THE CONSTRUCTION OF CERTAIN 0-DIMENSIONAL
TRANSFORMATION GROUPS

BY
R. F. WILLIAMS

The purpose of this paper is to demonstrate the power of the techniques of
construction introduced in [4] and [6] and hopefully, to encourage new research on
the Hilbert-Smith Conjecture. The constructions make use of the functor described
in [6] which is useful when a great deal of structure, or much computation is in-
volved, e.g., infinite transformation groups or complicated local cohomology groups.

We give an example in Part I of a 1-dimensional space X (1 for simplicity;
similar constructions work for any n) and a free action of the p-adic group 4, on
X such that

A,. dim X/4A,=m=dim X+1:

B. H(U)=Z,=, for any connected open subset U of X/4,.

Property B is hard to achieve; and this indicates the power of these techniques
(e.g., see Lemma 1.3.2). '

To see why one is interested in such properties, recall the famous and as yet
unsolved

HiLBERT-SMITH CONJECTURE. If a compact group G acts freely(*) on a manifold,
then G is a Lie group.

To prove this conjecture, it would suffice, [5], [7] or [1], to show that no p-adic
group can act freely on a manifold. Thus in the past, researchers have looked for
whatever surprising consequences they could find from the assumption that a
p-adic group A, acts freely on an n-manifold X. In 1940, P. A. Smith [5] found,

Ao. dim X/A4,#dim X.

Later, C. T. Yang [7] found

A,. dim X*/4A,=m=dim X+2 (or «); and

B. H"(U)=Z,~, U any connected open subset of X/A4,.

These two properties were also proved in [1] as easy (at least in the free case)
consequences of the computation

® HYB,) =Z ifg=0,
=Z,> ifqg=2,
=0 otherwise,
where B, is the classifying space of 4,. The proof is as follows: using (x), a well-
known spectral sequence has Z,» as a corner term, and out pop A, and B. Thus,
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(Y) Here and below we consider only the free case for simplicity. Similar remarks apply to
effective transformation groups.
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these two properties are the two most salient consequences of the assumption that
A, acts on a manifold.

In [4], Frank Raymond and the author gave an example in which A, holds. The
space of course was not a manifold and B was far from true. The current example
represents the author’s best attempts to construct an example of a p-adic trans-
formation group having these two properties.

Indeed, it is conjectured that A, and B cannot occur together for any space X,
at least if dim X/A4, <co. A weak version of this conjecture is proved in Part II, to
wit: the current technique of construction cannot yield an example satisfying A,

" and B.

Though very weak, this result is of interest for three reasons: (1) the existence
of the example satisfying A; and B; (2) the “obstruction” is a rather delicate one;
and (3) the success of this technique of construction is very nearly necessary for the
existence of such an example. That is, this line of reasoning (““if there is an example,
then it can be constructed in such-and-such a way”’) could well lead to a proof of
the Hilbert-Smith Conjecture.

Finally we give yet another reason for a renewed attack on this old problem in
the form of a compact, 2-dimensional “classifying space” By, due to E. E. Floyd.
The point is, ordinary cohomology does not distinguish between a ‘“real”
classifying space and Bj,, though all the results on this conjecture can be obtained
via H*(B,,) or its isomorph, H*(Bj,,). However, complex K-theory does dis-
tinguish between B,, and B}, . Perhaps K-theory and some version of the spectral
sequence alluded to above could lead to new results on this problem.

0. Notation and conventions. We will use S™ to denote a topological n-sphere.
Z will be the integers, Z,=Z/pZ, and the p-adic group 4, is the inverse limit of the
sequence

Z < sz <« ..

in which each map sends a generator into a generator. Z,= is the dual of 4, and is
thus the group of p*-roots of unity, i=1,2,....

1 will denote any identity map as well as certain inclusions; if K is an n-circuit
with boundary, 0K will denote its boundary. Cech cohomology is used and H*
indicates compact supports. If a group = acts on a space X, X/ indicates its orbit
space. If {f;}, i=1, ..., n, is a family of periodic maps defined on a subset 4 of X,
then we may identify the orbits of 4 under the group = generated by {f}, i=1, ..., n,
to form a new space Y. This device is used throughout.

Finally we will make use of the functor defined in [6]. Let s be the standard
n-simplex, thought of as a complex, and hence as closed. A simplex o in a complex
K is otherwise always taken as open. K’ denotes the Ist barycentric subdivision of
K. The notation differs from that of [6] in that the factors K, X are reversed,
which now seems more natural. Thus for an n-complex K a space X and a map
q: X —s", KA X={(k,x)e Kx X : ®k=gx} where ®: K—s" is the simplicial
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map determined on K’ as follows. A typical vertex of K’ is the barycenter b(o') of
some i-dimensional simplex ¢! of K. Then ®(b(c'))=uv,, the ith vertex of s, relative
to some fixed ordering of the vertices of s™. (See [6] for other details.)

I. AN EXAMPLE SATISFYING A; AND B.

1. Description of the example.
1.1. First define the sequence {a,} of integers by
a=1; a,,, =a,+n.
Let m, be cyclic of order p®. Then A, is the inverse limit of the sequence
Ty €~ TMg<— Tz <— - -+

in which the map A,: #7,,, — =, sends a generator, say g,.,, of 7,,, into the
generator g, of m,.
Next, we describe the building blocks:
X =S'x][0,1],
B=S'x1cX,
go: X =8'x[0,1] > S*x[0,1]/B=S**b = 0s* + b = s?;
¢i: X — X the rotation of S through 2#/p’ radians,
r: X — X|g = X.
We suppose X triangulated in accordance with [6, SO1, p. 322].

1.2. Let K be a triangulated 2-manifold. We successively modify K getting {K,},
then {L,}. The example will be a limit of the L,’s. As the steps defining {K,} and
{L,} are quite complicated, we first briefly describe these for n=1and 2: Let Kbe a
triangulated oriented 2-manifold, say a two-sphere,

Kl = KAqo X,

K, = KA, XA, X,  (hereg, = qory),

1Ar,Aqq: KA, XAy X — KA, X
(see [6, §1]). Then B;=KAB<K;, and B,=KABAX U KAXAB<K,, and K, is an
orientable manifold with boundary B;. Then form L, from m; x K; by identifying
the points of =, x B, under g, x 1A¢, ; =, still acts on L,, with generator induced by
g1 x 1. Finally H¥(L,/m)=Z,.

Form L, by identifying the points of m, x B,<my x K, as follows: the points of
me X KABA X are identified under the period p% map g, x 1A¢,Al. We identify the
points of =, x KAXAB under the group of order p2, generated by the two period p
maps g5 x 1A¢,Al and g5 x 1A1A¢,. =, still acts on L,, generated by the map
induced by g,x 1. We show below that H%(M,/n,)=Z,2 and that the induced
homomorphism

(A x 1AR,Ago)*: HA(My[my) — H*(My[ms)

is the usual injection Z, — Z 2.
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1.3. We return to the general description, and first define:
R:X—>X byR,=r,,

{b:,;}, a triangular array of integers, by

b, =0,
bpiri = byitnl,
bn+1,n+1 = 0.
The maps ¢q; ;: X — 5% by
qij = qolv-

(Note g2, =¢, and ¢,; =¢2=¢o.) We can now define K,:
K, = KA, XA, ,XA---A,, X

From now on we will write A, ; in place of A, .. Note that

age
1ARA- - -ARAqy: K, 11 — K,
is defined and yields
K, < Kg<---.
Next let B,, B, ;< K, be defined by

Bn,i = KAn,IXA' °e XAn,tBAn,i+1XA' : 'An,nX;
UB, ;.

LeEMMA 1.3.1. K, is an orientable 2-manifold with boundary B.,,.
Proof. Proceeding by induction, we need only prove:

LeEMMA 1.3.2. If K is a triangulated orientable 2-manifold with boundary 0K, then
KA, ;X is a triangulated, orientable 2-manifold with boundary 0KA, ;X U KA, ;B.

Proof of 1.3.2. There is a map ¢;: X — s? agreeing with g, on S! x 0, mapping
X homeomorphically onto s2— D, and mapping B onto ¢D, where D is a small
open disk lying well in the interior of s2. Then define g;;: X — 52 by gi;=qors, ,.
Note that ¢;; is a local homeomorphism.

Then for any simplex o of 52, g; ~(c) =q; (o). It follows (see [6; M1, p. 320]) that
both the maps

KA X ———> KAyX, KA X ——> KA, X
1A1 1A1

are defined and are inverses. Hence KA, X and KA, X are homeomorphic. Now
KA, (s> — D)= KA,s? and this last can be identified with K (actually K’, the bary-
centric subdivision of K [6, p. 320]). Note that KA,(s?— D) is a manifold with
boundary 0KA,s? U KA, 9D. Finally the map 1Ag;;: KA, X — KA,(s*— D) s a local
homeomorphism, because g;; is a local homeomorphism. In detail, we need only
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check that 1Agj, is locally 1-1, by compactness. But if U is open in X and g;; | U is
1-1, then KAU is open in KAK and 1Agj; | KAU is 1-1.

Thus KA, X is a 2-manifold with boundary 6KA, X U KA,,B, as these are the
sets which map onto 9KA;s? and KA, 9D under 1Agj;. The orientability of KAy, X
also follows from the fact that 1Ag;; is a local homeomorphism. This last is easily
seen by assuming the contrary and looking at an orientation reversing curve in
KA, X.

1.4. Note that the map K, ., — K, does not send B, into B,. That is, B,
~> B, ;, for i<n, but B, .. — (the barycenters of the two cells of XK;). We call
this last set B, ,.;, and define B, =B, U B, ,,;. We now have a map of pairs
(Kys1, Bpi1) —> (K,, BS). These are relative manifolds and our next task is to
compute the degree of this map.

LeEMMA 1.4.1. The map (K, .1, B..1) — (K, B}) is of degree p™ ™.

Proof. Proceeding by induction, we need only prove the two lemmas:

Lemma 1.4.2. If (K, 0K)), i=1, 2, are triangulated, orientable relative 2-manifolds
with K,— 0K, connected and f- (K,, 0K;) — (K1, 0K,) is a map of degree m, then

(@) (JAR,: (KoBni1.iX, 2KAX U K,AB) — (KA, X, 8K,AX U K,AB)
is of degree m-p™, i=1,...,n; and

(b) JAGo: (KoAp v 1041 X, 0K:AX U KpAB) — (K, 0K1Y)
is of degree m, where 0K;* = 0K, together with all barycenters of the two simplexes
of K.

Proof. Just as in the proof of Lemma 1.3.2 we note that the map (fAR,) is a local
homeomorphism with degree locally the degree of R,: X — X, which is p™'. Thus
the degree of (fAR,) is everywhere +p™'. If the degrees occurred with different signs,
they would determine distinct components of the interior of K,. But this is con-
nected, as both K,—0K, and X — B are connected. This proves (a). The proof of
(b) is the same, except that g, has degree 1, instead of p™'.

1.5. Note that =, acts on K, so that A4, acts on the inverse limit.

One easily sees (e.g., using 3.1.2, below) that the inverse limit of

K< Ko< Ky« -+,
is 1-dimensional, as is the limit of

m XK, < myax Ky« -+
We next introduce identification among the points of 7, x B, <=, x K,, to form L,.
This is to be done in such a way that the inverse system
Ly« Ly« ---

is still defined and still has dimension 1. Clearly 4, acts on the second of these
limits via m; acting on m; x K;; this action will induce an action via =; on L; and
hence an action of 4, on the inverse limit. Finally the inverse limit

Ly|my < Lofmg < - -

is to be 2-dimensional and have the local groups as specified.
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1.6. To specify the identifications among the points of B,, we need the sequence
{C"} of n x n matrices {C]}}, defined by

Cil = l’
Cht=Cli+D Cly  dj=1,..,m;
(1.6.1) C
Catly =2 Chi, J=1...,n+1;
k
Ct',lrt-g'].:()’ i=l,...,n.
LEmMA 1.6.2. 3, Ci=n!,i=1,2,...,n.

Proof. This is trivially true for n=1. By induction, we have, for i<n,

Z CLtt =
i

3

(c:;+ > ka) = nl4n-n! = (n+1)\.
1 k=1

<,
(]

Fori=n+1,

pReze ,il (; crk) — (1)) = (1)1,

Next, let g,(i) be the p°=~! power of g,. Then
1.6.3. g,(i) has order p'.
1.6.4. A,g, 1) =g.(i—n).

Proof. g,,1({)=(gn+1)%+17" so that A,g, . ())=gmn+1 " =g *" =g, (i—n!).
1.6.5. COROLLARY. '
Agn+1(CHY) = ga(CL), L,j=n,

=1 otherwise.

This follows directly from 1.6.4 and the definition of C}';}1. Writing (k) for ¢,
we have

1.6.6. R,¢(i)=¢(i—n"R,, i<n!

Proof. ¢(i) is based on a rotation of 2x/p' radians; R, multiplies an angle by
p™. Thus R,¢(i)=¢(i—n")R,.

1.6.7. COROLLARY.

Rup(Ch}Y) = $(CI)Rs, i =1,
=R, otherwise.

1.7. Then we let L, be =, x K, with the points of n, x B,=m,xB,, U --- U,
x B, ,identified as follows. The points of 7, x B, , are identified under the following
maps:
&n+1(Cl1) x 1A4(CTALA- - Al
gn(Cl) x 1A1AH(CHAIA- - -Al, .. ., g(CR) x 1A1A. - -A1A$(CL),
i=1,2,...,n

(17.1),,

Lemma 1.7.2. The map m, ., x K, .1 — m, X K,, induces amap L, ., — L,.
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Proof. Look first at the points of B,,;,.; Which are identified to form
Lyy1n+e1- The map A, x1AR,.;A---AR,.,Aq, composed with the maps of

(1.7.10)n 41,041 yield
A1|gn+1((-"r?~;'-.:ll,l) X IARn‘#(Cr’ll:ll,l)ARnA . 'ARnAqO’ RS
’\ngn+1(C1’:~t11.n+1) X lARn+1A‘ : 'ARn+1Aq0¢(C1’ti:11.n+l)-

Using Corollaries 1.6.5 and 1.6.7, we have
IARA- - -AR,Aqq, ..., 1ARA- - - R, Aqod(n!).

Now since go(B) is a single point, these equations say that (1.7.1),,; ,+;-equivalent
points are mapped into the same point.

Next look at 7, ,; X B, 14, iSn. Then the map K, ,, — K, composed with the
maps of (1.7.1) becomes

Agn+1(CPTYH X IAR,H(CPTDARA - - -AR,Aq, . . .,
’\ngn+ I(Cﬁftil:l) X IARnA o ARnAqO‘ﬁ(Cﬁ:-&l .

Now using Corollaries 1.6.5 and 1.6.7 and the fact that C!;}}, =0, we have
Z(CPDARH(CPDARA - - AR Aqy, . .., 1ARA - - -AR,Aq,.
Thus (1.7.1),+, -equivalent points map into (1.7.1), ;-equivalent points.
LeMMA 1.8. The action of m, on =, x K, induces a free action of =, on L,.

Proof. On =, x K, =, is generated by g, x 1 which clearly commutes with all
the identification maps of (1.7.1), so that this induces an action of =, on M,. To
see that this action is free, note first the obvious criterion:

LeMMA 1.8.1. If = and p act freely on a space X and commute, then = acts freely
on X|p if and only if the direct product = x p acts freely on X.

To see that Lemma 1.8.1 applies to Lemma 1.8, note that the ingredients of the
maps of (1.7.1),;, that is, the g,(C,)’s and ¢(C}",)’s all act freely on B, ;. Next, a
typical element of the group generated by the various maps of (1.7.1), ; together
with g,Al1A. - -Al, is

gnoga(Cl) s - - - ga(Cl)en X 1AG(CIY A - - - Ap(CRYen

and for this to be the identity, ¢(C})*s=1, for all j. But then g,(C)* =1 for all j,
so that finally gko=1.

1.9. The action of =,,; and =, on M, ., and M, is equivariant.

Proof. This is just the fact that A, g,,,=g,.

We have therefore proved

1.10. A, acts freely on the inverse limit, L, of

L« Ly« Ly« ---
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2. The 2-dimensional cohomology of /4,. We have shown above that K, is an
oriented 2-manifold with boundary B,. To study L,/,, note that there are two
maps 7, X K, — L,[=,, forming a commutative diagram:

T X Ky — (7 X K7, = K,

| l

L, Ln/ T

Note that the map K, — L,/m, is just the quotient map of the equivalences induced
on B, ; by those of (1.7.1) on m, x By, to wit:

@11, 1AHCP)ALA- - Al IAIAG(CHAIA- - -Al, . .., 1AL - -AIA(CP,).

As these generate a free group action of order >; Cl'=n!, we see that L,/m, is a
relative, oriented manifold with boundary B,=the image of B,/=,, and with
boundary map

2.1.2) L,/m, — B,
of order n!, i.e.,
LemMma 2.1.3. HY(B,) — H*(L,/m,, B,) has image n! Z.
LeEMMA 2.1.4. The map H* (M, |m,) — H3(M, |7, ,,) is the injection
Zyy > Zns1y
Proof. There is the commutative diagram
HY(B,) —> H*(Ly|mn, By) ————> H*(L,m;) —> 0

o | |

HI(B;E+1)_> H* Ly, 1[mni1s Briy) > H*(L,,1/mp1)—0

in which the middle map may be replaced by H%*(K,, B,) -~ H*K, .1, B, 1) as
(K, B,) = (Ly/m,, By)is a relative homeomorphism. Now by (1.4) and Lemma 2.1.3
the latter part of Lemma 2.1.5 becomes

Z——Zp ——0
lpnn! l
Z——>Z,m+1t —>0,

It follows that the last vertical map is an injection, as required. Thus we have
proved

THEOREM 2.2. H¥(L|A,)=Z,~, the p-adic rationals mod 1.

Actually there is a much stronger result: (H2 is Cech cohomology with compact
supports):

THEOREM 2.3. HX(U|A,)=Z,= for any connected invariant open set U<L.
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Proof. The inverse image of U under the map A, x K — L has the form 4, x V,
where V is open in K, by the invariance of U. Now by the definition of the topology
for an inverse limit, U={x € L | x, € U,}, where n is an integer and U, is open in
L,. Define U, ,, by U, ,;=inverse image of U, under the map L, ,; — L,. We claim
that U, ., is connected. For a separation would lead to a separation of U, because
the maps L, ., — L, are onto, and the L,’s are compact. Similarly one defines V, ,;
for all i=0 so that 4, x V,,.; — U,.; under the map A, x K, ,; — L, ,;, and finds
that all V,, ., are connected.

It follows that ¥ is an orientable submanifold of K, and that

Vit Vier N Byji)) > (Vy, V; 0 B

is of degree pY'7» for j=n. This uses the fact that U, ,,,, is the complete inverse
image of U, .. Now for sufficiently large i, V,,; N B,.;# @, as B, is ¢-dense in K;
where & — 0 as i — co. But these facts play the role of 1.4 so that one gets analogies
of (2.1.2), Lemma 2.1.3, and Lemma 2.1.4 for U,/n;, j=n. Then Therem 2.3 follows
just as Theorem 2.2.

3. That L is 1-dimensional.

3.0. dimLx1.

Proof. For each n,themapL,,,—B;,, —L,— B, is a covering map. Thus the
inverse image of a 1-simplex o; under the map L — L, is homeomorphic to o; X 4,,.
This is 1-dimensional and thus dim L= 1.

3.1. Thus it suffices to prove dim L<1. We will do this via a general criterion
for an inverse limit to be of dimension =n. We also include an analogous criterion
for the other inequality.

3.1.1. DerINITION. Suppose K, L are simplicial complexes and f: K — L is a map
(not necessarily simplicial). We say f'is simplicially of dimension <n provided there
is a map g: K — (n-skeleton of L) such that for all k € K, g(k) € 6, where o is the
unique open simplex of L containing f(k).

3.1.2. Suppose X is the inverse limit of a sequence

S f2

K].('“—Kz(—"'

of finite r-dimensional complexes, that f; is simplicial relative to a subdivision of X
and that f;: K, — K| is simplicially of dimension <n. Then dim X =<n.

Proof. Let g;: K,., — K| be as guaranteed in the definition of simplicially of
dimension <n and let h;: X — K, be the coordinate map X — K, followed by g;.
Then h; maps X into an n-complex, for all i. Thus it will complete the proof [2,
p. 71] to show that A, is an e;-map, with ¢, — 0 as i — oo.

As this is independent of the metric, we first choose a metric p, for K; so that K;
has diameter <1/2!, and then set p(x, y)=>72, p(x;, ».), for x, y € X. This yields a
metric for X. Now for each m, i the map fifi,, - fn: Kns1 — K, is simplicial
relative to the (m+ 1 —i)th-barycentric subdivision of K. Thus if x, y€ X, and
Xm+1» Ym+1 are in an r-simplex &, then py(x;, y) S(r/(r+ D)**1742 i=1,2,..., m.
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Then p(x, ) S Np=2m+1 /21427, (r/(r+1))"**~%/2,, One finds that N, -0
as m — oo. But this shows that A; is a (1/2!+ N;)-map and thus completes the proof
of 3.1.2.

3.2.1. One says that f: K — L is simplicially of dimension =n, provided that
f*: HY(L,L') - H™(K, f~*(L’)) is monic for all subcomplexes L'<L.

3.2.2. REMARK. If

Ki«<—Kj«— .-
S fa

is as in 3.1.2 except that f; is simplicially of dimension =, and dim K, =2 n, then
dim Xzn.

Proof. One chooses a subcomplex L, of K, so that H*(K;, L,)#0. Then all the
homomorphisms of the system

HY(Ky, Ly) ——> H"(Kg, L)) —— - -+
fi* f*

are monic, where L, ., =f;}(L;), for all i. Hence this limit is nontrivial. But this
limit is just H*(X, L), where L, is the inverse limit of L, < L, < - - -, so that
dim Xzn.

3.3. We now return to the task of establishing the dimension of our example, and
will use the notation of §l1.

3.3.1. LeMMA. The map L, ., — L, is simplicially of dimension 1.

Proof. Recall that the map =, ,; x K, ,; — 7, X K,, is given by
A X 1ARA- - -ARAqy = f,.

We first define A, to agree with f;, on f; ! (I1-skeleton of =, x K;). Next, if o is a
2-simplex of m, x K, then f;1(5) consists of p™*V* copies of X. The general fact
follows from [6, p. 321] and the specific counting from the definitions of A,, R,,
(1.1), (1.3).

Let X, be one of these copies of X and let n: X — X, and u: s2 — 6 be homeo-
morphisms such that f, | Xo=pqen~ . Next let py, ..., p,,1 be the first n maps of
(1.7.1)n 41,041 and

Vat+1 = gn+1(Cr'::11.n+1)X 1A1A. - Al
Then for each 0=, ...,/ 1 Sp™—1,
PPt X = X(Jas - - s Jns1)

is a copy of X which maps onto & under f,. As p; has order p™, by Lemma 1.6.2
and (1.6.3) there are p™* 1" of these (all different; see Lemma 1.8.1) so that these
constitute the total set £,1(3).

Now define the map #(j): X — S'=0s? by

t(j)(O, t) = 6—2mjt[p™, 6,t)e Stx[0,1] = X.
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Now the map f, sends

X(jla . ~’jn+1) -0
according to the formula ugen~'p% - - vy /%% 1. We define h, on X(jy, ..., jns1) to
be wt(jni)m " tpilvy It 2. As for each j, 1(j)=4q, on g5 (0s%), which is S x 0= S?
x [0, 1], this does agree with A, on f; ! (I1-skeleton of =, x K;). This then defines
h, on all of =,,,xK,,,. Having only 7, x KAXA. - -AXA(ds%)=(1-skeleton of
m, X K;) as image.

Note also that f,(x), h,(x) € 5, where o is the unique simplex containing f,(x),
i.e., h, is a ““simplicial” approximation to h,. Our only hedge is that 4, may not be
simplicial—which does not harm its value as an approximation.

Finally we wish to show that A, induces a map L,,,; — L,. Thus consider the
identifications made on m,, X B, in (1.7.1),41,. For ign, m, .1 X Byyy < fi!
(1-skeleton of m, x K} so h, agrees with f, here. For i=n+ 1, there is something to
prove; let o be a typical 2-simplex in 7, x K, and let the notation X, 5, p, et cetera,
be as above.

Now mp 1 X Boy1ne1 N X - u]'rld-l):f)jl1 o 'P£"++117I(B)=B(j1’ «+ s Jn+1)- Thus
each equivalence class of the relation (1.7.1), 4 ,+1 hits each B(jy, .. ., j,+1) in one
and only one point. Let § x 1 be a point of B=S*x 1< X. Then

7(Ox 1)~ pt - - pri(n(6, 1) = p¥ - - - plrvitit (0 + 2mj v 1 [p™, 1))
and these points both go into w(6). Thus A, induces a map 4,: L, ,, — (1-skeleton
L,) and this completes the proof of Lemma 3.3.1.

II. WHY TH1s CONSTRUCTION CANNOT YIELD A, AND B

One can follow the pattern of Part I, §1 a long way toward the construction of an
example satisfying A, and B. But this process breaks down for a rather subtle
reason, and it is this reason that we want to elucidate in this section.

Our method is to present the analogous construction, and show that one of the
steps of §1 cannot be carried out. We will aim at a 2-dimensional example for
simplicity even though 3 is the smallest dimension for which a counterexample to
the Hilbert-Smith Conjecture could possibly exist [3, p. 249].

4.1. Let 05s*=S53=S}* S! and let N be a small tubular neighborhood of S3.
The exact relation between these various structures will be specified below. Note
that S3—N=S'x D? where D? is a 2-disk. We use this in defining

X =8'xD?x]|0, 1];
B=S'%x0D?*x[0,1]u S'xD?x1 < X.
é:: X — X is to be a rotation, relative to S*, through an angle of 2n/p* radians.
Define go: X — s* by
Go: (S2—N)x[0,1] - S3x[0, 1] — S®* b = 0s* x b = s*.
Here the first map collapses the tubular neighborhood N back down along its

fibers to S2. The next collapses S3x 1 to a single point b, the barycenter of s*.
Thus g, collapses each orbit of ¢; | B to a single point for all i.
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S3 is chosen to pass through the barycenters b;, i=0, ..., 4 of the 3-simplexes
of 5%, to be orthogonal to the 2-simplexes it hits and to miss the 1-skeleton. Define
r, gi: X — s* by

re X — Xl = X, qi = 4ol

4.2. One can now repeat the construction just as in Part I, §1; we will need to
consider only L, and L,. 7; and =, are as in Part I, §1.
Let K be a 4-sphere with a fixed triangulation and let

K, = KA, X, B, = KAB < K,,
K, = KA, XA, X,

By = KAy BA X, By = KA, XA, B,
B, = By, U By, < K.

One can show just as in Part I, that X is an orientable 4-circuit with boundary B;,
i=1, 2, and that the map 1ArAq,: (K;, B;) — (Ky, Bi) is of degree p, where B} =B,
together with a certain 2-dimensional subset, containing the dual 1-skeleton of Xj.

Form L, from =, x K, by identifying the points of 7, x B, under the period p map
g1 x1A¢,. Then g, x 1Al generates the action of =, on 7, x K and induces an
action on L,.

Next consider the identification to be made on 7, x B, to yield L, from =, x K.
On 7, X By, this must be generated by a map g, x 1A¢,Ar, where r: X — X is some
map of period p®. This is true because the map A, x 1Ar;Aqq: 7y x Ky — 1, x K
must send these identifications into those generated by g, x 1 x¢,. Now as go: X
— X is a homeomorphism away from B, it follows that r | X— B is the identity.
But X— B is dense in X and therefore m, x KABAX— B is dense in my x KABAX.
Thus g, X 1A¢,Ar=g, x 1Ad,Al throughout 7, x B,;.

So far there has been little choice of maps with which to make identifications.
But with =y x By, this changes considerably. Thus we will list all the possible
(uniform) choices and show that none works.

4.3. In order that a group action be used for this identification, its orbits must be
collapsed under the map to m; x KAX. There are three such group actions on
g X Bag=my x KAXAB, each of order p; they have generators y, =g,(1) x 1A1Al,
ya=1x1A¢,Al, and y3=1x 1A1A¢,. Now modulo =,, p? identifications must be
made, in order that property B be satisfied.

Thus the identification group R has as generators

iz, i3 i1, j2

711‘)’2 Y3, YiYz )’:133,

where i, and j, are integers mod p. We may therefore choose another pair of
generators of R, having the form

‘)’2‘)’%% YIYA, i=0’ 1’~'-ap_1’ j=1929~-',p-l'
The case j=0 need not be considered as then the group R, modulo =, would have
only order p, because y, € m,.
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We will distinguish two cases: (1) i#0 mod p and (2) i=0 but j#0 mod p. First
we must describe some additional structure of the building blocks.

4.4. We next use the fact that the map L, — L} must be simplicially of dimension
=<2, (3.1.1). We will actually work with the map f: 7, x K, — L}, and require that
the map f and maps g and g’ below respect the identifications made in 7, x K, to
form L,.

Thus we assume we have a map g: 7, x K, — (2-skeleton of L)) satisfying (3.1.1)
and alter g slightly to get a map g’ which is well behaved on B,,.Set g'=g on f~*
(1-skeleton of L) as this set does not intersect B,,. Next, let o be a 4-simplex of L.
Then f~1(3) consists of p copies of X and on each of these fis a copy of the map
qo: X — s*. We will look at one of these copies of X and use this structure with no
reference to the copying homomorphism.

Now 8§ N (2-skeleton of s*) consists of isolated points and if x € S§ N o2 is such
a point then the fiber S x x’ of the tubular neighborhood N of S} at this point
satisfies S* x x’< o2 Then g(S* x x")<&2? and we may vary g by a homotopy so that
g'(S* x x")=x € 0%, maintaining the condition that g'(y) € & if f(y) € o. Thus we
obtain g’ which agrees with f on g5 ! (2-skeleton s*). We can go a bit further and
have g'=f on a neighborhood of g5 * (2-skeleton of s*), or what is the same, g'=f
except near the dual 1-skeleton of 7, x K. This enlarges the image of g’ to L1 —N',
where N’ is a neighborhood of the dual 1-skeleton of Lj. This enlargement is
harmless, as we may always retract Ly — N’ back to the 2-skeleton of L}.

Now return to our copy of X. The balance of the go(S* x x")=x, where

x'eoD?*x[0,11U D?x 1,

are near the dual 1-skeleton of s*. Furthermore they cannot be collapsed to x, as
this would cover the dual 1-skeleton and it is essential that g(L,) misses the dual
1-skeleton. It would therefore appear that g’ can be so chosen that for such an
x', S1x x’ maps to S* x x with degree 1, where S* x x is the corresponding fiber of
the tubular neighborhood at x € s*. Another rather tedious argument shows that
this is indeed the case.

4.5. This supplements (4.1). There is a unique point y; € D? such that

go: X = Stx D?*x[0, 1] — s*
sends S'xy;x0to b;, i=0, ..., 4. Then
goib) = S*x D*x1, qgl(c) = Stxyxt,

where c=tb+(1—1t)b;, 0sr<1. Note that b together with all such ¢’s constitutes
the dual 1-skeleton of s*.

In D? we choose a point y#y,, i=0,...,4, and five arcs «;, i=0, .. ., 4, where o,
has end points y and y;, and o N ;= &, i#j. Let W=J{-o (S* xy;x [0, 1] U S*
xa; x 1). Then go(W)=(dual 1-skeleton of s*)=sk; and W is homeomorphic to
St xsk,. Also the projection g¢: S* x sk, — sk, differs only a little from g,. In
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particular, go(w) and go(w) lie in the same open simplex of s* for each we W.
Finally, note that ¢, leaves W invariant and that ¢, on W=.S"! x sk, is just a rotation
on the first factor.

4.6. Case 1, i#0 mod p. We choose an arc B in the space KAq, XA;sk, with end
points of the form x, and 1A¢,A1(x,). (1A¢4,A1) does act on KAXAsk,. Let B+ =8
together with its iterates under 1A¢;Al. Then 87 is a loop; we will assume that 8+
is a topological 1-sphere, which it is if B is carefully chosen. Now

lAlAqo: KAql XAIW —> KAql XAlskl

and that part which maps onto 8+ is S* x 8* with 1A1Aq, | S* x 8* being essentially
the projection.

Now SxB*<KAXAW<KAXAB< B,,, and y,y; leaves S!xB* invariant. It
is the specific way in which y,y% acts on S* x B+ that makes it impossible to carry
out this construction. To wit, v} effects a rotation of S* through an angle of 2=i/p
radians and y, a rotation of 8* through an ‘““angle” of 2=/p.

Now g’ maps the torus S x B* to another S*x B in L) and this map is of type
(1, p), i.e., of degree 1 on S (proved in 4.4) and of degree p on 8*. Next choose
coordinates (6, $) for S*xB8*, 6, ¢ in the reals mod 1, and let S’ be the set of all
(6, i0) in St xB*. Then S’ is a 1-sphere wrapping once around the S* factor and i
times around the B* factor. Then y,y4(6, i6)=(0+1/p, i6+i/p) so that S’ is
invariant under y,y4. Now as the points of S' are identified (in forming L?) we see
that g’ takes S’ to S* x B by a map of type (pk, p). But by the above g’ | S’ is of
type (i, p). This contradicts the fact that i0 mod p.

4.7. It remains only to consider case 2, i.e., i=0 mod p but j#0 mod p. The
argument in this case is much the same, except that 8* must be defined differently.
We choose an arc B in KA, XA;sk, with endpoints of the form x, and (1A¢,A1)x,.
Now let 8* be B together with its iterates in the space m, x KA, XAsk, under the
map g,(1) x 1A$;Al. (See 4.3.) Then y,y,y} leaves S*x B+ invariant. Proceeding
as in (4.6) we find a contradiction to the fact that j#0 mod p. This completes
the proof.

III. CLASSIFICATION SPACES FOR 4,

5. A compact, 2-dimensional classifying space. The following construction is
due to E. E. Floyd. Let p be a fixed prime and let n,=p%, i=0,1,.... We will
construct regular, 2-dimensional CW-complexes K;, free actions of Z, on K, and
maps f;: K; ., — K, equivariant with respect to the usual epimorphism Z,, ,, — Z,, .
Let K,=Z,, * S, where * denotes the join and S; is a 1-sphere. Z,, acts on K, by
translation on Z,, and by rotation through an angle of 2x/n; on the second factor.
Thus K, is S; together with n; oriented 2-cells, {xe;: x € Z,} with the boundary
formula d(xe;))=S,, for all xe Z,, and i=0, 1,2,....

The map f;: K, ., — K sends the 1-skeleton S, ,, n, times around S;, and is thus
equivariant on the 1-skeleton. To define f; on the 2-cells consider e, ., =1e,,,, let
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T generate Z, ,, and ¢ generate Z,. We think of e, as [0, 2n,—1]x S*/0x S*.

First collapse (2k) x S! to points, k=1, 2,...,n;—1. This yields a “string” of

n;—1 2-spheres S?=[2k—1, 2k] x S, with ends collapsed, and one disk
[2n,—2,2n,—1]x S'/(2n,—2) x S*.

Then f; sends this disk to n;t™ ! ¢, extending f; already defined on its boundary,

(2n,—1) x S*. We are now fairly free to map the spheres S? where we will, and send
S% to the oriented sphere t*~1e; —t*e; with degree k. Thus, on the chain level,

€41 —)Z k(tk"l—tk)e‘+n;t"‘_le‘.
k

Thus fig(e)=(1+t+ -+t Y)e,=0e; where o=1+4+1+---+t%"1 as usual
Define f; on the remaining 2-cells {xe; ., : x3 1} by equivariance:

Ji(xei 1) = xfi(€ir1)-

Then on the chain level fx(xe; , ;) = xoe, = oe;. Now K; . ; has the homotopy type
of a wedge of n,,,—1 2-spheres, which we take to be

212 = tj(l—t)ei+l, .] = 0’ la ] n§+1_2'

Then f; sends Z? to ot’(1 —1t)e; and is thus of degree zero on each of the n;—1
2-spheres which make up K;, again up to homotopy type. Thus the map f*: h(K;)
— h(K;,,) is trivial in any generalized cohomology theory. Let E’ be the inverse
limit of K, < K; < - - -. Then A, acts freely on E’ and we have proved the

5.1. PROPOSITION (FLOYD). There is a 2-dimensional compact space E' and a free
action of A, on E' where E’ is a cyclic in any cohomology theory, defined on the
category of finite CW-complexes and extended in the Cech manner to compact pairs.

5.2. COROLLARY (SEE ALSO [1]).

HYB,,) = Z, q=0,
= pr ’ q= 2,
=0 otherwise.

Proof. By the usual obstruction theory arguments, H*(B,,)=H*(B,,) where
B,,=E’|A,. But E'[A, is the inverse limit

P,<« Py« ...

in which each P, is a 1-sphere with a 2-cell attached by a map of degree k. The
map P, ,, — P,, sends the 2-cell [¢; ] to m;[e;]. Hence, in the integral cohomology
H?(E'|A,) is the direct limit of

Zy—~>Zy — -,
in which the maps are the usual injections. This completes the proof of 5.2.

6. The complex K-theory of B,, and B,.
6.1. K°(B, ,)=Z,=, with trivial products.
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Proof. We let [X, Y] denote the set of all homotopy classes of base point
preserving maps of X into Y. Then, using the spaces P,, defined in (5)

[Pma BU] X [Prm BU(I)] = [Pma CPCD] x [Pma CPI] = [Pm’ SZ],

inasmuch as P, is 2-dimensional. Finally, by the Hopf classification theorem
[P, S?]xZ,, and the map P, ,, — P, induces the injection Z, — Z, , . This
completes the proof of 6.1.

The “usual” classifying space, B,, (e.g., see [1]) can be achieved as a double
limit in 2 ways:

(1) TLD L(S**Y/Z,),

(2) D LI L(S**Y/Zy).

Here I L means inverse limit and D L, direct limit. The action of Z,s on $%+1 is
that obtained by considering S%*! as the unit sphere in complex (i+ 1)-space.
These two ways give two ways of *“calculating™ K(B,,). The first yields K °(B,,)
X Z,~, just as above. This can be seen in various ways, e.g., an easy spectral sequence
argument, using the data found in [1].
The second yields
kO(BAp) = E(me) ® 45,

in which R is the reduced representation ring. This is a deeper computation, and is
due to Don Anderson. Note this ring is torsion-free; more striking, it has arbitrarily
long nontrivial products, x; ® - -+ ® x,. This in particular means B, is infinite
dimensional.

Perhaps this last fact can be used to show that if 4, acts on a manifold M, then
M| A, is infinite dimensional. So far, all the author’s attempts have failed. Indeed,
there is the easy

6.2. REMARK. If A, acts freely on an n-manifold M, then the dimension of
M]|A, is n+2, relative to any cohomology theory which satisfies the Vietoris
mapping theorem.

Proof. There is the diagram

M<——Mx EE——F'

Lo

M|A,<— M x, E' —> B}

in which M x, E’ is (n+2)-dimensional over integral cohomology, and at most
(n+2)-dimensional because of the map M x, E'— Bj,, see [2, p. 91]; hence
dim M x, E’'=n+2. But the map M x, E' — M|A, is a Vietoris map.
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