4.3, there exists b € X, b<m such that M(m) N N=M(b) N N,
furthermore, for any x € X, if b<x<m, then M(x) N N=M(m) N N.

We claim b < e or e < b, where e=min E. (The existence of e is assured by Lemma
4.1.) Suppose e|b. By Lemma 4.2 there exist connected chains P and Q containing
b and e, respectively, such that P N Q={c, d}, where c<e<d, and such that
P U Q lies in a prime chain. This implies P U Q < E, which contradicts e=min E.
Thus our claim is established, and we may choose d € X such that e<d<m and
b<d.

We claim next that M(m) N N#¢, for otherwise, M(d) " N=M(m) N N=¢
implies F(M(d))={d}, and therefore d is a cutpoint of X, separating X into dis-
joint open sets M(d)—d and X— M(d), one of which contains e and the other m,
a contradiction that E is a prime chain.

Let M(m) " N={n,,...,n}. For each i=1,2,...,k, m<n, and M(m)N E
={m}, so there exists x; € X such that

X—X( = Ag V) Bg, Angg, me Ag, n e Bg.
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By the connectivity of M (m) N L(n;), we have m<x,<n,. We claim 0 e 4, for
each i, for otherwise if 0 € B; for some i, then by the connectivity of L(m), 0 < x; <m,
which contradicts m<x;. Similarly, for each t€ B, 0€ 4; implies x;<t, so
B, = M(x,). Letting

B=B,UB,U---UB,
we have that B is open and
MANN=MmNnNNcBc|JMKx):i=1,2,...,k} = M(m) < M(d).

Therefore F(M(d))={d}, which leads to the same contradiction of the preceding
paragraph. Thus each maximal element of a prime chain of X lies in V.

COROLLARY 4.5. With the hypotheses of Lemma 4.4, X has at most finitely many
prime chains.

Proof. Suppose a maximal element of a prime chain E of X is also a maximal
element for a prime chain G of X. By an application of Lemma 4.2, min E=min G,
so that E=G. Every prime chain has a maximal element; the maximal elements of
prime chains lie in N; and NV is a finite set.

LEMMA 4.6. If X is a locally connected continuum, and if E is a prime chain of X,
then for each point p € X — E there exists a unique point e of E such that e separates
pand E—ein X.

Proof. Let < be the cutpoint order on X with zero p, let g € E, and let
C = {x€ X: x separates p and g in X} U {p, q}.

By [8, (1.31) and (4.2) on p. 43 and p. 51}, C is a compact chain in X. For each
ve C—{p, q}, we have the separation

X-v=A4,VYB, PEAU’ quv’

and we may assume A, is a connected set. Further, since E—v is connected,
E—v<B,. Let

A=U{4,:veC—{p,q}}, B=\{B,;: veC—{p,q}}.

Then X=A U B, EcB, A is open, and B is closed. Further A N B=¢, so since
X is connected 4 N B#¢. Let x € A N B. Then every connected neighborhood of
x contains infinitely many points of C—{p, ¢}, but this means x € C. Clearly,
either x=q or x=max (C—gq). Since C is a chain, {x}=4 N B, and x separates p
and E—xin X. If x € E, then let e=x. Suppose x ¢ E. Then no point of X separates
x and g, so x and q lie in a prime chain G # E. It readily follows that G N E={g},
and that g separates p and E—gq in X. Whence in the case x ¢ E, let e=q. That e
is unique is easily proved.
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THEOREM 4.7. A necessary and sufficient condition that a compact Hausdorff
space X be a local tree is that X admit a partial order < such that

(i) < is semicontinuous;

(ii) < is order dense;

(iii) For xe X and ye X, L(x) N L(y) is the nonvoid union of finitely many
chains;

(iv) The set N is finite.

Proof. (Sufficiency). If x and y are minimal elements of X, then L(x) N L(y) #¢
implies x=y. Thus X has a zero, 0. By [5, Theorem 5, p. 151] X is connected, and
therefore X is a continuum satisfying the hypotheses of Lemma 4.3.

By the corollary on p. 104 of [9], a locally compact, connected Hausdorff
space cannot fail to be locally connected at only finitely many points; we shall
show X is locally connected at each point of X— (N U {0}). This will be done
using the theorem on p. 104 of [9], which states in part that a sufficient condition
that a locally compact, connected Hausdorff space S be locally connected is that
if two points x and y of S lie in a component of an open subset G of S, then x and y
lie in a subcontinuum of G.

Letae X—(N U {0}). By Lemma 4.3, there exists b€ X such that b<a,
M(b) N L(a) is a chain, and M (b)) " N=M(a) N N. Let

S = M@®) - {M®) : ne M(b) " N}.

Clearly, S is locally compact as a subspace of X, and S—b is open in X (since
F(M(b))=N U {b}). Further, S is connected since for all xe .S, M(b) N L(x) is
connected and is contained in S. If we show S is locally connected, then S—b is
locally connected and is open in X, whence X is locally connected at a.

Let x and y be two points of S which lie in a component C of an open subset G
of S. Either x and y are related by < or they are not. Suppose x<y. Let ze S
such that x<z<y. The sets (M(z)—z) N G and G— M(z) are open and disjoint
in S, and each meets C; since their union is G—z we have ze C. Thus
M((x) N L(y)<C, and M(x) N L(y) is a subcontinuum of G. On the other hand,
suppose x| y. If max [L(x) N L(y)] is nondegenerate, then by Lemma 4.2 we have
¢#L(x) N M(b) N N< S, which contradicts the definition of S. Let

t = sup [L(x) N L(»)].
For ze S and t<z<x, we have that the sets (M(z)—z) N G and G— M(2) are
open and disjoint in S, and xe (M(z)—2z) NG, ye G—M(z), so ze C. Thus
(M(t) N L(x))—t<C. Similarly, we have (M (t) N L(y))—t<C. If we show t € C,
then we have that M (¢) N (L(x) U L(y)) is a subcontinuum of G containing x and y.
Let
A=UU{M@)-2z)nS:t<z<x}

We claim 4 N S=A U {t}. Suppose on the contrary that there exists me (4—A) N S
and m#t. Since A<M(t), t<m. Let pe S and t<p<m. We have me A N M(p),
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and therefore A N M(p)#¢, for otherwise m € F(M(p)) so m € N, which contra-
dicts m € S. Now there exists g € S with t<g<x and

) SN (M(g)—q) " M(p) # ¢.

Since p<mand m¢ A, g« p. If p<gq, then t <p <g<x implies p € 4, and therefore
m € A, which is impossible. Thus pllg, but () and Lemma 4.2 imply S N N#4,
a contradiction. Whence our claim is established that 4 N S=4 U {t}. Now,

G—t=(GN AU (G-A),

xeGN A,ye G—4,and 4 | (G- A4), so t € C. With our previous remarks we have
that X is locally connected.

By Corollary 4.5, X has at most finitely many prime chains, and we may assume
X has at least one since otherwise X is a tree. If E is a prime chain of X, we shall
show E is the union of finitely many arcs which may meet only at their endpoints.
By Lemma 4.4, max E is finite, say max E={m,, ..., m}. By (iii), L(m,) is the
union of finitely many chains; we may assume they are maximal chains (and
hence connected) in L(m;). By Lemma 4.1, E has a unique minimal element, e,
and ee L(m,) for all i=1,2,...,k. Let K be a maximal chain in L(m;) N M(e).
We wish to show K<E. Suppose there exists u € K—E. Then there exists ve X
such that

X—v=AUB, A|B, ue A, ecB.

The maximal chain X is connected, so v € K. Since L(u) N K is a connected chain
and contains e, e<v<u, and v#m,. If m; € B, then since M (1) N K is connected
and contains m; we have u<v <m,, a contradiction. Thus m; € 4, but this means v
separates my; and e, which is also a contradiction. Thus we must conclude K< E,
and therefore

Lim) " M(e) = L(m)N E
is the union of finitely many connected chains, maximal in E. Now since
E = [L(ml) U---V L(mk)] N E,

E is the union of finitely many connected chains, maximal in E, say C,,..., C,.
If n=1, then our result is obtained. We shall assume then that n> 1.
Foreachi=1,2,...,n, let

D;= Ci_U{Cj: i#j,j= 1,2,...,”}.

Let P be a nondegenerate component of D;. The closure of P lies in C,, so in its
relative topology P has at most two noncutpoints p<gq. Therefore P is an arc
with endpoints p and q. If g € max E, then g€ N by Lemma 4.4. If g ¢ max E,
then for some j#i, 1 <j<n, each neighborhood of ¢ meets C;; thus g € C;. The
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set C; N (L(g)—q) is connected, and every neighborhood of g meets C; N (L(q) —¢).
If ze P, p<z<gq, and if we show

M@) NG N (Lg—9) = ¢
then g € F(M (z2)), and therefore g € N. Suppose there exists a point
yeM(2) N C; N (L(g)—9).

Then we have z<y<gq. If ye C,, then by the connectivity of P, y € P since y
separates z and g in C;; but y ¢ P since y € C; and P< D,. Thus z, y, and ¢ lie in
some C,, with m=i, but this contradicts z € P< D,. Hence the maximal element ¢
of each P lies in N. Since E N N is finite, it follows that the set of all P as i runs
from 1 to n is finite. Any isolated point of () {C;: i=1,2,..., n} lies in some P.
If Q is a nondegenerate component of () {C;: i=1,2,...,t} with endpoints
Pp<gq, then Q is an arc and either p=e or p € N by an analysis similar to that on P.
Thus the number of P’s and Q’s is finite, they cover E, and no two have any
points in common except possibly endpoints. By Theorem 3.6, the proof of the
sufficiency of the condition is complete.

(Necessity). Let X be a compact local tree. Choose and fix some point 0 of X,
and let <, be the cutpoint order on X with zero 0. If X has no prime chains, then
X is a tree, and <, satisfies (i)-(iv) by Theorem 2.3. Assume then that X has
prime chains. We shall define a relation <, on each prime chain, and then we shall
define < to be a “sum” of <, and <,.

Let E be a prime chain of X. There exists a unique point e in E such that e<; x
for all x € E by Corollary 4.6 or by the fact that 0 € E. Let {4,, ..., 4.} be an arc-
decomposition of E (Theorem 3.5), and let D be the set of endpoints of 4,, .. ., A4,.
We shall assume e € D, since otherwise e lies on a unique 4;, which can be decom-
posed into two arcs each having e as an endpoint; then the two arcs can be added
to the collection {4,, ..., 4,}, 4; can be deleted, and e can be added to D. The
language of graph theory [2, pp. 1-30] is most convenient for our present purposes,
and we realize E as a graph with vertices D and edges {4, . . ., 4,}. As is customary,
if 4; has endpoints x and y, then we write 4;=(x, y). Using a concept of distance
between vertices [2, p. 27], let

G, = {ve D: dist [e, v] = i}.
Since D is finite and E is connected, there exists a positive integer m such that
D=G, VG, U---UGh,,

Go={e}, G;#4¢ for each i=0, 1,..., m, and the sets G,, G4, ..., G, are pairwise
disjoint. We linearly order each G, in some arbitrary (then fixed) manner by a
relation < and then define x <3 y for x, y € D in case either

(1) x € G; and y € G;, x<y, and there exists an edge (x, y) in E; or

(2) xe€G;, yeG;,; (0<j<m), and there exists an edge (x, y) in E.
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Clearly, for each edge 4;=(a, b), a<zb or b<za. We now define <, on E as
follows: x <, y in case

(1) x and y lie on the same edge (a, b) of E with a<3b, and x=a or x separates
a and y in the arc (a, b); or

(2) x and y do not lie on the same edge, and there exists a (graph) path
(ao, ay, . . ., a,) (n>1) such that x € (ao, a1), y € (@n-1, @), and ag<3a; <3 - - - <3dy.

The relation <, is defined in this manner on each prime chain E of X. We
note that two distinct points of X are related by <, only if they lie in the same
prime chain, and that each prime chain E has a unique minimal element, namely e.
Further, <, is anti-symmetric and transitive on each prime chain. Now for
x, y€ X, we define x<y in case x<,y, x<,, or there exists ze X such that
X<gz<1 ).

In order to show that < is transitive, it suffices to consider two cases: x<; y<,z
and x <, y<,z. In the first case x <, z, for if x#0, then x separates 0 and y in X.
If xe E, and E is the prime chain containing y and z, then x=min E, whence
x<,z. If x ¢ E, then x separates 0 and E, and x <; z. In the case x<; y<,z, x and y
lie in a prime chain E, and y and z lie in a prime chain G. If E=G, then x<,z.
Suppose E#G. Then E N G={y}, and there exists w € X such that

X—-w=RUS, R|S, x€R, zedS.

Since each of E—w and G—w is connected, we have E—w<R and G—w<c<S;
whence y=w. Now, min E<; y, min E€ R, and therefore 0 € R, which implies
y<,z. Therefore x<,y<;z or x<z.

The antisymmetry of < follows readily from the following little lemma:

(*) if E is a prime chain containing a and b, and if a<;b <, c, then b is the unique
point of E which separates ¢ and E—b in X. Furthermore, if

X—b=AUB, A|B, E-b < 4, c€ B, then 0 € A.
Considering the first assertion, b#0, so by hypothesis
X-b=PUQ, P|Q, OeP, ce Q.

Since min E <, b and E—b is connected, E— b < P. The point b is unique by Lemma
4.6. The second statement of the lemma follows from min E<; b <, c. Thus the
relation < is a partial order on X.

By [5, Lemma 12, p. 156], <, is a semicontinuous partial order. We shall write
MXx)=M(x, <) and L(x)=L(x, <). Let xe X. Suppose y ¢ M(x). The point
sets M(x, <;) and M(x, <,) are closed in X, and M(x, <,) U M(x, <)<= M(x), so
there exist open, connected subsets W and Y of X such that the following are
satisfied: ye YN W; for all ve Y, x%,v; and for all we W, x «,w. Let U be a
connected neighborhood of y contained in Y N W. Suppose for some ve U,
there exists z € X such that x <,z <; v (equality is not possible). Then

X—z=AUB, A|B, 0eAd, veB.
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Since U is connected and z¢ W N Y, ye U< B. This means z<, y, but x<,z<; y
implies y € M(x), a contradiction. Hence U< X — M(x), and M(x) is a closed set
in X. L(x) is closed since L(x, <,) is closed, and since L(x)— L(x, <,) is void or the
finite union of closed subsets of prime chains.

To verify the order-density of <, it suffices to consider two cases: x<, y and
x<yy. If x<, y, then the existence of z such that x <,z <,y is immediate from the
definition of <,. Suppose x<, y. If x and y lie in a prime chain E, then x=min E
and x <, y. Otherwise if x and y do not lie in a prime chain there exists z € X which
separates x and y in X, from which we obtain x <; z<; y, see [8, (1.31) p. 43].

We shall show (iv) that N is finite by showing that each element of NV is a vertex
in some prime chain of X. Let x € N, so that there exists b € X such that b<x
and x € F(M(b)). We claim b<,x. For if b<, x, then x € F(M (b)) implies b#0,
and

X—b=AUB, A|B, Oed, x € B,

and therefore B< M (b). But B is open in X, which contradicts that x € F(M(b)).
On the other hand, if there exists z € X such that b<;z<; x, then by the lemma
at (%)

X—-z=A4AUB, AB, 0e€A and xe€B,

and again we obtain a contradiction of the fact that x € F(M(b)). Thus b<x
and x € F(M (b)) imply b<,x, and therefore b and x lie in a prime chain E of X.

Clearly, fe X and b< f<x imply x € F(M(f)) and fe E. Thus we may assume
without loss of generality that » and x lie on the same edge (a, d) of E, and
a<b<x<d We wish to show x=d. Suppose x#d. Let U be a connected neighbor-
hood of x such that U is a tree and such that

A=(7r\(a,d)=l_/ﬁE,

where b <min 4 < x<max A <d. Clearly, A is an arc, a chain in (a, d). We claim
min A=min U, for if ve U—E, then by Lemma 4.6 there exists a unique z€ E
such that

X-z=PuUQ, P|OQ, E—zcP, ve Q.

By the connectivity of U, z € U, and thus z € 4. Since min E ¢ 4, we have min E#z,
and therefore 0 ¢ Q by Lemma 4.6. Hence z <, v, from which we obtain min 4 <v.
Now we have

xe U < M(min 4) < M(b),

which implies x ¢ F(M (b)), a contradiction. Thus x=d, whence N is finite.

To verify (iii), it suffices to show that L(x) is the union of finitely many chains
for each x € X. If p, g € L(x) and if p||q, then by Lemma 4.2 p and q lie in a prime
chain of X. Let Ey, E,, ..., E, be those prime chains of X which meet L(x). Each
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element of L(x)—(E, V --- U E,), lies in every maximal chain of L(x). By con-
struction of <, each E; is the union of finitely many chains maximal in E,, so it
readily follows that L(x) is the union of finitely many maximal chains of L(x),
the number of which is at most the total number of maximal chains in the prime
chains Ey, E,, .. ., E,.
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