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1. Introduction and summary.    Our starting point is the following

Problem (D). Given a measure p. on the Borel sets of R+, the nonnegative real

line, such that

(1.1)   (H) K£,e+1] Í 1,      SeR\

find a real-valued measurable function h on R+ which satisfies:

(1.2) m = f     mtidn),

(1.3) lim h(0 = 1.
{-.00

Such functions play a role in the theory of slowing down of neutrons [15].

The problem was solved by Slater and Wilf [16] under the following very

restrictive assumptions on p.:

(1.4) (H') p.(dÇ) = K(t)d$,   0 < K{Ç) ï 1,   K(0 t,   lim 1S(0-1.

Let >{i on R+ be defined by successive approximation:

(1.5) m =  i lim Mt)
n-+co

where >/<o(f)=l and </-„ + i(l)=/(í>í + i: <pn{vh(dv)- Slater and Wilf prove

(1.6') Theorem. Under the hypothesis (1.4)

(a) any function h which is a solution of {1.2) and (1.3) is necessarily equal to ¡p

{uniqueness) ;

(b) 4> is a solution of (1.2) and {1.3) iff<l>£0; ip^O iff

(A') J""{l-tf(0}dÇ < oo.

For the proof of this theorem in [16] the monotoneity assumption on AT is crucial:

Under this hypothesis it is easy to see that </» is monotone, which is not true in the

general case. Also, if p.{d£) = K{Ç) dÇ, >p is absolutely continuous, whereas in

general we only know that a real-valued function satisfying (1.2) is right-continuous

and has limits from the left.
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To solve Problem (D) in general, in particular to get rid of the unnatural mono-

toneity assumption imposed on A by Slater and Wilf, a different method is needed.

The natural approach is the potential theoretic-probabilistic approach which is

suggested by the following observation:

There is a formal analogy on one hand between the solutions of (1.2) and

the harmonic functions on some open connected set £>ç A", as studied in classical

potential theory, on the other hand between the solutions of (1.2) and martingales,

as studied in probability theory. In all three cases the functions in question are

required to satisfy certain average conditions.

From the potential theoretic point of view Problem (D) appears as an analogue

of the classical Dirichlet problem. Indeed it can be put into the framework of a

potential theory associated with the following substochastic transition function P

on R+:

(1.7) P(t,A) = n{[t,t+l]r\A}

for £ e R + , A a Borel set of R +. Potential theories associated with substochastic

transition functions P on some measurable space (3£, 91) were studied e.g., in [6] as

generalizations of classical potential theory. They are concerned with the study of

F-regular and F-superregular functions which appear as the analogues of harmonic

and superharmonic functions. We recall the following definitions from [6] :

An extended real-valued measurable function u on 2c is called F-superregular if

(1) — oo<w¿oo,

(2) for n~¿ 1, Fnw(£) = J u(-r))Pn(£, dr¡) is finite on 1 and Pu^u. Here

PM, A) = />(£, A);

Pn + M,A) = jPn(v,A)P({,dr¡)

= JP(V, A)PM, dV).

If u is bounded from below, (2) reduces to

(2') Pu<oo,Pu^u.

We call « on X F-regular if « and -« are F-superregular; i.e., if

(1) —oo<«<oo,

(2) Ph = h.

If F is given by (1.7), then Fw(í)=J(í i + 1] u{r¡)p{din), and we see that the F-regular

functions are just the real-valued solutions of (1.2) and that an extended real-valued

function u on R + , bounded from below is F-superregular iff

(1.2') f U(ri)p(dri) Ï u(0    and     f u(r,)p(dV) < oo.

In view of Problem (D) one is particularly interested in the class of F-regular

functions (then Theorem (2.3) gives the class of F-superregular functions, bounded
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from below) and the behavior at oo of F-superregular functions. In classical

potential theory the corresponding problems are closely connected with the con-

cept of Martin boundary. In [6] a boundary theory is given for discrete X, which

is of course not applicable in our case where 3E = 7?+ ; even in the discrete case there

are only few examples where the Martin boundary has actually been identified. It

is the purpose of this paper to give a complete potential theoretic analysis of (1.2)

and (1.2'), i.e., a complete development of the potential theory associated with P

defined by (1.7). Much of this work is of course not necessary to solve the original

Problem (D); however our various approaches have independent interest since we

present one of the very few fully worked out examples of probabilistic potential

theory.

Our main results can be described as follows:

(1) <A * 0 iff

(A) limsup/x(i, 1+1] > 0   and    [       {I-nil f+l]M#) < °°
(-<*> J(0,oo)

(Theorem (4.2)).

(2) Assume </>^0. Then we can introduce a Martin boundary, which will turn

out to be trivial, i.e., the point oo of the one-point-compactification of R+ (Theorem

(5.1)). In analogy to the representation theorem for positive harmonic functions

we shall prove that every F-regular function which is bounded from below or above,

is proportional to >p (Theorem (4.1)). In analogy to the Fatou theorems for positive

harmonic and superharmonic functions we shall prove that lim{^ „ ip{£) = 1

(Theorem (4.14)) and that for any F-superregular function u, which is bounded

from below, there exists a Borel set A of finite /¿-measure such that lim^o,. (tA u{$)

exists and is finite (Corollary (4.16)). This latter theorem will be interpreted as

"fine" limit theorem after establishing that the Borel sets which are "thin at oo"

are just the sets of finite /^.-measure.

(3) In §7 we shall study the dual problem (i.e., the problem of F-regular and

F-superregular measures).

Our results will imply immediately the solution of Problem (D) in the general

case. Without any other condition on p, but (H) we will get

(1.6) Theorem, (a) Any function h on R+ satisfying (1.2) and (1.3) is necessarily

equal to <jj.

(b) </. satisfies (1.2) aw/(1.3) #<M0; </-^0 iff {A) holds.

Our proofs will be potential theoretic, using heavily the concepts of Green func-

tion and reduced function. Where possible we shall give probabilistic interpreta-

tions in terms of the Markov process connected with the substochastic transition

function P.

Acknowledgement. The results of this paper were submitted in a thesis in

partial fulfillment of the requirements for the Ph.D. degree in Mathematics at the
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University of Illinois. The thesis was written under the direction of Professor J. L.
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2. Concepts and results from [6].

1. Reduced function. Let A e 91 ; for r¡Q e X, B e 91 let

(2.1a) HA(Vo, B) = 2 haKvo, B)
k = 0

with

(2.1b) m°Xvo, B) = XabÍVo),

Hnvo,B) = xx-A(vo)í      P{no, *!,)■■■
J£-A

■■■(        P(Vk_2, dVk.x)  f     P{r,k-X, dVk) (k ä   1).
Jx-a Jab

It is clear that HAk) and HA are substochastic transition functions and that for each

t]0 e 3t, HA\r¡0, ■) and HA(r¡0, ■) concentrate their total measure on A.

If w^O is F-superregular it can be proved that

hau(0 = \u{rj)HM, dn) = 2 f «Oi)ifm <h),

called the reduced function of u with respect to A, is the infimum of the nonnegative

F-superregular functions which majorize u on A. HAu has the following properties:

(1) on 3£: HAu is F-superregular, HAu^u,

(2) on A : HAu = u,

(3) onX-A: HAu = PHAu (goo).

We point out that the preceding definition is quite in analogy to the one in

classical potential theory: If w>0 is superharmonic on DzRn, then the infimum

v of all superharmonic functions which majorize u on A^D need not be super-

harmonic since it need not be lower semicontinuous. The reduced function of u

with respect to A, HAu, is defined as a certain smoothed version of v. It satisfies

(1) and, except on a "small" set (2) and

(3') HAu is harmonic in the interior of D — A.

2. Green function. The Green function associated with P is defined by:

(2.2) G($, A) = 2 Pn({, A),       $eX,   Ae%
n = 0

where P0{¿, A)=XM).

We remark that G is the analogue of the Green function in classical potential

theory.

3. Potentials. Let/^0; we call

GM) = f/0?)G(£, dn) = f l/0?)Fn(f, dn)
J n = 0 J
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the F-potential off if Gf is F-superregular or equivalently if PGf< oo. (This defini-

tion differs slightly from the one in [6], where for any/^0, Gf is called its P-

potential.)

4. Riesz decomposition. We have

(2.3) Theorem. Every P-superregular function u, bounded from below, can be

represented as

(2.4) u = u<° + G{u-Pu)

where w™ = j lim Pnu is P-regular and in fact the greatest P-regular minorant of u.

This theorem represents u as the sum of a F-regular function and a F-potential

and corresponds in classical potential theory to the Riesz representation of a

positive superharmonic function as a harmonic function plus the potential of a

positive mass distribution.

Clearly, a positive F-superregular function u, bounded from below, is a F-poten-

tial iff u °° = 0.

For later use we shall write down two special cases of (2.4):

(2.5) 1 = lim Fnl + G(l-Fl),

(2.6) 77^1 = lim F^l+G^l-FTFa).
n-Kx>

If F is given by (1.7), then clearly </>, defined by (1.5), is the greatest F-regular

minorant of 1, i.e.,

(2.7) «A = lim Fnl.
n-»co

We want to conclude this section with some remarks about the probabilistic

side.

Given a substochastic transition function P on (3£, 9JC), one can construct a

Markov process which plays the same role in the corresponding potential theory

as Brownian motion does in classical potential theory: Let 36' = 36 u {p}, where p

is an adjoined element ("death state"), let 91' consist of the sets of 9t and their

unions with {/>}; we extend F to a stochastic transition function F' by setting

m,{p}) = \-P{è,X),       íeX,
(2.8)

P'{p,{p}) = \.

Then, as is well known [12], for each £ e 2¿ {£'), there is a Markov process

{Xtn, n^O} on a probability space {Q.(, 9ti( Pr{) with state space £', stationary

transition function P' and starting point £, i.e.,

(1) ?r({X(n + 1 e A | X(n} = P'{X(n, A),   Prra.e.,   A e 21',

(2) Pr{{^o = i} = l.

Clearly Pr¿Xíne A} = Pn{{, A) for £ e 3E, Ae%. We shall call the random

variable ^ = sup{n; Xtne $}on(üí, 2t?, Pr{) the life-time of the process {Xin, n^O}.
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For any extended real-valued function /on ï we denote by /' its extension to

X' by/'(/?)=0. Now if m is F-superregular (F-regular), then for any £ e £, {u'{X(n),

«SO} is a supermartingale (martingale) with the parameter value 0 excluded in the

first case if w(£) = oo. (This is the analogue of a theorem about Brownian motion

and superharmonic functions.) The supermartingale convergence theorem states:

If for a supermartingale {Yn, « ä 0}, supn E\ Yn\ < oo, then limn^ „ Yn exists and is

finite a.e.

Therefore if u is F-superregular and bounded from below, then lim,,.,,*, u'(X(n)

exists and is finite Pr?-a.e.

In the special case when P' corresponds to F of (1.7) we get for the corresponding

process with state space R+ u {p}

X(n<Xin + x   or   Xçn+X = p,       Pr{-a.e.,

we shall see in §3 that

A'in^-oo   or   p,       Pr^-a.e.

This and (2.7) imply

(2.9) KO-Ptf*«.-»"»}.

since Pn\=Pxt{Xfn e /? + } = Pr{{£{ è«}. (2.9) explains probabilistically why we shall

restrict ourselves to the case 0^0 when studying the Martin boundary.

F of (1.7) is stochastic iff p(t¡, £ + 1]= 1 (or equivalently i/i= 1). In this case

Xtn < X(n+X,    Jfin^oo,       Prra.e.

In §6 we shall study the relation between this process and a certain random walk.

We shall give now the probabilistic interpretation of some of the concepts given

above in terms of the corresponding X(n process. We get

(a) HPif, B) = Prt{rM = k, Xik e B},

HA(£, B) = Pr({Xil(A e B, rtA < oo},

where

t(a = min {« ^ 0, X(n e A)   if {« £ 0, X(n e A} ^ 0,

= oo   otherwise

is the first time X(n meets A.

HA\{£) = Pr^r^ < oo} = Pri{A'?n e A for some « â 0},

(HAir(0 = ?v({X(neAlo.},

G(HAl—PHAl)(i) = Prf{XtneA a finite strictly positive number of times},

(HAl-PHA\)(i) = 0   if f* A,

= i?rt{X{niA,nZ 1}   if(eA.

The last four formulas give a probabilistic interpretation of (2.6).
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(b) G{£, A) = ETiA, where F?i4 = 2"=o XaÍ^(ti) ¡s the number of entries of X(A

into A.

We shall return now to P defined by (1.7).

3. Preliminary results. We shall study first some properties of the Green

function G. For £ e R + , G{£, •) is a measure on the Borel subsets of R +. We extend

it to a measure on the Borel subsets of [ - 1, oo) by letting G{£, A) = G(£, A n [0, oo)).

(3.1) Theorem. For each | e R + and each Borel set A^R + ,

G(i, A) = />0(|, A) + j g{£, vMdv)

where

g{{,v) = G{Ç,[v-l,v))   forÇ,veR + ,

i.e., for each £ e R + , the measure G'{£, ) = G{{, •) —F0(f, ■) on the Borel sets of R*

is absolutely continuous with respect to p. and g{£, ■) is one version of the correspond-

ing density.

Proof. From the definition of G we get

f    G($, dV)P{v, A) = G(£, A)-P0{£, A).

Substituting P{r¡, A)=p.{A n (tj, r¡ + 1]} we get for the left side

jR+ Git,dr,)jjln,n+xAQKdQ,

which by Fubini's theorem is equal to

£ p{dQ Jb+ XK-i.o(v)G(ê, dn) = £ die, B-1, QUdQ.   Q.E.D.

We have immediately from the definition of g

g(Î,l)èO   forÇ,veR+,

g{Z,v) = 0   forÇ,veR + , |£ r¡.

Therefore g is not symmetrical in its two arguments as is the classical Green func-

tion. Also different from the classical situation is the boundedness of g, which we

shall prove in the following theorem.

(3.2) Theorem. g{£, r¡)^4for i,r)eR+.

Since G(f, A)=xA{£)+¡A iiè, v)Kdr¡), this theorem implies:

(3.3) G{è, A) ^ 4p.{A)+\.
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For the proof of Theorem (3.2) we need the following lemma.

(3.4) Lemma. Let  fls   £2eR + ,  $x<t;2,  p(Çx,Ç2)<l.  Then for any r¡0eR+:

Gfoo,[fi, fa)) á I/O-M£i, &))•

Proof. Let /= [£x, f2), p0=p($x, £2). For t?0 e / we have

(3.5) Fn(?,o, /) Ú i4,       n^ 0.

This follows easily by induction from P(£, A)=p{({, f +1] n A} and from defini-

tion of the Pn as the "iterates" of F.

For arbitrary r¡0e R+ we shall now prove the inequality:

(3.6) Pn(Vo, /) g 2 r4-kHikKvo, I),       n^O.
k = 0

Ifrio e I, then HM(r¡0,1)=l for A = 0, 0 for A>0; hence (3.6) is just (3.5).

If tjo $ I, then Hm{r}0,1) = 0, hence (3.6) is trivial for « = 0; for «^ 1 it becomes

Pn(Vo,I)i 2 rf>-kH«Xr,0,I).

This inequality is proved as follows :

Pn(Vo,I)={      P(V0,dr¡x)¡       ..   f      P(r,n-2,dVn_x)( P(r,n-X,dr,n)
Jb+ Jr+        Jr* Ji

(3.7) Pn(l0, I)  =   |   j¡c P(r,0, dVx) J   ... £ P(Vk_x, dVk)

••■ P(Vn-2,dVn-l)       P(nn-l,dT)n),
Jb+        Jr + Ji

(3-8) Pn(Vo, I) = 2   iH(k)(Vo, dVk)Pn.k(Vk, I).

Substituting (3.5) in (3.8) finishes the proof of (3.6).

We remark that (3.8) appears in probabilistic notation as

PrVo(Xnon e I) = 2  f PrÄ-* e I}VrVo{Tnol = A", X„ok e dv}.
k = \ Ji

We shall see now how (3.6) implies the lemma: For AäO, let ak = H¡k\r¡0,1)

= Pr„0{T„o/ = A}. Then we conclude from (3.6)

IV JV        n

2Pn(V0,Dá   2     2
n = 0 n = 0   (c = 0 fc = 0       n = fc

2 pn(jio, 0^2 2 /*8"*a* = 2a* 2 ti~k

■ to

1-AnÁ
,        «fc    ̂     "i-'

MO fc = o i — Mo



226 G. A. BROSAMLER [November

for ail N and for -q0 e R +. We have therefore proved

G{Vo, I) ï f Pn{Vo, I) S -j-!—   for y0 e R+. Q.E.D.
n = 0 l - P-0

Proof of Theorem (3.2). It is clear that we may assume 77— 1 ̂ 0. If p.{rj—\, r¡)

g \, then Lemma (3.4) implies immediately

g{t,v) = G{Ç,[r]-l,r)))i2   for teR\

If p.{n — 1, ij)>i, let ijo £ iv - 1, y) be defined by

tjo = «nf {i)';r)' ^ y, p{-q', 17) < !}.

Then we have /x(t)0, y) Ú i, /¿fro, *?) ̂ i-

From /Li(i70, r;)^^, and Lemma (3.4) we conclude: G(f, fro, r¡))ú2 for £ e 7?+.

From /xfr0, rj) ä ^ and p.{r¡ — 1, t¡) á 1 we get /¿(17 — 1, ij0) ̂  h which together with

Lemma (3.4) implies that G(f, [ij—1, r?0))^2 for i e R+.

We have therefore proved: G(f, fr- 1, y))^4 for f, i¡e R+.   Q.E.D.

Following [6] a Borel set ,4Ç R+ is called transient if G(£, ,4) < 00 for all £ e 7? + .

We have the following

(3.9) Theorem. Let Aç R* be a Borel set. Then

(1) /x(^)<oo implies that A is transient. {Therefore all bounded Borel sets in R +

are transient.)

(2) The converse is true under the assumption <p^0.

(1) is a trivial consequence of (3.3); we shall give the proof of (2) after (3.16)

and remark here only that the converse of (1) is not true if we omit the assumption

that if/^0: Let p assign mass \ to each integer, then G(£, 7?+) = 2 for ijeR + ,

¡x{R+) = oo, >p=0.

Part (1) of Theorem (3.9) enables us to prove the following corollary about the

process {X(n} corresponding to our substochastic transition function P'.

(3.10) Corollary. For all Ç, Pr({Xin -*■ p or 00} = 1.

Proof. By (3.9) we have for f e R+ and any bounded Borel set Bç R+, G{¿¡, B)

<co. Now

(3.11) G{Ç,B) = ET(B

where T(B is the number of entries of X!n into B. We conclude that T(B < 00 Prra.e.

Q.E.D.
We call an extended real-valued Borel measurable function h ^ 0 on 7?+, F-regular

on a set A^R+ if h is finite on A, and Ph{£) = h{£) for f e A.
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(3.12) Theorem. Let Ç <r¡,0^h fico. If h is P-regular on [f, r¡], then

(3.13) m = #<»,„+u*(ö.

Proof. We shall prove first

(3.14) Ä(0 - J Ä8J+a*(0+ f     h{QPM,dl),       n è 0.
k = o ■ai.n]

This follows immediately by induction (for «) if we prove

f     h{l)Pn{e,dQ = H&tl\M)+ \     hU)Pn + Át,dQ,       »à0.

The latter formula can be obtained as follows :

f   KQPn(.e,dQ={ \¡h{np{í,di')}pn{i,do

=  f       if +    Í JPn(i,¿0

=    Í A(r)/Jn + 1(í,^')+    f KOÍ        Pn&dQP&df).
Jlí.ni J(Tï,n +1: J[(,vl

Now (3.14) implies the lemma, since we shall see that

lim  f     KQPntf, dt) = 0.

This equation is true because

(1) h is bounded on [f, -n], since it is finite on [Ç, r¡\, is right continuous on [f, 1/)

and has finite left limits on (£, 17].

(2) lim„_ M Fn(£, [|, 17])=0, since [£, 77] is transient and therefore G(f, [f, 77]) < 00.

We want to add some remarks concerning the preceding proof, from the proba-

bilistic point of view :

By (3.10) we have r = t{>(„„ + 1](J{/)) < co Pr{-a.e. (3.13) is, in probabilistic notation,

(3.13') h{$) = Eh'{X(T).

If we denote by Yn the process X(n, stopped whenever it leaves [£, t;], i.e.,

F„ = Xin   for t > n,

= Xiz   for t ^ n,

then (3.14) is, in probabilistic notation,

(3.14') h{0 = Eh'{Yn).

(From this we could derive that {h'{ Yn)} is a martingale.) Now it is clear that

(3.15) lim h'{Yn) = h'{Xiz),   Prra.e.
n-*oo
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From (3.14'), (3.15) and the Fatou-Lebesgue convergence theorem we can

conclude :

«(f) 2: Eh'(XH).

Deriving however (3.13') from (3.14') and (3.15) is equivalent to deriving uniform

integrability of the h'(Yn). This can be done as follows: Let N^sup{e[{ _n] «(£); then

{h'(Yn) > N} £ {h'{Yn) = h'(X(z), h'(Xtz) > N}

and hence

0 g E{h'{Yn);h\Yn) > N} = E{h'(X(l); h'(Yn) > N}

^ E{h'(Xtz); h'(X(t) > N},

which implies limN-,a, E{h'(Yn); h'(Yn)>N} = 0 uniformly in «.

(3.16) Theorem. 0(f)^g(f, 77)/or f<??-l.

Proof. We   have   by   (3.13):   0(f) = #(„_i.,l]0(f)   for   fá>?-l;   hence    0(f)
g//<„_!,„] 1(f) for f gij —1. From the definition of // and G we conclude

//<„_!,„, 1(f) á G(f, (^-1, ,])   for f, t? e A + ,

hence

0(f) g G(f, (,-1, r,])   for f g 7,-1,

therefore

0(f) á G(f, fo-1, v)) = #(f, 77)   for f < 77- 1. Q.E.D.

The preceding proof appears even more trivial if we use probabilistic notation.

We have for f < r¡ — 1

0(f) = Pr{{A-{n ^ oo} g Pri Oo K; Xin(wt) e[v-l, ,)})

^ 2 Prrf«,; A-{n(o7{) e [v- 1,7,)} = J ^(f, fo-1, *?))
n=0 n=0

= G(f, fo-l,*|))-*(*,,).

Proof of Theorem (3.9) (2). The proof follows immediately from

(3.17) 0(fH/(n(f+l,a))}^G(f,/l),

which follows from (3.1) and (3.16).

We shall prove now an analogue of the classical Harnack inequality for harmonic

functions in the unit ball of A".

(3.18) Theorem. Let f <r¡, 05; «goo. If h is P-regular on [f, ??], then

//(f) % G(f, [f, V])h(r,).
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Proof. By Theorem (3.12) we have:

KO = H(^+1]h{0 = 2 aS?,+«*(0
n = l

where

«aa ♦ a*(o = f    w) f  Pn -1«, ¿one, di').

Since for £ e [£, 77] and any Borel set A of (17,77 +1 ], P(£, A)^P{y, A) = p.{A), we get

H^v+1}h{Oeh{v)Pn-Ái, [& y]) which implies the theorem.

(3.19) Corollary. Ifh^Ois P-regular and lim inf{^M h{O = 0 then h = 0.

Proof. Let fnf 00 be such that limn-.« A(fn)=0. By Theorem (3.12) we get

KO - Ä«.-i.ej*(0   foríSf,-l.

By the Harnack inequality (3.18) and the upper estimate for g (3.2) we conclude

A0D¿4ft(&)   far*e(É„-l,fJ,

hence A(£) á 4A(f n)77(i„ _ 1,ín]l(£)í=4/i(£n) for £á£„— 1, which implies the corollary.

We shall conclude this section with a remark about the set of zeros of a F-regular

function h^O (e.g., 0). From (3.18) and (3.9) (1) we see that A(£0) = 0 implies

A(0=O for I g £0. Hence, if h^O the set of zeros of h is either empty or an interval

[0, a) or [0, a]; h{a)=0 iff>(a, a+ 1]=0.

4. Basic results. The Riesz decomposition theorem (2.3) gives the decomposi-

tion of a F-superregular function, bounded from below, into the sum of a F-poten-

tial and a F-regular function. We shall determine now the class of F-regular

functions, bounded from below, in the case i/i^O.

(4.1) Theorem. Ifi/i^O, any P-regular function h, bounded from below {or from

above), is proportional to *¡i.

Proof. (1) It is sufficient to prove the theorem for nonnegative F-regular func-

tions: If A is F-regular and bounded from below, say /2 a — a{a>0), then h1=h + wp

= limn_œ Pn{h + a) is F-regular and ^0; if h is F-regular and bounded from above,

consider —h.

(2) So let AgO be F-regular. We shall prove that 0^0 implies that h is bounded.

Assume h is not bounded and let fn->oo be such that lim„J00 /¡(fn) = oo. By the

Harnack inequality (3.18) we get

KL)iG{{n,[tn,y])Ky)   for L < y-

This together with (3.2) implies

KL) ú 5h{r¡)   for ,e (f., £„+!].
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Since by Theorem (3.12)

KO - #«„.«„+UA(0   forf ^fn,

we get

«(f) ̂  ÏKL)H((Rtin + „1(f)   forf <if„,

hence

«(f) ^ *«(fn)0(f)   for f 5¡ fn.

This implies that «(f) = 00 for all f e R+ for which 0(f) >0, which contradicts the

finiteness of «.

(3) So let a = supîefi+ «(f); we just proved that a<oo and shall prove now that

«=a0. Assume a>0. We shall see first that lim sup,..,« «(f) = a. If this were not

true, there would be an e>0 and a £xe R+ such that «(f) = a—£ for f ^fx, and

therefore we would get by Theorem (3.12)

KO = H(íl¡íl+xM0 i (a-*)//(?1>íl+1]l(f) 5; a-«   for f ú Su

and hence h^a—e, which contradicts sup{eR+ «(f)=a. Now let «1

=Umn_ai Pn{a—«)=a0—«; then «^0 is F-regular and lim inf.-.« «i(f)=0;

hence we have by Corollary (3.19) «i = 0, i.e., «=a0.

Remark. In general the class of all F-regular functions is of course much larger

than the class of multiples of 0. For example, let p be the Lebesgue measure on R+.

Then 0=1, and for any C°° function «0 on (0, 1) with compact support there is a

C° function « on R+ which coincides with «0 on (0, 1) and is F-regular, or equiv-

alent^ satisfies

«(f+l) = «'(f)+«(f).

Remark. The following considerations show that we gain essentially nothing

new if we consider wide-sense F-regular functions, i.e., extended real-valued

(rather than real-valued) functions « on R+, satisfying the integral equation /i(f)

=J"({ Í + 1: h(-n)p(dr¡). By the same argument as in the proof of Theorem (4.1) it is

possible to restrict the study of wide-sense F-regular functions, bounded from

below, to the study of nonnegative wide-sense F-regular functions. We shall see

that the class of nonnegative wide-sense F-regular functions can be completely

determined by an analysis of the sets of infinities of the functions in this class. We

shall now give this analysis. We shall verify first:

(1) If a wide-sense F-regular function «ä0 is finite at fx and f2, where |fi —f2|

= 1, then n is finite on [f1; f2].

(2) If a wide-sense F-regular function «^0 is finite on an interval (f, f+«], then

« is finite at f.

The proof of (1) follows immediately from the defining integral equation. (2)

is proved as follows: Since « is F-regular on (f, f + e] we conclude by (3.18)

"(f) á G(f ; [f, f + e])«(f + e)   for f e (f, f+e].
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We may of course assume that e< 1 ; by (3.2) we get then

Ä(f)£4A(f+«)   for £'e (|, ¿+.i

which implies A(£)<co.

From (1), (2) and the defining integral equation we conclude:

(A) For every wide-sense F-regular function h > 0, the set of infinities of h is the

union of a finite or infinite number of (nondegenerate) disjoint intervals 7n with the

following properties (f „ and £, ( ̂  °°) denote the left and right endpoints of 7n) :

(a) 7n is open on the right,

(b)/*{(¿ f+l]o7n}>0foríe7n,

(c) either /*(£,, £„ +1 ]=0 or /*(f, £ +1 ] = 0 if f e (£„ - 8, $n) for some 8 > 0,

(d) ^7iffMfn,^+l] = 0.
(These properties clearly imply that f '„ — £n > 1 and that the 7n are the components

ofU4.)
(B) Conversely given any finite or infinite number of disjoint intervals 7n with

the properties (a)-(d), we can define a wide-sense F-regular function A 3:0 with

(J 7n as its set of infinities :

If the set (J 7„ is unbounded, let

h = oo on U h*

= 0    0ffU/n.

If the set [J In is bounded, denote by ?* the right endpoint of the last 7n (£* = 0,

if Un 4=0) and let

K0 = co       on (J 7n,

= hxO)   for Í >: f*.
= 0        otherwise,

where /zt is any F-regular function on [£*, oo). It is also clear that there can be no

other wide-sense F-regular function which has [J In as its set of infinities.

We shall now state two theorems which will follow from the Riesz decomposi-

tion theorem (2.3) and the estimates (3.2) and (3.16) for the Green density g{Ç, -q).

(4.2) Theorem. 0^0 iff

(A)     (i)    lim sup p.{0 f +1 ] > 0,       (ii)    f       {1 - M, | +1 ]}p.{dO < oo.

(4.3) Theorem. If<p^0 and v is a P-potential then lim^«, Pv{0 = 0.

Proof of Theorems (4.2) and (4.3). Let v be any F-potential. The Riesz decom-

position formula (2.4) gives, since t;°° = 0:

v{0 = j{v-Pv){y)G{0dv) - {v-Pv){0 + j{v-Pv){y)g{0y)p-{dy),

hence

(4.4) Pv{0 = f       {v-Pv){v)g{0 y)p.{dv).
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Applying (3.2) and (3.16) to (4.4) we get

(4.5) 0(f) f (v-Pv)(r,)p(dV) <j Pv(0 è 4 f        (v-Pv)(r,Mdr,).
J(.(+l,co) J(i,<x>)

Since Ff(f)=C(í {+1] v(r¡)p(dr¡)<co, the first inequality of (4.5) implies

(4.6) If 0^0 and v a F-potential, then j(0i0O) (v — Pv)(r¡)p(dr¡)<oo.

(4.6) and the second inequality of (4.5) imply Theorem (4.3). Applying (4.6)

to the F-potential v=l— 0, we see that 0^0 implies (ii). That 0^0 implies (i),

follows from (3.19). Thus if 0^0, (i) and (ii) are true. Conversely applying the

second inequality of (4.5) to the F-potential v=l — 0, we get:

0 < p($, f+l]-0(f) è 4 f        {l-p(r,,r,+ l]}p(dV).
J(i.oo)

Therefore (ii) implies lim^*, {/x(f, f +1] — 0(f)} = 0; hence (i) and (ii) imply 0^0.

Q.E.D.
Since 0(f)<i/i(f, f+ 1] = 1, it will be a consequence of Theorem (4.14) that we

can replace condition (i) in Theorem (4.2) by

íi') lim(...fi(¿H-l]-l.
We shall prove the following corollary of Theorem (4.2) :

(4.7) Corollary. Let ,¿(¿f) = A(f) d£,K£\. Then 0^0 ijfj™ {1 - A"(f)} d(<oo.

(This necessary and sufficient condition for 0 ^ 0 was derived by Slater and Wilf

[16] for p in this special form under the additional assumption that K be non-

decreasing; see §1.)

Proof. By Theorem (4.2) as amended in the light of Theorem (4.14) (to be proved

below) we have 0^0 iff

(i') lim{_ J{î+1 K{r¡)d-n = \,

(Ü) Jo" {1-X| + 1 K(v) dn)K{£) de<oo.

The integral in (ii) is equal to J0°° J^ + 1 {1 — A"(??)}A(f) drj d£, and therefore by

Fubini's theorem finite iff

j" {l - a(t,)}(£ i A(f) ¿f) d-n < co.

Therefore (i') and (ii) are equivalent to J"0°° {1 — A(7?)} drj<co.   Q.E.D.

We shall prove another corollary of Theorem (4.2). Let A^R+ be any Borel set.

Let pA be the restriction of p to A, i.e., for any Borel set F£A + , let pA(B)

=p(A n B); let PA, 0A be the F, 0 corresponding to pA, i.e.,

PAi, B) = pa{({, f +1] n 5} = p{(l f +1] n ¿5},

0^ = lim (FAI-
n-» oo

Then we have

(4.8) Corollary. 7/0^0, r«e« 0X#O iffp(Ac)<<x>.
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Proof. By Theorem (4.2), as amended in the light of Theorem (4.14) we have

f^O iff
{ï)lim^xixA{Ç, Í+1] = 1 and

(ii) f{l-^(|, f+l]W(rfa < co.
Now the integral in (ii) is equal to

j{l-p{{, t+\]}pA{dO+ ji*Ai, f+l^ö-

The first integral is majorized by J {1 — p.{Ç, £+ l]}p,{dO, which is finite, by Theorem

(4.2), since >p^0. Therefore (ii) is equivalent to

¡pAO f + l]pA{dO = f f P-A°(dy)p,A{dO < oo.

By Fubini's theorem this holds iff

P-A{dOp-Ac{dy) = rà-'.lWW < °°.
J(l,oo)J[u-l,n) J(l.oo)

Therefore if </>^0, (i') and (ii) are equivalent to

J H-A'idr]) = p.{Ac) < oo.

Remark. We can interpret \pA probabilistically in terms of Xtn. If we denote by

AXin the process obtained by stopping Xin whenever it reaches Ac, then *I>A{0

= ¥r({AXin -> oo}. The probabilistic significance for the Xin process of the sets of

finite /x-measure will be discussed in §5.

Theorem (4.3) implies the following corollary which is the analogue of a classical

theorem.

(4.9) Corollary. Let u^O be P-superregular. Then

ux = lim 77(ai0O)« = lim 77(0i0 + 1]h.
a-* oo a-*°o

Ifu=\, we get in particular

(4.10) WO = lim 77(aiO0)l(0 = lim 77(a,a + 1]l(0.
a-» oo a-* oo

Proof. It is clear that the expressions in the middle and on the right coincide.

Because of the Riesz decomposition theorem and Theorem (3.12) it is enough to

prove that for any F-potential v, lim,,^«, Hiaxi)v{0 = 0. We shall first prove that

H(a,°oyV=H(ata+1]v is finite on [0, a]. As in the proof of (3.18) we get

H,atX)v{0 i G{0 [0 a]) f vtoMdn)
J(a,a + 1]

(4.11)
= G(£ [0 a])Pv{a) < oo   for f e [0, a].
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This implies, since PH(a¡xl)v(i) = H(ao0)v($) for f e [0, a], that H(a¡x¡)v is F-regular

on [0, a]. Now we conclude, by Theorem (3.12),

Hla¡a>AO = Hla-1¡alHla-ai)v)(i)   for f < c-1.

This implies

(4.12) #<...)«<£) ̂  4Fi;(a)   for f < a-1,

since by (4.11) and (3.2)

Hto.vAO ^ 4Ft=(a)   for f e (a-1, a].

(4.12) and (4.3) imply the corollary. Theorem (4.3) also implies

(4.13) Theorem. Ifi/i^O and v is a P-potential, then there is a Borel set A^R+,

such that p(A)<oo and \\m(^ œ-itA u(f) = 0.

Proof. We shall prove first that for any e > 0, the set Ae={r¡ ; 77 e R +, 11(77) ä e} has

finite /¿-measure. Let ^={77; 77 e R+ ;Pv{r¡)^.e}aná A"={n; 77 e R+ ; (v—Pv)(r¡)}íe}.

Clearly, AtG>A'm u A"l2.

From Theorem (4.3) we conclude that p(A'e) <oo for any e>0. That also p(A"e)

<oo for any £>0 follows from (4.6) since ep(A"E)^§(0 M) (v—Pv)(r))p(dr¡). We

therefore conclude that p(As) <oo for any e>0. To complete the proof of the

theorem, choose f„f 00 such that p{Axln n (fn, 00)} <j l/«2 and let

¿ = Ü (A,» n (fn, co)}.
71 = 1

Then /iL4)<co and u(f)< 1/n for f e A0 n (fn, 00), i.e. limí_oo;{ííl i>(f)=0.

Remark. In general for a F-potential v, lim?_„o u(f) need not exist. We shall see

in §5, that HAl 1(f) is a F-potential if /x(yii)< 00. Since 7/^1(0=1 for f e^j. and since

lim^o,.^ HAl l(f)=0 for some A such that p(A)<co (by Theorem (4.13)), we see

that limj_m HAll($) does not exist, if Ax is unbounded.

As a consequence of Theorem (4.13) we shall prove:

(4.14) Theorem. 7/0^0, then lim^« 0(f) = 1.

Proof. Since 1—0 is a F-potential, Theorem (4.13) gives the existence of a

Borel set A^R+ such that p(A)<co and lim{^w;{iil (1— 0)(f)=O, i.e.,

lim{^eo.{iA0(f) = l.

We shall see now that in the case of 0 this even implies :

(X) lim 0(f) = 1.
{-co

In order to prove (X), we only have to show: If (X) were not true, i.e., if for some

ae(0, 1) and f„foo, 0(fn)<ia, then for any a' g (a, 1), the set A0={£; f e R+,

0(f) = a'} would have infinite /¿-measure.

This is proved as follows: Since 0(f)<j/x(f, f +1], the assumption 0^0 and

Corollary (3.19) imply lim inf^«,/x(f, f+1]>0.  Let e £ (0, 1) be such that e
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<lim infn-.œ p,{£n-\, Çn] and \¡{\ — ¿)-¿a'la. The first condition implies that, dis-

regarding initial terms,

K61-I» (»] > *•

Moreover, since 0 is right continuous, we may assume that p.{$n} = 0. Therefore we

can define ln e (0, 1) by

ln = mf{l;eèH-{L-l,èn]}.

Now, (1) p{L-k, f»]á«, (2) P-ÍL-L i»}à«. If we let /f0 = !J [f„-t {J, this
union contains infinitely many disjoint intervals [£n — /„, f „] and by (2) we conclude

that p{A'0) = ao.

We shall see now that A'0zA0, i.e., 0(0^ a' for f ey40. Let f0e [£„-/„, f„).

Then we have by the Harnack inequality (3.18) 0(fo)^G(fo, [do, L])<KD- Since

0(fj = aand

G(f0, [ío, £„]) = Î A(fo, [ío, *„]) i Î {Kío, L]}k è i
k=0 fc = 0 *      e

this implies 0(f„) ̂  a/(l -»)á¡ a'-   Q.E.D.

We are now in a position to give the

Proof of Theorem (1.6). (a) Uniqueness: If h is a solution of (1.2) and (1.3),

then h is bounded and ^0. We show first that this implies 0^0: If h^a, then

h=Pnh^Pna=aPn\, hence h^aip; if also /z(fo)>0, then 0<h{£0)^a0(f0), hence

0^0. Now we get by (4.1) h = a<jj and by (4.14) a= 1, hence h = ip.

(b) Existence: by Theorems (4.2) and (4.14).

(4.15) Corollary. 7/0^0, then for any P-superregular function u 3:0 (or

bounded from below), lim{_„o Pu{0 exists and is finite.

(4.16) Corollary. 7/0^0,  íAcn /or any P-superregular function «3:0 (or

bounded from below), there exists a Bor el set A^R+ such that p.{A)< 00 and

lim{_co:iiA u{0 exists and is finite.

(The limits in both corollaries are of course the same for each u.) We also have

a limit theorem for F-regular functions if 0=0.

(4.17) Theorem. Iftp = 0and ifh^O is P-regular, then either h = 0 or liir^-.«, h{0
= 00.

Proof. Suppose, there are f n t °° anQl « > 0 such that h{£n) á a. In the proof of

Corollary (3.19) we derived the formula:

KO â 4Ä(fn)77(?niin + 1]l(0   for í Sí».

By (4.10) we conclude h = 0.   Q.E.D.

5. Martin boundary. In this section we shall assume 0^0 or equivalently (A).

We shall see that the results of the preceding section (characterization of non-

negative F-regular functions, limit theorems for F-superregular functions) can be

put into the framework of a Martin boundary theory.
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We shall start by recalling for classical potential theory the concept of the Martin

boundary [13]: If the open connected set D^Rn has a Green function gD(f, *?)>

(f, 7, e D), fix fo e D and let kD{r¡, f) = jjD(f, r¡)lgD(Ío, v) be the normalized Green

function. The Martin space D of D is roughly speaking the strongest compactifica-

tion of D such that lim„_„o:„eD kD(T), f) exists for t?0 g 8D = Ù — D ; 8D is called the

Martin boundary of D. (For "smooth" regions it coincides with the Euclidean

boundary.) In this sense the following theorem identifies the one-point-compacti-

fication of R+ as the Martin space corresponding to our F-potential theory, and

the set consisting of the Alexandroff point oo as Martin boundary.

(5.1) Theorem. Let 0(fo)>O, and let k(r,, f)=£(f, 7>)/g(f0,77). Then

Proof. We first remark that (3.2) and (3.16) imply

(X) k(v, f) = 4/0(fo)   for f0< 77-I.

Denote now by 5(f) the set of cluster values of £(77, f) as 77 -»■ 00.

Each S(f) contains only finite values. We have to show that 5(f)={0(f)/0(fo)}

for each f. So let a e S($x) and let 7¡n -> 00 be such that limn_„o ̂ (77,,, Çx) = a. The

proof that a = 0(f1)/0(fo) proceeds in the following four steps:

(1) Let C be a countable dense subset of R + . From (5.2) and a diagonal argu-

ment we see that there exists a subsequence {77^} of {r¡n} such that lim,,-,,» k(r¡'n, f)

exists for f e C. We call the limit function a(f) and write from now on {rjn} instead

of {t?;}.

(2) We want to show that limn_co k{r¡n, f) exists (finite) on all R+. From (X)

and the fact that the ^(t,,,, •) are F-regular for f <?,„-1, i.e.,

*0i», 0 = í *0i»> nKd?)   for f < 7?n-1,
J(í,í+i]

it follows that at each f° e R+ the k(r¡n, ■) are uniformly right continuous, dis-

regarding initial values of «. Now let f ° e Cc. Given e > 0, there is a 8 > 0 such that

for sufficiently large « and f e (f °, f ° + 8) :

\k(r,n,t)-k(r,n,e)\  <e.

Thus for f g (f°,f° +8) nC

a(f)-£ ^ lim inf kfa, f°) = lim sup k{^n, f°) ^ a(f) + e.
n-*oo n-»co

Therefore

lim sup û(f) -«á lim inf k(r¡n, f°) ¿ lim sup A:(7?n, f°)
îii°;{eC n->œ n-><x>

= liminfa(f) + e.
ïl{0;ieC

Hence lim,,-.«, k(r)n, f°) and lim^Lio.teC a(f) exist and are equal.
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(3) In order to show that a(f) = limn^„o k{r¡n, 0 (defined now on R+) is F-regular

on R+, we only remark that the £(77,,, •) are F-regular on [0,77,,-1) and that we

can apply the bounded convergence theorem for integrals because of (5.2).

(4) Now we can conclude by Theorem (4.1) that a(f) = a0(f). Since k{r¡, f0)

= 1 implies a(fo) = L we get a{£) = 0(0/0(f 0), and therefore a=a(f1)=0(f1)/0(fo).

Q.E.D.
As we mentioned in the Introduction, in classical potential theory the Martin

boundary of a region D (with Green function!) is closely connected with the

representation of positive harmonic functions on D on one hand and with the

boundary behavior of positive superharmonic functions on the other. The repre-

sentation theorem states that every positive harmonic function is a unique linear

combination of the so-called minimal harmonic functions. The latter ones are in

1-1 correspondence with the Martin boundary points—disregarding a certain

negligible set. The correspondence is given by: 770 -> lim„^„o.„6D kD{-q, •). About

the boundary behavior of positive superharmonic functions the Fatou theorems

give information. One version states that any positive superharmonic function u

on D has finite limits at almost all (with respect to "harmonic measure") boundary

points along their fine neighborhood filters. This is the modern version of the

classical Fatou theorems for positive harmonic and superharmonic functions on a

ball in 7?", where the approach to the boundary is nontangential and radial

respectively.

Now back to our F-potential theory! In view of Theorem (5.1) it is clear that

Theorem (4.1) is the analogue of the classical representation theorem and that we

may consider 0 as the minimal function corresponding to the Martin boundary

point 00.

We shall discuss now the limit theorems of §4 for F-superregular and F-regular

functions in the light of the Fatou theorems of classical potential theory.

We shall start with Corollary (4.16). We remark that the neighborhood

filter of 00 in the topology of the Martin space is the ordinary filter of " f -> 00."

We shall introduce now a filter F°°, called the fine neighborhood filter of 00, which

plays the same role for our Martin boundary point 00, as the corresponding filters

in classical potential theory. We start with the following theorem, the first part of

which is an analogue of a classical theorem.

(5.2) Theorem. For any Bor el set A^R + , either HA>p is a P-potential or Hai/i = 0.

The first case occurs iff p.{A)<co.

Since 1-0 is a F-potential, 77A(l-0) is a F-potential; therefore (77A1 —77,40) *

=0, i.e., (77A1)W=(77A0)OT. Hence we can write Theorem (5.2) in the equivalent

form:

(5.2') Theorem. For any Borel set AçR+, either (7Fill)"=0 or =0. The first

case occurs iff p,{A)< 00.
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Proof of Theorem (5.2'). We shall prove first that p(A)«x> implies (HJ^^O.

We have HA\(Ç) ¿ G(f, A), which implies that PnHM) = F„G(f, A) = ££,. F,(f, A).
Since p(A) <co, we conclude by (3.9) that

Gif, A) = J ¿\(£ ^) < °°   for f g A+.
Jc = 0

We therefore get (/7Al)0O = limn-co PnHAl = 0.

If on the other hand p(A)=co, we shall prove that (7/Al)°°=0. By (2.4) and (4.1)

we get HAl=a>p+v, where v is a F-potential. By (4.13) and (4.14) there is a Borel

set B such that p(B) <co and lim?-. «,;«£, //Al(f) = a. Since ATjll(f) = 1 for f g A and

iiLO = a>, we get « = 1, therefore (/íj41)oo=e0.   Q.E.D.

If we now define a set A £ F+ to be thin at oo if p*(A) < co (it* = outer extension

of p), then by Theorem (5.2) a Borel set A is thin at co iff HA\¡¡ is a F-potential in

analogy to a classical theorem. If we define as in the classical case the filter F00 on

R+ as the class of complements of the sets which are thin at co, this filter converges

to co and Corollary (4.16) can be restated in the following equivalent form:

(5.3) Theorem. Ifu^Ois P-superregular, then lim,» u exists and is finite.

In view of Theorem (5.1) Theorem (5.3) is the analogue of the Fatou fine limit

theorem in classical potential theory. The equivalent form (4.16) has also its

counterpart there.

The equivalence of Theorem (5.3) and Corollary (4.16) follows as in the classical

case from the following theorem, which has its counterpart in classical potential

theory, too, and discusses the relations between "fine limit" concepts at co and

Martin limit concepts ( = ordinary limit concepts as f —> oo).

(5.4) Theorem. Let A^R+ be such that p*(A) = oo and let g be an extended

real-valued function defined on A. Then

(a) There exists a set B^ A such that p*(B)<co and

lim sup g =   lim sup  g(f).
F" nA (-mo;(eA-B

(b) If c is any fine cluster value of g at oo (i.e., a cluster value of g with respect to

F°° n A), there exists a set A0^A with p*(A0) = co such that \im^x.iteAo g(f) exists

and is equal to c.

(It will be clear from the proof that the statements under (a) and (b) will remain

true if we replace the sets A, B, A0 by Borel sets A, B, A0 for which p(A) = oo,

p(B)<oo, p(A0) = cc and if we make for (b) the additional assumption that g be

Borel measurable.)

Proof of Theorem (5.4). The proof is along the lines of the one in [2] for the

classical case. It is of course simpler because of the simple structure of thin sets.

(a) Let a = lim supF» nA g. Since Fœn^^-oo, we clearly have that

aálim supí_00;í6Ag(f). It is therefore sufficient to assume a<oo. If for e>0,
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we let Bs={0, £ e A,g{0><* + e}, then p*{Be)<oo. Choose fBfoo such that

P-*{Blln n (f,, oo)} < 1/n2 and let 5=(Jn°=i ÍA,n n (&, oo)}. Then we have p,*{B) < oo,

and alsog(£)^a+l/n for i e(/l-7i) n (£„, oo), hence limsuPi-.M:i6i4_Bg(f)ga.

The reversed inequality is obvious. (We recall that in the proof of Theorem

(4.13) we actually showed that for a F-potential v, lim^» v=0, and concluded as

above the existence of B such that p.{B) <oo and lim{-,00;{eB° i>(i)=0.)

(b) We assume — oo<c< +oo. (The changes in the proof required for c= + oo

will be obvious.) By definition, c is a cluster value of g with respect to F" n /I if

^ n g!?)
or equivalently if for any e > 0 and for any Ä e F™ r\ A (i.e., for any set ^4' such that

A'^A and /x*(4-,4')<oo)

(X) {í;íe^',c-e<g(a<c + e}^ 0.

If for £>0, we let Ae = {0, £ e A, c-e<g{0<c + e} then p.*{Ae) = oo because if we

had /x*(/Q<oo, (X) would imply a contradiction for A' = A — Ae. Now let ^=0

and if |„ is already chosen, choose £n +1 > in such that p.*{A 1/n n (£n, in+J} 3:1 (this

implies |n -* oo) and let /40 = US°=i {^i/n n (in, in+i]}- Then p.*{A0) = co, and also

\g{0~c\ < 1/« for i s A0 n (in, oo), hence lim^«^,,,, g{0 exists and is equal to c.

In the formulation of (5.3) we have recognized Corollary (4.16) as a Fatou fine

limit theorem. We point out that Theorem (4.14) is the analogue of the classical

nontangential limit theorem for positive harmonic functions on a ball in Rn.

"Nontangential" approach to oo is in our case the same as approach to oo in the

Martin topology, i.e., unrestricted approach to oo, since oo is the only Martin

boundary point. Theorem (4.14) was derived in §4 from the corresponding fine limit

theorem, i.e., limi.» 0=1 (or equivalently: there exists B such that p.{B)<oo and

lim?_cc.ÍÍB (1 —0)(i)=O), and the analogue of the classical Harnack inequality.

For the classical theorem the corresponding derivation was given in [3]. We have

no counterpart to the classical radial limit theorem for positive superharmonic

functions on a ball in 7?". Corollary (4.15) is the counterpart of a theorem by

Tolsted [18], which states the existence of nontangential limits at almost all

boundary points for certain averages of a positive superharmonic function on a

ball in 7?".

Just as in the classical case the Fatou fine limit Theorem (5.3) has also a proba-

bilistic interpretation. As we mentioned in §2 the process {A^n, «3:0} with state

space R+ u {p}, stochastic transition function F' (=stochastic extension of F) and

starting point i, plays in our potential theory the same role as Brownian motion

in classical potential theory.

We mentioned in §2 that the supermartingale convergence theorem implies the

following theorem :

(5.5) Theorem. If u3:0 is P-superregular, then for all ÇeR+, lutin-.,» u'{X(n)

exists and is finite Pr4-a.e.
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We shall prove below the much stronger Theorem (5.8), in which we actually

identify the limit. It is clear that for this purpose we may restrict our attention to

paths converging to oo, because if £4 < oo, then u'(X(n) = 0 except for finitely many «.

We turn now to the probabilistic characterization of Borel sets which are thin

at oo. The characterization is actually given by (5.2'), which reads in probabilistic

notation :

(5.6) 0-1 -law. For any Borel set A^R + , Pr¿X(neA /'.<?.} = 0 or =0. The first

case occurs iff p(A)<co (i.e., A is thin at oo).

This 0-1-law leads to the following

(5.7) Theorem. Let g be an extended real-valued Borel function on R + . Then for

all   $eR + ,   limsupn-,„„ g(Xin) = lim supf« gPv(-a.e.   on   A(,   where   Aí={coí;

^ín(">{) -+ °0}.

Proof. We shall use Theorem (5.4) as modified for measurable A and g.

Let a = lim supf» g. By Theorem (5.4) (a) there exists a Borel set B such that

p,(B)<oo and lim sup(-.x:ttBg(0 = a. By (5.6) we conclude that Pr({X(n e B i.o.}

= 0; this implies that lim supn_„o g(Xin)^a Pr{-a.e. on A{. On the other hand,

since a is a fine cluster value of g at oo, we know by Theorem (5.4) (b) that there

exists a Borel set A0 such that p(A0) = oo and limî-00:{6j4o g(f) = a. By (5.6) we con-

clude that Pr{{Ar{n6/4oi.o.} = 0(f), i.e., {X(n e A0 i.o.} = Af Pr{-a.e.; this implies

that lim supn-co g(X(n)^a Prra.e. on A{.

Remark. Theorem (5.7) says—apart from the identification of the limit—that

for all f g R + , lim sup,,-«, g(Xin) is a constant Prra.e. on A{ and that this constant,

defined for all f g R+ such that 0(f) > 0, is independent of f. This is a special

situation of a 0-1-law which appears formally stronger than (5.6) and which we

shall give in §6.

Theorem (5.7) allows us to give a probabilistic version of Theorem (5.3):

(5.8) Theorem. If wäO is P-superregular and lim^» u = a, then for all f g R + ,

lim^oo u(X(n) = a, Prt-a.e. on Af.

We see that—and in this aspect the classical case is different—we need not con-

sider the process, "conditioned to go to oo," for the probabilistic interpretation of

thin sets and fine limit concepts, since the Pr^measure of the set of A^-paths,

which converge to our only Martin boundary point oo, equals 0(f) and we assumed

0^0. If 0^0 we actually know from §3, that the set of positivity of 0, which we

shall denote by /, is an interval (a, oo) or [a, co) where ae R+. For f g / we could of

course define a process X™n—in analogy to the classical case—on some probability

space (Qf, 9If, Pr") with state space /, starting point f and transition function

p™(è,dè') = W;p(t>d?).
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(We distinguish all symbols referring to this process by a superscript " oo.") Since

F™ is stochastic, we have for the life-time £f =00 Prf-a.e. Since

G-{0 A) = J Pr|° {X?n e A} = £ ^ G{0 #')

is finite for bounded y4, we have

lim X& = 00   Pr{°°-a.e.
n-* 00

Now we can modify (5.6) to the following complete analogue of the classical case:

(5.6') 0-l-law. For any Bor el set A^R +, we have on I

Vr({X& e A i.o.} = 0   or    =\.

The first case occurs iff p,{A) < 00 (i.e., A is thin at 00).

Proof. We have F„oo774ool(i)=F„77^0(Í)/0(Í) for i g 7, which implies together

with Theorem (5.2) that lining œ P^HA l{0 = 0 or = 1 on 7 according to whether

p,{A) < 00 or not.   Q.E.D.

We can modify (5.8) in complete analogy of the classical case to:

(5.8') Theorem. If w = 0 is P-superregular and \\mF<» u = a, then for i e 7,

lim»..» «(*£)=«, Prf-A«.

6. Supplements. (1) Existence of lim„^x g{$,r¡). Under certain conditions we

can replace the assertion in Theorem (5.1) by a stronger one.

(6.1) Theorem. Let p.x be the measure obtained from p. through translation by 1,

i.e., for any Borel set A^R + , px{A) = p.{A + 1). 7/lim,^«, ¡p-p.^, 77+ 1]=0, then

lirn,,^«, g(i, 77) exists for i e R + .

Proof. We have G{0 A) = jAg{£, y'h{dy') + Xa{0, for any Borel set A. If we let

A = fr — 1, 77) in this formula, we get

(6.2) g(Ly)=\       g{Oy'Mdy')+x«,t+iÁy)-

The existence of lim,,..» g(i, 77) for i e 7?+ follows now from a theorem in [16], the

version of which in our context asserts the existence of lim„^„o h{r¡) for any bounded

function h which satisfies Ky) = $u-itV->Ky')p-(dy') for y>A, under the condition

lim,.,«, \p--p-i\{y, 77 +1]=0.

(6.3) Remark. If p.{dO = K{0 d{ and Tía 1, the condition that

lim l^-^Ki, i+l]=0

is satisfied if J0°° {1 -K{0) d£<co because

IM-Miltf. é+l] = f*1 \K{£'+l)-K{Ç')\ d? Ú ji+2{l-K{Ç')}d?.

By (4.7) the condition J™ {1 -K{0} ¿£<oo is equivalent to 0^0.
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(6.4) Remark. In the nondefective case /¿(f, f+l] = l, p is determined by its

values in one interval (f, f+1], and we have p=p.x. In this case the condition of

Theorem (6.1) is trivially satisfied.

As for the identification of the limit in Theorem (6.1) we shall prove

(6.5) Theorem. If for some f 0 g A + , 0(fo)>O and lim,^«, g(f0,77) exists, then

a = limi-e0 Jtt(t+1] p{r¡}p(dri) exists and lim,-«, g(f, 77) = 20(f)/( 1 + a) for all f g R +.

Proof. Under the assumptions it is clear from Theorem (5.1) that lim,^«, g(f, 77)

exists for all f g R+ and is equal to a-0(f). In order to identify a we apply formula

(2.6) to ^ = (77,77+ 1] and get:

/WulOi) = j{H(„,„ + x:l-PH(ri,v + xMv')G(t,dr,').

Since

{//(„ + 1]l-Ptf(M + 1]l}(7?') = 0   for n't (77, ?7 + l],

= l-MV'T + l]   for 77'g (77,77 + I],

we get for f ^ 77

HÍm+uKO- Í {1-MV, */+ !]}£(£,'? WV).
•J(i?,n+1]

Together with lim,..«, g(f, r¡) = aip(0, this implies that for any e>0, there is an 77,,

such that for 77 > r¡e

a0(f) .i(v)-e ^ ¿/<„,,+1]i(f) ú aKOI(v)+:
where

i(v)= f       {l-MV.i+iM^')-
J(U,7I + 1]

Since by (4.10) lim,..«, Af~(,, + 1]l(f) = 0(f), we conclude that

(6.6) Urn /(,) = -■
,— 00 u

We have:

(1) lim,-«, J(„n+1] p(dr¡') = 1

and we shall prove below that

(2) k,+uMV, ^+iH^')=ii(K'?^ + i])2-.f(,.,+11 MhVW)}-
Then the existence of lim,-«, 7(77) and (1) imply the existence of

hm,_«, p,(r)',r) + l]p(dr)'),
J(«,H+1]

which together with (1) and (2) implies the existence of lim,-«, j(,_, + 1] p{n'}p(d-n').

Moreover we get:

lim„_ m I(r>)=U 1 + lim,- «, p{n'}p(dr)') \.
i J(n,i? + l) )
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We still have to show (2), which is done by applying Fubini's theorem :

p.{y, y+\]p.{dr¡') = p{dr¡")p.{dr¡')
J(n,n + l] J(7?,n + l] ./(n'.Ti + l]

Kdy'Mdy")
J(n,n +1] J(n,n")

= M*/> y')p-{dy),
J(n,u + i]

which implies (2).

(2) 0-l-law. Let {Fn, «3:0} be a sequence of measurable functions from a

measurable space (Í21; 5lj) into a measurable space (Q2, 9t2). Let 23(Fn, T„+1,...)

denote the smallest sub-a-field of 9t1; with respect to which the functions Yn,

Fn + i--. are measurable. The 93(Fn, Tn + i,...) form a nonincreasing sequence and

its limit »„(To, Tj, ...) = f)n=o^{Yn, Yn + 1,...) is called the tail-field of the

sequence {Yn, «3:0}. A set in 93„o(F0> Yx,...) is called a tail set of {Yn, «3:0}, an

extended real-valued function on Oj which is 93M(y0> Fi,... )-measurable, a tail

function of {Yn, n 3:0}.

Now let il2 = R+ u {p} and 9t2 = Borel field of R+ u {p}; let (Ql5 9ix) be the

corresponding sequence space, i.e., Qj = í2^, 9í1 = 9l2n where F={0, 1,2,...}; then

for «3:0 the functions Xn: Q1 -> Q2, defined by: Xn{co)=nth coordinate of w, for

oj e Qj, are measurable. Now any tail function / of {Xn, «3:0} determines for each

i e 7?+ u {p} a tail function/ of {Xtn, «3:0} by

ft(w() = f(Xio(">(\ Xai^tX • ■ ■)   for o»{ e Í2?,

and any tail set B of {Xn, «3:0} determines for each i e 7?+ u {p} a tail set B( of

{Xin,n^Q)by

Xb({u() = (xb)í(^?)   for o( e Q.(.

E.g., for the tail set A = {co; Xn{a>) ->oo} of {Xn, «3:0}, .we get the tail set A{

= {a.t; XWÙ -* <*>} of {*{n, «3:0}.

(6.7) 0-l-law. Let B be a tail set of{Xn, « 3:0}. Then either (1) or (2) is true:

(1) A^Bj, Prra.«., i.e., Pr4{*4 n AJ = 0(i)/or $eR + ,

(2) A{ n 7i? = 0, Prra.e., i.e., Pr?{7i? n AJ = 0/or £ e 7? + .

Proof. For i e Fv+ u {p}, let A(i) = Pr{{B4 n AJ. Since F'(-, ^) is measurable for

each y4 in the Borel field of R+ u {p}, « is measurable. From

h{Xin) = f>rXln{BXin n AZ{1I} = Pr^ n Aí | A^}

= pri{7i?n A, | *í0, *„,...,*<„},

we get by Levy's Theorem on successive conditional probabilities

(6.8) lim h{Xin{cot)) = Xs^a{(">{),   Prra.e.
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By the 0-1-law (5.6) we know:

(6.9) PrJ"^; lim h(Xtn("ù) = il = 0   or    =0(f).
L n-co J

(6.8) and (6.9) prove the 0-1-law (6.7).

(6.10) Corollary. Letf be a tail function of{Xn, «SO}. Then for f g A+,/? is a

constant on At, Pr(-a.e. Moreover, this constant, defined for all i for which 0(f) >0,

is independent of f.

Proof. Let A be any Borel set of the extended real line. Applying (6.7) to the

tail set B={w;f(w) e A} of {A',, «^0} we get that either (1') or (2') is true:

(10 A,£K;/(«>,) g A}, Pr4-a.e. for f g R\

(2') A* çfo ;/<(«?<) g A% Prra.e. for f g R + .
This proves the corollary.

(3) The nondefective case /¿(f, f+l]=l and random walk. In the nondefective

case /i(f, f + 1]= 1 (i.e., if F is stochastic or equivalently if 0= 1) we have a Markov

process on R+ with transition function F and starting point f eR + . For this

process X(n<X(¡n + 1 Pr?-a.e. Such processes are sometimes called "positive

processes." A "positive process" with state space X={0, 1, 2,...} is the following

"random walk" Zin:

Let Yx be a random variable, taking values 1, 2, 3,... with probability p(j) > 0,

such that FF1<oo. Let P*(i,j)=p(j— i); thenF* is a stochastic transition function

on X. We shall distinguish all symbols referring to this transition function by "*".

Let {Zin, n^0} be the Markov process with starting point i and transition function

F*. Clearly for « ä 1 :

(6.11) Zin = i+Yx+Y2+--- + Yn,

where the Yt are independent random variables with the same distribution as Y%.

The process {Z¡„} is a special case of a class of Markov processes, the so-called

random walks. Their potential theory is discussed in [8], [17].

We shall point out now that the probabilistic structures of the processes

{Xin, «>0} and {Z¡„ «^0} and equivalently the structures of the corresponding

potential theories are very similar.

(a) Potential theory. By Remark (6.4) and Theorem (6.5) we have

(6.12) lim g(f,7)) = 2/(1+ f      p{V}p(dv)l
l-"00 /   \ J(0.1] /

This is the analogue of the renewal theorem (see e.g., [17]) for the Zin process:

(6.13) lim g*(i,j) = -L.
j— 00 IL I x

(6.12) and (6.13) imply that lim„_«, £(77, f)=l and lim;-«, k*(j, i*) = l. Therefore

in both cases the one-point-compactification of the state space can be considered
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as Martin space and the Alexandroff point oo as Martin boundary point. In both

cases the nonnegative regular functions are the nonnegative constants, i.e., 1 can

be considered as minimal function, corresponding to the boundary point oo.

From the renewal theorem (6.13) one can easily deduce that for a F*-potential v

(6.14) lim v{i) = 0.
¿-♦00

This is the analogue of Theorem (4.13), because by a result from [17] for the

F*-potential theory the finite sets play the role of the sets of finite ^-measure in

the F-potential theory, i.e., they are the transient sets as well as the sets which are

thin at oo.

Remark. In [17], a set A is defined to be transient if

(X) 77Al(i) < 1    for some i e 3£.

Since (X) is true iff (77Al)co(i) = 0, this definition is superficially closer to our

definition of sets which are thin at oo.

(b) Probability theory. (1) In our present case we can reformulate the 0-1-law

(6.7), which we derived for the ^„-process, to

(6.7') O-l-law. For any tail set B, either Pr{(Ä4) = 1 or =0.

The corresponding 0-1-law is true for the process {Zin, «3:0}.

The fact that for fixed i, Prf (Z?¡) = 1 or =0 follows from a theorem by Hewitt and

Savage [10]. The fact that the value of Prf (5¡) is independent of i follows easily as

in the case we discussed.

(2) The statement that thin sets and transient sets coincide for the processes

Xin and Zin, is another way of saying that the Borel-Cantelli Lemma holds for the

events {X(n e A} and {Zin e A}.

(3) Whereas (6.11) represents Zin as the sum of the first « elements of a sequence

of independent, identically distributed (disregarding the first term) random

variables, we show now that one can represent X(n as the sum of the first « elements

of a sequence of random variables, which have the same distribution (except for

the first one) and two of which are independent if there is at least one between

them. This is a consequence of p = pi (Remark (6.4)) and can be seen as follows:

We may assume i = 0. Then

(6.15) X0n = X01 + {X02- X01)-\-h{X0n-X0¡n^1).

Now if we let 8{ = X0i-[X0l], where [a] = n if «<a^«+l, then the 8¡ are inde-

pendent random variables taking values in (0, 1] and having as common distri-

bution the restriction of p. to (0, 1 ]. Moreover,

^o.t + i— ^o¡ = 9i + 1 — 9i   if 0¡ < 6i + 1,

= l+{8i + 1-8i)   if 9, >: 0i + 1.

This implies that the summands in (6.15) (except for the first one) have the same

distribution and that any two of them are independent, if there is at least one

between them.
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(4) To complete the analogy between (6.12) and (6.13) we shall prove now

(6.16) E(X(2 - X(X) = Ú 1 + f     p{r,}p(dv)X-
K J(0,U J

Let us assume again f=0. Then

e{x02-x0X\x0X}= ¡ (e-XoMdO;
J(X01,X01 +1]

hence

E(X02-X0X) = f      p(dv) f (f-TjK^f)
J(0,1] Joi.n + l]

-  f       (f f^f)),^)-   f       77^7,).
J(0,i] \J(n,n + i] / J(0,i]

The first integral is, by Fubini's theorem,

f    fM0,fM^)+ Í    iM-UiWdO
Jio.v Ja,2)

= f    M0,OKd0+{    (f'+iHfMM^')
Jw.u Ji.0,1]

=   f        f/x(c/f)+   f        /x[f, lH^f).
J(0,1) J<0,1]

Therefore F(A'02- X0X) = $i0X] /x[f, l]/¿(df). By Fubini's theorem this is equal to

ho.urW'SHdO and therefore equal to i{l+J,(0.1j/*{£M¿í)}- (6.15) and (6.16)

imply the strong law of large numbers:

(6.17) X(Jn^iíl+ f      MfM^)),    Prra.e.,
I J(0,1] J

which sharpens our previous result X(n -*■ oo, Prra.e.

7. The dual problem. The so-called dual problem is concerned with the study

of F-regular and F-superregular measures. Let X be a topological space, 91 its Borel

field and F a substochastic transition function on (X, 91). A measure v on 91 is

called F-regular if

(1) v(A) is finite for compact A,

(2) vP(A) = v(A) fox A e%

where vP(A) = \P(£, A)v(d$).

v is called F-superregular if (1) holds and also

(2') vP(A)^v(A) fox As %.

For the Green function G we have: For fixed f g X, G(f, •) always satisfies (2')

and is hence a F-superregular measure if G(f, A)<ao for compact A.

In this section we shall assume that p is a measure on the Borel sets of R, the real

line, rather than of R* ; let F denote the transition function on (A, 9IS) defined by

P(t,A) = p{(£,{+[]nA},       f g A,/I g 91*.
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It is clear immediately that any F-regular measure v is absolutely continuous with

respect to p., i.e., that p.{A) = 0 implies v{A) = 0. Now let/be the density with respect

to p. of a F-regular measure v. Then we get, by applying Fubini's theorem,

Í       f(y)p-(dy) = f{0,      M-a.e.
Jii-i.a

If we denote by ß the transition function on {R, 9ÍB) defined by

Q{OA) = p{[£-l,O^A},       ÇeR,AeKR,

then v[£— 1, i)=ô/(£) is a ß-regular density of v with respect to p., and in fact

is the only such density since two ß-regular functions coincide, if they coincide

/x-a.e. Conversely if/3:0 is ß-regular, then the measure v{A) = lAf{rj)p.{drj) is

F-regular. We therefore have a 1-1 correspondence between F-regular measures

and nonnegative ß-regular functions. We get: If lim sup^.o, p.[i— 1, i)>0 and

i(-oo o){l~P-[£~l> £)M^£)<0°) there is a nontrivial (i.e., ^0) F-regular measure

and all F-regular measures are proportional.

If p{—oo, 0) = 0, then all nonnegative ß-regular functions are =0; hence the only

F-regular measure is the trivial measure. This implies that in the potential theory

on R+, which we considered in the preceding sections, the only F-regular measure

is the trivial measure.

In the same way as in the regular case we get a 1-1 correspondence between the

F-superregular measures, which are absolutely continuous with respect to p. and

the nonnegative ß-superregular functions ; the latter ones are densities of the former

ones. E.g., in the case of the F-superregular measure G{0 ■), its density g(i, ■) is

ß-superregular, as we see also immediately from (6.2).

We conclude with the remark that ß can be interpreted probabilistically as

transition function of the "reversed process."
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