SETS OF CONSTANT RELATIVE WIDTH AND
CONSTANT RELATIVE BRIGHTNESS(*)

BY
G. D. CHAKERIAN

1. Introduction. In “relative differential geometry” one is given a fixed convex
body E, which serves as a “unit sphere” in the geometry (see [3, p. 64]). The
“relative width” of any convex body K is then defined as twice its ordinary width
divided by the width of E in the same direction. The “relative brightness” of K is
the ordinary brightness divided by the brightness of E in the same direction. We
shall be concerned with some properties of sets of constant relative width and sets
of constant relative brightness. If E is the ordinary unit ball, then these are the
ordinary sets of constant width and constant brightness respectively.

If E is centrally symmetric and K has constant width relative to E, then this
simply means that E is homothetic to the difference body of K. In §6 we are led to
some sharpenings of the inequalities for the volume of the difference body in E,
and E;. There we also have, incidentally, a generalization and simple proof of the
theorem that the insphere and circumsphere of a set of constant width 1 are
concentri¢ and their radii sum to 1 (see [3, p. 127]). Properties of sets of constant
relative width are studied in [6] and [11].

It is known that if a 3-dimensional convex body has both constant width and
constant brightness, then it is a sphere (see [3, p. 140], [13]). The analogue of this
in relative geometry is the following. Let E be a 3-dimensional centrally symmetric
convex body. Let K be a convex body whose width function is proportional to that
of E, and whose brightness function is also proportional to that of E. Then X is
homothetic to'E. We prove this in §5, with smoothness restrictions on K and E. It
would be desirable to remove these restrictions, since the theorem appears to be
true without them.

In §2 we develop some machinery needed in other sections. Much of this is known
or is a straightforward generalization of work of Alexandrov [1], and Firey [8].
This material is of interest in its own right, and we give the development with a
generality greater than our applications require.

A résumé of relative differential geometry is given in §4. This is again in a form
more general than our applications require, but the account is, we hope, of
independent interest.

I am greatly indebted to Professor W. J. Firey for some stimulating discussions
related to material in this paper.
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2. The surface area function and mixed volumes. By a “convex body”’ we shall
mean a compact, convex subset of n-dimensional Euclidean space E,. We shall
denote the standard unit ball in E, by U, so U={x€E, : |x|£1}. Then the
boundary of U, denoted by oU, is {x € E, : |x|=1}. We do not index U, hoping
that its dimension will always be evident from context. If A is a real number, and
S<E,, then A\S={Ax : xe S}. If S},..., S,<E,, then S;+---+8§, = {x;+---+
X, :x;€8,i=1,...,r}. A, BSE, are ‘“homothetic” if 4 is a translate of AB, for
some A>0.

If K,,..., K, are convex bodies in E,, and A,,..., A, are nonnegative real
numbers, then the volume V(A K, + - - - + A,K}) of the convex body A, K, + - - - +A,K,
is a homogeneous polynomial in Ay, ..., A, of the form

@.1) VuKit - +0K) = D N A V(K0 K,

where the sum runs over all n-tuples of integers 1<i,,..., i,<r. The coefficients
V(Ki,, ..., K;,) of this polynomial are the “mixed volumes,” and are symmetric in
their arguments. Let r, s be nonnegative integers, with r+s<n, and let C,, ...,
C._._s Ky, K, be convex bodies in E,. For the moment, set

V(KI’ r; K29 S; C) = V(Kl’ RCEE] Kla K2’ REE] K2’ Cb RS ] Cn—r—s),

where K; appears r times and K, appears s times. Then the Fenchel-Alexandrov
inequalities state that

(22) V(K r; Xg5;C) 2 VI(Ky, r+5; Ky, 0; C)V(Ky, 0, Ky r+s; C),

(see [4, p. 50]). The following conditions concerning equality in (2.2) will be
important [4, p. 51]. A convex body in E, is said to be “regular” if it has nonvoid
interior and its boundary is a hypersurface of class C2 having everywhere positive
curvature. Now suppose Ci,..., C,_,_; are regular, and K,, K, each have
dimension at least r+s. Then if equality holds in (2.2), K, and K, are homothetic.
For a detailed account of mixed volumes, see [3], [4].

Let # be the field of Borel subsets of the unit sphere 6U. Let K, ..., K,_, be
convex bodies with nonvoid interior in E,. The ‘““mixed surface area function,”
denoted by S(Ki,..., K,_;;w), is a certain completely additive set function,
defined for w € #, having the property that for any convex body K, < E,,

1
23) V(Ko Kiv- o Knct) = fav KoW)S(Ks, .. ., Kn-1; di),

where Ko(u) is the supporting function of K,, and the integral on the right-hand
side of (2.3) is the Radon-Stieltjes integral of Ko(u) with respect to S(Ki,...,
K, _,; w). One calls S(K; w)=S(K, ..., K; w) the “surface area function” of K.
For properties of these set functions, see [1], [4], [7].

Let K, ..., K, be convex bodies in E,, and let u € 0U. Let K, . . ., K, _, be the
orthogonal projections of Kj,..., K,_; respectively on the (n—1)-dimensional



28 G. D. CHAKERIAN [October

subspace orthogonal to ». Then the “mixed brightness” o(Ky,..., K,_; u) of
Ky, ..., K,_,is defined to be the (n — 1)-dimensional mixed volume V' (K7, ..., K, _,).
If we let [u] denote the closed segment joining u to the origin, then we have [3, p.
45] oKy, ..., Knog; W)=V(Ki, ..., Ko ))=nV(Ky, ..., Kooy, [u]). f Ky =Kp=---
=K,_,=K, we write o(K; u)=0(K, ..., K; u), and this is the (n—1)-dimensional
volume of the orthogonal projection of K onto the subspace orthogonal to u. We
refer to o(K; u) as the ““brightness” of K in the direction u. We have [1, II, p. 1223],

(2.4) 20(K1,..., K,,_l;v) = J‘a I(u, U)IS(KI,..., K,,_l;du),
U

where (4, v) is the inner product of v and v.

Note that formula (3), page 49, of [3] follows from (2.4), by integrating both
sides with respect to v over U and applying (2.3) with K,=U.

Using the same kind of convention used in the notation for mixed volumes, in
the following we set S(K, r; C; w)=S(X, ..., K, Cy,...,C,_,_1; w), and

oK, r;C;u)y=0o(K,...,K,Cy,...,Ch_r_1; u),

where K appears r times. Also S(K,r; E; w)=S(K,...,K,E,..., E; w), and
oK, r; E;u)=0(K,...,K, E,..., E;u), where K appears r times and E appears
n—r—1 times.

Following an argument of Firey [8, p. 11], we have

THEOREM 1. Let K,, K, be centrally symmetric convex bodies in E,, each with
dimension Zr, and let C,, . .., C,_, be regular convex bodies. Suppose

o(Ky, r—1; Ciu) = o(Kp, r—1; Cs u),
for all ue 0U. Then K, is a translate of K.

Proof. If K is a sufficiently smooth centrally symmetric convex body, then its
supporting function K(x) admits the representation (see [3, p. 29])

K@ = [l o)lhe) do,

for some continuous function A on oU. Then

wV(K, 1; Ky, r—1; C) =L K(w) S(Ky, r—1; C; dbi)
- fw { L IS Ky r=15 G du)} h(v) do
2.6) ~2 fa o(Ky, r—1; C; )h(v) dv
U

_2 f o(Kqy r—1; C; v)h(v) dv
ou

=nV(K,1; Ky, r—1;C).
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Thus, for such K we have
2.7 VK, 1;K;,r—1;C) = V(K, 1; K5, r—1; C).

Since the mixed volumes are continuous in each argument, (2.7) holds for any
centrally symmetric K. In particular, letting K=K;, K,, we have,

V(Ky, r; K5, 0; C) = V(Ky, 1; Ky, r—1; C),

V(Ky, r; Ky,0; C) = V(K,, 15 Ky, r—1; C).
From (2.2) we have
Vi(Ky, 1; Ky, r—1;C) 2 VT-Y(Ky, r; K;,0; CY)V(Ky, r; Ky, 0; C),
Vi(Ks 15 Ky, r—1;C) 2 VT-Y(Ky, r; Ky, 0; C)V(K,, r; Ky, 0; C).

(2.8)

2.9)

It follows from (2.8) and (2.9) that equality holds in (2.9), so K; is homothetic to
K. Setting K; =x+ AK; in (2.8) shows that A=1, so K is in fact a translate of K,,
as was to be proved.

THEOREM 2. Let K, and K, be convex bodies in E,, each with dimension =r, and
let Cy, ..., C,_, be convex bodies with nonvoid interior. Suppose that for all u € oU,

(A) oKy, r—1; C;u) = o(Ky, r—1; C; u).
Then
(AI) S(Kbr—l;c; w)+S(K1’r_1;C; _w)
= S(Ky,r—1;C; w) +S(K3, r—1; C; —w).
Proof. Set

(Di(w) = S(Kb r_l; C’ w)+S(Kh r—19 C; '—w)’
i=1,2, all w € &. Then, by [7, p. 24],

f ub(di) =0, i=1,2.
ou

Suppose that the total mass of ®@; lay on a great (n—2)-sphere Z; with pole u;, so
o, (Z;) = ©,00).
Then

do(K;, r—1;C;uy) = fw | (i, 0)| Dy(db)

- [ I, o0 = o,

SO
V(Kl" ceey Kl’, C;.s 00y Crll—r) = 0’

where K;, Ci,..., C,_, are the projections of K;, Cy, ..., C,_, respectively on the
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(n—1)-dimensional subspace of E, orthogonal to u. But Ci,..., C,_, are each
(n—1)-dimensional, and K| is of dimension at least r—1, so the above mixed
volume must be >0 ([3, p. 41]). This contradiction shows that the total mass of @,
does not lie on a great (n—2)-sphere. By [7, p. 16], @, is the surface area function
of a convex body M, with nonvoid interior in E,. Since ®y(w)=D(—w), M, is
centrally symmetric. By (A) and (2.4), o(M,; u)=0(M,; u), u € 0U. Then Theorem 1
(withr=n, M;=K,, i=1, 2) implies M, is a translate of M;, s0 ®,(w)=Dy(w), w € X,
as was to be proved.

COROLLARY. Let E be a centrally symmetric convex body with nonvoid interior in
E,. Let K be a convex body of dimension Zr+1 such that

o(K, r; E;u) = o(E; u), ueol.
Then
S(K,r; E; w)+S(K, r, E; —w) = 25(E; ).
THEOREM 3. If K and E are convex bodies with nonvoid interior in E,, with
K+(—K)=2E, then
(B) o(K,1; E;u) = o(E;u), forallueoU.

Conversely, if K has dimension 22, and E is regular and centrally symmetric with
center at the origin in E,, then (B) implies that K+ (— K)=2E.

Proof. If K+ (—K)=2E, then

20(E;u) = o(K+(—K), 1; E;u) = o(K, 1; E; u)+0o(—K, 1; E, u)
= 20(K, 1; E; u)
Conversely, if (B) holds and E= — E, then 2¢(E; u)=0(K+(—K), 1; E; u) for all
u € oU. By Theorem 1, with the given conditions on K and E, K+ (—K)=2E. This
completes the proof.

COROLLARY. Let E be a centrally symmetric convex body with nonvoid interior and
center at the origin in E,. Let K be a convex body in E,. If K+(— K)=2E, then

© S(K, 1; E; w)+S(K, 1; E; —w) = 25(F; w), weEARB.
Conversely, if K has dimension =2, and E is regular, then (C) implies that
K+(—K) = 2E.

Proof. If K+(—K)=2E, then (B) of Theorem 3 holds, so (C) follows from
Theorem 2. ((C) also follows, more directly, from the linearity of the mixed
surface area function in each argument.) Conversely, if (C) is satisfied, then
o(K, 1; E; u)=0(E; u), u€ oU, so K+(— K)=2F by Theorem 3.

REMARK. Let U be the unit ball in E;. Let x,, — X, be points outside U, and let E
be the convex hull of {U, xo, —xo}. Then E is a centrally symmetric ““cap-body”
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of U. An easy computation shows that o(U, E; u)=0(E; u); hence S(U, E; w)
=S(E; w), by the corollary to Theorem 2. However U+ (— U)#2E; hence some
condition, such as regularity, is needed on E in the second half of Theorem 3 and
its corollary.

3. Sets of constant relative width. Let E be a convex body with nonvoid interior
in E,. Let E(u) denote the supporting function of E, and let By(u)=E(u)+ E(—u),
u € U, be the “width function” of E. B,(u) is the distance between the supporting
hyperplanes of E orthogonal to the direction u. If K is any convex body in E,, then
the “relative width” of K in the direction u is defined to be 2B,(u)/B,(u), where
By(u)=K(u)+ K(—wu) is the width function of K. K is said to have “constant
relative width” if its relative width is constant. If « >0, then K has constant relative
width 2e if and only if K+ (—K)=a(E+(— E)). One also says, in this case, that K
and oF are “equivalent in width” (see [11]). If E is centrally symmetric, with
center at the origin, then K has constant relative width «>0 if and only if
K+(—K)=cE. If E=U, this gives the ordinary sets of constant width .

If E is a fixed convex body in E,, then we shall define the “relative r-girth
function” of K< E, to be o(K, r; E; u), uc 0U. In case E=U, we call this simply
the ““r-girth function.”

Theorem 3 implies that if E is regular, then K has constant relative width if and
only if its relative 1-girth is proportional to o(E; u). In case E= U, this yields the
well-known result: K< E, has constant width if and only if it has constant 1-girth.
In the case n=3, the 1-girth is half the perimeter of the orthogonal projection of K
onto a plane orthogonal to u—that is, half the “girth” of K in the direction u.
Hence we have the theorem that K< E; has constant width if and only if it has
constant girth [8].

Theorem 1 imples that if E is regular, then two centrally symmetric convex bodies
having the same relative r-girth function are translates of each other. In particular,
when E= U, one has that the only centrally symmetric sets with constant r-girth are
spheres, and as a further subcase, the only centrally symmetric sets of constant
brightness are spheres [8, p. 14].

4. Relative differential geometry. In this section, E will be a regular, centrally
symmetric convex body with center at the origin in E,. We shall use E as the unit
sphere for a relative differential geometry [3, p. 64].

If S is any smooth oriented hypersurface, we have the ‘“Gauss mapping” or
“mapping by parallel normals”: S — 0U, defined by sending x € S into u € oU,
where u is the unit normal of S at x. If S, is the tangent space of S at x, then we
denote by L(S, x) the canonical linear mapping of S, into the tangent space of U
at u, associated with the Gauss mapping (one also can identify L(S, x) with a
linear mapping of S, into S,). Let E, denote the tangent space of F at the point e
having the same unit normal as S at x. Then we can define the linear mapping
J:S,— E,byJ=L"Y0E, e)L(S, x).J is then, in fact, the canonical linear mapping
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associated with the mapping of S into 0E by parallel normals. If S is also the
boundary of a regular convex body, then L(S, x) is invertible, for each x € S, and
J'=L"YS, x)L(9E, ). In this case we can write J=J(u), without ambiguity,
where u is the outward unit normal of S at x and OF at e. The “relative principal
radii of curvature,” Ry, ..., R,_, of S at x, are the reciprocals of the eigenvalues
of J. We will always use the convention R; SR, < - - - £ R, _,. The “relative principal
directions” are the eigenvectors of J (see [17], [3, p. 64]).

Following [3, p. 64], let {R; - - - R,} denote the »th elementary symmetric function
of Ry, ..., R,_,. If S'is the boundary of a regular convex body K, we let F,(K, u)
={R,- - - R,}, evaluated at the point x € S with outward unit normal u. Then we have
Fo_1(K, u)=det J ~}(u)=[det L(OE, e)][det L(S, x)] " *=[Ri- - - Ra_1] *[Ry - - Ry_]
where R, ..., R,_,and R}, ..., R, _, are the ordinary principal radii of curvature
of S=0K and OF respectively, evaluated at the points with outer normal u. It
follows from this that

@.1) S(K, w) = L Fo (K, W)S(E; du), wed.

When K and E are regular, and A >0, the normal representation of the boundary
of K'=K+AE is x'(u)=x(u)+ Ae(u), u € oU (see [3, p. 56]). Let J'(u), J(u) be the
tangent maps (defined above) of 9K’, 0K respectively. From dx’(u) =dx(u) + Ade(u),
we obtain (J'(w))~*=J ~*(u)+ A, where I is the identity. The relative principal radii
of curvature Ri(u), ..., R, _,(u) of 0K’ are the eigenvalues of (J'(1))~ . Hence the
last equation gives Rj(u)=Ru)+A, i = 1,...,n—1. Thus we have

n-1
42)  Foy(K+AE,u) = (Ry+ D) (Rooy+X) = D {Ry- - R4,
r=0
Using [7, p. 23], and (4.2), we have
1l n—1
> ( )S(K,r;E; WA =1 = S(K+AE; w)
r=0 r

4.3) - L Fo_ J(K+\E, wS(E; du)

n-—1
=S e f (R, - - RYS(E; du).
r=0 [
Equating coefficients yields

4.49) (”: 1)S(K, r E;w) = L (R,- - R}S(E; du),

a mild generalization of [7, p. 26].
It follows immediately from (4.4) that if {R;---R} is constant, for a fixed r,
1 £r<n-1, then K is homothetic to E. For, in that case, (4.4) implies

S(K',r; E; w) = S(E; w),
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where K’ is homothetic to K. Hence, from (2.3), V(M,1;K',r; E,n—r—1)
=V(M, E, ..., E)forall convex bodies M. Then, the same sort of argument used in
Theorem 1 (from (2.7)) establishes that K’ is homothetic to E; hence K is homo-
thetic to E. For an alternate proof, and further references, see [3, p. 118].

Some of the integral formulas of relative differential geometry follow from (4.4).
For example, (4.4) implies that if K|, is any convex body, then

n(n:l)V(Ko, K, rs Eyn—r—1) = (”:1) fau Ko)S(K, r; E; du)
@.5)
- J'au Ko)(R, - - - R)S(E; du).

This contains, as a special case, formulas on page 65 of [3], by taking K,=K, or
K0=E.
As another consequence of (4.4), we have,
THEOREM 4. Let K be regular. Then
S(K,r; E; w)+S(K, r; E; —w) = S(E; w),
if and only if
F(K, u)+ F(K, —u) = (" N 1) for all ue dU.

Proof. This follows immediately from (4.4) and the uniqueness of the surface
area function of E [7, p. 12].

The following is a useful generalization of a well-known property of sets of
constant width [3, p. 128].

THEOREM 5. Let K be regular, with K+(—K)=yE (so K has constant relative
width y). Then the relative principal radii of curvature of K satisfy

Rw+R,_(—u)=y, wuedl, i=1,...,n—1.
In particular, Fi(K, u)+ Fy(K, —u)=(n—1)y, uec oU.

Proof. If x=x(u) and e=e(u), u € 0U, are the normal representations of 0K and
OF respectively, we have x(u)—x(—u)=ye(u), uc oU. Hence, dx(—u)=dx(u)—
yde(u)=J ~Y(u)de(u) — yde(u) =(J ~(u) —yI)de(u) = (yI —J ~*(u))de(—u), where I is
the identity map. Therefore, J ~*(—u)=yI—J ~*(u). Since the eigenvalues of J~1(u)
are R,(u),..., R,_,(u), and those of J~*(—u) are R,(—u),..., R,_,(—u), the
theorem follows from the last equation (recall the R,(x) are ordered by magnitude).

5. Nakajima [13] proved that in E; the only regular convex body of constant
width which also has constant brightness is the sphere. In this section we generalize
that result with

THEOREM 6. Let E be a centrally symmetric, regular convex body in E,, with
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center at the origin. Let K be a regular convex body having constant relative width
and constant relative brightness (so K+(—K) is homothetic to E and o(K; u) is
proportional to o(E; u)). Then K is homothetic to E.

Proof. We have
(i) K+(—K)=2¢E, for some o >0, and
(ii) o(K; u)=PBo(E; u), for all u € 9U, some §>0.
By the corollary to Theorem 2, and Theorem 4, (ii) implies that
(5.1) Fz(K, u)+F2(K, —u) = 23, ue aU.
Hence, using Theorem 5,
2B = Ry(u)Ro(u)+ Ri(—u)Ry(—u) = Ry(u)Ry(u)+ (20— R,(4))(2 — Ry(w))
= 2[(Ry(u) — &)(Ry(u) — ) +?].

The existence of an umbilical point of 0K (that is, a ¢ such that R,(£)=Ry(£))
follows as in the ordinary Euclidean case. Choosing = ¢ in (5.2) yields

(5.3) Bz o

(5.2)

By Theorem 3, (i) implies

(5.4 o(K, E; u) = ao(E; u), ueol.

The Minkowski inequality in E, (special case of (2.2) with r=1, s=1) yields

(5.5) o(K, E; u)* 2 o(K; u)o(E; u),

with equality holding only if the orthogonal projections of K and E on a plane
orthogonal to u are homothetic. (5.4), (5.3), and (ii), imply that equality holds in
(5.5) for all u € U, so all the orthogonal projections of K and E are homothetic.

It follows that K and E are homothetic (see [9], [14], [15], [18, p. 257]). This
completes the proof.

6. Inequalities for the difference body volume. In this section we give some
sharpenings of an inequality for the volume of the difference body of a convex
body in E, and E;.

Let K be a convex body in E,. The difference body measure of symmetry,
8.(K), is
6.1) 8.(K) = 2"V(K)/V(K+ (- K)).

One has, by the Rogers-Shephard inequality [16],
2 -1
©2) 2(:) < 8,(K) < 1,

with equality on the left only for a simplex, and on the right only if K is centrally
symmetric.
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Another interesting measure of symmetry is Minkowski’s measure of symmetry,
A(K), defined as follows. For each x € K, let f(x)=min,coy K(u)/K(—u), where
K(u) is the supporting function of K taken with the origin at x. Then

A = A(K) = max f(x).
One has [10, p. 246]
(6.3 I/n £ A(K) £ 1,

where equality holds on the right if and only if Kis centrally symmetric, and on the
left if and only if K is a simplex.

Let K be a convex body with nonvoid interior in E,. Choose the origin such that
K@)z 2\ (K)K(—u), ue dU. Then

(6.4) VK) = 1 LU K@SK; du) 2 WV(=K, K, ..., K).

From (2.1) and (6.4), we have in Ej,
6.5) V(K4+(—K)) = 2V(K) + 6V (=K, K, K) < (2+6/A)V(K).

From (6.3) and (6.5), one obtains V(K+(—K))=<20V(K), a special case of the
left-hand inequality in (6.2). If equality holds here, then (6.5) implies A; <1, so K is.
a simplex by the condition for equality in (6.3). The analogue of (6.5) for E,, and
(6.3), yields A(K+(—K))=<6A(K), with equality only for the triangle (A(K)
denotes the area of K in E,). Thus (6.5) and its plane analogue can be considered
sharpenings of the inequality (6.2) in the cases n=2, 3.

If we set

va(K) = 425(K)/(A:(K) +3),

then v; is an affine invariant measure of symmetry for convex bodies in E;. One
has 2/5 £v3(K) £ 1, with equality on the left-hand side if and only if K is a simplex,
and on the right if and only if K is centrally symmetric. Algebraic rearrangement of
(6.5) yields the following relation between the measures of symmetry 8; and v,:

(6.6) v3(K) = 85(K).

If K is either centrally symmetric, or a simplex, then equality holds in (6.6). It
would be interesting to know precisely for which K equality holds in (6.6).
In E,, let A(K) represent the area of K. Define

va(K) = 20(K)/(Ao(K) +1).

Then v, is an affine invariant measure of symmetry for plane convex bodies, with
4 <vy(K) £ 1. Equality holds on the left only for triangles, and on the right only for
centrally symmetric sets. One has, by arguments similar to the above,

6.7) vo(K) < 85(K).
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Let E be a fixed convex body in E,. Then the “relative inradius” of any convex
body K is the largest number r such that K contains a translate of rE, and the
“relative circumradius” is the smallest R such that K is contained in a translate of
RE. In particular, suppose E= K+ (—K), so K is of constant relative width 1 in the
relative geometry with E as unit sphere. Let r and R be the relative inradius and
relative circumradius respectively of K. With an appropriate translation, we may
assume K<RE, so KW)<RE(), ucoU. It follows that (1—R)E(u)=E(u)
—REW)SKu)+K(—u)—K@u)=K(—u), ue oU, so (1-R)E<K. Thus r=1—R.
A similar argument shows R<1—r. Thus r+ R=1. Moreover, it is clear from the
argument that the relative insphere and relative circumsphere are concentric; i.e.,
by translating K appropriately, we have rEc K< RE.

Precisely the same sort of argument which led to (6.4) yields

6.8) V(K) 2 (1-R)/RV(-K,K,..., K).
Just as (6.5) followed from (6.4), it follows from (6.8) that
6.9) V(K+(—=K)) £ 21 +2R)/(1-R)V(K), K<E,,

where R is the relative circumradius of X, relative to K+ (—K).

The “Jung constant” of K, J(K), is the smallest number « having the following
property. Whenever S is such that each pair of its points can be covered by a
translate of K, then S can be covered by a translate of «K. Now let E=K+(—K).
Then 2K can be covered by a translate of J(E)E. But 2RE is the smallest homothet
of E which covers 2K; hence, for convex bodies in E,, we have

(6.10) 2R £ J(E) = J(K+(—K)).
This implies, from (6.9), that
(6.11) V(K+(—K)) £ AU+J(E)/Q-JENV(K), K< E

where E=K+(—K). Bohnenblust [2] proved that J(E)=<2n/(n+1), for centrally
symmetric convex bodies E<E,, n=2. Taking n=3 and substituting in (6.11)
yields V(K+(—K))£20V(K). Thus (6.11) is another sharpening of the difference
body inequality in E5. Similar arguments yield, for plane convex bodies,

(6.12) AK+(—K)) £ (4/2—-J(E)A(K), K < E,.

If K< E; is an ordinary set of constant width 1, then E=K+(—K)=U. It is
known that J(U)=(3/2)""? in E;. Substitution of this in (6.11), together with
V(K+(—K))=4n/3, yields

(6.13) V(K) 2 (=/3)(3(6)% =) ~ .365,

a lower bound for the volume of sets of constant width 1 in Ej also found in [5].
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