POTENTIAL THEORETIC ANALYSIS OF
A CERTAIN INTEGRAL EQUATION

BY
GUNNAR A. BROSAMLER

1. Introduction and summary. Our starting point is the following
ProBLEM (D). Given a measure x on the Borel sets of R*, the nonnegative real
line, such that

(L) (H) pé E+11= 1, £eR*,

find a real-valued measurable function A on R* which satisfies:

(12) h(#) = f( .., B,
(1.3) lim h(§) = 1.

Such functions play a role in the theory of slowing down of neutrons [15].
The problem was solved by Slater and Wilf [16] under the following very
restrictive assumptions on p:

(1.4) (H) mdéd) = K(§) dé, 0<K(¢) =1, K& 1, }gg K(¢)=1.
Let 4 on R* be defined by successive approximation:

(1.5 $(&) = ¥ lim §n(§)

where o(§)=1 and ¢, . ,(§)= f @.z+11 Ya(mu(dn). Slater and Wilf prove

(1.6") THEOREM. Under the hypothesis (1.4)
(a) any function h which is a solution of (1.2) and (1.3) is necessarily equal to
(uniqueness);

(b) ¢ is a solution of (1.2) and (1.3) iff $#£0; Yy £0 iff
(A) j " 1=Ky} dt < .
o

For the proof of this theorem in [16] the monotoneity assumption on X is crucial:
Under this hypothesis it is easy to see that ¢ is monotone, which is not true in the
general case. Also, if u(dé)=K(¢)dé, ¢ is absolutely continuous, whereas in
general we only know that a real-valued function satisfying (1.2) is right-continuous
and has limits from the left.
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To solve Problem (D) in general, in particular to get rid of the unnatural mono-
toneity assumption imposed on K by Slater and Wilf, a different method is needed.
The natural approach is the potential theoretic-probabilistic approach which is
suggested by the following observation:

There is a formal analogy on one hand between the solutions of (1.2) and
the harmonic functions on some open connected set D< R", as studied in classical
potential theory, on the other hand between the solutions of (1.2) and martingales,
as studied in probability theory. In all three cases the functions in question are
required to satisfy certain average conditions.

From the potential theoretic point of view Problem (D) appears as an analogue
of the classical Dirichlet problem. Indeed it can be put into the framework of a
potential theory associated with the following substochastic transition function P
on R*:

.7 P(§, A) = p{(§, E+1]1 N 4}

for £ € R*, A a Borel set of R*. Potential theories associated with substochastic
transition functions P on some measurable space (X, %) were studied e.g., in [6] as
generalizations of classical potential theory. They are concerned with the study of
P-regular and P-superregular functions which appear as the analogues of harmonic
and superharmonic functions. We recall the following definitions from [6]:

An extended real-valued measurable function u on ¥ is called P-superregular if

(1) —o<u=o0,

(2) for nz 1, Pou(¢)=[ u(n)P(¢, dn) is finite on X and Pu<u. Here

PosiE, A) = f Pu(n, AP, dn)
- f PGy, APE, di).

If u is bounded from below, (2) reduces to

(2") Pu<oo, Pusu.
We call & on X P-regular if # and —h are P-superregular; i.e., if

(1) —o<h<oo,

(2) Ph=nh.
If P is given by (1.7), then Pu(§)=j({, e+ 1) 4(nu(dn), and we see that the P-regular
functions are just the real-valued solutions of (1.2) and that an extended real-valued
function ¥ on R*, bounded from below is P-superregular iff

(1.2) f( ., uuldn) S u(®) and f( . ) < co.

In view of Problem (D) one is particularly interested in the class of P-regular
functions (then Theorem (2.3) gives the class of P-superregular functions, bounded
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from below) and the behavior at oo of P-superregular functions. In classical
potential theory the corresponding problems are closely connected with the con-
cept of Martin boundary. In [6] a boundary theory is given for discrete ¥, which
is of course not applicable in our case where X=R™ ; even in the discrete case there
are only few examples where the Martin boundary has actually been identified. It
is the purpose of this paper to give a complete potential theoretic analysis of (1.2)
and (1.2'), i.e., a complete development of the potential theory associated with P
defined by (1.7). Much of this work is of course not necessary to solve the original
Problem (D); however our various approaches have independent interest since we
present one of the very few fully worked out examples of probabilistic potential
theory.

Our main results can be described as follows:

() ¢ £0iff

() limsupu(é, €+1]> 0 and f {1—pE, £+ 1Duldf) < o0

(Theorem (4.2)).

(2) Assume ¢#0. Then we can introduce a Martin boundary, which will turn
out to be trivial, i.e., the point co of the one-point-compactification of R* (Theorem
(5.1)). In analogy to the representation theorem for positive harmonic functions
we shall prove that every P-regular function which is bounded from below or above,
is proportional to ¢ (Theorem (4.1)). In analogy to the Fatou theorems for positive
harmonic and superharmonic functions we shall prove that lim,., $(£)=1
(Theorem (4.14)) and that for any P-superregular function u, which is bounded
from below, there exists a Borel set A4 of finite u-measure such that lim;_, . ¢, 4(§)
exists and is finite (Corollary (4.16)). This latter theorem will be interpreted as
“fine” limit theorem after establishing that the Borel sets which are “thin at o0
are just the sets of finite u-measure.

(3) In §7 we shall study the dual problem (i.e., the problem of P-regular and
P-superregular measures).

Our results will imply immediately the solution of Problem (D) in the general
case. Without any other condition on p but (H) we will get

(1.6) THEOREM. (a) Any function h on R* satisfying (1.2) and (1.3) is necessarily
equal to .
(b) ¢ satisfies (1.2) and (1.3) iff $#0; 20 iff (A) holds.

Our proofs will be potential theoretic, using heavily the concepts of Green func-
tion and reduced function. Where possible we shall give probabilistic interpreta-
tions in terms of the Markov process connected with the substochastic transition
function P.

ACKNOWLEDGEMENT. The results of this paper were submitted in a thesis in
partial fulfillment of the requirements for the Ph.D. degree in Mathematics at the
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University of Illinois. The thesis was written under the direction of Professor J. L.
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2. Concepts and results from [6].
1. Reduced function. Let A € %; for no € X, B A let

(2.1a) H(no, B) = > H{(no, B)
k=0

with

(2.1b) H{(no, B) = Xa8(10)s

HP(00, B) = xz- o) j Plao, dny)- -
2.1¢) -

o f P(’?k—za d"?k—l)J‘ P(’]k—l, d"?k) (k 2 l).
-4 AB

It is clear that H{® and H, are substochastic transition functions and that for each
10 € X, H{(no, -) and H ,(n,, -) concentrate their total measure on A.
If u=0 is P-superregular it can be proved that

He®) = [, dn) = 3 [unHP(E, i),

called the reduced function of u with respect to 4, is the infimum of the nonnegative
P-superregular functions which majorize u on A. H u has the following properties:

(1) on X: H,u is P-superregular, Hu<u,

(2) on 4: Hyu=u,

(3) on X—A4: Hu=PH u (£00).

We point out that the preceding definition is quite in analogy to the one in
classical potential theory: If #>0 is superharmonic on D< R", then the infimum
v of all superharmonic functions which majorize u on 4< D need not be super-
harmonic since it need not be lower semicontinuous. The reduced function of u
with respect to 4, H,u, is defined as a certain smoothed version of v. It satisfies
(1) and, except on a “small’" set (2) and

(3") H 4u is harmonic in the interior of D—A.

2. Green function. The Green function associated with P is defined by:

@2) G d) = > Pt A),  Ec¥ Aed,

where Po(¢, A)=yx4(¢).

We remark that G is the analogue of the Green function in classical potential
theory.

3. Potentials. Let f20; we call

61 = [1eGee, ) = i [revpuie, an
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the P-potential of f if Gf is P-superregular or equivalently if PGf < co. (This defini-
tion differs slightly from the one in [6], where for any f20, Gf is called its P-
potential.)

4. Riesz decomposition. We have

(2.3) THEOREM. Every P-superregular function u, bounded from below, can be
represented as

2.4) u = u*+G(u—Pu)
where u® = | lim P,u is P-regular and in fact the greatest P-regular minorant of u.

This theorem represents u as the sum of a P-regular function and a P-potential
and corresponds in classical potential theory to the Riesz representation of a
positive superharmonic function as a harmonic function plus the potential of a
positive mass distribution.

Clearly, a positive P-superregular function #, bounded from below, is a P-poten-
tial iff u* =0.

For later use we shall write down two special cases of (2.4):

2.5) 1 = lim P,1+G(1—Pl),
(2.6) H,l = lim P,H,l+G(H,1 —PH,l).

If P is given by (1.7), then clearly ¢, defined by (1.5), is the greatest P-regular
minorant of 1, i.e.,
2.7 ¢y = lim P,l.

n—+ o

We want to conclude this section with some remarks about the probabilistic
side.

Given a substochastic transition function P on (%, %), one can construct a
Markov process which plays the same role in the corresponding potential theory
as Brownian motion does in classical potential theory: Let X¥'=2% U {p}, where p
is an adjoined element (‘““death state’’), let A’ consist of the sets of % and their
unions with {p}; we extend P to a stochastic transition function P’ by setting

P'(§,{p) = 1-P(£, %), (€¥,
P'(p,{p}) = 1.

Then, as is well known [12], for each £ e X (¥’), there is a Markov process
{Xe, n20} on a probability space (Q;, Us, Pr;) with state space X', stationary
transition function P’ and starting point ¢, i.e.,

(1) Pr{Xsns1 €A | Xsn} = P'(Xsp, A), Prrae., A€,

(2) Pr{X;o=¢£=1.
Clearly Pr{X,,€ A}=P,(¢, A) for £€ X, AeU. We shall call the random
variable , =sup{n; X;, € X} on (Q;, %,, Pr,) the life-time of the process { X,, n=0}.

2.8)
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For any extended real-valued function f on X we denote by f” its extension to
X’ by f'(p)=0. Now if u is P-superregular (P-regular), then for any ¢ € %, {t'(X.,),
n=0} is a supermartingale (martingale) with the parameter value 0 excluded in the
first case if u(£)=o00. (This is the analogue of a theorem about Brownian motion
and superharmonic functions.) The supermartingale convergence theorem states:

If for a supermartingale {Y,, n=0}, sup, E|Y,| <oo, then lim,_, , Y, exists and is
finite a.e.

Therefore if u is P-superregular and bounded from below, then lim,_, o #'(X;,)
exists and is finite Pr,-a.e.

In the special case when P’ corresponds to P of (1.7) we get for the corresponding
process with state space R* U {p}

Xen < Xene1 O Xgpyy = p, Pr.-a.e.,
we shall see in §3 that
Xen—>00 oOr p, Prs-a.e.
This and (2.7) imply
29 (&) = Pre{Xen — 0},

since P,1 =Pr{X;, € R*}=Pr{l, = n}. (2.9) explains probabilistically why we shall
restrict ourselves to the case $#0 when studying the Martin boundary.
P of (1.7) is stochastic iff u(¢, é+1]=1 (or equivalently $=1). In this case

X{n < X£n+1’ ch —> 0, Prg'a.e.

In §6 we shall study the relation between this process and a certain random walk.
We shall give now the probabilistic interpretation of some of the concepts given
above in terms of the corresponding X,, process. We get

@ H{(§, B) = Pre{rys = k, Xy € B,
Hy(§, B) = Pre{Xy,,, € B, 74 < 0},
where
Ta=min{n 20, X;,ed} if{n 20, X;,eAd} # o,
= oo otherwise
is the first time X, meets A4.
H,1(€) = Pry{rsy < 0} = Pr{X,, € A for some n = 0},
(H41)®(€) = Pr{ X, € 4 1.0},
G(H, 1 —PH 1)(€) = Pr{X,, € A a finite strictly positive number of times},
(H 1 —PH,1)(§) =0 if £¢ 4,
=Pr{X,¢A,n2 1} iffeA

The last four formulas give a probabilistic interpretation of (2.6).
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(b) G(¢, A)=ET,,, where Ty,=>7_o x4a(Xsn) is the number of entries of X,
into A.
We shall return now to P defined by (1.7).

3. Preliminary results. We shall study first some properties of the Green
function G. For £ € R*, G(&, -) is a measure on the Borel subsets of R*. We extend
it to a measure on the Borel subsets of [ — 1, o0) by letting G(¢, A)=G(¢, 4 N [0, ©)).

(3.1) THEOREM. For each £ € R* and each Borel set A< R*,

G(&, 4) = Pult, A+ | g, iuta)

where
g(é,n) = G [n—1,7) for &, ne R,

i.e., for each £ € R*, the measure G'(§, -)=G(&, -)— Po(&, -) on the Borel sets of R*
is absolutely continuous with respect to p and g(€, -) is one version of the correspond-
ing density.

Proof. From the definition of G we get
[, 6t dnpa, 4) = G(&, H-Pu(t, 4

Substituting P(y, A)=pu{d N (, n+ 1]} we get for the left side

[ 6.dn [ xamen@uta,

which by Fubini’s theorem is equal to

[ w0 [ | xc-r.06 d) = [ 66, [E=1, Duia@). QED.

We have immediately from the definition of g

g(é,m) =20 for £, neR",
gé,n) =0 for &, meR*, £21.

Therefore g is not symmetrical in its two arguments as is the classical Green func-
tion. Also different from the classical situation is the boundedness of g, which we
shall prove in the following theorem.

(3.2) THEOREM. g(¢, 1) <4 for ¢, ne R*.
Since G(¢, A)=xa(&)+ [, &(£, n)u(dn), this theorem implies:
(3.3 G, A) < 4u(AH)+1.
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For the proof of Theorem (3.2) we need the following lemma.

(3.4) LeMMA. Let §&,, £, RY, €1<é,, €y, é2)<1. Then for any o€ R*:
G(’?o, [é1, fz))§ /(1 —p(éy, €2)).

Proof. Let I=[¢,, &), po=p(¢;, €2). For 59 € I we have
(3°5) Pn(")09 I) é l“ga n g O-

This follows easily by induction from P(¢, 4)=p{(¢, £+ 1] N 4} and from defini-
tion of the P, as the ““iterates” of P.
For arbitrary n, € R* we shall now prove the inequality:

n
(3.6 Pynos I) £ D w8~ *H®(o, I, n20.
k=0

If o € I, then H*(z,, I)=1 for k=0, 0 for k>0; hence (3.6) is just (3.5).
If 9o ¢ I, then H(5,, I)=0, hence (3.6) is trivial for n=0; for n=1 it becomes

Pofno, 1) S > w§™“H®(no, ).
k=1
This inequality is proved as follows:
Pt ) = [ Plwdn) [ o [ Plowsydnacs) [ Plans,dn)

G.7) Puno, I) = 21 J: , P(no, dny) f, f’ P(ns_ 1, dn)
Joure [ ponen e [ P

(3.8) Pu(no, 1) = kE [ e, dnP s .

Substituting (3.5) in (3.8) finishes the proof of (3.6).
We remark that (3.8) appears in probabilistic notation as

Pr, (Xyn€l) = Z J; Pr,{Xpn_i € I}Pry {7, 1 = K, Xy € dn}.
k=1

We shall see now how (3.6) implies the lemma: For k20, let o,=H{® (o, I)
=Pr, {r,,r=k}. Then we conclude from (3.6)

NZoPn("]o, I =< i Z e, =

n=0 k=0 k

M=

o z [

0 n=k

IIA

| Q- 1
E =< s
l_l‘o k=0 o = l—Mo
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for all N and for n, € R*. We have therefore proved
G(no, 1) £ D Pulno, I) £ 1—1—,[ for mo € R*. Q.E.D.
n=0 —Ho

Proof of Theorem (3.2). It is clear that we may assume n—120. If p(n—1, 7)
=<1, then Lemma (3.4) implies immediately

8¢, m) =G [n—1,7m) =2 for feR".

If u(n—1, p) >4, let 9o € (n—1, n) be defined by
no = inf {n'; 7" < =, p(v’, 1) < 4}.

Then we have u(no, 1) <3, plno, 1) 2 3.
From u(yo, 1) <4, and Lemma (3.4) we conclude: G(&, [0, 7)) <2 for £ € R*.
From p[ne, 7)2 % and p(n—1,7) <1 we get u(n—1, o) =3, which together with
Lemma (3.4) implies that G(§, [n—1, ,)) <2 for é € R*.
We have therefore proved: G(¢, [p—1,7)) <4 for {, e R*. Q.E.D.
Following [6] a Borel set A< R* is called transient if G(¢, 4) <oco for all £ € R*.
We have the following

(3.9) THEOREM. Let A R* be a Borel set. Then

(1) p(A)<oo implies that A is transient. (Therefore all bounded Borel sets in R*
are transient.)

(2) The converse is true under the assumption y#0.

(1) is a trivial consequence of (3.3); we shall give the proof of (2) after (3.16)
and remark here only that the converse of (1) is not true if we omit the assumption
that $#0: Let p assign mass 4 to each integer, then G(¢, R*)=2 for £ € R™,
H(R*)=co0, $=0.

Part (1) of Theorem (3.9) enables us to prove the following corollary about the
process {X;,} corresponding to our substochastic transition function P’.

(3.10) CoroLLARY. For all ¢, Pr{X;, — p or 0}=1.

Proof. By (3.9) we have for { € R* and any bounded Borel set B R*, G(¢, B)
<. Now

G.11) G(¢, B) = ETy

where T, is the number of entries of X, into B. We conclude that T,z < Pr,-a.e.
Q.E.D.

We call an extended real-valued Borel measurable function =0 on R*, P-regular
on a set AC R* if his finite on A, and Ph(¢)=h(¢) for £ € A.
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(3.12) THEOREM. Let £ <n, 0Sh=oco. If h is P-regular on (£, 1], then

(3.13) h(é) = H(n,n+11h(f)-
Proof. We shall prove first

n
(3.14) GE H<‘r’f.’n+nh(§)+L ]h(l)Pn(f, ay, nz0.
k=0 1)
This follows immediately by induction (for n) if we prove

f QP& db) = HE3Ph(E)+ f WOPus (& dD), 12 0.
&,nl &,n

The latter formula can be obtained as follows:

[ morea = [ {[nopeaoleea

- J;t.n]{ﬁt,n] * J;n,n+ 1]} Pn(g, dg)

=f )Py 4 1(€, dl’)+f H() f P.(¢, dOP(L, dO).
&,n (m,n+1) &,nl

Now (3.14) implies the lemma, since we shall see that

lim h(OP.(¢, db) = 0.
t&m

n— o

This equation is true because

(1) his bounded on [¢, ], since it is finite on [£, 5], is right continuous on [£, 1)
and has finite left limits on (¢, 9]

2) lim, ., P,(¢, [¢ 1]) =0, since [, 5] is transient and therefore G(£, [£, n]) <.

We want to add some remarks concerning the preceding proof, from the proba-
bilistic point of view:

By (3.10) we have =7, (, »+ 11010y < © Prs-a.e. (3.13) is, in probabilistic notation,

(3.13) h(§) = Eh'(Xy).
If we denote by Y, the process X,,, stopped whenever it leaves [¢, 7], i.e.,

Y,= X, forr>n,
= X, forr = n,

then (3.14) is, in probabilistic notation,
3.14) h(¢) = EH'(Y,).
(From this we could derive that {A’(Y,)} is a martingale.) Now it is clear that

(315) lim h’( Y, = h’(X{t)9 Prg'a.e.
n— o
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From (3.14’), (3.15) and the Fatou-Lebesgue convergence theorem we can
conclude:

h(§) 2 Eh'(Xy).

Deriving however (3.13’) from (3.14') and (3.15) is equivalent to deriving uniform
integrability of the A'(Y,). This can be done as follows: Let N = sup;ee, y A(8); then

{H'(Y,) > N} = (' (Y,) = H'(Xg), K'(Xs) > N}
and hence
0 = E{W(Y,); W' (Y,) > N} = E{h'(Xy); H'(Y,) > N}
S E{h'(Xz); H'(Xy) > N},

which implies limy_, o, E{h'(Y,); #'(Y,)>N}=0 uniformly in n.
(3.16) THEOREM. P(£)=g(¢, ) for E<n—1.

Proof. We have by (3.13): #(é)=Hy -, #(é) for £=n—1; hence $(§)
S Hg-1,ml(¢) for £<n—1. From the definition of H and G we conclude

Hy_1ml(§) = G(§ (n—1,7]) for {,ne RY,
hence

P(é) = G, (n—1,79]) for & = n—1,
therefore

(&) = G¢, [n—1,m) = g(¢m) foré<n-1 Q.E.D.

The preceding proof appears even more trivial if we use probabilistic notation.
We have for é<n—1

WO = PrefXeu 0} 3 Prof ) (s X € =1, m})

8

IIA

Pre{ws; Xe(wd) € n—1,m) = 2 Polé, n—1,m)

n

G(¢ [n—1, 7)) = g(¢, ).
Proof of Theorem (3.9) (2). The proof follows immediately from

(3.17) PEu{A N (£+1, )} £ G(¢, A),

which- follows from (3.1) and (3.16).
We shall prove now an analogue of the classical Harnack inequality for harmonic
functions in the unit ball of R".

(3.18) THEOREM. Let ¢§ <n, 0Sh=co. If h is P-regular on [£, 7], then
h(§) = G(&, [£, nDh(n).
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Proof. By Theorem (3.12) we have:

h(&) = Hanenh(®) = D Hy s 1h(€)
n=1
where

HGh e nh(€) = J: e h(&) f[ o P,_1(§, dDP(, dT).

Since for { € [£, 7] and any Borel set 4 of (3, n+ 1], P({, A) < P(y, A)=p(A), we get
H®, o 11h(€) Sh()P,, ~ 1 (¢, [£, m]) which implies the theorem.

(3.19) CorOLLARY. If h=0 is P-regular and lim inf;_, , h(£)=0 then h=0.
Proof. Let £, 1 oo be such that lim,_, , A(¢,)=0. By Theorem (3.12) we get
h() = He,-1,600(§) for § = £,—1.
By the Harnack inequality (3.18) and the upper estimate for g (3.2) we conclude

h("?) § 4h(§1|) for ne (fn— l, fn]’

hence h(¢§) <4h(¢,)H e, - 1.6,11(8) S4h(€,) for £ £ €, —1, which implies the corollary.

We shall conclude this section with a remark about the set of zeros of a P-regular
function A20 (e.g., ¥). From (3.18) and (3.9) (1) we see that A(§,)=0 implies
h(€)=0 for ¢ < &. Hence, if h#0 the set of zeros of 4 is either empty or an interval
[0, a) or [0, a]; A(a)=0 iff u(a, a+1]=0.

4. Basic results. The Riesz decomposition theorem (2.3) gives the decomposi-
tion of a P-superregular function, bounded from below, into the sum of a P-poten-
tial and a P-regular function. We shall determine now the class of P-regular
functions, bounded from below, in the case ¢ #0.

(4.1) THEOREM. If Y20, any P-regular function h, bounded from below (or from
above), is proportional to .

Proof. (1) It is sufficient to prove the theorem for nonnegative P-regular func-
tions: If 4 is P-regular and bounded from below, say h2> — a(«>0), then h; =h+o3p
=lim,_, , P,(h+«) is P-regular and =0; if A is P-regular and bounded from above,
consider —A.

(2) So let h=0 be P-regular. We shall prove that ) #0 implies that 4 is bounded.
Assume 4 is not bounded and let ¢, — oo be such that lim,_, , A(¢,)=0c0. By the
Harnack inequality (3.18) we get

h(¢,) = G(&p, [£n nDA(n)  for £, < .
This together with (3.2) implies

h(¢,) = Sh(n) for n € (én, éxt+1].
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Since by Theorem (3.12)

h(¢) = He, e+ uh(§) for £ < &y,
we get

h(&) 2 h(€)He, e, +n1(§) for £ < &,
hence

h(€) 2 3h(¢)(€) for € < &,

This implies that A(¢§)=oo for all £ € R* for which (¢) >0, which contradicts the
finiteness of h.

(3) So let a=sup;cr+ h(£); we just proved that a <oo and shall prove now that
h=ay. Assume a>0. We shall see first that lim sup,., ., h(£)=a. If this were not
true, there would be an ¢>0 and a £, € R* such that A(§)<a—e for £ ¢,, and
therefore we would get by Theorem (3.12)

h(¢) = Hg, o +uh(é) S (@—e)Hy, b, +1l(é) S a—e for € < &,

and hence h=<a—e, which contradicts supsp+ h(€)=a. Now let 5h;
=lim,_ , P,(la—h)=ap—h; then h; 20 is P-regular and lim inf;., h,(£)=0;
hence we have by Corollary (3.19) h, =0, i.e., h=ay.

REMARK. In general the class of all P-regular functions is of course much larger
than the class of multiples of . For example, let u be the Lebesgue measure on R*.
Then ¢ =1, and for any C* function A, on (0, 1) with compact support there is a
C* function h on R* which coincides with Ay on (0, 1) and is P-regular, or equiv-
alently satisfies

h(¢+1) = K'()+h(§).

REMARK. The following considerations show that we gain essentially nothing
new if we consider wide-sense P-regular functions, i.e., extended real-valued
(rather than real-valued) functions 4 on R*, satisfying the integral equation h(£)
= .2 +1) H(nw(dn). By the same argument as in the proof of Theorem (4.1) it is
possible to restrict the study of wide-sense P-regular functions, bounded from
below, to the study of nonnegative wide-sense P-regular functions. We shall see
that the class of nonnegative wide-sense P-regular functions can be completely
determined by an analysis of the sets of infinities of the functions in this class. We
shall now give this analysis. We shall verify first:

(1) If a wide-sense P-regular function 420 is finite at ¢, and £,, where |£, — £,]
<1, then A is finite on [£,, &,].

(2) If a wide-sense P-regular function =0 is finite on an interval (¢, £ +¢], then
h is finite at ¢.

The proof of (1) follows immediately from the defining integral equation. (2)
is proved as follows: Since 4 is P-regular on (¢, £+ ¢] we conclude by (3.18)

h(€) = G(§; [§, E+eDh(é+e) for € € (€, £+e.
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We may of course assume that e<1; by (3.2) we get then

h(¢) £ 4h(é+e) for & e (€, £+e),
which implies A(£€) <co.

From (1), (2) and the defining integral equation we conclude:

(A) For every wide-sense P-regular function 4> 0, the set of infinities of 4 is the
union of a finite or infinite number of (nondegenerate) disjoint intervals I, with the
following properties (£, and £, (<o0) denote the left and right endpoints of I,):

(a) I, is open on the right,

() p{(¢, E+11 N L}>0for £€ 1,

(c) either u(¢,, £,+1]1=0 or u(§, €+1]1=0if ¢ € (£, 8, ¢,) for some §>0,

@) &, ¢ 1iff p(és, €,+1]=0.

(These properties clearly imply that £, —£,>1 and that the I, are the components
of U I,.)

(B) Conversely given any finite or infinite number of disjoint intervals I, with
the properties (a)-(d), we can define a wide-sense P-regular function =0 with
U I, as its set of infinities:

If the set | 7, is unbounded, let

h=wonl I,
=0 off I,

If the set | 7, is bounded, denote by £* the right endpoint of the last I, (¢é*=0,
if Un I,= @) and let
h(¢) = © on I,
= hy(§) for § 2 £*,
=0 otherwise,

where A, is any P-regular function on [£*, c0). It is also clear that there can be no
other wide-sense P-regular function which has | J I, as its set of infinities.

We shall now state two theorems which will follow from the Riesz decomposi-
tion theorem (2.3) and the estimates (3.2) and (3.16) for the Green density g(¢, 7).

(4.2) THEOREM. ¥ #0 iff
A o lir?,j.}lp ¢, E+1]1>0, (i) f(o w){l—#(f, £+ 1]ku(dé) < .
(4.3) THEOREM. If %0 and v is a P-potential then lim,_, , Pv(£)=0.

Proof of Theorems (4.2) and (4.3). Let v be any P-potential. The Riesz decom-
position formula (2.4) gives, since v° =0:

oe) = j (0—Po)n)G(E, d) = (v Po)&)+ f (0—Po))e(€, Dldn),
hence

(44) Pu(§) = f“ o (v—Po)(m)g(&, nu(dn).
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Applying (3.2) and (3.16) to (4.4) we get
@5 e f (0—Po)m)pdn) < Po(é) < 4 f (o= Po)n)pd).
(¢+1,0) (&, )

Since Po(¢)=, @.e+11 V(mu(dn) < oo, the first inequality of (4.5) implies

(4.6) If 0 and v a P-potential, then f ©,y 0= Pv)(m)u(dn) < co.

(4.6) and the second inequality of (4.5) imply Theorem (4.3). Applying (4.6)
to the P-potential v=1—4, we see that ¢#0 implies (ii). That $#0 implies (i),
follows from (3.19). Thus if ¢#£0, (i) and (ii) are true. Conversely applying the
second inequality of (4.5) to the P-potential v=1—4, we get:

0 < Wt £+11=9O) S 4 [ {1—pto, 7+ 1l

Therefore (ii) implies lim,_, , {¢(¢, £+ 1]1—4¥(£)}=0; hence (i) and (ii) imply ¥ #0.
‘Q.E.D.

Since Y(€)=p(é, €+1]1=1, it will be a consequence of Theorem (4.14) that we
can replace condition (i) in Theorem (4.2) by

(i) limg. o p(§, £+1]=1.

We shall prove the following corollary of Theorem (4.2):

(4.7) CoROLLARY. Let u(d€)=K(£) dé, K<1. Then $£0 iff [& {1 — K(£)} dE < co.

(This necessary and sufficient condition for ¢ #0 was derived by Slater and Wilf
[16] for p in this special form under the additional assumption that K be non-
decreasing; see §1.)

Proof. By Theorem (4.2) as amended in the light of Theorem (4.14) (to be proved
below) we have ¢ #0 iff

(') lime-o [{* K(n) dn=1,

(i) o {1—J§*" K(n) dm}K(§) dé <oo.
The integral in (i) is equal to [o° [§*' {1 —K(n)}K(€) dn d¢, and therefore by
Fubini’s theorem finite iff

f: {l—K(n)}( L "_1 K() dg) dn < .

Therefore (i') and (ii) are equivalent to [;° {l — K(n)} dp<o. Q.E.D.
~ We shall prove another corollary of Theorem (4.2). Let A< R* be any Borel set.
Let pu, be the restriction of p to A, i.e., for any Borel set BS R*, let u,(B)
=p(A4 N B); let P,, Y, be the P, ¢ corresponding to pu,, i.e.,
Py(& B) = pa{(§, £+11 0 B} = pu{(§, £+1]1 N AB},
$a = lim (Pl
Then we have
(4.8) CoRrOLLARY. If $#0, then ,#0 iff u(A°)<oo.
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Proof. By Theorem (4.2), as amended in the light of Theorem (4.14) we have
Y, #0 iff

(i) limg. o pa(é, €+1] = 1 and

(i) f{1—pa(é; £+ 1Dpa(dd) < oo.

Now the integral in (ii) is equal to

f (1= (€, £+ 1Dpadd)+ f (€, £+ 1alde).

The first integral is majorized by [ {1 —u(¢, £+ 1}u(d€), which is finite, by Theorem
(4.2), since #0. Therefore (ii) is equivalent to

[t e+ 11atat) = | j( b ) < e

By Fubini’s theorem this holds iff

J:l w)J;n-1 » pa(dOpye(dn) = J;l o maln—1, Nqe(dn) < oo.

Therefore if $#0, (i’) and (ii) are equivalent to

[t = a9 < co.

REMARK. We can interpret i, probabilistically in terms of X,,. If we denote by
X, the process obtained by stopping X, whenever it reaches A° then ,(¢)
=Pr{,X;, — oo}. The probabilistic significance for the X,, process of the sets of
finite p-measure will be discussed in §5.

Theorem (4.3) implies the following corollary which is the analogue of a classical
theorem.

(4.9) CorOLLARY. Let u=0 be P-superregular. Then

u® = lim Hyg oy = lim Hg g4194.
a— o

a—+ o

If u=1, we get in particular
.10 O = lim He,1(§) = lim Hearnl(9).

Proof. It is clear that the expressions in the middle and on the right coincide.
Because of the Riesz decomposition theorem and Theorem (3.12) it is enough to
prove that for any P-potential v, lim,_. o H, «,2(£)=0. We shall first prove that
H, oyo=H 44110 is finite on [0, a]. As in the proof of (3.18) we get

Ho,ot(®) < G [60) [ otoute)
(4.11) '
= G(¢, [§, aDPv(a) < o for £€[0, a].
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This implies, since PH; «0(£)=H, «\v(£) for £ €[0, al, that H,, . is P-regular
on [0, a]. Now we conclude, by Theorem (3.12),

H(a,oo)v(f) = H(a—l,a](H(a,oq)v)(f) for £ < a—1.

This implies
4.12) Hg, op(€é) £ 4Pv(a) for ¢ < a-—1,
since by (4.11) and (3.2)

He, () < 4Po(@) for €€ (a—1,a).
(4.12) and (4.3) imply the corollary. Theorem (4.3) also implies

(4.13) THEOREM. If %0 and v is a P-potential, then there is a Borel set A R*,
such that u(A) < oo and lim,_, o.5¢ 4 0(€) =0.

Proof. We shall prove first that for any >0, the set A,={y; 7 € R*, v(y) = ¢} has
finite u-measure. Let A;={n; 7€ R*; Pv(n)Z e} and A;={n; n € R*; (v—Pv)(n) 2 &}.
Clearly, A, S A;2 Y Agjs.

From Theorem (4.3) we conclude that u(A4;)<oo for any >0. That also u(A4;)
<oo for any >0 follows from (4.6) since eu(A7) §_|’(0,w) (v— Pv)(n)p(dn). We
therefore conclude that u(A4,)<oo for any £>0. To complete the proof of the
theorem, choose ¢,1 oo such that u{d,,, N (&,, ©)} < 1/n? and let

4 = (Aun O (b, )}

Then u(4)<oo and v(€)<1/n for £ € A° N (€, ), i.€. limy, o;5¢4 1(£)=0.
REMARK. In general for a P-potential v, lim,_, , v(£¢) need not exist. We shall see
in§5, that H,, 1(§) is a P-potential if u(4,) <co. Since H, 1(§)=1for { € 4, and since
lim;_, o;ze4 Hy, 1(€) =0 for some A4 such that u(4) <oo (by Theorem (4.13)), we see
that lim,_, , H, 1(£) does not exist, if 4, is unbounded.
As a consequence of Theorem (4.13) we shall prove:

(4.14) THEOREM. If %0, then lim, ... Y(&)=1.

Proof. Since 1—y is a P-potential, Theorem (4.13) gives the existence of a
Borel set A< R* such that u(d)<oo and lim,.,q..eq (1—9)(€)=0, i.e.,
limy, w;0ea Y(6) =1.

We shall see now that in the case of  this even implies:

) lim () = 1.

In order to prove (X), we only have to show: If (X) were not true, i.e., if for some
ae(0,1) and £,1 oo, P(£,)<a, then for any a’ €(a, 1), the set A,={¢; £ € R,
¥(€) <a’} would have infinite u-measure.

This is proved as follows: Since $(£)<u(¢, £+1], the assumption #0 and
Corollary (3.19) imply lim infy_ o u(¢, é+1]>0. Let e€(0, 1) be such that e
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<liminf,. » p(é,—1, €,] and 1/(1 —¢) <a’/a. The first condition implies that, dis-
regarding initial terms,
f"(gn_ly fn] > e

Moreover, since  is right continuous, we may assume that u{¢,} =0. Therefore we
can define /, € (0, 1) by

In = lnf{l’ e = ,Lb(f,,—l, £n]}

Now, (1) l"(f’n"'lm fn]éey (2) I"[gn_lm fn]ge- If we let AZ)=U [fn_lm gn]’ this
union contains infinitely many disjoint intervals [, —[,, £,] and by (2) we conclude
that pu(A4g)=c0.

We shall see now that Ao 4o, ie., Y(§)sa’ for { € Ao. Let &€ [€—1n, £)-
Then we have by the Harnack inequality (3.18) (o) < G(&o, [£0, x])¥(€,). Since
¥(¢,) <a and

Gléo, 6oy £2]) = 2 Pulor o £,]) < i (o, &) <

this implies (¢,) <a/(1—¢)<a’. Q.E.D.

We are now in a position to give the

Proof of Theorem (1.6). (a) Uniqueness: If h is a solution of (1.2) and (1.3),
then A is bounded and #0. We show first that this implies $#0: If h<a, then
h=P,h<P,a=aP,l, hence h<ay; if also h(£,) >0, then 0<h(é,) < a(é,), hence
¥#0. Now we get by (4.1) h=cp and by (4.14) a=1, hence h=4).

(b) Existence: by Theorems (4.2) and (4.14).

(4.15) CorOLLARY. If $#0, then for any P-superregular function uz0 (or
bounded from below), lim,._, , Pu(§) exists and is finite.

1

1—¢

(4.16) CorROLLARY. If ¢#0, then for any P-superregular function u=0 (or
bounded from below), there exists a Borel set ASR* such that p(A)<oo and
limg ., o,0¢4 U(€) exists and is finite.

(The limits in both corollaries are of course the same for each u.) We also have
a limit theorem for P-regular functions if ¢=0.

(4.17) TueorReM. If y=0 and if h20 is P-regular, then either h=0 or lim,_, ,, h(§)
=00.

Proof. Suppose, there are £,4 o0 and a>0 such that A(¢,) <a. In the proof of
Corollary (3.19) we derived the formula:

h(§) £ 4h(¢)He, 2, +0l(§) for £ < &
By (4.10) we conclude ~=0. Q.E.D.

5. Martin boundary. In this section we shall assume $3#0 or equivalently (A).
We shall see that the results of the preceding section (characterization of non-
negative P-regular functions, limit theorems for P-superregular functions) can be
put into the framework of a Martin boundary theory.
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We shall start by recalling for classical potential theory the concept of the Martin
boundary [13]: If the open connected set D< R" has a Green function gp(¢, ),
(¢,m€ D), fix & € D and let ky(n, £)=go(¢, n)/gp(éo, 7) be the normalized Green
function. The Martin space D of D is roughly speaking the strongest compactifica-
tion of D such that lim,_, ,;..e p Kp(n, €) exists for 5, € dD=D—D; aD is called the
Martin boundary of D. (For “smooth” regions it coincides with the Euclidean
boundary.) In this sense the following theorem identifies the one-point-compacti-
fication of R* as the Martin space corresponding to our P-potential theory, and
the set consisting of the Alexandroff point co as Martin boundary.

(5.1) THEOREM. Let §(£,)>0, and let k(n, £)=g(¢, )/g(€0, ). Then

lim k(z, &) = wo.

&)
Proof. We first remark that (3.2) and (3.16) imply
X) k(n, &) < 4[(&o) for & < n—1.

Denote now by S(&) the set of cluster values of k(n, £) as n — co.

Each S(¢) contains only finite values. We have to show that S(£&)={y(é)/y(é,)}
for each ¢. So let a € S(¢,) and let 7, — oo be such that lim,_, ., k(y,, £;)=a. The
proof that a=y(¢,)/$(£,) proceeds in the following four steps:

(1) Let C be a countable dense subset of R*. From (5.2) and a diagonal argu-
ment we see that there exists a subsequence {»,} of {,} such that lim,_, o k(y;, £)
exists for £ € C. We call the limit function a(¢) and write from now on {»,} instead
of {a}.

(2) We want to show that lim,_, . k(z,, ) exists (finite) on all R*. From (X)
and the fact that the k(»,, -) are P-regular for £<q,—1, i.e.,

k(s &) = f K(ra, E)uldE’) for & < mu—1,
(&,&+1]

it follows that at each £° € R* the k(z,, -) are uniformly right continuous, dis-
regarding initial values of n. Now let £° € C°. Given &> 0, there is a § >0 such that
for sufficiently large n and ¢ € (£°, £°+ 9):

|'k("lm £) —k(n, fo)l <e
Thus for £€ (¢, £2+8) N C

a(§)—e < lim inf k(y,, £°) < lim sup k(y, £°) < a(§) +e.

Therefore
lim sup a(é§)—¢ £ hm 1nf k(n,, €°) = hm sup k(n,, €%

&120;2eC

< lim inf a(§) +e.
z120:zeC

Hence lim, , o, k(n,, £°) and lim, | ,0..c a(£) exist and are equal.
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(3) In order to show that a(§)=lim,_. , k(n,, £) (defined now on R*) is P-regular
on R*, we only remark that the k(x,, -) are P-regular on [0, n,—1) and that we
can apply the bounded convergence theorem for integrals because of (5.2).

(4) Now we can conclude by Theorem (4.1) that a(£)=o(£). Since k(y, &)
=1 implies a({o)=1, we get a(§) =9(£)/(éo), and therefore a=a(¢,)=¥(£1)/(éo)-
Q.E.D.

As we mentioned in the Introduction, in classical potential theory the Martin
boundary of a region D (with Green function!) is closely connected with the
representation of positive harmonic functions on D on one hand and with the
boundary behavior of positive superharmonic functions on the other. The repre-
sentation theorem states that every positive harmonic function is a unique linear
combination of the so-called minimal harmonic functions. The latter ones are in
1-1 correspondence with the Martin boundary points—disregarding a certain
negligible set. The correspondence is given by: no — limy,_ . .nep kp(n, -). About
the boundary behavior of positive superharmonic functions the Fatou theorems
give information. One version states that any positive superharmonic function u
on D has finite limits at almost all (with respect to ‘“harmonic measure’’) boundary
points along their fine neighborhood filters. This is the modern version of the
classical Fatou theorems for positive harmonic and superharmonic functions on a
ball in R", where the approach to the boundary is nontangential and radial
respectively.

Now back to our P-potential theory! In view of Theorem (5.1) it is clear that
Theorem (4.1) is the analogue of the classical representation theorem and that we
may consider ¢ as the minimal function corresponding to the Martin boundary
point co.

We shall discuss now the limit theorems of §4 for P-superregular and P-regular
functions in the light of the Fatou theorems of classical potential theory.

We shall start with Corollary (4.16). We remark that the neighborhood
filter of oo in the topology of the Martin space is the ordinary filter of * £ — 00.”
We shall introduce now a filter F©, called the fine neighborhood filter of co, which
plays the same role for our Martin boundary point oo, as the corresponding filters
in classical potential theory. We start with the following theorem, the first part of
which is an analogue of a classical theorem.

(5.2) THEOREM. For any Borel set A< R*, either H g is a P-potential or H3p=1.
The first case occurs iff u(A)<oo.

Since 1—3 is a P-potential, H,(1 —¢) is a P-potential; therefore (H,1 — H 46)®
=0, i.e., (H,1)*=(H)*. Hence we can write Theorem (5.2) in the equivalent
form:

(5.2') THEOREM. For any Borel set A< R*, either (H,1)*=0 or =4. The first
case occurs iff p(A) <.
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Proof of Theorem (5.2'). We shall prove first that u(4) <co implies (H,1)*=0.
We have H, 1(£) £ G(¢, A), which implies that P, H,1(¢) £ P,G(¢, A) =32, Pu(£, A).
Since p(A4) < oo, we conclude by (3.9) that

G(¢ A) = ki P(£, A) < oo for e R*.

We therefore get (H,1)* =lim,_,, P,H,1=0.

If on the other hand u(4)=co, we shall prove that (H,1)® =. By (2.4) and (4.1)
we get H,1=ay+v, where v is a P-potential. By (4.13) and (4.14) there is a Borel
set B such that u(B) <oo and lim,_, o.5¢p H41(§)=0. Since Hu1(é)=1 for £ € 4 and
u(A4)=o0, we get a=1, therefore (H,1)*=4. Q.E.D.

If we now define a set A< R* to be thin at oo if p*(4) <oo (p* =outer extension
of w), then by Theorem (5.2) a Borel set A is thin at oo iff H,y is a P-potential in
analogy to a classical theorem. If we define as in the classical case the filter F* on
R+ as the class of complements of the sets which are thin at oo, this filter converges
to oo and Corollary (4.16) can be restated in the following equivalent form:

(5.3) THEOREM. If u=0 is P-superregular, then limg= u exists and is finite.

In view of Theorem (5.1) Theorem (5.3) is the analogue of the Fatou fine limit
theorem in classical potential theory. The equivalent form (4.16) has also its
counterpart there.

The equivalence of Theorem (5.3) and Corollary (4.16) follows as in the classical
case from the following theorem, which has its counterpart in classical potential
theory, too, and discusses the relations between ‘“fine limit” concepts at co and
Martin limit concepts (= ordinary limit concepts as £ — o).

(5.4) THEOREM. Let A R* be such that p*(A)=oo and let g be an extended
real-valued function defined on A. Then
(a) There exists a set B< A such that p*(B)<oo and
limsupg = limsup g(é).

F®NnA &—w;k€A~-B

(b) If ¢ is any fine cluster value of g at « (i.e., a cluster value of g with respect to
F® N A), there exists a set Ay< A with p*(Ag)=00 such that limy_, o zca, g(€) exists
and is equal to c.

(It will be clear from the proof that the statements under (a) and (b) will remain
true if we replace the sets 4, B, A, by Borel sets 4, B, 4, for which u(4)=co,
p(B) <0, u(A4o)=00 and if we make for (b) the additional assumption that g be
Borel measurable.)

Proof of Theorem (5.4). The proof is along the lines of the one in [2] for the
classical case. It is of course simpler because of the simple structure of thin sets.

(a) Let o=limsupg>~,g. Since F*NA-—>oo, we clearly have that
a <1im sup; ., ».zc4 g(€). It is therefore sufficient to assume o <oo. If for ¢>0,
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we let B,={¢; € A, g(§)>a+e}, then p*(B)<oo. Choose £,1 00 such that
p*{Byn N (&5, 0)} < 1/n? and let B=|Jy- 1 {Byn N (&4, 0)}. Then we have u*(B) < oo,
and also g(§)<a+1/n for ¢ € (A— B) N (£,, ), hence lim sup;_, o;ze4-5 g(€) S .

The reversed inequality is obvious. (We recall that in the proof of Theorem
(4.13) we actually showed that for a P-potential v, limz» v=0, and concluded as
above the existence of B such that u(B)<oo and lim,., o.se5° 0(£)=0.)

(b) We assume —oo<c< +00. (The changes in the proof required for ¢= + o0
will be obvious.) By definition, ¢ is a cluster value of g with respect to F® N A4 if
ce ) g(4)

A'€eF®NnA

or equivalently if for any ¢ >0 and for any A’ € F® N 4 (i.e., for any set A" such that
A'c A and p*(4—A") <)

(X) {§; €A’ yc—e < g(§) < c+e} # 2.

If for >0, we let A,={¢; £ € A, c—e<g(é)<c+e} then p*(4,)=00 because if we
had p*(4,) <0, (X) would imply a contradiction for A'=A4—A4,. Now let £ =0
and if £, is already chosen, choose &, ,, > &, such that u*{4,,, N (&, €,+1]} 21 (this
implies ¢, — 00) and let Ag=J7-1 {41n N (£n, €n+1]}- Then p*(4o) =00, and also
|g(€&)—c| < 1/n for £ € Ay N (&, 00), hence lim,_, ».zc4, (£) exists and is equal to c.

In the formulation of (5.3) we have recognized Corollary (4.16) as a Fatou fine
limit theorem. We point out that Theorem (4.14) is the analogue of the classical
nontangential limit theorem for positive harmonic functions on a ball in R"
“Nontangential” approach to oo is in our case the same as approach to oo in the
Martin topology, i.e., unrestricted approach to oo, since oo is the only Martin
boundary point. Theorem (4.14) was derived in §4 from the corresponding fine limit
theorem, i.e., limy= y=1 (or equivalently: there exists B such that u(B)<oco and
limy., o,2¢5 (1 —¥)(§)=0), and the analogue of the classical Harnack inequality.
For the classical theorem the corresponding derivation was given in [3]. We have
no counterpart to the classical radial limit theorem for positive superharmonic
functions on a ball in R". Corollary (4.15) is the counterpart of a theorem by
Tolsted [18], which states the existence of nontangential limits at almost all
boundary points for certain averages of a positive superharmonic function on a
ball in R™.

Just as in the classical case the Fatou fine limit Theorem (5.3) has also a proba-
bilistic interpretation. As we mentioned in §2 the process {X.,, n=0} with state
space R* U {p}, stochastic transition function P’ (=stochastic extension of P) and
starting point £, plays in our potential theory the same role as Brownian motion
in classical potential theory.

We mentioned in §2 that the supermartingale convergence theorem implies the
following theorem:

(5.5) THEOREM. If u=0 is P-superregular, then for all § € R*, lim, o u'(Xz,)
exists and is finite Pr,-a.e. '
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We shall prove below the much stronger Theorem (5.8), in which we actually
identify the limit. It is clear that for this purpose we may restrict our attention to
paths converging to oo, because if {; < oo, then '(X,,) =0 except for finitely many n.

We turn now to the probabilistic characterization of Borel sets which are thin
at co. The characterization is actually given by (5.2"), which reads in probabilistic
notation:

(5.6) 0-1-law. For any Borel set ASR*, Pr{X,, € A i.0.}=0 or =4. The first
case occurs iff W(A) <o (i.e., A is thin at ).

This 0-1-law leads to the following

(5.7) THEOREM. Let g be an extended real-valued Borel function on R*. Then for
all ¢eR*, limsup,., g(X;;)=limsupy= g Pri-a.e. on A, where A,={w,;
Xea(wg) — 0}

Proof. We shall use Theorem (5.4) as modified for measurable 4 and g.

Let «=lim supp= g. By Theorem (5.4) (a) there exists a Borel set B such that
w(B)< oo and lim sup;., o.:¢5 g(§) =a. By (5.6) we conclude that Pr{X,, e Bi.o.}
=0; this implies that lim sup, ., . g(Xs,) S Pri-a.e. on A,. On the other hand,
since « is a fine cluster value of g at co, we know by Theorem (5.4) (b) that there
exists a Borel set A, such that u(4o) =00 and lim,_, ».sc4, g(£) =a. By (5.6) we con-
clude that Pr,{X,, € 4yi.0.}=¢(¢), i.e., {Xs € Agi.0.}=A; Pra.e.; this implies
that lim sup,_. o g(X;,) 2« Pr;-a.e. on A,

REMARK. Theorem (5.7) says—apart from the identification of the limit—that
for all § € R*, lim sup,_, » g(Xs,) is a constant Pry-a.e. on A, and that this constant,
defined for all ¢ € R* such that (£)>0, is independent of ¢£. This is a special
situation of a 0-1-law which appears formally stronger than (5.6) and which we
shall give in §6.

Theorem (5.7) allows us to give a probabilistic version of Theorem (5.3):

(5.8) THEOREM. If u=20 is P-superregular and limp> u=«, then for all ¢ € R*,
lim,, , w(X;,)=c, Pr;-a.e. on A,.

We see that—and in this aspect the classical case is different—we need not con-
sider the process, ‘conditioned to go to co,” for the probabilistic interpretation of
thin sets and fine limit concepts, since the Pr.-measure of the set of X,,-paths,
which converge to our only Martin boundary point co, equals $(¢) and we assumed
$#0. If $#0 we actually know from §3, that the set of positivity of i, which we
shall denote by 7, is an interval (a, co) or [a, ©0) where a € R*. For £ € I we could of
course define a process X;2—in analogy to the classical case—on some probability
space (Q2, AL, Pre°) with state space /, starting point ¢ and transition function

Po(¢, d¢') = %—)) P(&, df').
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(We distinguish all symbols referring to this process by a superscript ““ 00.”) Since
P~ is stochastic, we have for the life-time { =co Pr-a.e. Since

G, 4) = X Pre{Xge4) = L%G@’ de)

is finite for bounded A4, we have

lim X = o Prp-ae.

n— oo

Now we can modify (5.6) to the following complete analogue of the classical case:
(5.6") 0-1-law. For any Borel set A< R*, we have on I

Pr{X&eAdio}=0 or =1.

The first case occurs iff u(4) <o (i.e., 4 is thin at o).

Proof. We have P°HP1(6)=P,H(&)/Y(€) for £ eI, which implies together
with Theorem (5.2) that lim,_,, P H{1(§)=0 or =1 on I according to whether
wu(A)<oo or not. Q.E.D.

We can modify (5.8) in complete analogy of the classical case to:

(5.8") THEOREM. If u=0 is P-superregular and limg~ u=a, then for ¢e€l,
lim, ., w(X%)=«, Pr-a.e.

6. Supplements. (1) Existence of lim,_ ., g(¢, n). Under certain conditions we
can replace the assertion in Theorem (5.1) by a stronger one.

(6.1) THEOREM. Let p, be the measure obtained from p through translation by 1,
i.e., for any Borel set AS R*, p;(A)=p(A+1). If lim,, o |&—ps|(n, n+1]=0, then
lim, ., , g(¢, 1) exists for £ € R*.

Proof. We have G(¢, A)=], g(¢, 7" )u(dn’) +xa(€), for any Borel set A. If we let
A=[n—1, n) in this formula, we get

62) g€ m) = f RGO C RO}

n-

The existence of lim,_, , g(¢, 1) for £ € R* follows now from a theorem in [16], the
version of which in our context asserts the existence of lim, ., ,, 4(n) for any bounded
function & which satisfies h(n)= |, tm-1,m (" )u(dn’) for > A, under the condition

lim,., o |—p|(n, n+1]=0.
(6.3) REMARK. If u(dé)=K(¢) d¢ and K<1, the condition that

Jim lp—pi| (€, €+1]1=0
is satisfied if [ {1 — K(&)} d¢ <o because
E+1 E+2
bl 411 = [ 1K@ +D)- K@) df' 5 [ a-keyae.

By (4.7) the condition [ {l — K(€)} d¢ <o is equivalent to ¢ #0.
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(6.4) REMARK. In the nondefective case u(¢, é+1]=1, pn is determined by its
values in one interval (¢, £+ 1], and we have u=p,. In this case the condition of
Theorem (6.1) is trivially satisfied.

As for the identification of the limit in Theorem (6.1) we shall prove

(6.5) THEOREM. If for some £,€ R*, Y(£,)>0 and lim,_, ., g(&o, ) exists, then
a=lim,, I(:, e+ 11 Mmn(dn) exists and lim, , ,, g(¢€, 1) =2(€)/(1 + ) for all £ € R*.

Proof. Under the assumptions it is clear from Theorem (5.1) that lim,_, , g(¢, 1)
exists for all £ € R* and is equal to a-(£). In order to identify a we apply formula
(2.6) to A=(n, n+1] and get:

Honsil) = [{Ho ol = PHopenl))GE, d).
Since
{Han+enl —PHpnenl}(n') = 0 for n' ¢ (n, n+1],

1—p(y’,n+1] for '€ (y,n+1],

we get for £<q

Hepenl(§) = f

(n,n+

| {1=p(n’, n+ 11 g(€, n")uldy’).

Together with lim,_, ., g(¢, n) =a(¢), this implies that for any >0, there is an 7,
such that for 5>,

af(§)- 1(n)—e = Hepn+1l(€) = af(§)-1(n) +e,

where
I(n) = f {1 —p(n', 7+ 1T}u(dn).
(n,n+1]
Since by (4.10) lim,, , H, 5+1:1(€)=4(£), we conclude that

6.6) lim I(y) = L.
n— o a
We have:

(D lim,. I(n,n+11 l‘(d’ll) =1
and we shall prove below that

@ Jansn 2@’ 2+ () =3, 1+ 102 = [ 04 1 20 I}
‘Then the existence of lim,_, ., I(y) and (1) imply the existence of

limyo [ '+ Ut
(n,n+1]

which together with (1) and (2) implies the existence of lim,« fi, ,. 1y {0 Yu(dn’).
Moreover we get:

lim, . o 1(7,)=%{1 +lim, . o J

(n,n+1]

#{n'}n(dn’)}.
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We still have to show (2), which is done by applying Fubini’s theorem:

f (s n+ u(dy) = f f w(dn")u(dn’)
mn+1] ( .+

n,n+1)

- " ) Wt

= f w(n, n")uldn’),
(n,n+1]

which implies (2).

(2) 0-1-law. Let {Y,,n=0} be a sequence of measurable functions from a
measurable space (;, %,) into a measurable space (2,, Uy). Let B(Y,, Yni1,...)
denote the smallest sub-o-field of ¥;, with respect to which the functions Y,,
Y. +1... are measurable. The B(Y,, Y,.,,...) form a nonincreasing sequence and
its limit Bo(Yo, Yi,...)==0 B(Yn, Yn.1,...) is called the tail-field of the
sequence {Y,, n=0}. A set in B,(Y,, Yy,...) is called a tail set of {Y,, n=0}, an
extended real-valued function on Q; which is B,(Y,, Y, ...)-measurable, a tail
function of {Y,, n=0}.

Now let Q,=R* U {p} and U,=Borel field of R* U {p}; let (Q,, A;) be the
corresponding sequence space, i.e., Q, =QI, A, =AL where T={0, 1, 2,...}; then
for n=0 the functions X,: Q, — Q,, defined by: X,(w)=nth coordinate of w, for
w € £,, are measurable. Now any tail function f of {X,, n=0} determines for each
£ € R* U {p} a tail function f; of {X,, n=0} by

Se(wg) = f(Xpo(wy), Xea(wy), ...) for w,eQy,

and any tail set B of {X,, n=0} determines for each £ € R* U {p} a tail set B, of
{Xen, n20} by
xs(we) = (xp)e(ws) for w; € Q.

E.g., for the tail set A={w; X,(w)— 0} of {X,, n=0}, we get the tail set A,
={wg; Xen(wg) — 00} Of {X;n, 20},

(6.7) O-1-law. Let B be a tail set of {X,,, n=0}. Then either (1) or (2) is true:

(1) AsS By, Pryace., i.e., Pr{B: N Ag=y(¢) for £ R™,

2) A; N B:= g, Pry-a.e., ie., Pri{B; N\ A,}=0 for £ R*.

Proof. For £ € R* U {p}, let h(§)=Pr{B; N A,}. Since P’(-, A) is measurable for
each A in the Borel field of R* U {p}, h is measurable. From

h(Xy) = Pry, {Bx,, N Ax,,} = Pr{B: N Ay | Xpn}
= Prg{Bc N A{ | Xgo, X{l’ Y X{n},
we get by Lévy’s Theorem on successive conditional probabilities

6.8) lim H(Xn@2) = Xogon@d; Preace.
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By the 0-1-law (5.6) we know:

(6.9 Pre{we; lim A(Xn(w)) = 1} =0 or =¥().
(6.8) and (6.9) prove the 0-1-law (6.7).

(6.10) CorOLLARY. Let f be a tail function of {X,, nZ0}. Then for £ € R*, f, isa
constant on A, Pre-a.e. Moreover, this constant, defined for all ¢ for which y(¢)>0,
is independent of ¢.

Proof. Let A be any Borel set of the extended real line. Applying (6.7) to the
tail set B={w; f(w) € 4} of {X,, n20} we get that either (1’) or (2') is true:

(1) Ass{w;; f(w,) € A}, Pre-a.e. for £ € R,

2") Ass{w;; fe(w;) € A%}, Prs-a.e. for £ € R*.

This proves the corollary.

(3) The nondefective case (¢, ¢+ 11=1 and random walk. In the nondefective
case u(¢, £€+1]=1 (i.e., if P is stochastic or equivalently if = 1) we have a Markov
process on R* with transition function P and starting point ¢ € R*. For this
process Xy < X:,,; Prrae. Such processes are sometimes called ‘positive
processes.” A ““positive process” with state space X={0, 1, 2, ...} is the following
“random walk” Z;,:

Let Y, be a random variable, taking values 1, 2, 3, ... with probability p(j) >0,
such that EY; <oo. Let P*(i, j)=p(j—i); then P* is a stochastic transition function
on X. We shall distinguish all symbols referring to this transition function by *“*”,
Let {Z;,, n=0} be the Markov process with starting point i and transition function
P*_ Clearly fornz1:

(6.11) Zin =i+ Y+ Yot -+ Y,

where the Y; are independent random variables with the same distribution as Y;.
The process {Z,,} is a special case of a class of Markov processes, the so-called
random walks. Their potential theory is discussed in [8], [17].

We shall point out now that the probabilistic structures of the .processes
{X¢n, n>0} and {Z;,, n20} and equivalently the structures of the corresponding
potential theories are very similar.

(a) Potential theory. By Remark (6.4) and Theorem (6.5) we have

612 lim g6, m) = 2/ (1+ [ ptoucan)-
This is the analogue of the renewal theorem (see e.g., [17]) for the Z,, process:
. 1
win o 1
(6.13) lim g*(i,j) = EY,

(6.12) and (6.13) imply that lim,_, , k(n, £)=1 and lim,, , k*(j, i)=1. Therefore
in both cases the one-point-compactification of the state space can be considered
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as Martin space and the Alexandroff point co as Martin boundary point. In both

cases the nonnegative regular functions are the nonnegative constants, i.e., 1 can

be considered as minimal function, corresponding to the boundary point co.
From the renewal theorem (6.13) one can easily deduce that for a P*-potential v

(6.14) lim o(i) = 0.

This is the analogue of Theorem (4.13), because by a result from [17] for the
P*-potential theory the finite sets play the role of the sets of finite u-measure in
the P-potential theory, i.e., they are the transient sets as well as the sets which are
thin at co.

REMARK. In [17], a set A is defined to be transient if

X) H,1(é€) <1 for some £ € X.

Since (X) is true iff (H41)*(£)=0, this definition is superficially closer to our
definition of sets which are thin at oo.

(b) Probability theory. (1) In our present case we can reformulate the 0-1-law
(6.7), which we derived for the X,,-process, to

(6.7") 0-1-law. For any tail set B, either Pry(B:)=1 or =0.

The corresponding 0-1-law is true for the process {Z;,, n=0}.

The fact that for fixed i, Pr¥(B))=1 or =0 follows from a theorem by Hewitt and
Savage [10]. The fact that the value of Pr¥(B)) is independent of i follows easily as
in the case we discussed.

(2) The statement that thin sets and transient sets coincide for the processes
X, and Z,,, is another way of saying that the Borel-Cantelli Lemma holds for the
events {X;, € A} and {Z;, € 4}.

(3) Whereas (6.11) represents Z;, as the sum of the first n elements of a sequence
of independent, identically distributed (disregarding the first term) random
variables, we show now that one can represent X, as the sum of the first n elements
of a sequence of random variables, which have the same distribution (except for
the first one) and two of which are independent if there is at least one between

them. This is a consequence of u=pg,; (Remark (6.4)) and can be seen as follows:
We may assume ¢=0. Then

(6.15) Xon = Xo1+(Xoz— Xo1)+ - - - +(Xon— Xo,n-1)-
Now if we let 6,=X,;,—[X,,], where [a]=n if n<a<n+1, then the 6, are inde-
pendent random variables taking values in (0, 1] and having as common distri-
bution the restriction of u to (0, 1]. Moreover,
Xoiv1—Xoi = 0;41—0;, if 0 <0,
= 1+(0i+1"'0() if 0, 2 6;,,.
This implies that the summands in (6.15) (except for the first one) have the same

distribution and that any two of them are independent, if there is at least one
between them.
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(4) To complete the analogy between (6.12) and (6.13) we shall prove now

©.16) E(Xea=Xe) = 3{1+ | o winhutan) -

Let us assume again £=0. Then

E{on_Xm | X01} = f

(Xo1.,X01 +

Y (§— Xoy)u(df);

hence

E(Xog— Xo1) = f e f( G

— [ ([ ean)utin— [t
(0,1] (n,n+1] 0,11
The first integral is, by Fubini’s theorem,

f £u(0, f)#(d§)+f £ulé—1, 1]u(dé)
(0,1} 2]

a,

=f w0, §)#(d§)+J (& + Dul€', 1]udE)
(0,11 (0,1)

=f §[.L(d§)+f plé, 1](dd).
0,11 0,1]

Therefore E(on—X01)=j'(0,n pl[€, 11u(dé). By Fubini’s theorem this is equal to

j'(o_n w0, €](d€) and therefore equal to {1+ f(o_np.{g}p(df)}. (6.15) and (6.16)
imply the strong law of large numbers:

6.17) Xenfrt — %{1 + f( . p.{f},u.(dﬁ)}, Prrac.,

which sharpens our previous result X, — oo, Pr.-a.e.

7. The dual problem. The so-called dual problem is concerned with the study
of P-regular and P-superregular measures. Let X be a topological space, U its Borel
field and P a substochastic transition function on (X, %). A measure » on ¥ is
called P-regular if

(1) v(A) is finite for compact 4,

(2) vP(A)=v(A) for Ae¥,
where vP(A)= [ P(¢, A)(d¢).

v is called P-superregular if (1) holds and also

(2") vP(A)Sv(A) for AeU.

For the Green function G we have: For fixed ¢ € X, G(¢, -) always satisfies (2')
and is hence a P-superregular measure if G(¢, A) <oo for compact A4.

In this section we shall assume that p is a measure on the Borel sets of R, the real
line, rather than of R*; let P denote the transition function on (R, %) defined by

P(¢,A)=p{(§ E+11n A}, EeR Ac¥Up
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It is clear immediately that any P-regular measure v is absolutely continuous with
respect to p, i.e., that u(4)=0 implies »(4) =0. Now let f be the density with respect
to p of a P-regular measure v. Then we get, by applying Fubini’s theorem,

[ sooun) =10, wae.
-1,

If we denote by Q the transition function on (R, %) defined by
Q(f3 A) = #{[5_13 §)ﬁA}, gER>AEQ[Ra

then v[é—1, €)= Qf(€) is a Q-regular density of v with respect to p, and in fact
is the only such density since two Q-regular functions coincide, if they coincide
p-a.e. Conversely if f20 is Q-regular, then the measure v(A)=], f(n)u(dy) is
P-regular. We therefore have a 1-1 correspondence between P-regular measures
and nonnegative Q-regular functions. We get: If lim sup,., _ o p[é—1, §)>0 and
L_w’o) {1—p[é—1, &)}u(dé) <o, there is a nontrivial (i.e., £0) P-regular measure
and all P-regular measures are proportional.

If u(—o0, 0)=0, then all nonnegative Q-regular functions are =0; hence the only
P-regular measure is the trivial measure. This implies that in the potential theory
on R*, which we considered in the preceding sections, the only P-regular measure
is the trivial measure.

In the same way as in the regular case we get a 1-1 correspondence between the
P-superregular measures, which are absolutely continuous with respect to p and
the nonnegative Q-superregular functions; the latter ones are densities of the former
ones. E.g., in the case of the P-superregular measure G(¢, -), its density g(&, -) is
QO-superregular, as we see also immediately from (6.2).

We conclude with the remark that Q can be interpreted probabilistically as
transition function of the “‘reversed process.”
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