A RIGIDITY THEOREM FOR DISCRETE SUBGROUPS

BY
HOWARD GARLAND

0. Introduction. Let G denote an analytic group and let I'< G denote a discrete
subgroup. A left invariant Haar measure on G then induces a measure on G/I,
which is determined up to a positive constant. We let v denote one such induced
measure on G/T.

DeriNITION 0.1. I is called a /attice, in case v(G/T") < co.

Unless specified otherwise, I' will denote a lattice in the analytic group G. Let W
be a simply connected C* manifold; let # denote the set of all one-one homo-
morphisms

rI'—=aG,

such that r(T') is a lattice in G. We say a map x: W — Z is smooth if for all y e ',
the map w — x(w)(y), (where w e W), is a C* map of W into G.

DEFINITION 0.2. A deformation of T' is the data (W, wy, x), where W is a simply
connected C* manifold, w, is a point in W, and y: W — R is a smooth map such
that y(w,) is the inclusion map ¢, of I into G.

DErINITION 0.3. The deformation (W, wy, x) is called trivial, in case we can find
a C® map c: W— G, such that for all we W and for all y e I', we have

0.4 x(W)(y) = c(wyye(w)™*

We say I is rigid if all its deformations are trivial. We say that G is admissible,
in case it is semisimple and has no compact or three dimensional factors. We make
the convention that the Lie algebra of a Lie group is the tangent space of that group
at the identity. An analytic subgroup and its corresponding Lie subalgebra will be
denoted by the same capital Latin and capital German letter, respectively. Thus if
G is an analytic group and 4<G an analytic subgroup, & will denote the Lie
algebra of G, and A =@ will denote the subalgebra corresponding to 4. Whenever
G is admissible, we fix a Cartan decomposition & =8+, and we let M=K\G.

In this paper we will be interested in the following:

CONJECTURE (A. SELBERG). Let G be admissible and let I' =G be a lattice; then all
deformations of I' are trivial.

To attack this conjecture, we adopt the point of view in [13]. Thus let !, ..., o™
(where n=dimension G) be a basis of right-invariant one-forms on G. By the right-
invariance of the w* (A=1, ..., n) we have everywhere independent, induced forms
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on G|T', which we again denote by w*. Thus we have a parallelism structure on
G/T'. Roughly speaking, we may think of a deformation (W, wy, x) of I as inducing
a deformation of this parallelism structure. We show that if G is admissible, if I’
contains no nontrivial elements of finite order(?), and if this induced deformation
satisfies a certain boundary condition, then (W, wy, x) is trivial (see §1, Main
Theorem).

Our results may be regarded as an extension of those of A. Andreotti and E.
Vesentini (see [2]) and our methods draw on theirs. In [2], one assumes that M is
Hermitian, and considers the deformation of the complex structure on M=M/|T’
induced by a deformation (W, w,, x) of I' (assume again that I' contains no non-
trivial elements of finite order). Roughly, their final result is that if this induced
deformation satisfies a certain boundary condition (which they call rigidity at c0),
and if I satisfies certain conditions, then (W, wy, x) is trivial. At present it is not
clear how our boundary condition relates to that in [2], though it is not as stringent
as rigidity at oo in the Riemannian sense, as defined in [5]. In two respects, our
results are stronger than those in [2]. First, we need not assume M is Hermitian
and second, we need make no restrictions on the lattice I', other than assuming
' contains no nontrivial elements of finite order. Moreover, in [2], the passage
from cohomological results to deformation theoretic results is extremely compli-
cated, involving delicate arguments from partial differential equations and
several complex variables. However, in our framework this passage becomes
relatively simple, and the fundamental idea is contained in Lemmas 5.6 and 5.23,
below.

The text is organized into five sections. In §1 we show that when considering
rigidity, it suffices to assume W is an open interval; we then state our Main Theorem.
In §§2 and 3, we reformulate in terms of locally constant vector bundles, some
results in [1}, concerning holomorphic vector bundles; this reformulation is direct,
but is included for the sake of completeness. In §4 we reformulate some results in
[2] and in [9], to obtain some global estimates (in the noncompact case) which,
together with the results in §§2 and 3, yield vanishing theorems for certain coho-
mology groups. Finally, we prove the Main Theorem in §5.

The author wishes to acknowledge stimulating discussions with S. Murakami and
P. A. Griffiths. The author first proved Lemma 5.21 for the case when G is simple
and of even dimension. The argument for the case when G is simple of odd di-
mension was shown to us by J. A. Wolf. Recently, G. D. Mostow found a some-
what simpler proof for Lemma 5.21, than the one presented here.

1. Statement of the Main Theorem. From now on we assume G is admissible.
Otherwise, we continue to use the notation already introduced in §0. If M, and
M, are C® manifolds, and if f: M, — M, is a C* map, then f, will denote the

(%) It seems likely that one can reformulate the results in §§3 and 4 for V-manifolds, and
thereby do away with the assumption that I' contains no elements of finite order; e.g. see [3].
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tangent linear map to f. Now let ¥ be a vector space and let .S be a subset of End V.
We then let &(S) denote the enveloping algebra of S.
DEFINITION 1.1. A subset H<=G is called ample, in case §(Ad H)=&(Ad G).
Let {: G — G/Z be the natural projection, where Z is the center of G.

LEMMA 1.2. Assume that g, is a sequence in G, that H<G is ample, and that for all
h e H, the sequence ghgi* approaches h; then the sequence [(g;) approaches the
identity in G|Z.

Proof. From our assumption we have that for he H, the sequence
Ad g; Ad h Ad g; ! approaches Ad h. Hence, since H is ample, Ad g; Ad g Ad g !
approaches Ad g for all g € G. Identifying the Lie algebra of Ad G with &, we have
that Ad g(X) approaches X for all X € &. Hence Ad g; approaches the identity
transformation on &, and the lemma follows. Q.E.D.

COROLLARY. Let H be an ample subset of G; then the centralizer of H in G is Z.

Let 8: G — Z be the map defined by

(1.3) 0(g)y) = gvg™', g€G, yel.

From [4], I" is ample. Hence, by the Corollary to Lemma 1.2, 8 induces a one-one
map, 8': G/Z — . If I, is any ample subgroup of G, let #, denote the space of all
homomorphisms of I'; into G, and define 6,: G — %, just as we defined 6. Since
I, is ample, we again have an induced one-one map, 6;: G/Z — %,. If T, is finitely
generated, with generators y,,...,y;, we may identify %, with a subset of
G*=Gx ---xG (s times). Namely, we identify o € #Z; with the s-tuple (o(y,)),.
When convenient, we regard 67 as a map from G/Z to G°, and we observe that as
such, 67 is a C* map.

LeMMA 1.4. Let T’y be a finitely generated, ample subgroup; then 0, is everywhere
of maximal rank, and is a topological imbedding of G|Z into G°.

Proof. In order to show 6 is of maximal rank, it suffices to show 8, is of maximal
rank. Let g- X be the left translate of X € & by g € G, and assume (6,),(g- X)=0.
It then follows that Ad y(X)= X, for all y € I';. Since I'; is ample, we must there-
fore have X=0, and thus 6] is everywhere of maximal rank. The fact that 6; is a
topological imbedding follows from Lemma 1.2. Q.E.D.

LEMMA L.5. If (W, we, x) is a deformation of T, and if x(W)<8'(G/|Z)=06(G),
then (W, wy, x) is trivial.

Proof. It suffices to find a C* map c¢: W — G, such that 0 o c=x. We use the
following observation of H. C. Wang in [12]: I' contains a finitely generated,
ample subgroup I';. In fact, just choose yy, . . ., y, € I' so that the Ad y; (i=1, ..., s)
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generate &(Ad I'), and then let I'; be the subgroup generated by the v,. Clearly I';
is ample.” We then have a commutative diagram

G/Z

o 9,

R R,

where A is a restriction map.

By our definition of smoothness for y, it follows that Ao x is a C* map of W
into G®. By assumption, x(W)<Image @, so Ao y(W)<Image 8;. Thus
p=(01)"1oXoyisa C® map from W to G/Z, where we are here utilizing Lemma
1.4. Since W is simply connected, we can find a C® map c: W — G, such that
{oc=p. Moreover, oc=(0"0c)oc=0o(loc)=00op=00o((6) *oAdoy). On
the image of x, which is contained in the image of 6, we have (87) !0 A=(6")"1.
Therefore, 6 o c=x. Q.E.D.

For we W, let x,,: I''— G be the monomorphism

xu(¥) = x(W)(y), veTl.
We define an action of I" on G x W by

(1.6) (& wyy = (gxu(¥), W), g€G, weW, yel.

Let B =(G x W)/T" denote the quotient space of G x W by this action of I', and
let m: G x W — 2B denote the natural projection. We make the regularity assumption

(1.7) m is a covering map, and B is Hausdorff.

Thus B inherits the structure of a C® manifold. We remark that (1.7) has been
proved in the case when G/T" is compact (see [13] and [14]). Let pry: GX W — W
denote the coordinate projection onto the second factor. Obviously pr, commutes
with the action of I defined in (1.6), and hence induces a map = : 8 — W, such that
the diagram

GxW
is commutative.

ReEMARK. In order to show that every lattice in G is rigid, it suffices to show that
for any open interval /, and for any lattice I'= G, a deformation (7, 0, x) of T is
locally trivial, in the sense that for some open interval I’ with 0 € I’ =], the defor-
mation (I', 0, x) is trivial. This remark follows from Lemma 1.5. Hence, from now
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on we will take W to be an open interval containing zero, and we will shrink I (about
0) whenever convenient.

Let ¢ denote the parameter on I, and 0/0¢ the corresponding canonical vector
field on I. The w” induce forms on G x I, and since these induced forms are invariant
under the action (1.6) of T, the «* also induce forms on %. In each case these
induced forms will again be denoted by w*. From now on we make the convention
that Greek indices A, p, v run from 1 to n. We then choose a basis of right-invariant
vector fields X, on G, such that with respect to the dual pairing with forms, we
have (X,, w*>= 8% As with the w?, the X, induce vector fields on G x I and on %,
which we again denote by X,.

Using a partition of unity, we may define a C* vector field ¥ on B, such that

(1.8) @ (Y) = dfor.

Letting [ , ] denote the Poisson bracket, we have w,([X,, Y])=[w,X,, 9/0t]=0,
since X, is vertical. Hence we may define C* functions f¥, on B, by

(1.9) (X Y] =S} X,

where we use the Einstein summation convention for repeated indices. Let fi denote
the restriction of f{ to @ ~1(¢) and let I',=x(I"). Then we may identify = ~(¢) with
G/T',. We fix a Haar measure on G, and let v, denote the induced measure on G/T',.

MAIN THEOREM. Let I' be a lattice in the admissible analytic group G; assume T’
contains no nontrivial elements of finite order and let (I, 0, x) be a deformation of T'.
Assume there exists a C* vector field Y on B, such that (1.8) holds and such that
forall A\, n

(1.10) [ 117 do < oo;
GI;

then (1, 0, x) is trivial.
CoroLLARY. If (I, 0, ) is rigid at oo (see [5, Definition S)), then it is trivial.

Using Lemma 1.5 and the subsequent remark, we see that the above Corollary
strengthens the theorem in [S5, p. 408] in that we need no longer assume I' is
finitely generated. To get some feeling for the boundary condition (1.10), consider
the case when Y generates a one-parameter group of diffeomorphisms

8,: GIT — G|T..

If the 6, are induced by right translations, the f are 0, and conversely (see [14]).
In general, the f} may be regarded as a measure of how far the 6, differ from being
induced by right translations.

2. General cohomological results. Let M be a connected, C®, orientable,
Riemannian manifold of dimension /. We fix an orientation of M, and let ds?
denote the Riemannian metric on M. Relative to local coordinates x?,..., x?,
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we have a representation of this metric
ds? = g, dx' dx.
1.7

Let (M, M, 7, ') denote a connected covering of M, where »: M — M is the
covering map, and I' is the group of deck transformations of M (acting to the right).
Let p: I' > GL(V,) be a representation of I' in the finite-dimensional, real vector
space V,. (M, M, 5, I') may be regarded as a principal fiber bundle over M, with
fiber I". With respect to p, we have the associated bundle (M, E,, 1,, V,) with fiber
V, and bundle projection n,: E, — M. For short, we will denote this bundle by E,.
Let m=dimension ¥V, and fix a basis of V,; we then have identifications of V, with
R™ and of GL(V,) with GL(m, R) (where R denotes the real numbers). Let p’
denote the contragredient representation of p; thus for y € I', p'(y)=‘p(y) "1, the
inverse transpose of p(y).

Let J be an index set, and let U={U,}..; be a covering of M by open coordinate
neighborhoods U,, such that for each U, we have a diffeomorphism

q)a: Ua X VD g 17; l(Ua)a

where 1, o« ®,=pr,, the coordinate projection of U, x V, onto the first factor. If
U, meets U,, we define

€ap: Ua N Ub - GL(VD)’

by
Ot o Dy(x, 1) = (x, €ar(X)0), x€ U, N U, v,€V,.
We have
e, = identity,
2.1) ey = identity (on U, N U,),

€ap€bc = €ac (Ol’l u.nU,N Uc)

Assume that for each aeJ, h,: U, — GL(m, R) is a C* function, with values
in the set of positive-definite, symmetric matrices. Assume, moreover, that on
Uu,nU,

(22) h, = tebahbeba'

We can use the &, to define a positive-definite inner product, A, on the fibers of
E,. Thus for p=®,(x, v,), p’' = Py(x, v3), with x € U,, and v,, v, € R™, we set h( p, p)
=",h,(x)v;. (2.2) then implies that /4 is well defined.

Let &7%(E,) denote the set of C®, E,-valued g-forms on M. Thus if ¢ € LY(E,),
then on U,, ¢ is given by a column vector
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whose components are C* scalar valued g-forms on U,. On U,NU, we then have

(23) Pa = €apPp-
We define
d: S(E,) — A Y(E,)

by applying the ordinary exterior differentiation operator (which we also denote by
d) componentwise. Since E, is a locally constant vector bundle, equation (2.3)
implies d is well defined.

Next, we define

%: AYE,) > A’ Y(E,).

First, let * denote the Hodge star operator defined on scalar forms by the Rieman-
nian metric ds2. Then, for ¢ € &/%(E,), set

¥, = ho(*@,),

where * is here defined componentwise. A direct computation, using (2.1), (2.2),
and (2.3), shows that % is well defined. Now define 8: &/%(E,) - &*~}(E,), by
8=(—1)%~1d%. Finally, we define A: &/%(E,) — S(E,), by A=ds+ 8d.

Let dX denote the volume element on M, with respect to ds? (recall that we have a
fixed orientation on M). If ¢, € Z/9(E,), we can define a scalar Z-form tp A % on
M, as follows: on U,, we let ‘p A% equal ‘p, A %,, where the latter is the matrix
product of the row vector ‘p, and the column vector %,. A routine computation
then shows that ‘p A % is well defined. We then define the C* function 2(g, ¥) on
M, by

Up, ) dX = to A %

Whenever 2(p, ) is integrable (with respect to dX), we define the inner product,
(9, ¥), of ¢ and ¢, by

@4 @) = fM 2p, §) dX.

The following is then a direct consequence of Stokes’ theorem.

PROPOSITION 2.5. Let ¢ and y be forms in o/*(E,), such that support N support
is compact; then (dp, ) =(p, 8) and (Ap, ) =(p, Ap) = (do, &) + (3, 8Y).

We conclude this section with a discussion of W-ellipticity and some of its con-
sequences. Toward this end we first give some definitions and collect some elemen-
tary facts. Thus let &7%(E,) denote the space of those forms in &7%(E,) with compact
support. We define a positive-definite, symmetric bilinear form, a( , ), on &%(E,)
by

ale, ) = (p, ¥)+ e, df) + (39, &), o, ¥ € LUE,).
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Let #*=%%E,) and #"*=%"(E,) denote the completions of «/I(E,) with respect
to the norms |lg|| = (¢, )!/? and N(p) =a(ep, ¢)*/?, respectively. We define i: #"¢ — £
as follows: If o € #79 let ¢, be a Cauchy sequence (with respect to N( )) in
KLYE,), representing ¢. Then clearly ¢, is also Cauchy with respect to | |. Hence
@, has a limit i(p) in .#9, and it is obvious that i(¢) is independent of the Cauchy
sequence o,.

PROPOSITION 2.6. i is one-one.

Proof. Assume that ¢ € #°? and that i(p)=0. Then, by definition of i, we have a
sequence ¢, in &Y E,), representing ¢, and such that

Lim N(p,~p.,) = Lim [g,] = 0.
But then, for all ¢ € &¥(E,), we have Lim,_, , (p,, ¥)=0; so in particular,
Lim (dp,, ¢') = Lim (g,, &) = 0,
@7 Lim (8., §) = Lim (¢, d") = 0,
Y e UE,), ¥ eAiTHE,).

Since ¢, is Cauchy with respect to the norm N( ), both dg, and 8¢, are Cauchy with
respect to the norm | |. Let dp and 8¢ denote the limits in £**! and 71,
respectively, of the sequences dop, and d¢,, respectively. Then (2.7) implies dp and
8¢ are zero. Hence, Lim, ., |dp,|=Lim,., ||8¢,|=Lim,., ||¢,| =0, and there-
fore p=0. Q.E.D.

REMARK. Using i, #' may be identified with the subspace of all ¢ € £, such
that there exists a sequence ¢, in &4 E,), so that the sequences ¢,, dp,, and 3¢,
are Cauchy with respect to | |, and so that

Lim [p—¢,[ = 0.

Let dp and 8¢ denote the limits (with respect to | ||) of the sequences dgp, and &¢,,

respectively. Then Proposition 2.6 implies that dp and 8¢ are independent of the

sequence ¢,. Thus d and & have extensions to #79, in the sense of Friedrichs.
We define the Dirichlet inner product, d( , ) on #79, by

d(p, ) = (dp, dp)+(3p, &), @, peW™.

We note that d(p, ¢)/? defines a seminorm on #7% Recall that we have fixed a
Riemannian metric ds? on M.

DEerINITION 2.8. Let & be a positive-definite inner product on the fibers of E,;
we then say that E, is Wi-elliptic relative to A, if there exists a constant ¢>0, so
that for all p € FYE,),

(29 cd(@, 9) 2 (9, 9)-
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REMARK. Viewing #7? as the subspace of all ¢ in £, admitting dp and 8¢ in
the sense of Friedrichs, we note that (2.9) still has meaning on #7¢; then if E, is
W-elliptic relative to A, (2.9) still holds on #7. Thus, if E, is W-elliptic, d(ep, ¢)*/
is a complete norm on #7%, equivalent to N(p).

From now on, we will assume 4 is fixed, and will speak of W-ellipticity without
referring to A explicitly.

THEOREM 2.10. If E, is Wi-elliptic, then for every o € £°, the equation
2.11) Ax = «
has a unique weak solution x € #W'?; that is, for any u € W™ we have
(2.12) (dx, du)+ (8x, du) = (o, u).

Moreover, if o€ AYE)N KL, then x € LYE,) N#, and (2.11) holds in the
classical sense.

Proof. Let F be the linear functional on #79, defined by F(u)=/(c, u), u e #™.
Then from the Schwarz inequality and W-ellipticity, we have

|Fw)| £ 2| e||du, u)''?, uewW™ .

Thus F is continuous on #7%, with respect to the complete norm d(u, u)*'2 (see the
remark following Definition 2.8). Hence, by the Riesz representation theorem, there
exists a unique x € #°%, such that F(u)=d(u, x), u € #7%. But this proves the first
assertion, while the last assertion follows from the fact that A is elliptic, and from
the regularity theorem for such operators (see [7, pp. 268-269]). Q.E.D.

3. General cohomological results (continued). Fix a point 0 € M and for p, g € M,
let d(p, q) denote the geodesic distance between p and ¢q. For ¢>0, let

B(g,c) ={peM|d(p,q) <c}, B(c)= Blo,0)

Given ¢, we can assume B(q, ¢) is relatively compact, provided c is sufficiently
small. Moreover, if ds? is complete, then B(q, ¢) is always relatively compact (see
[6, p. 56, Theorem 10.3]).

A real-valued function f on R is said to be locally Lipschitz, if for p € R’ we
can find an open neighborhood U of p, and a constant >0, so that for p,, p, in
U, | f(p)—f(p2)| £b 3{_1 | Pi—ph|, where p,=(p}, . . ., p%) forv=1, 2. A real-valued
function fon M, is called locally Lipschitz, if for p € M, we can find an open neigh-
borhood U of p, and a diffeomorphism g: R — U, so that fo g is locally Lipschitz
on R’. It is easily seen that if f is locally Lipschitz on M, and if g: R — M is any
C* map, then fo g is locally Lipschitz on R’.

LemMma 3.1. po(p)=d(p, 0) is a locally Lipschitz(%) function. At points where the

(2) In this section the symbol p is used in two capacities: as a distance function and as a
representation. We trust that this double usage will not cause any confusion.
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appropriate derivatives exist, we have in local coordinates

2
(3.2) 2. &"(op/ox')(@p/ox") < £.
j=1
Proof. We prove the second assertion first. Thus, let ¢ be a point in M, and U a
normal coordinate neighborhood of ¢, with normal coordinates (x2, ..., xf) on U.
In particular, ¢ has all coordinates zero. If p € U has coordinates (x?, . . ., x¢), then

(3.3) d(p, q) = (x)+ -+ ()2
If the first derivatives of p exist at ¢, we have at ¢
|op/ox'| = |£~‘l_ljg (p(g+, ..., 5, ..., 0))—p(q))/Y‘|
< Lim |d(g+(0,.... )., 0), DY =1,

where the last equality follows from (3.3). Since g/=3§,, at ¢, (3.2) now follows.

Now assume c is small enough so that B(q, c) is contained in a coordinate neigh-
borhood U, with local coordinates x%, .. ., x*. Let T(M) denote the tangent bundle
to M, and let T(M)|B(q, c) denote the restriction of T(M) to B(g, c). Corresponding
to the local coordinates x!,...,x’ on B(q,c), we have induced coordinates
(..., xf 24 ...,z on T(M)|B(g,c), and we set p=(x,...,x%), and
Z=(z%,...,z%. If ¢>0 is small enough, we can find a neighborhood Q of B(g, c)
in T(M)|B(q, c), so that the map

®: Q— B(g, c)x B(g, )

defined by ®(p, Z)=(exp, (Z), p), is a diffeomorphism. Here Exp, denotes the
exponential map with respect to ds?, at p (see [8, p. 166]). Let |Z| denote the
length of the tangent vector Z, with respect to ds®. Passing to a smaller c, if neces-
sary, we may assume that the matrix (g;;) has bounded eigenvalues on B(g, ).
Thus, there exists e>0, so that for (p, Z) € T(M)|B(g, c),

(.4 1Z| < e(é; (zi)2)1/2.

If p, p’ € B(g, ¢) and if p'=Exp, (Z), then d(p’, p)=|Z|. By (3.4), |Z| is a locally
Lipschitz function on T(M)|B(g, c), and hence using @, we see that d(p’, p) is a
locally Lipschitz function on B(g, ¢) x B(g, c). Since

lpe(p)—p(P)| < d(p', p),

p(p) is a locally Lipschitz function on B(g, c). Since ¢ € M was chosen arbitrarily,
p is a locally Lipschitz function on M. Q.E.D.

Let V be an /-dimensional real vector space, let F be an m-dimensional real
vector space, and let /\ V denote the exterior algebra of V. We assume that F
and V are equipped with positive-definite inner products. We then have induced
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inner products on /A ¥V and on F® A V. In each case we denote the induced inner
product by <, >, and the corresponding norm by | |. For ue AV, let
eu): )\ V— A V denote the corresponding left multiplication operator. We also
let ¢(u) denote the operator on F® /\ V, obtained by tensoring the identity
operator on F with &(x) on A V.

LemMa 3.5. Ifue V,ve FQ AV, then |e(uv| £ |u| |v|.

Proof. Let i(u): F® A\ V— F® /A V denote the adjoint of &(u) with respect to
{, >. One then has
3.6) e(W)i(u) +i(w)e(u) = <{u, u) Id,
where Id denotes the identity on F® A V. Thus
|e(upo|2 = Ce(u)v, e(u)v)
= <Le(u, e(u)v) +<i(wv, iUy
= {(i@e(w) + eWi(W)v, v) = <u, uy<v, vy,

where the last equality follows from (3.6). The lemma now follows by taking
square roots. Q.E.D.

COROLLARY. Let u be a scalar 1-form on M, and v a g-form with values in E,.
We define u A v pointwise by u Av=e(u)v. At every point p of M, we let |u| denote
the length of u at p with respect to ds®. We then have at every point in M

2u A v,u Av) S U220, v).

The following lemma follows from the fact that Stokes’ theorem holds for locally
Lipschitz differential forms. In particular, we remark that a locally Lipschitz form
o is differentiable almost everywhere, so d« is defined almost everywhere.

LeEMMA 3.7. Let o be a locally Lipschitz q-form on M, with values in E,; then for
every o € /%(E,) such that support @ N support « is compact, we have

3.8 (do, do)+ (8, 8a) = (Agp, ).
Let u(¢) be a C* function on R such that 0=pu(z)<1 and
p@)=1, t=1,
=0, t22

(3.9)

Let »=sup |du/dt|, and let

w(x) = p((p(x)+R-2r)[(R—r)), xeM, 0<r<R
Then (3.9) implies
0= wx =1,
(3.10) w(x) =1, xeB(@r),
=0, xe M—B(R).
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Also, a direct computation shows
3.11) |dw/dp| < m[(R—T).
For ¢ € &/%E,), (3.10) implies that at every point in M, we have
(3.12) Awp, wp) = A, 9)-

From (3.2) and (3.11), we have |dw|2 <£#?/(R—r)?, wherever dw is defined. From
this and from the Corollary to Lemma 3.5, we have that wherever dw is defined
(3.13) 2dw A @, do A @) £ A, p)lm?|(R—T)2.
Set a=w?p; so we have almost everywhere
de = w?dp+2wdo A ¢,
(3.14) ? v
8¢ = w? 8p+(—1)%"1Rw dw A Fp).

For ¢>0, let (9, 9)scy=J 5, 2(9, 9) dX, and set |[ sy =, P)a)*’2. We then
have

PROPOSITION 3.15. There exists a constant a>0, so that if 0<r < R and if B(R) is
relatively compact, then for o >0 and ¢ € %E,),

(3.16)  (Idollze)?+ (|89l z)? = o(|A@] am)?+ (1)) +a/(R—r)*)(lo] sw)*

Proof. If we consider (dp, de) and (8¢, 8o) and apply (3.14) and Lemma 3.7,
we get

(”w d9’||3(1z))2+("w 8‘7’”3(12))2 = ](A‘P, w2<P)B(R)| + I(d% 2w do A ‘P)B(R)I

3.17)
+ (8@, ¥ 2w dw A Q‘P)B(R)"

Noting that for o >0, (Ap, w?p)gm = (0 Ap, (1/0)w?@)sw), and applying the Schwarz
inequality to each right-hand term in (3.17), we obtain

(3.18) (o dol s@)* + (| 89l sw)? < o(|Ap] sw)? +(1/o)([| 0P| sr)?
+4(Jdw A @|s@)*+4(|do A Fp| pm)*.
Applying (3.10) and (3.13) to the last three terms on the right of (3.18), we obtain
(flw o] sm)® + (| 89l sw)? < o((|Ap| pm)? +((1/0) +8Lm*|(R—r (el semr)?
But, since w =1 on B(r) and since 0 £ w < 1, we obtain (3.16), with a=8/»2. Q.E.D.
ProposITION 3.19. If ds? is complete, then for all o >0 and ¢ € S/%(E,), we have
lde]®+[18[* = ofAp|®+(1/o) @]

Proof. Since ds? is complete, B(R) is relatively compact for all R>0. Thus, in
(3.16), we can take R=2r and consider the limit of both sides as r approaches
infinity. The proposition now follows. Q.E.D.
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PROPOSITION 3.20. Assume ds? is complete. If € £ N A(E,) and if Ap=0, then
dop=208p=0.

Proof. Just apply Proposition 3.19 and let ¢ approach infinity. Q.E.D.
PROPOSITION 3.21. If x e #" 9 N\ AYE,), then dx € L+, and dx € L.

Proof. There is a sequence x, in &Y(E,), such that Lim,_ |x,—x|=0, and
such that the sequences dx, and 8x, are Cauchy with respect to | |. But then for
pe AN E,)

Lim (dx,, ¢) = Lim (x,, &)

= (dxa ‘/’)a

where we are here utilizing Proposition 2.5. On the other hand, let x’ be the limit
in #?*1 of the Cauchy sequence dx,. Thus, for § € ZI+1(E,)

(x', ) = Lim (dx,, )
= Lim (x,, 8) = (dx, §)).
Hence x'=dx, so dx € £?*1, Similarly éx € £ . Q.E.D.

THEOREM 3.22. Assume ds® is complete and E, is W -elliptic. If p € £* N /(E,)
and if dp=0, then there exists y € £~ N 1~ Y(E,), such that dp=g.

Proof. By W-ellipticity and Theorem 2.10 there exists x € #"* N\ Z%E,), such
that Ax=¢. By assumption, 0=dp=A dx, while from Proposition 3.21, we have
dx € #**1, Hence, Proposition 3.20 implies that 8§ dx=0. Thus p=Ax=ddx=dy,
where $=208x is in £~ n *"Y(E,). Q.E.D.

4. Cohomology on locally symmetric spaces. Our purpose in this section is to
prove a vanishing theorem for “square integrable” cohomology (Theorem 4.17).
We employ Theorem 3.22 and the methods in [9] (we refer to this paper for details
omitted in this section). In fact, Theorem 4.17 is a reformulation of Theorem 7.1 in
[9, Part I].

From now on, G will denote an admissible analytic group and I' will denote a
lattice in G. Recall that we have fixed a Cartan decomposition & =& + R. We will
let r=dim ¥ and we will let Latin indices i, j, kK run from 1 to r, Greek indices
o, B, y run from r+1 to n, and Greek indices A, u, v run from 1 to n. Let &* denote
the dual space of ®. The right-invariant one-forms w” on G, determine correspond-
ing element in &*, which we again denote by . Similarly, the right-invariant
vector fields X, determine a basis of &, which is dual to the «* (considered as
elements of *), and which we again denote by X,. We assume the X, are chosen
so that the X; are a basis for B, and the X, are a basis for &. Moreover, if B( , )
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denotes the Killing form on &, we assume the X, are normalized so that
B(Xon XB) = _aaBa
4.1 B(X, X,) = &,
B(Xx;, X,) = 0.
We now define the positive-definite inner product, ( , ),4, on &, by
(X)n Xu)ad = SAu-

In this section, we assume that T contains no nontrivial elements of finite order;
then the natural projection n: M — M|I" is a covering map, and M=M|I'is a C*
manifold. (4.1) and the invariance of the Killing form, imply that 3, (»!)? and
( , )aa are K-invariant. Hence, in particular, >; (w')? induces a G-invariant, and
hence complete, Riemannian metric on M. Hence >, (w')? induces a complete
Riemannian metric on M, and we take this metric to be the ds? of §§2 and 3.

Let p: G — GL(V,) be a representation of G in the m-dimensional, real vector
space V,; then p induces a representation of I', which we again denote by p. We
then have a locally constant vector bundle (M, E,, n,, V,) associated to the
principal bundle (M, M, , I') by means of p. We let &, denote the sheaf of germs
of locally constant sections in E,. Let &/(E,) be the direct sum of the /%E,);
then let H9%(E,) denote the gth cohomology group of the complex ((E,), d). By
the de Rham Theorem HY(E,) is isomorphic to HYM, &,), the gth cohomology
group of M, with coefficients in &,,.

To use the machinery of harmonic analysis, introduced in §§2 and 3, we need
only introduce a metric 4 on the fibers of E,. Toward this end, we first introduce
the notion of an admissible, positive-definite inner product, ( , ),, on V,. Thus,
we say ( , ), is admissible, in case the operators p(X;) and p(X,) are symmetric
and skew-symmetric, respectively, with respect to ( , ),. For each p, we fix an
admissible, positive-definite inner product ( , ), (see [9, Part I, Lemma 3.1], for
the proof that such inner products exist). One notes that ( , ).q, which we defined
previously, is admissible, and for p=ad we take this inner product to be our
(, ), It follows from Proposition 3.1, in [9, Part I], that (, ), induces a positive-
definite inner product on the fibers of E,, and we take 4 to be this induced inner
product.

Let AYT, G, p) denote the space of all ¥,-valued g-forms ¢ on G, such that

4.2 ®oR, =p(y)™' @ yel,

where R, denotes the right translation on G, by y. Let A(T, G, p) denote the direct
sum of the AT, G, p); then componentwise exterior differentiation induces a
coboundary operator, d, on A(T, G, p). Let (', M, p) denote the set of all
g e A(T, G, p), such that

(4.3) poly =9, kekK, i(XJp=0,

where L, denotes the left translation on G, by k, and where i(X,) denotes interior
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multiplication by the right-invariant vector field X,; then d leaves (T, M, p)
invariant. We let d denote the restriction of d to (T, M, p), and we let
L, M, p)==(T', M, p) " AT, G, p). From [9, pp. 368-369], we have that the
complexes (#(T', M, p), d) and (&(E,), d) are isomorphic.

Given @€ AT, G, p), we define the V,-valued form ¢, on G, by @y(g)
=p(g)p(g), g € G. Then, under the map ¢ — ¢o, AYT, G, p) corresponds to the
space AT, G, p), of all C®, V,-valued forms, ¢ on G, such that

4.4) poR, =¢, yel}

and &/Y(T", M, p) corresponds to the subspace, (", M, p), of all ¢ in 4%T, G, p),
such that

4.5) oL, =plk)p, keK; i(X)p =0.

Under the correspondence ¢ — @o, d and d correspond to operators d° on
Ao(T, G, p) and d° on & (T", M, p), respectively. Here Ay(T', G, p) and o7 (T, M, p)
denote the direct sums of the AYT, G, p) and the (T, M, p), respectively. We
have remarked that the complexes (</(I', M, p), d) and (<Z(E,), d) are isomorphic,
and hence ((E,), d) is isomorphic to the complex (T, M, p), d°). Our next
goal will be to describe the operators d°, §° and A° on &7(I', M, p), corresponding
to the operators, d, 8, and A, respectively, on %/(E,). We shall also describe d°
(see (4.20), below).

First, we can identify A", G, p) with the space of all C* functions, ¢, on G,
with values in Vp ® A? &*, such that

(4.4) o(gy) = ¢(g), g€G, yel.

We fix a basis Yy,..., Y, of V,, which is orthonormal with respect to ( , ),.

Then ¢ € AYT, G, p) has a representation e=/3 ..., Ys ® o*1A - - A whe, where

the f3, ..., are C* functions on G (alternating in A,, .. ., A;), such that
a(&y) =8, g€G, yel.

With regard to the above expression for ¢, recall that we are using the Einstein
summation convention.

We now define operators 0'(X,), p(X,), O*(X)), £(«), and i(X,) on 44T, G, p).
First, let i(X,): A ®* — A ®* denote the adjoint of the left multiplication
operator &(X,): A ® - A @&. Then, for ¢ € 44T, G, p),

O'(X)p = (XS, 2 Vs @ @Mt Ao A whs,
p(XN)e =ff1-~x.,(P(XA) Y)® w1 Ao A wh,
q
O*(X)p = > fi @M A A O XM A M,
i=1
e(w}\)¢ =f7f1“'7\qu® wh A wha A A qu,
(X = 13,2, Vs @ i(X )@ A -+ A w),
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where in the first equation X, f} ..., denotes the Lie derivative of f3 ..., by the
right-invariant vector field X,, and in the third equation, ®*(X,)w* is defined by
(O*(X)e*, X,>=—<(*, [X\, X;]>, with {, > here denoting the dual pairing
between & and ®*, and [ , ] the Lie product on &.

YT, M, p) can now be described as the space of all ¢ in AY([', G, p), such that
for all o
(46) i(Xa)‘P = G(Xa)QJ =0,
where

0(X)) = p(X))+0'(X)) +0*(X)).

We can now describe the operators d°, 8°, and A° on &/(T', M, p). Namely,
4.7 d° = D+d,, 8% = Dy +3,,

where we set

d, = ; pXDe(’), 8, = D p(Xi(X),

D=2 O'(X)elw), Dy = =2 O'(X(X,).

Of course, we have A°=d°8° + §°d°. However, it turns out that A° has the following
useful decomposition [10, Theorem 1]:

4.8) A = Ap+A,
where
4.9) Ap = DDy+ D, D, A, =d,8,+8,d,

In fact, (4.8) follows from a direct calculation, using (3.6) and (4.7). Another direct
computation using (3.6), gives us

(4.10) 8 = 3 Tp0X), pOOIIX)+ 3, XY

By (4.4), p € ZYI", M, p) induces a function on G/I': &Y E,) then corresponds
to the space 8. (I', M, p) of all ¢ € LT, M, p), such that ¢ induces a function
on G/T' with compact support. The positive-definite inner product ( , ) (see (2.4)
for the definition), which is at least defined on £? N /% E,), induces a positive-
definite inner product (still denoted by ( , )), which is at least defined on the
subspace of Z¥(I", M, p) corresponding to £? N /YE,).

In order to give an explicit description of this induced inner product, let
dv=w!A --- A w", where the w* are here considered as one-forms on G/I'; also,
let

<P=f;sl...qus®wil Ao A wley

=g .1, Ys @t A-i A ol
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be forms in &I, M, p) (by virtue of (4.6), no «’s appear in these expressions for
¢ and ¢); then

Gh =t [ 5 Lo d
GIT 43~ 1q

provided the right-hand integral is defined. Here, e>0 is a constant independent
of ¢, ¢, and . Also, we note that £? N &Z%E,) corresponds to the space of all ¢
in YT, M, p), such that the integrals fa/r (f§5...1,)? dv are convergent for all
Sy Q1 e v ny g

For ¢ € A} (T, M, p) and ¢ € L3} (T, M, p), we have

(4'11) (doq” ‘l’) = (‘P’ 80‘/‘)’ (dp‘P’ ‘/’) = (‘P3 Sp'/'), (D(P’ '/’) = (‘P’ D*'/’)’
and hence, applying (4.9), we have for ¢ € L% (T, M, p)

(4.12) (9, 0%) 20, (p,0:0) 20, (p,4,9) 20.
PROPOSITION 4.13. If there exists a constant ¢>0, such that for all
pe LT, M, p),
we have
(4.13) Bop, @) 2 (o, 9),

then E, is Wi-elliptic.

Proof. From (4.8), (A%, ¢)=(A,p, ¢)+ (App, p). However, (4.12) then implies
(A%, @) = (A9, p), and combining this inequality with (4.13), we obtain the desired
conclusion. Q.E.D.

We now restrict ourselves to the case when g=1. In this case, (4.4’) and (4.6)
imply that ¢ € 44(I', M, p) may be regarded as a function on G/T’, with values in
Hom (%8, V,). More explicitly, if e=£;Y, ® *, then for p € G/T, we identify ¢(p)
with the element in Hom (B, V,) defined by

(4.19 #p)(X) = f(p) Y,

(where, using (4.4'), we identify the f;* with functions on G/T’).
We now define a positive-definite inner product I( , ) on Hom (B, V,), by
setting I({, &)= 2, ({(X7), £(X)),, ¢, £ € Hom (B, V,). Next, we define

H:Hom (8, V,) > Hom (B, V,)
by
(4.15) HQ(Y) = D p(Xo2UY)+ D p(LY, X, DUX,), {eHom($B,V,), Yep.
k 3
Using the fact that (, ), is admissible, one can show directly that H is symmetric

with respect to I( , ). Also, a direct computation using (4.10) and (4.14), shows
that for p € &3(I', M, p)

.16) Bp @) = e L/P I(Ho(p), #(p)) db.
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THEOREM 4.17. Let G be an admissible analytic group, I' =G a lattice containing
no nontrivial elements of finite order, and p: G — GL(V,) a representation of G in
the finite-dimensional, real vector space V, Assume that the transformation
H:Hom (B, V,) > Hom (B, V,), is positive-definite with respect to I( , ). Then, if
p e ZYT, M, p) satisfies (p, ) <00-and d°p=0, there must then exist

pe LY, M, p)
such that d%p=o.

Proof. Proposition 4.13, our assumption that H is positive-definite with respect
to I( , ), and (4.16) imply that E, is W!-elliptic. The assumption that (@, ¢) <o
implies that ¢ corresponds to an element in £* N &/*(E,), under our identification
of YT, M, p) with &*(E,). Thus the existence of ¢ follows from Theorem 3.22
and Wl-ellipticity. Q.E.D.

In fact, it is shown in [11], that most often H is indeed positive-definite with
respect to /. In particular, we have from [11] that H is positive-definite for p=ad.
Thus we have

COROLLARY. Let G and T' be as in Theorem 4.17; then if ¢ € YT, M, ad)
satisfies (p, p) <o and d°p=0, there must exist Y € LT, M, ad) such that d°)=.

We now give a brief discussion of the operator d°. First, we note that AYT', G, p)
may be identified with the space of all C* functions ¢ on G, with values in
V, ® /\? &*, and such that

(4.18) #(g7) = (p(») 7 @ Id)e(g),

where g € G, y € T, and 1d denotes the identity map on A? (&*). Using this identi-
fication, we define the operators i(X,), ®'(X,), and ©*(X,) on AYT, G, p), just as
we defined them on AYT, G, p). We let O(X,)=0'(X;)+0O*(X,). Regarding
g e AT, G, p) again as a V,-valued g-form on G, and regarding X, as a right-
invariant vector field on G, we note that ®(X,) is simply the componentwise Lie
derivative of ¢, with respect to X,. We thus have the Cartan identity

4.19) i(X)d+di(Xy) = O(X)).

Now a direct computation shows that under the correspondence ¢ — ¢°, the
operator ®'(X,) on A%, G, p) corresponds to p(X,)+0'(X,) on AT, G, p).
From this we obtain

@420  d°= ; p(X)e(w?) + ; 0'(Xe(w) +(1/2) ; (MO*(Xy),

where we recall that d° is the coboundary operator on Ay(T', G, p), corresponding
to d on A(T, G, p), under the map ¢ — ¢°. Also, we have from (4.19), that on
AO(Fs Ga P)

4.21) i(X)d° +d%(X,) = O(X)).
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We then have from (4.21)

PROPOSITION 4.22. If @ € AYT, G, p) satisfies i(X,)p=0 for all o, and if d°=0,
then O(X,)p=0 for all o, and hence ¢ € LY, M, p).

We conclude this section with some formulae for the case p=ad. Thus, if
Y € AYT, G, ad), then ¢ has an expression = A*X,, where the h* are C* functions
on G such that A*(gy) =h(g), for g € G and y € I'. We note that i may be regarded
as a vector field on G. If p € 43(T', G, ad), then ¢ has an expression p=fX, ® w*,
where the f are again '-invariant, C* functions on G, and we may regard >, f X,
as a vector field on G. We then have

(4.23) d% = [X\, ¥] ® o,

where [ , ] here denotes the Poisson bracket of vector fields. Also, we have that
d°p=0, if and only if we have

4.24) Xofd = XS = focio+foch— 1l

where we define the £, by [X,, X, ]1=¢4,X,.

REMARK. By (4.4) we may regard the elements of Ay(I', G, p), as differential
forms on G/I'. In particular, we may regard the A* and f;, defined above, as
functions on G/T', and we may then interpret (4.23) and (4.24) as holding on G/T".

5. Proof of the Main Theorem. Let Z; denote a central subgroup of G, and let
G'=G/Z,. Let p: G — G’ denote the natural projection, and let I''=p(T'). It then
follows from Borel’s density theorem (see [4]) that I' is a lattice in G’. Moreover,
a deformation (7,0, x) of I' induces a deformation (7,0, x') of I, with poy,
=y o p. In fact, this is a consequence of Borel’s density theorem and the arguments
in [14, §16]. We note that (Z, 0, x) is trivial if and only if (Z, 0, x') is, and it follows
that we can assume without loss of generality, that G has finite center, and hence that
K is compact.

We let K act on G x I by

(5.1) k(g,t) = (kg,t), keK, geG, tel

Since this action of K obviously commutes with the action of T' defined by (1.6),
we have an induced action of K on B, which we will refer to as left translation.

Now assume Y is a C* vector field on ¥ such that (1.8) and (1.10) hold. We
first note that (1.10) is independent of which basis of right-invariant vector fields
X, we choose. Thus we assume the X, are normalized so that (4.1) holds (where
we here use the identification of & with right-invariant vector fields). For k € K,
we let L, denote the left translation by k on 8. We also let L, denote the induced
maps on forms and vector fields on 8. We then have

LeEMMA 5.2. Let Y be a C* vector field on B satisfying (1.8) and (1.10); also, let
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Y=, Ly Ydk. We define C* functions f¢ on B by [X,, Y1=7¢X, and we let fi*
denote the restriction of f* to G|T,. We then have

(5.3) f | 7412 dv, < oo,
GITy

for all A, p, and for all t € I.

Proof. For g € G, we let (Ad g)} denote the matrix coefficients of Ad g, relative
to the basis X,. We then have

X = f (Ad k™ R(Ad k)5 Ly (f5) dk,
K

and (5.3) now follows from a direct calculation, using (1.10) and the compactness
of K. Q.E.D.

Using Lemma 5.2, we see that the assumptions of the Main Theorem in §l1
imply that there exists a C® vector field Y on B, such that L,.- Y=Y for all k € K,
and such that (1.8) and (1.10) hold. From now on Y will denote such a vector field.
We let ¢t € AY(T, G, ad) be defined by

(Pt =f;4MX)\ ® wu.
From the Jacobi identity, we have
[Xv[Xu, Y]]+[Y[Xv, Xu]]+[Xu[Ya Xv]] =0,

and this implies directly, that the /* satisfy (4.24). Hence d°'=0.

On the other hand [X,, Y]=0 for all «, since Y is invariant under left translations
by elements of K. Thus the f* are zero; that is, i(X,)¢'=0 for all «. Hence, by
Proposition 4.22, ¢, € §(T, M, ad). However, since ¢, is a cocycle, we have from
(1.10) and from the Corollary to Theorem 4.17, that there exists y! € 43T, M, ad)
such that d%‘=¢'. From this, and (4.23) we have

(54 (X, ¥'] = X0,

where we can either regard y* as a vector field on G/T', or as a vector field on G.

For the moment, rather than considering the fibering w: 8 — I, we consider
only the curve of homomorphisms y;. Thus for y € I" and s € [, let x:(y) denote the
tangent vector to the curve y(y) at r=s. We set y,=x,(y) and let fi(y))=x:(y)ys %,
the right translate of yi(y) by ys !; then fi(y,) € &, and a direct computation shows

(5.5) fivsv) = fily) +Ad () fi(¥), v,y eT.

Thus f;: I';— & is an Eilenberg-MacLane one-cocycle with respect to adjoint
action. We will now use (5.4) to show

LEMMA 5.6. Under the hypotheses of the Main Theorem in §1, we have that for
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s € I there exists by € &, such that

(CY)] Sfilys) = Ad y(bs)—bs, vs€Ts;
that is, f, is a coboundary.

Proof. We can assume without loss of generality, that s=0; then ;=T and
ys=v. We let m;: G — G/T" denote the natural projection, and for >0, we let I,
denote the open interval of radius e about 0. Let A’ be an open, relatively compact
subset of G/T'; we can then find ¢ >0 so that I,.<I, and so that we have a C®
diffeomorphism A, which maps A’ x I,,, onto an open subset of B, so that the
diagram

A

AX[—— 9

(5.8) Pty -

is commutative, and so that
(5.9 A@,0) =a, acAd.

Now #° induces a vector field on 4’, and hence a vector field (still denoted by
$°) on A’ xI.. We let §°=A,(°), so §° is a vector field on A(A’xI,). Let
U=n"Y(A(4’ xI,.)), and let ¥ denote the lift of $° to U (so =, ¥ =4°). Since (5.8)
is commutative, we have that ° and ¥ are vertical in the sense that
(5.10) wf° = 0, (pras ¥ = 0.

We let Y’ be the lift of ¥ to G x 1, and then define the vector field Y” on U by
Y"=Y'—Y¥. We then have from (1.8) and (5.10), that
(5.11) (Pra)s Y" = (pro)« Y’ = 9for.

Hence on U we have Y"=Z+9/0t, where (pry),Z=0.
From (5.9) and the definition of ¥, we have that ¥ restricted to =5 1(4’) x 0 is
equal to y°. But then (5.4) implies

(5.12) [X), Y] =0, on myi(4)x0.

Since Z is vertical, we can define a vector field Z’ on 75 }(4") by Z'(x) =Z(x, 0) for
x € 5 }(4"). Then (5.12) implies that Z’ is left invariant; that is, we have

(5.13) Z'(gx) = gZ'(x), g€G, x,gxemns(4).

Let e denote the identity element of G, and set e, =m,(e). Now assume that 4’ was
chosen so as to contain e,; then y € w5 }(4’) for all y € I'. In order to prove the
lemma, it will suffice to show

(5.14 foly) = AdUZ'(e)~Z(e), yeT,

for we can then set by=2Z"(e).
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To prove (5.14), we first choose an open, relatively compact subset 4 of 4,
such that e, € A< A< A’. The vector field Y—¢° is defined on A(A’ x I,.), and we
will now consider the integral curves of this vector field. Thus, if we choose a
sufficiently small positive number ¢, we can assume that 0<e<e’, and that we
have a C® map

k: AxI,—> A(4A'x 1),
so that
(5'15) K;(x) = (Y— SZO)(KS(X)), X € A9 SE€ Ie’

where we set x(x)=x«(x, s) and let x{(x) denote the tangent to the curve «,(x) at
t=s5. We let &: w5 1(4) x I, — B be the composition of « and of =, x Id, where 1d
denotes the identity on I,.

By the covering homotopy theorem, there exists a map

K:ng (A)xI, - Gx1,
such that K(x, 0)=(x, 0) for x € =5 }(4), and such that

(5.16) m(K(x, 1)) = k(mo(x), 1), xem;(A), tel,.
We observe that

(5.17) pro(Kix)) = t, xeng*(4), tel,
where K;(x)=K(x, t). In fact, (5.17) follows from (5.11) and from
(5.18) K(x) = Y'(K(x)), xemng'(4), sel,

where K;(x) is the tangent to the curve Kj(x) at t=s. On the other hand, (5.18)
follows from (5.15).

From (5.17) we have n(K,(e)y) =m(K(e)), where we use the right action of I" on
G x I defined in (1.6). Then applying (5.16) to m(K;(e)) and to m(K,(y)) and using the
above equation, we get m(Ky(e)y)==(K,(y)). But since Ky(e)y=K,(y)=y, we have
by the unique lifting theoréem

(5.19) K(y) = K(e)y, vel, tel.

Using (5.17), we define the one-parameter family of maps Kf: =5 (4) — G by
K(x)=(K#(x), t). From (5.19) we then have

(5.20) Kf(y) = Kf(e)x(y), yel, tel.

From (5.18) we have that Z'(x) is the tangent vector to K7(x) at 1=0. Hence,
differentiating both sides of (5.20) at =0, we get Z'(y)=Z'(e)y + xo(y). But (5.14),
and hence the lemma, follows from this last equation by applying (5.13) to Z'(y),
and right-translating both sides of the equation by y~%. Q.E.D.

LEMMA 5.21. Givense I, wecanfindv*, ..., €', andreal numbersa,, . . ., a,, so
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that the linear transformation 5 _ , a(1d — Ad %) is nonsingular (here 1d denotes the
identity on ®).

Proof. Given real numbers ay,...,a; we define a polynomial function on
GL(®) x - - - x GL(®) (¢ times) by

[
P(Ty,...,Ty) = det (Z a,(ld-n)), Ty, ..., T:e GL(®).
i=1
Now G/T; has finite invariant volume, so by Borel’s density theorem (see [4]), the
Zariski closure of Ad Iy contains Ad G. Hence, if P=0 on AdT'yx --- xAd I,
(I times), P=0 on Ad Gx - - - x Ad G (/ times). Hence, the lemma will follow from

There are elements g, ..., g% in G and real numbers
(5.22) a, ..., a, such that 3%_, a,(Id— Ad g) is nonsingular.

However, to prove (5.22) it suffices to assume G is simple. In that case the
commuting algebra of Ad G is either R or C. If dim G is even, then it follows that
&(Ad G), the enveloping algebra of Ad G, must contain an element with no real
eigenvalues. Hence there exist real numbers a;, and elements g' in G, such that
> a; Ad g' is nonsingular, and has no real eigenvalues. But then > a,(Id— Ad g') is
nonsingular.

If G is simple and dim G is odd (say dim G=2k + 1), then the commuting algebra
of Ad G is R, and &(Ad G) is the full endomorphism algebra of &. We fix a basis
of &, and we let

01 0 00 110
S=(_1 0)’ T1 0 0 1 ) T2— - >
0 -1 0 0
T, 0
S
T, = \ k—1times |,
0 S
T, 0
S
T2=

\ k—1 times

0 S
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We then choose real numbers b, ..., b,, ¢1,..., ¢, and g%, ..., g% h*,..., ", in
G, so that

q r
D bAdg =T, > ¢Adl =T,
i=1 i=1

If 3 b,#0 (resp. if 2 ¢;#0), then > b(Id—Ad g’ (resp. > c,(Id—Ad &) is
nonsingular. Hence we may suppose > b;=> ¢;=0. But then Y b(Id—Ad g
+> c(Id—Ad W¥)=3 b; Ad g'+ > c; Ad W=T, + T,, is nonsingular, so (5.22) (and
hence the lemma) follows. Q.E.D.

LEMMA 5.23. The b, (t € 1) in (5.7) are C* functions in t.

Proof. Fix s € I, and then choose y* and g; (i=1,...,¢) as in Lemma 5.21. Then
>¢_, a(Id— Ad 4}) is nonsingular for ¢ in a sufficiently small interval I’ containing
s. But from (5.7), we have for te 1

¢ ¢
> afy) = O a(Adyi—1db,
i=1 i=1
so that for t € I', we have

3 -1 ¢
b= (3 aad y:—ld)) S afioh.
i=1 i=1
But on I, the right-hand side of the above equation is a C*® function of ¢. Hence
b, is a C* function of ¢, on I'. Since s was chosen arbitrarily, b, is a C* function of

t,onl. Q.E.D.
The lemma in [8, p. 69] implies that there exists a C* curve ¢, in G (¢ € I) such that

(5.24) ccst = —b,, sel

where c; is the tangent to ¢, at t=s, and c;¢;* is the right translate of c; by ¢; 1;
moreover, we can choose this curve ¢, so that ¢,=e. An inspection of the proof of
the Lemma in [8] mentioned above, shows that ¢, is in fact a C* curve. A direct
computation, using (5.7) and (5.24), shows that the tangent vector to the curve
¢ *xdy)c, y € T, is zero for all ¢ € I. Therefore

xi(y) = cyer’t, yel, tel;

that is, (1,0, x) is a trivial deformation. The proof of the Main Theorem is now
complete.
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