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BY
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Introduction. The main results of this paper were announced in [4]. A weaker
form of the results in §§1 and 2 appeared in the author’s thesis(?) [5], the research
for which was supported by the National Science Foundation.

Paul Levy showed in [11] that Brownian motion on the line can be characterized
in terms of two martingale functions. Recently Arbib [1] extended this result to
include all diffusions on the line with natural boundaries at infinity. His method
was to characterize a diffusion by its “exit characteristics”, but his proof was only
of use in the specific cases he was considering. In §1 we obtain, by probabilistic
methods, a similar characterization of minimal (no return from the boundary)
right continuous strong Markov processes on a general state space. In §2 we use
this to generalize Levy’s theorem to R", and in §4 indicate some extension of
Arbib’s results to R™ In §3 we make use of our general Levy-type theorem to
obtain a characterization of all continuous martingales in R", extending a result of
Dambis [3] on the line. It was recently brought to my attention that Kunita and
Watanabe [10] have used quite different methods to obtain somewhat weaker
results which were also, in essence, reported by Dubins and Schwarz [7], who used
still another method of proof.

0. Preliminaries. We collect in this section some definitions and facts which
will be needed in the sequel. By a stochastic process X =(X,, %) we shall mean a
family of random variables X; ( € [0, oo[) on a probability space (Q, &, P), with
values in a space (E, %), and an increasing family of sub-o-fields <%, such that
X, is #-measurable. For our purposes we take E to be a locally compact
(Hausdorff) space with a countable base, or the one-point compactification
E=E U {A} of such a space, where A is taken to be an isolated point if E is compact.
In either case we equip the space with its Borel o-field £, or #. We deal only with
processes whose paths are right continuous for ¢ € [0, co[ and have left limits for
t €10, oo[. It will be convenient to define X, =lim,,, JX; if the limit exists in the
topology of E, and X, =A otherwise. The point A is assumed to be a trap, i.e., if
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X, (w)=A, then X,,(w)=A for all s=0. We will feel free to enlarge Q as much as is
necessary, and will for instance assume that it is closed under the shift trans-
formation 6,, X (0,w)= X;,{w). For much of our work it will be convenient to use
the path space representation of a process (see Meyer [12, Chapter IV]).

A stopping time (Markov time) T of an increasing family of o-fields (%) (F< %)
is a function T:. Q — [0, co] such that {T <t} € & for t=0. The shift 8, is defined
by X (0:w)= X, rw)(w). The o-field of “events prior to T’ consists of all 4 € F
such that A N {T'<t} e & for t=0. In the sequel we will assume, with no loss in
generality, that the collection (&) is right continuous, i.e., that

F =\ F=7
for = 0. In this case a useful example of a stopping time is T=inf {¢t>0 : X, € G},
when G is open (we will take the infimum of an empty set of real numbers to be
+00). The lifetime o of a process X is defined to be o=inf {#>0 : X,=A}, and is
easily seen to be also a stopping time.

A real-valued process X=(X,, %) is a martingale (super-martingale, sub-
martingale) if E[|X;|]]<co and E[X,,;| #]=X, (respectively <, =) for all
t, s20 (E[-] denotes the expectation (integral) with respect to P, and E[- | #] the
conditional expectation with respect to the o-field ). A process is called a local
martingale, etc., if there is a sequence (7)) of a.s. finite stopping times increasing to
o a.s., such that for each n the process stopped at T, (the process X with paths
X=X, ia7,) is @ martingale, etc. For details on the general theory of processes, and
particularly on martingales and stopping times, the reader is referred to Meyer [12].
The main result we need is the following, the proof of which is a routine use of the
results in Chapter VI of Meyer.

THEOREM 0.1. If X is a continuous, positive, local submartingale, then X has a
(Meyer) decomposition X=M{X}+ A{X}, where A= A{X} is a continuous increasing
process equal to 0 at t=0, and M is a continuous local martingale.

A process X is called a Markov process if E[Ig o X, o 8, | Z]=E[l5 © X, ° 0| X;]
a.s.forall Be # and s, t 0. It is called a strong Markov process if s can be replaced
by any stopping time S.

We will call an increasing family of stopping times (r;) for the family (%) a
random time change, and write T=(%#, r,). Corresponding to each increasing
process A=(A,, #,) there is a random time change T= (%, ,), where

7, =inf{u: A, > t}.

We write T= A1 in this case. Given a process X=(X,, %), a random time change
T=(#, 7,) is called X-continuous if the function ¢ — X, is a.s. constant on all
intervals [,_, 7], and on [0, 7,]. In this event the process TX=(X,,, %,) will be
continuous if X was continuous. For details and further references see the paper by
Dambis [3].
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1. The exit characteristics. Throughout this section we will assume given a
process described by a measure P on path space, called the P-process, and a family
of strong Markov processes described by measures P* (x € E) on the same space,
such that x — f”‘(A) is #-measurable for A € &, and p* [Xo=x]=1. For such a
process, which we shall refer to as the P-process, the strong Markov property can
be expressed as follows. For Be %, S and T stopping times,

Ex[ly o Xy o 05| F) = EXs[I; 0 X;]  P*aus.
We write p for the initial distribution of the P-process.

We say that the P-process has the same exit characteristics as the P--process if
the following conditions (H1 and H2) hold for any T=Tjz:, where G is open with
compact closure G in E (G°=E\G), stopping time R, and Be &.

H1. E[T o 6, | %] = E*=[T] P-ass.

H2. E[ly o Xy o 0y | %] = EX=[I o X;] P-as.

The main result of this section will be that under mild conditions on the B-process,
this determines the P-process.

We first extend properties H1 and H2 to more general stopping times, under the
following hypothesis on the ﬁ‘-process.

F1. For each x € E there is a neighborhood G, with compact closure such that
E[T, 5e] £ M, <oo for every y € G, (such sets are called exit sets in [2]).

This condition is satisfied, for instance, by any Feller process (cf. Dynkin [8,
p- 139)).

Cover E with a countable, locally finite collection of these exit sets, say (G;)icz* -
Let N(x)=min {n : x € G,}, and define T'=Tyx,)=Tggy,,- Let O:=G\U,<: G;; the
collection (O;);cz+ then forms a Borel partition of E (note that O;={x : N(x)=i}).

LemMA 1.1. Let f € C (the continuous bounded functions on E extended to equal 0 at
A), >0, and S=inf {t>0 : |f o X,—f o Xo| > &}. The stopping time SA T (T defined
above) then satisfies H1 and H2.

Proof. Let A,,={k2 "<f<(k+ 127"}, Ape={f>k+1)2 " +&} U {f<k2 " —¢}.
For fixed n, the collection {4, }xez forms a Borel partition of E. Let S® =min (T, T)
if X, € A,. For R any stopping time, A € %, A;=A N {X; € O}, we have

E[S™ o 035 Ay " {Xp € An}] = E[(T A Ty,,) © br; AiN{Xp € An}l
= E[E*=[T A T4 1 A0 {Xg € A}l
= E[E**[S™]; A; N {Xg € A}
Summing over k, we obtain
E[S™ o 05 Aj] = E[EX=[S™]; Aj].

Observe that E*:[T] is bounded for Xy e A;, so that as n oo, the dominated
convergence theorem will apply. It is easily checked that $™  SA T, so we have
E[(S A T) o 6;; A] = E[E*:[S A T]; Al
Summing over i establishes that H1 holds for SA 7. The proof for H2 is similar,

relying on the right continuity of t —f o X;. |
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Given T, f, ¢, Sasin Lemma 1.1, we define So=0, S;=SAT, S, 1=S,+ S o bs,.
Clearly S, increases to a stopping time bounded by T as n # co. Since f o Xj,
then must converge as n — o0, we see that S, =T from some n on, as otherwise we
would have for all n

|fo Xsyoy—f o Xs,| = |foXs,—f o Xol o bs, 2 ¢ >0,
a contradiction. We make use of this observation in the following lemma.

LemMMA 1.2. For f € B (the bounded Borel measurable functions on E, extended to
0atA,) T and R as above, we have

T T
E[on [ fo Xodus A] = E[Bxe[[ 1o Xuata]; 4]
0 0
Jor every A € F (we use the notation 0.F(w)= F(0rw) for functions F defined on Q).

Proof. We first assume fe C, and then obtain the general case by standard
approximation arguments. Let >0, and define the sequence of stopping times (S,)
as above. For Ae #, A=A N{Xze Oi}, we then have

E[anf o X, du; A] E[Z O [ o Xodus A]

n=0

= > E[fo X, o 0x(Sar1—S) o 05 AJ]

+2£[ f (f o Xuef o Xs,) du; A,]

Now the second term on the right is bounded in absolute value by

e El(Sar1—S) o 0x; Al = ¢ > E[EX[EXs[S,]]; Al = E[E%[T]; Al

n=0 n20
On the other hand,
2 Elf o Xs, 0 0a(Sus1—Sy) o 0p; Al = D E[E*[f o Xy, (Sner—So)]; Al
n=0 nz0
Similarly,

Xn[f:fo X, du] = > E*:[f o X;,(Sps1—Su)]+nE*[T],

nz0

where 0 <7, <e. Since E[E*:[T]; A,]€M,, and ¢>0 is arbitrary, we obtain, letting
e 0, and then summing over i,

E[onf:fo X, du; A] - E[Exn[ :fo X,,du];A]. 1

LeMMA 1.3. For fe B, R a stopping time, A € %, and n=0 we have

E[OB f: W o X, dus A] - E[E"n UOT wf o X, du] : A]-
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Proof. Again let A;=A N {X; € 0}, and assume fe C. We define

T(w)
G(u, w) = f [ o X(w) dt,

writing G(u)=G(u, -) when no ambiguity arises. It is clear that DG(u)= —f o X,,
and that 6,G(0)=G(u) on {u< T}. Integration by parts thus gives

T T
fuk+1foXudu=(k+l)J WG(u) du.
V]

0

We then have, assuming that the result holds for n=k,

T T
E[Onf Wt fo X, du; A,] = E[(k+ I)ORJ u*G(u) du; Ai]
0 0
— k+ l)E[ f W65, JGO) iz, » 0y A,]
0

— k+1) f: WE[E*+ [GO)]; {T o 05>} 0 A,] du
- (k+ 1)5[% f: W E*.[G(0)] du; Ai]

— k+1E [Exn [ f: W EX[G(0)] du] ; A,]

- E[ExnU: WS o X, du] ; A,]

(the last equality following from a reversal of the preceding steps). The desired
result for n=k + 1 follows upon summing over i (the liberal use of Fubini’s theorem
in the above argument is easily justified by the fact that E*[|G(0)|]< M,|f| on
{X, € O;}). The extension to f€ B is routine and since the case #=0 is just Lemma
1.2, a use of mathematical induction finishes the job. ||

LemMa 1.4. For fe B, A20, and A € #—R a stopping time—we have

E[o,, fT e M fo X, d; A] - E[EXnUOTe'“fo X, dt] ; A].

0

Proof. Observe that e~M=3,5, ((—At)"/n!), a series which converges uniformly
for AT < o0, so that

E[BR f: e N fo X, dt: A] - E[On f: > (=) nDf o X, dt; A]

n20
-3 ((—A)"/n!)E[EXn [ f: "o X, dt] ; A]
) (by Lemma 1.3)
= E[Exn UOT e Mfo X, dt] ; A] as desired. |
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So far, the only restriction we have made on the P -process is that it satisfy F1,
and the only restriction on the P-process is that it have the same exit characteristics
as the ﬁ'-process. We can now establish our main result, which is that under these
conditions the P-process behaves like the P--process up to time 7.

THEOREM 1.5. If T is defined as above, if the P-process satisfies F1, and if the
P-process has the same exit characteristics as the P*-process, then

PIAN{T > ] =P AN{T>1}] for AeZ t20.
Proof. From Lemma 1.4 it follows, for fe C, A € %, and

A= ANn{Xpe Oy
that

E[GRJ' e Mfo Xlirsy dt; Ai] = E[Exn U e MfoXirsy dt] ; A,],
0 0
and hence that
|7 e @af o X T < 0 > 0 8 A= EIB™US 0 X T > 63 A de = 0,
0

Since T>0 a.s., and ¢t — f o X, is right continuous, it follows from Lerch’s theorem
for Laplace transforms (cf. [13]) that
E[8:f o X3 {T o 65 > t} N A] = E[E%s[f o X,;; T > t]; Aj],
and hence, summing over i, that
(¥) E[6afoX;;T o0 > t| F]=E%[foX,;;T > t].
Taking R=0 and integrating against P, this yields
E[fo X,;T > t] = E[E%[fo X,;; T > t]] = E*[f - X,; T > t].
Now let 05t <ty<-- <t 1=t fi€ C(1=i=n+1), and consider
(%) ElfioXy feoX;T>tll =E'[fio Xy, - fio Xos T > ti].

The equality is valid for k=1 by the above remarks. Supposing it is true for k <n,
let s=t,,,—t,. Then

E[fio Xy for1 0 Xpyyys tasr < T
=E[fio X, - fooXpfos10Xs00, 5 t,+5 < T
=E[fys1°Xs00, fro Xy frnoXpsta <T;5 <Tob]
= E[E%[fys1 o X T > slfy o Xy ofy 0 X3 T > 1]
(by () above)
= B E*ulfyi1 o X T > slfy o Xy ofo o X3 T > 1]
(by the induction hypothesis)
=E'fio Xy fasr o Xy, s T > 4], as desired.
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By induction () holds for all values of k (n was arbitrary), and since functions of
theform f; o X, -+ fy o X, [z o X, (0=t, < - - - <1, <t) generate any F-measurable
function, we are done. ||

In this paper we are concerned only with minimal processes, and the question
is to what extent does Theorem 1.5 enable us to characterize such processes. In
the case where E is compact and itself an exit set, Theorem 1.5 does the job itself,
since then T=0. A completely general answer is not known, but if the P--process
satisfies condition F2 below, and if E is not compact, we can establish the desired
characterization in terms of exit characteristics.

F2. For each x € E, there is a sequence of exit sets (G) as in FIl, such that
G® » Easn 7 oo (i.e., the complements shrink down to {A}).

This condition, though more restrictive than F1, is still satisfied by a wide class
of processes, as the following argument shows.

PROPOSITION 1.6. If (P,) is the semigroup of a Markov process described by
measures P*(x € E), and satisfies

(i) P,: Coo — C (Cy is the space of continuous functions on E with compact
support);

(ii) For any compact K< E, P*[Tyc <0]>0 for all x€ E;
then the function x — E*[Tx] is bounded for any compact K< E.

Proof. We show first that for every x € K there is a neighborhood N, of x,
and numbers ¢, >0, ¢, >0, such that ¢, <PY[X,, € K|S P¥[Txc<t,]forall ye N,.
To see this, take K’ compact in E such that K is contained in the interior of K'.
Then P*[T.c <o0]>0, and hence there exist ¢, >0, ¢, >0 with

PrX, €K'] < 1—¢,.
Letting g € Coo be such that g=0 on K¢, g=1 on K, and 0=<g=<1, we have
P, g € C from (i), so that N,={P, g<1—s,} is open. But clearly
P g-(y) z P'[X,, €K],
so x € N, and PY[X,, € K]<l—¢, forall ye N,.

It is now routine, by covering K with finitely many N,, and letting § =mine,, >0,

and r=max t,,, that PY[Txc < 7]Z & for all y € E. A standard argument (cf. Dynkin

[8, p. 111]) now shows that E¥Y[Txc]< /8 for all y € K, and since EY[Tx]=0 for
y € K¢, we are done. |}

THEOREM 1.7. We consider only minimal processes, and E is assumed to be
noncompact. If the P:-process satisfies F2, and if the P-process has the same exit
characteristics as the P:-process, then P=P*,

Proof. Define T, going with (G), x € E, just as we defined T. Let S=Ilim, T,.
It is clear that X;, — A as n 7 oo for both the P- and ﬁ'-prooesses, and from their
minimal nature it follows that S=o a.s. for both P and B*. From Theorem 1.5 we
have P=P* for sets in & N {T,>1} for all n. Letting n 1 oo, we then have P= P*
on &, for all ¢, and hence P=ﬁ“, as measures on &, |
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COROLLARY 1.8. If the P-process has the same exit characteristics as the
B--process, which we assume satisfies F2 and is nonterminating (=00 P-a.s.),
then P=P*.

Proof. The only point to check is that the sequence T, # oo for the P-process,
which is immediate from Lemma 1.4: E[[;» e ™ df]=E*[[i» e~ dt], so that
E[e~*T»]=E*[e~*2] \ 0, and hence T, 7 P-a.s. |

In §4 we will point out some possible extensions to nonminimal.processes.

2. The continuous path case; Levy’s theorem. In the case where the processes
considered in §1 can be taken to have continuous paths, i.e., when P and P* (x € E)
can be taken as supported by the space of continuous paths, we can weaken the
requirements for having the same exit characteristics, as follows.

PrOPOSITION 2.1. If P, P*(x € E) are assumed to have support in the space of
continuous paths, and if H1 and H2 are only assumed to hold for sets G having
compact closure in E and belonging to a basis & for the topology of E, then H1 and
H2 hold for all open sets with compact closure in E.

Proof. Let G be open with compact closure in E. For x € E, take O,, O, € &
such that x€ 0,<0,<0,<0,<G. Cover G with a countable locally finite
collection of the sets O,, say (O,).=0, and form a Borel partition (4,),zo With
An=0,\Uj<n 0;. If Xy € A, let T=Tp:; if X, € G° let T=0. It is immediate that T
satisfies H1 and H2, as do the times T, constructed by letting 7,=0, T, =T,...,
Tos1=T,+T o b6;. Then T, # R<Ts, and in fact R=T. Indeed, suppose
Xz € G; then X € A, for some k. There is a neighborhood O’ of Xj which hits
only finitely many O;; take the O; associated with these, which we can assume
contain Xj (if not, just take a smaller O’ to begin with). Their intersection, inter-
sected with O’, will give a neighborhood O of X which has the property that if
O N A;# @, then 0\O;= . But X; must lie in O from some N on, and this
clearly gives a contradiction. Finally, to see that H1 and H2 must hold for T also,
we observe that G can be written as a countable intersection of open sets with
compact closure. Together with the first part of the proof, this does the job. ||

THEOREM 2.2. Let X=(X,, %) be a process with values in R" such that (h o X,, %)
is a continuous local martingale for every spherical harmonic polynomial h (i.e., h is
homogeneous and Ah=0), and such that ((1/n)| X,|2—t, %) is also a continuous local
martingale. Then X is a Brownian motion in R".

REMARK. We will call a process X'in R" with 4 o X a continuous local martingale,
for all spherical harmonic polynomials 4 in R", a continuous local martingale
in R™.

Proof. It is a well-known fact in Lie group theory that the class H of finite linear
combinations of spherical harmonics in R" is such that its restriction to the surface
of any sphere about the origin is uniformly dense in the continuous functions there.
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It follows immediately from the fact that any harmonic polynomial can be written
as the sum of a finite number of homogeneous harmonic polynomials that the result
also holds for spheres about any point.

We write B, for the closed ball of radius r about O in R" (it will be clear that the
result is independent of the choice of center). We take a representation of X on
continuous path space with measure P. Fix the spherical harmonic 4 for the
moment, and suppose that S, 7 oo is a sequence of a.s. finite stopping times such
that (h o X5, &) is a continuous martingale for all n>0. We can clearly assume
that (%) is a right continuous family of o-fields, without loss of generality. We
apply Doob’s optional sampling theorem (cf. Meyer [12, TVI.13 and Remark
VI.14b]) to the two stopping times R™=RAm, and R™+(kA Tg) o Opm,
where R is an arbitrary stopping time. This yields

ETh o X s, ATgE © Orm; AN{R < I}] = Efh o X5, xpm; AN{R < 1}],

where 0</<m is an integer, A€ %, and hence A N{R<l}e Fm. Letting
k # o, the result extends to S, A Tp: by the dominated convergence theorem. By
Doob [6, p. 311, Theorem 3.1(ii)], the right-hand side is bounded in absolute
value by E[|h o Xg,s,|; {R<[}] <, so that we can again apply the dominated
convergence theorem as m o, and it only remains to let / 7 oo to obtain

Elh o X, rpe © Op; A] = E[h o Xp,s,; Al

Letting n # 00, noting Xs,r,e © 0 is in B, when Xj € B,, we have
E[h o X7,c © 05 AN {Xg€ BJ}] = E[h o Xz; AN {Xz€ B}l
But on {X; € Bf}, Xs, arye © 0r= Xz, and so we have
Efh o X1,c © 6p; A] = E[h o Xz; A].
Given a fuonction fe C, take a sequence (h,) < H such that A, — f uniformly on
B\D, (D,=B,). Then, since Xrpe € B,\D, for X, € B,, we have
Efhy, o Xr,e © 0| Fz] = hy o Xg = E*=[h, o Xp,c] P-as. on{Xze B},

where (P*) (x € E) describes a Brownian motion on continuous path space. As
n 7 co. we obtain

E[f o Xrge o g | F] = E*=[f o Xrye]l on{Xze B}
Equality is obvious on {X; € B¢}, so we finally have
E[f o Xr,e o 0| Fz] = E*»[f o Xp,c] forfeC,r>0.
In other words, we have established H2 for T.

Now we apply optional sampling to the local martingale (n=*| X;|2—1, &). As
before, letting S,, # co be an a.s. finite sequence of stopping times such that

(0" Xopsp 2=t A Spy F)
is a martingale for each m, we arrive at
E[(Sm A Tgg) o 0z | Fz] = nE[6, | Xrpe asnl® | Fal = 7Y Xpps, |2
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Letting m » oo, we see that
E[Tp: o 0p | %] = n'lE[|XTE$ o Op|? | Fpl—n"1| Xp/|?
= n_l(EXR“XTB;:|2]—‘|XR|2) = EXR[TB"f] P-a.S.,

the last equality following from the fact that n=!| X,|2—¢ is a martingale for
Brownian motion in R", which also implies that Brownian motion is non-
terminating. Thus H1 also holds for T, and since it is easy to verify that F2 is
satisfied by Brownian motion, we can apply Corollary 1.8 to obtain the desired
result. [

3. A characterization of continuous local martingales in R". In this section we
will use Theorem 2.2 to establish a characterization of all continuous local martin-
gales in R". The method is adapted from that used by Dambis [3] for continuous
martingales on the line. We sketch several concepts from that paper, to which the
reader is referred for details and further references.

Let X=(X,, %, be a continuous process in R,. Then A,=f+supys,s;| Xs— Xo|
defines a continuous, strictly increasing process A=(X;, ¢;), and @ =A"1=(%,, 6,)
is called the brake of X. It is easy to check that @ is a continuous random time
change, so that ® X =(X,,, %,,) is a continuous process with | X,, — X,| <. It follows
routinely from Doob’s optional sampling theorem that if X is a local martingale,
then X will be one also.

Given processes X =(X,, 9,) and Y=(Y;, ¢,) in R, and a stopping time = for the
family (%;), we write

[X, 7, Y] = ([X, 7, Y], %)),
where
X, 0=5t<nm,
Y-Y.+X, t=n

Also let [X, 7]=[X, =, 0], and [+, Y]=[0, 7, Y].
The following theorem is then routine (the proof follows that of Theorem
10 of [3]).

THEOREM 3.1. The process [X, 7, Y] is right continuous, and continuous in case X
and Y are continuous. If X and Y are local martingales, then [X, 7, Y] is a local
martingale. If X and Y are square integrable local martingales, then so is [X, =, Y],
and A{|[X, 7, Y]|B=[4{| X|%, =, A{|Y|*}], where A{Z} is the increasing process
associated with the real valued process Z by the Meyer composition.

[X’ T Y]t = {

The following lemma is the key to our result.

LeEMMA 3.2. Let X=(X,, 9,) be a continuous local martingale in R", and let © be
the brake of X. Then Y= O X is a square integrable local martingale, and
A = A{|Y|%,

is such that A= is a Y-continuous random time change.
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Proof. The only item which we need to check is the last one. Let
r=inf{t > 0: 4, > 0};

then 7 is a stopping time, and it is easy to see from Theorem 3.1 that A{[| Y|?, =]}
=[A4{| Y|?}, 7]=0, so that [| Y|2, 7] is a positive continuous local martingale, equal
to 0 at =0, and hence identically O (i.e., ¥Y,=0 for 0<¢=< 7). Noting that

A{g, | YI*I} = [g, 4{| Y|3]

for any ¢ =0, we have from the continuity of A4 that 4,=A4,, implies Y,=Y,,,,
0<t<s, for all ¢, s20, and hence 4~' is Y-continuous. [|

THEOREM 3.3. Let X=(X,, %,) be a continuous local martingale in R"; then there
is a continuous random time change T, and a family of o-fields ;> %,, such that
X=(X,— X,, #;)=TY, where Y is a Brownian motion in R", started at 0.

Proof. With no loss of generality, we take X, =0. Let A =A{|©®X|?} as in Lemma
3.2, writing %, =%9;, and write X'=A0OX, where A=A4"'=(%,, ). Letting
r=A4,, a stopping time for the family (%,,), we see that A{|X’|?}=A{0X|?}
=[t, r]. We may assume that the base space of the X’ process is large enough to
have an independent Brownian motion defined on it, say Y=(Y,, 5#), with £,
independent of %.. Let #,=5,v %,,. Then Y=(Y,, #,) and £'=(X;, #,) are
respectively a Brownian motion and a continuous local martingale. Let

Z = (Zt, ﬁt) = [X,’ T, 7],

then A{|Z|2}=[4{X'|3}, =, 4{| ¥|2]=I[lt, 7], , t]=t. Now Z is clearly a con-
tinuous local martingale and so we have, from Theorem 2.2, that Z is a Brownian
motion. Now let 7,=7At, and S=(A4#,, ;). It is easy to check that SZ> X',
AX'>0X,and ©-10X=X. (We use the notation X> Y for processes X=(X;, #)
and Y=(X,, 9,) where #£>%,). We observe that T=0"14S is a continuous
random time change, and so we are done. ||

COROLLARY 3.4. If X in addition satisfies the conditions

(i) X is a.s. not constant on any time interval, and

(ii) lim sup;. » |X;| =00 a.s.,
then there is a continuous random time change R such that RX is a Brownian motion
(i.e., T is invertible in a strong sense).

Proof. Using the notation of the above proof, condition (i) insures that 4{| £’|}
is a strictly increasing process, and (ii) that = A4, =00. Thus 4! is a continuous
random time change, and Z= X' is a Brownian motion. |

COROLLARY 3.5. Any continuous local martingale in R™ has the property that on
any interval it is a.s. either constant or of unbounded variation.

Proof. This follows immediately from Theorem 3.3, using Theorem 2.3 of
Chapter 8 of Doob [6]. |
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4. Remarks and extensions. The results in §1 are for minimal processes, i.e., for
processes which are killed upon their first explosion. In order to obtain a similar
characterization for nonminimal processes, one clearly must put some conditions
on the return distributions. This seems to bring in, of necessity, some sort of
boundary theory. A conjecture is that for processes satisfying F2, a suitable extra
condition would be as follows, where S,, for « an ordinal, is the time of the oth
explosion (S; =sup, T,, with T, coming from F2, S,,;=S,+S; o S,, and if Bis a
limit ordinal, Ss=sup,; S,).

H3. E[l o X5, o 0z | F]=E*=[Iy - X5,] P-as., for Bed%, R an arbitrary
stopping time.

In a future paper we will investigate the case of countable (discrete) state space
processes, where the theory of the Martin boundary is well-developed and yields
useful tools.

The characterization in §2 of Brownian motion can be extended to more general
diffusions in R"*. One immediate result is the following.

THEOREM 4.1. If X is a continuous local martingale in R*, and uo X—t is a
continuous local martingale, where YAu=>b a nonnegative continuous function on
R", then X=TY, where Y is a Brownian motion in R*, and T is the (Markov) random
time change inverse to the increasing process (actually an additive functional) B
defined by B(t)=[4 b o Y, du.

Conversely, in the case where b is a polynomial, a polynomial solution u always
exists such that ¥ o« X—¢ is a martingale, where X=T'Y as above.

Proof. We give only a sketch of the proof. Let # - X—¢ be a continuous local
martingale, X a continuous local martingale in R", and $Au=520. If B and T are
defined as above, and Y is a Brownian motion (assume X, =0 for simplicity), then
let Z=TY. We show that X=Z. Just as in the proof of Theorem 2.2 we obtain

E[h o XT3$ o 0)2 | '%z] = EXR[h ° X’I‘gf]a

for he C, and then E[Tge o 0 | F]=E**[u o Xp,c]—u o Xp=E*#[Tg], whers P
represents X on continuous path space, and P represents Z. The last equality is an
immediate consequence of Dynkin’s lemma (see Dynkin [8, p. 133]) and the fact
that u is in the domain of the weak generator for Brownian motion. The remainder
of this part of the proof proceeds as in that of Theorem 2.2.

To show the existence of an appropriate u in case b is a polynomial in R", we
make use of the fact that b can be written as a finite linear combination

h0+r2h1+ e +r2khk,

where h, is homogeneous harmonic, and observing that for such an A, A(r™h)=ch,
where ¢ depends on m and the order and degree of homogeneity of A, as well as on
the dimension 7 of the space. It is then routine to solve $Au=b, and a straight-
forward computation verifies that ¥ © X—¢ is indeed a martingale, where X=TY
is the time change of Brownian motion with density 5. |
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Note that the difficult part of the characterization in general is showing that an
appropriate solution u exists, given a nice b. The preceding theorem solves this
problem only when b is a polynomial. For very general functions b it is known that
there is a distribution solution (3 la Schwarz) of the equation $Au=b, but it is not
yet clear under what conditions this will yield a martingale function u o X—¢,
where X=TY, T going with b as before.

Another obvious direction in which to seek further results is the following. We
have so far considered only diffusions with Brownian hitting distributions (i.e.,
what we have called continuous local martingales in R"). In the one-dimensional
case (Arbib’s and Dambis’ work) this is all there are, but in higher dimensions it is
known (see Ito-McKean [9]) that there are others. Here more complicated elliptic
partial differential operators than A play the role of extended generator, and a
natural class of functions to examine is the kernel of one of these operators, or
some suitable dense subset thereof. Now if X was a continuous process with f o X
a martingale for all functions f in this class, it should be possible to show that X
was a time change of some canonical process with the given generator. If in
addition one also had « - X'—r a martingale for a suitable u, it should be possible
to characterize X exactly. This problem is currently under investigation.
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