OPERATORS COMMUTING WITH BOOLEAN ALGEBRAS
OF PROJECTIONS OF INFINITE MULTIPLICITY

BY
L. TZAFRIRI(Y)

The algebra of operators commuting with a Boolean algebra of projections of
finite uniform multiplicity (in the sense of Bade [3]) has been studied by Foguel
[10] and the author [12]. The aim of the present paper is to show that most prop-
erties described in these two papers can be extended (sometimes, under additional
conditions) to the algebra = of all the operators which commute with a complete
countably decomposable Boolean algebra of projections containing no projections
of infinite uniform multiplicity. It should be mentioned that one cannot get
interesting general results in the case in which there are projections of infinite
uniform multiplicity in the Boolean algebra of projections, since every operator
on a Banach space commutes with the Boolean algebra of projections composed
from the identities 0 and 1.

We shall start by proving that for every operator 4 € E there is a sequence of
projections belonging to the above mentioned Boolean algebra of projections
which increases to the identity and 4 multiplied by any element of this sequence is
a spectral operator. Relying on this result we study the spectrum of operators of
and give a necessary and sufficient condition for such an operator to be spectral.

In the following section we generalize Theorem 8 of [12] showing that in E a
strong limit of spectral operators on a Hilbert space is spectral provided that they
are of the same finite type and their resolutions of the identity are uniformly
bounded. Adequate examples elucidate why we require the boundedness of the
type of the spectral operators in most theorems.

1. Preliminaries. For convenience we shall summarize here some definitions
and results concerning the Bade theory of multiplicity for Boolean algebras of
projections on Banach spaces (see [2] and [3] and the general theory of spectral
operators (see [4], [6], [7], [8], and [13])).

According to Bade [3], a Boolean algebra (B.A.) of projections & will be called
complete if for every family {E,} =& the projections \/ E, and /\ E, exist in & and,
moreover

(L.1) (V EJX = dAm{EXY; (A EJX = N EX.
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A projection E € & will be called countably decomposable if every family of dis-
joint projections in & bounded by E is at most countable. If the identity Ie &
satisfies this condition & will be called countably decomposable.

A function m on a complete abstract B.A. & whose values are cardinals will be
called a multiplicity function provided

1.2 m(0) = 0 and m(\/ E) = V m(E,); {E.} €.

The cardinal number m(E) is called the multiplicity of E. We say that E € & has
uniform multiplicity p if m(F)=p whenever 0# F<E.
The cyclic subspace spanned by a vector x is defined by

(1.3) M(x) = clm{Ex | E€ &}.
Then, the following theorem (due to Bade) holds:

THEOREM A. Let & be a complete B.A. of projections in a Banach space X. There
exists a unique multiplicity function m defined on & with the property that for each
E € & which is countably decomposable, m(E) is the least cardinal power of a set of
cyclic subspaces spanning the range of E. There is a unique decomposition of the
identity

(1.4) I=VE,

into disjoint projections such that if E,#0, E, has uniform multiplicity v.

According to [5, p. 580], for any bounded linear operator A4, p(A4) will denote its
resolvent set, o(A) its spectrum, o,(A4) its point spectrum, o,(A4) its continuous
spectrum and o,(A) its residual one. For A € p(A4) we shall write R(A, A)=(AI—A)~1.

The next two results were proved by Dunford [4, Lemma 3] and [6, Lemma 1].

THEOREM B. Let E be the resolution of the identity for the spectral operator A,
and let N be its generalized nilpotent part. Then in the uniform operator topology,
and uniformly with respect to ¢ in any closed set p< p(A4), we have

y [_E@N)
R(, A) = ZN Gy

THEOREM C. Let E,, . . ., E, be bounded disjoint projections in X, each commuting
with the bounded operator A and such that I=E,+ ---+E,. Then A is a spectral
operator if and only if each restriction A|E; X is a spectral operator. If A is a spectral
operator, then the resolution of the identity for the restriction A|E;X is the corre-
sponding restriction of the resolution of the identity for A.

The commuting spectral measures on Hilbert spaces were first studied by Wermer
[13]. We shall quote this remarkable result.
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THEOREM D. Let E(-) and F(-) be two commuting spectral measures on Hilbert
space whose bounds are M, respectively L. Then, the Boolean algebra of projections
generated by E(-) and F(-) is bounded by 4M*L.

Let A be a spectral operator whose resolution of the identity is E(-). By Foguel
[8, Lemma 1, p. 59], 4 has a unique decomposition

A= f (Re NE(dN)+i J' (Im N)E(d) + N,

where N is the generalized nilpotent part and R=Re 4= (Re N)E(d)) and
J=Im A= (Im A)E(d}) are called the real, respectively imaginary part of A.

We shall conclude this section by quoting the following result proved in
[12, Theorem 8].

THEOREM E. Let {A,} be a sequence of spectral operators commuting with a B.A. of
projections of finite uniform multiplicity N and assume that it converges strongly to
an operator A. Let G(A,, -) denote the resolution of the identity for A,. If there is a
constant L such that |G(A,, 8)| SL; n=1,2,..., 8¢ Borel sets, then A is spectral
(of type N). Moreover, the sequence of the scalar parts of A converges strongly to
the scalar part of A and the same assertion holds with respect to the nilpotent parts,
real parts and imaginary parts.

2. Notation. Throughout the paper X denotes a fixed Banach space unless
otherwise specified, & is a complete, countably decomposable B.A. of projections
containing no projections of infinite uniform multiplicity and = the algebra of all
the operators which commute with &.

3. Spectral properties. Foguel has proved in [10, Theorem 2.3] that for every
operator A commuting with a complete countably decomposable B.A. of pro-
jections of finite uniform multiplicity there is a sequence of projections belonging
to the mentioned B.A. which increases to the identity and such that A multiplied
by any projection of this sequence is spectral. It will be shown now that this
property still holds in our case.

LeMMA 1. Assume # is a complete countably decomposable B.A. of projections
of finite multiplicity p (not necessarily uniform) and A an operator commuting with
2. Then, there exists an increasing sequence {F,}; F,€ #; n=1,2,... such that
lim,., F,x=x; x€ X and AF,; n=1, 2, ... are spectral operators of finite type p.

Proof. By (1.4) I=\/?., E,;=>"., E, where E,;=0 or it has uniform multiplicity
i and the projections E;, 1 Si<p, are disjoint. Then A=>?., AE; and the operator
AJE;X (the restriction of A to E;X) commutes with the complete countably
decomposable B.A. of projections

g{ = {E/EgXI Eeg}.
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Since %, has finite uniform multiplicity i, in view of [10, Theorem 2.3], the state-
ment of the lemma holds for A/E; X, 1 £i<p, and consequently for 4.

THEOREM 2. Let A€ Z. There exists an increasing sequence {P,}, P,c &,
k=1,2,... which converges strongly to the identity I and such that

(i) Py has finite multiplicity.

(ii) APy is a spectral operator of finite type.

Proof. According to (1.4) and our hypotheses we get

3.0 I= \‘_}1 E,
where E, =0 or E, has uniform multiplicity n, n=1, 2, .... Put

G,=V E, p=12...
n=1

One can easily see that G, € & and it has finite multiplicity. Moreover G, <G,
<---2G,=--- and I=\/;., G,. Thus, by Bade [2, Lemma 2.3], {G,} converges
strongly to 1. Denote

&, ={EIG,X|Ec&), p=12,....

It is a complete countably decomposable B.A. of projections on the subspace
G, X which has finite multiplicity. The operator 4/G,X commutes with &,, hence,
by Lemma 1 we can find an increasing sequence of projections {E, .}, E, , € &,,
h,p=1,2,... such that

32) (h{';/1 E,,,hG,,)x = lm E,,Gx = Gyx,  xeX,

and AE, , is a spectral operator of finite type on G,X. Then AE, ,G, will be a
spectral operator of finite type on the whole space X. Put

(3.3) Fyp= \’/1 EpnGypy,  hys=12,....
p=

It is easy to see that F; , € & and AF, , is still a spectral operator of finite type since
F;,»X may be considered as a direct sum of invariant closed subspaces on which A
is a spectral operator of finite type (see Theorem C). Further, let us remark that
{F;,»} is an increasing net since s’ <s” and h'<h” imply F, , S F,. ;.. But by (3.2)

2 y Z Y = = e e ey
(},/h) Fs'h - n\=/1 Fr'h = h\=/1 Er.hGr G,, r 1,2, 5
and consequently

I g V Fs,h
(s,h)

\%

VG =1
r=1

Thus, by Bade [2, Lemma 2.3] the supremum and the strong limit of the net
{F;,n} are the same and we shall get lim ,, F; ,x=x, x € X. Denote P,=F,,,
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k=1,2,.... Then P, €&, AP, is a spectral operator of finite type, P, has finite
multiplicity (m(P,)<m(G,)) and

k?1Pk=kY1Fk'ngk'kst'h, k=1,2,..., S,h§k.

Therefore \/-; P,=1 which is equivalent with lim,_., P,x=x, xe X. Q.E.D.

In view of the previous theorem it will be interesting to study the connection
between the spectrum of an operator 4 €  and the spectra of spectral operators
AP, defined in Theorem 2. Since this problem may have other applications we shall
study it in a more general context.

In what follows in this section we shall suppose that {P,}, P,#1, n=1,2,...,isa
sequence of projections converging strongly to the identity I and T is an operator
which commutes with P,, n=1,2, . ...

LeMMA 3. UR-; 0,(P.T)=0,T) U {0}.

Proof. To every A € o,(T) there is a vector x,#0 such that (A—T)x,=0. Thus
(A—=P,T)P,x,=0,n=1, 2, ..., where P,x,#0 for n sufficiently large. Consequently,
A€ o, (P,T) for n sufficiently large. Conversely, suppose that 0#A € a,(P,T) for
some n. Then, we can find x,#0 such that Ax,=P,Tx, and, by applying P,, we
shall get P,x,=x,. Hence (A—T)x,=0. Q.E.D.

LEMMA 4. o(T)<{0} U U1 o(P.T).
Proof. If 0# ), € 0,(T) then, A,—T is one-to-one and by Lemma 3, A,—P,T is
one-to-one also for n=1, 2, .... Therefore,

Ao € p(P,T) Y o (P, T) Y o (P,T), n=12,....

If Ao ¢ 0(P,T),n=1,2,...,then{(2—P,T)X} =X,n=1,2,.... Since A, belongs
to the residual spectrum of T we can find a vector ye X—{(A,—7)X}~ and a
sequence {x,} such that

(3.4) y = lim (\o—P,T)x,.

Relying on the fact that {||P,|} is a bounded sequence and {P,} converges strongly
to the identity we shall get

y = lim P,(A,—P,T)x, = lim (Ag—T)P,x,,

i.e., ye{(Ao—T)X}~ which contradicts the choice of y. Thus A, belongs to the
residual spectrum of P,T for some n. Q.E.D.

Foguel has proved in [8, Theorem 1, p. 56] that a spectral operator of finite
type has not residual spectrum. From this theorem, Lemma 4 and Theorem 2 we
can get the next result.

COROLLARY 5. If A € B, o(A4)<{0}.
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Lemma 5. If P,T, n=1,2,..., are spectral operators of the same type m and
their resolutions of the identity are uniformly bounded

3.5) |ER.T, )| < My, n=1,2,...,
then
3.6) oT) U {0} = {Ql a(PnT)}-.

Proof. As a consequence of Gelfand’s representation theory of commutative
B-algebras

o(P,T) < o(P,)-o(T) ={0}ve(l), n=12,....
Then,

{Ol o(PnT)}_ < {0} U o(T).

Conversely, let 0# A, € o(T); if Ay € 0,(T) Y o(T) then, the conclusion follows
immediately from Lemmas 3 and 4. Hence, we can assume that A, € o(T) and
Ao ¢ {Un=10(P,T)}~. Now, let W be an open circle around A, of radius r; O0<r<1
such that

W n ("L:)l o(P,,T)) = g.

Using Theorem B for the spectral operator P,T (of type m) we shall get

E(P,T, dp)

ROo, P.T) = > N | L
k=0 P')

o(PpT) (AO -

where N, is the nilpotent part of P,T. Thus

rk+1 = m+

< 4M, _ 4M, 3
IRQo, PT)| £ D |INE| 53 1 Z INEl, n=1,2,....
k=0 k=0
Since {P,} converges strongly to I there exists a constant M, such that |P,| £ M,

n=1,2,.... Then, if S, denotes the scalar part of P,T, we get

[Nl = [PaT ][+ [Sa]l = Mo| T +4M sup A

3.7
é M2"T||+4M1 \S;;lg) |AI = Ma,

where M does not depend on n. With no loss of generality we can suppose that
M3=1. Hence,

(3.9) | R(Ag, P,T)|| £ 4mM MZ[r™*t = M,, n=12,...,
where M, also does not depend on n. But

inf1 "(AO—PnT)x” = I/HR(AO’ PnT)“ -2- 1/M4’ h = 17 2>,
lixil =
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therefore
lQo—T)x| 2 1/Ms,  xeX, |x]| =1,
and consequently A, ¢ o(T) which contradicts the hypotheses. Q.E.D.

It will be seen in a following example (in §5) that we may not prove the previous
lemma without the assumption that P,T, n=1, 2, ... are spectral operators of the
same finite type. The next necessary and sufficient condition for spectrality will be
uséful in what follows.

THEOREM 7. Assume that:

(i) P P,=P,P,=P, for k<n,

(ii) P,T=S,+N,, n=1,2,..., are spectral operators of the same finite type m
and S, and N, the respective scalar and nilpotent parts.

Then T is spectral (of type m) if and only if there is a constant M such that

3.9 |E(P,T,8)| =M, n=12,...,

for every Borel set 8. Furthermore,

(3.10 E(T, 8)x = lim E(P,T, d)x, x€e X, 8 € Borel sets.
n— o

Proof. Let T be spectral and assume ||P,| =K, n=1,2,..., and | E(T, 8)| £ K,
8 € Borel sets. Then T/P,X, n=1, 2, ..., are spectral and their resolutions of the
identity are uniformly bounded by K;K, and hence (3.9) holds for M=K,K,
+(1+K,). Now, suppose that (3.9) is satisfied. If k<n, P,T=P,P,T, thus,
P,T|P.X=P,T/P.X. Hence, their resolutions of the identity coincide (on the
invariant subspace P,X) i.e., E(P,T, -)P,=E(P,T, -)P,. Take x € (Jy-; P,X and
let k be the first integer for which x € P, X. Then, for n>k,

E(P,T, -)x = E(P,T, -)P,x = E(P.T, -)P.x = E(P,T, -)x

and, consequently, we can define the operator
E(-)x = lim E(P,T, )x, xe 01 P.X.

Since the set | J7-; P,X is dense and [E(-)x|=M|x| for xe|Jy-, P,X the
operator E(-) can be defined in a unique way on the whole space X such that it
will be a bounded linear operator satisfying

E(-)x = lim E(P,T, -)x, x € X.

Obviously, E(-) is a spectral measure commuting with 7. In view of [5, Theorem
IV-10-6], E(-)x is countable additive for every x € X. By Lemma 6 (applied on
E(3)X, 8 € Borel sets)

«11E@X) < { ), oPTIEON} < { ) oPEGD}

= { Ql o(P,E(P,T, S)T)}'g {0} U {(:)1 o(P,T/E(P,T, S)x)}_s {0yusd
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and if 0 ¢ o(7) then E(-) is the resolution of the identity for T and (3.10) holds. If
0 € o(T) we can find a scalar A€ p(T) and, further, we can prove that A—T is
spectral (by applying the first part of the proof to it). Then, by [7, Lemma 1] T is
also spectral and (3.10) is satisfied. Q.E.D.

This theorem shows that, in fact, Lemma.6 deals only with spectral operators of
finite type. Now, we can improve it as follows.

THEOREM 8. Assume that T=S+ N is a spectral operator whose scalar and
generalized nilpotent parts are S, respectively N. Then (3.6) holds.

Proof. We shall follow the proof of Lemma 6. As in it, it suffices to show that
Ao € 0(T) implies A, € {\ ;-1 o(P,T)} . First, remark that in view of [7, Theorem 2]
P,T are spectral operators and there is a constant M, such that

"E(PnT’ )“ =M, n=12,....

There also exists a constant M, such that |P,|<M,, n=1,2,.... If for some
Ao € 0(T) we have A, ¢ {\Jx-, o(P,T)}~, then, following the idea of the proof of
Lemma 6 we get

< |NE| _ 4M M, < |N*
||R()\0, P"T)" é 4M1 kzo " n“ < ’1. 2 kzo " rk "

rk+1 =

since the generalized nilpotent part of P,T satisfies N,=P,N, n=1,2,.... If
| R(Ao, P,T)| is uniformly bounded for n=1,2,... we finish the proof as in
Lemma 6, if not, we can assume the existence of a subsequence {R(A,, P, T)} for
which lim. |R(A, P, T)|=co. Consequently >@_; |N*|/r¥ diverges and
(| N*|/r¥)¥"* > % for k sufficiently large; i.e., N is not a generalized nilpotent as we
have assumed. Q.E.D.

4. Strong limits in E. The author has proved in [12] (see also Theorem E) that
a strong limit of spectral operators commuting with a complete countably decom-
posable B.A. of projections of finite uniform multiplicity is spectral provided their
resolutions of the identity are uniformly bounded. Now, we shall generalize this
theorem under the additional assumption that the underlying space is a separable
Hilbert space.

LEMMA 9. Let T be a spectral operator in a separable Banach space X and G(-)
its resolution of the identity. If |G(8)| £ M for every Borel set 8 for which G(98)=0,
then,

“4.1) |G(e)| £ M, o€ Borel sets.
Proof. Let 5 be a closed set in the complex plane. Define
n ={u||p—A] <rforsomeiren), O<r=l
These open sets 7, satisfy:

4.2) B SAp S O<r <rSL
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Now, let {x,} be a dense sequence. By [2, Theorem 3.1], to every vector x, there is a
linear functional x¥ € X* with the properties:
(i) x¥G(8)x,=0, é € Borel sets,
(ii) if x¥G(8)x,=0, then G(8)x,=0.
Denote
g:.(r) = x¥G(n,)x,, O<rsl, n=12,....

In view of (4.2) g.(r) is an increasing function of r, hence, the set D, of all its
points of discontinuity is at most countable, consequently, the set D=|J>-; D,
is also at most countable. But

x5 G )xn £ X¥G(ry)Xn S XXG()X0y  Fo <1,
and, for ro ¢ D, lim,.,,, g.(r)=ga(ro), n=1, 2, ...; therefore
XEG(re)%n = XKG(7y,) X0, n=12,....
Relying on the properties of x} we shall get G(7,,)xn, =G, )Xn, n=1,2,..., 70 ¢ D
and further G(»,,)=G(7,,), ro ¢ D. In conclusion G(d»,,)=0, ro ¢ D, i.c.,
IGa )l £ M, ro¢ D.

Now, let us choose a decreasing sequence {r,} such that r; ¢ D and lim,_, ., r;=0.
Then by [2, Lemma 2.3] we shall obtain

Gln)x = G(Irj\1 n,,)x - (17\1 G(n,,))x = lim G, ), xe X.

Hence |G(n)| =M for every closed set 7. Since x*G(-)x, x€ X, x*e€ X*, is a
regular measure we can conclude that (4.1) holds also. Q.E.D.

LeEMMA 10. Let X be a separable Hilbert space and {T,} a sequence of spectral
operators converging strongly on X to a spectral operator T. If the resolutions of the
identity of T,, n=1, 2, ... satisfy
4.3) |G(T,, 8| £ K, n=12, ..., &¢€ Borelsets,
and the sequence of the scalar parts of T, converges strongly to the scalar part of

T and the same assertion holds with respect to the generalized nilpotent parts, real
parts and imaginary parts, then the resolution of the identity of T satisfies

4.9 |G(T, 8)| = 4K3, 8 € Borel sets.

Proof. Let T,=S,+ N,, T=S+ N be their decomposition as a sum of a spectral
operator of scalar type and a generalized nilpotent one. If R,, R and J,, J are the
real, respectively imaginary parts of S,, S, then by [8, Lemma 1, p. 59] their resolu-
tions of the identity satisfy

|G(R,, &) = K, |G(Jn )| £ K, n=12,..., 8&€cBorel sets.
By [1, Theorem 2.6] |G(R, 8)| < K for every Borel set 8 for which G(R, 98)=0 and
the same for G(J, 8). Thus, by Lemma 9,
IG(R,0)| = K, |G(J,0)| <K, oecBorelsets.



1967] OPERATORS COMMUTING WITH BOOLEAN ALGEBRAS 173

By using Theorem D, since S= R+iJ, we shall get
I1G(S, 9 = |G(T, 0] = 4K®
for every Borel set . Q.E.D.

LemMMA 11. Let # be a complete countably decomposable B.A. of projections of
finite multiplicity p on a separable Banach space X and {T,} a sequence of spectral
operators commuting with # and converging strongly to an operator T. Let G(T,, -)
denote the resolution of the identity for T,, if there is a constant M such that
|G(Ty, || =M, n=1,2,..., 8 € Borel sets, then T is spectral (of type p). Moreover,
the sequence of the scalar parts of T, converges strongly to the scalar part of T and
the same assertion holds with respect to the nilpotent parts, real parts and imaginary
parts.

Proof. By (1.4) I=\/%_, E;=>%_, E; where E,, j=1,2,...,p, are disjoint
projections belonging to %, E;=0 or it has uniform multiplicity j. Denote

gj = {E/Ele Eeg}.

Then %; is a complete countably decomposable (since X is separable) B.A. of
projections on E;X and it has uniform multiplicity j (if E;#0). Remark that
T./E;X, n=1,2,..., are spectral operators which commute with %, and their
resolutions of the identity are uniformly bounded. Then, by Theorem E, T/E,X
are spectral and further, by Theorem C, T is also spectral (of type p). The last
statement of this theorem follows from the similar assertion proved in Theorem
E. Q.E.D.

THEOREM 12. Let X be a separable Hilbert space and A,€E, n=1,2,..., a
sequence of spectral operators of the same finite type p converging strongly to an
operator A. Let G(A,, -) denote the resolution of the identity for A,, if there is a
constant M such that |G(A,, 8)| M, n=1,2,..., 8 € Borel sets, then A is spectral
(of type p). Moreover, the sequence of the scalar parts of A, converges strongly to
the scalar part of A and the same assertion holds with respect to the nilpotent parts,
real parts and imaginary parts.

Proof. By Theorem 2 applied to A, there is a sequence of projections {P,},
P.eé, k=1,2,..., converging strongly to the identity, increasing and such that
AP, is a spectral operator of finite type. Furthermore, P, has finite multiplicity for
k=1,2,.... Assume that |P,| =L, k=1,2,... and denote

&, ={E[P.X|Ec&), k=12,....

Then &, k=1, 2, ..., are complete countably decomposable B.A. of projections of
finite multiplicity. The operators 4,/P, X, n=1, 2, ..., commute with &, and their
resolutions of the identity satisfy

|G(4,./P X, 3)|| £ ML, nk=12..., &cBorelsets.
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Thus, by Lemma 11 4/P, X, k=1, 2, ..., are spectral operators of type p and by
Lemma 10 their resolutions of the identity satisfy

|G(4/P,X, 8)| < 4ML)®, k=1,2,..., &¢eBorelsets.

Consequently, AP,, k=1, 2, ... are spectral operators of type p and their resolu-
tions of the identity are uniformly bounded. Then, by Theorem 7, A4 is spectral

(of type p).
If S,, S denote the respective scalar parts of 4, and A, then it is easy to see that

lim S,x = Sx, X € Ql P.X.

n-»

But this union is a dense set and {||S,|} is a bounded sequence as a consequence
of the uniform boundedness of G(4,, -); hence {S,} converges strongly to S. Thus,
the sequence of the nilpotent parts of A, converges strongly to the nilpotent part

of A. Similar arguments for the real and imaginary parts will finish the proof.
Q.E.D.

5. Examples. The following examples are designed to show that some condi-
tions imposed in Lemma 6, Theorem 7 and Theorem 12 are necessary.

Let {e,} be the usual basis of the space /,. To every x=>37_; xxe, € l; let us
define

Ux = Oe,
+0e;+ xe3
+0e,+ x,€5+ X566
+0e; + x7eg+ Xgeg + Xg€1¢
+.
Obviously, U is a bounded linear operator in /, |U| =1 and its spectral radius is
equal to 1, i.e., U is not a generalized nilpotent. Now, let Q,, n=1,2,..., be the
orthogonal projection on the subspace generated by {e,, e, . . ., e,}. The operator
U commutes with Q;, O3, Qs, Q10 ... and
U le = 0,
UQsx = xjes,
UQex = xge3+ X465+ Xse6,

UQ10x = Xge3+ X4€5+ Xs€6+ Xq€g + Xg€g + Xo€10,

hence UQ, is a nilpotent of order 1, UQ; of order 2, UQg of order 3, UQ,, of order
4 and so forth. Since {Q,, O3, Qs, 010, . . .} converges strongly to the identity and
the resolutions of the identity of UQ,, UQs3, UQg, UQ,, . . . are uniformly bounded
by 1 we haye an example which shows that in Lemma 6 the operators TP,
n=1,2,..., have to be of the same finite type. The same restriction on the type of
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TP,, n=1,2,..., is necessary in order to prove Theorem 7 for, if U is spectral,
then by Theorem 8 it must be a generalized nilpotent.
Now, let # be the complete B.A. of projections generated by

{Qb Qa, QG’ QIO, . }

(the existence of a complete B.A. of projections is insured by [1, Theorem 3.2],
since [, is reflexive). Observe that Q,, Qs, Qg, @10, - - . have finite multiplicity and

I=0,V Q3V QsV QioV:---.

Hence & contains no projections of infinite uniform multiplicity and U commutes
with &. Since the resolutions of the identity for UQ,, UQgs, UQg, UQy, ... are
uniformly bounded we get an example which justifies why in Theorem 12 the
operators 4,, n=1, 2, ..., are required to be of the same finite type.

Added in proof. Meanwhile, we have observed that the main Theorem 12
remains true in separable Banach spaces. Indeed, let us remark that the assump-
tion that underlying space is a Hilbert space was used only through Lemma 10
and can be replaced now in the proof of Theorem 12 by Corollary 2 of L. Tzafriri,
Perturbations of spectral operators, Israel J. Math. 4 (1966), 62-64.
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