EXTREMAL PROBLEMS IN THE CLASS OF
CLOSE-TO-CONVEX FUNCTIONS(Y)

BY
BERNARD PINCHUK(?)

Abstract. The class K of normalized close-to-convex functionsin D={z : |z| <1}
has a parametric representation involving two Stieltjes integrals. Using a variational
method due to G. M. Goluzin [2] for classes of analytic functions defined by a
Stieltjes integral, variational formulas are developed for K. With these variational
formulas, two general extremal problems within K are solved.

The first problem is to maximize the functional Re F[logf’(z)] over K where
F(w) is a given entire function and z a given point in D. A special case of this is the
rotation theorem for K. The second problem solved is a general coefficient problem.
Both problems are solved by characterizing the measures which appear in the
integral representation for the extremal functions.

The classes of convex univalent functions in D and functions whose derivative
has a positive real part in D are proper subclasses of K. The methods used to solve
the extremal problems in K can be used for these subclasses as well. Some of the
results for the subclasses are known and are not presented here, even though the
methods differ from those used previously.

It should be mentioned that Goluzin originally used these methods to solve
extremal problems of the first type mentioned above within the classes of starlike
and typically real functions.

1. Preliminaries.
DEerINITION. A function f(z) analytic in D, is said to be close-to-convex in D if
there exists a convex univalent function ¢(z) such that

(1.1) Re/l’z’) >0

for all ze D.

Without loss of generality we assume that f(z) is normalized, i.e., f(0)=0 and
f'(0)=1, and furthermore that ¢(0)=0 and |[¢'(0)]=1. We denote this class of
normalized close-to-convex functions by K. W. Kaplan [5], who first introduced
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close-to-convex functions, proved that every close-to-convex function is univalent.
Thus K is a subclass of S, the class of normalized univalent functions in D.

Let C denote the class of normalized convex functions in D, i.e., the subclass of
S consisting of those functions which map D onto a convex domain. Let &' denote
the class of normalized analytic functions whose derivative has a positive real part
in D. 2 is a subclass of S and furthermore, both #’ and C are contained in X.

The classes C and &' can be defined analytically by the following well-known
(see e.g., [6, p. 224]) conditions:

LeMMA 1.1. Let f(z)=z+ayz%+ - - - be analytic in D. Then f(z) € C if and only if

(1.2) Re {1+j{f((z)) >0

forall ze D.

The definition of ' can be formulated as follows:
Under the hypothesis of Lemma 1.1, f(z) € &' if and only if

(1.3) Ref'(z) > 0

for all z € D.

Using the integral representation for analytic functions with positive real part in
D (Herglotz’s Theorem, see e.g., [3, p. 68]) together with (1.2) and (1.3) we obtain
the following well-known integral representations for C and #'.

Let I denote the class of nondecreasing functions «(¢) in the interval —n<t<=
which satisfy

f:’n dedt) = afm)— o —m) =
LemMA 1.2. (a) f(2) € C if and only if

(1.4) (@) = exp ( f —2log (1 —ze-*) da(t))

for some o(t) € I.
(b) f(z) e Z' if and only if

(1.5) re=| ¢
for some B(t) e I.

e +de(t)

Using Herglotz’s theorem together with (1.1) and (1.4) we obtain the integral
representation for the class K.

Let f(z)=z+a,2%+ - - - € K with associated convex function ¢(z)=e'z+byz%+ - - -.
Then

f'@ _ -
¢’_(z) =P@Z)=e "+Pyz+---,
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where
(1.6) ReP(z) > 0

for ze D, and e~""¢(z) € C.
By Herglotz’s theorem, (1.6) is equivalent to

n it
P(z) = cos;zf :,t—__*_i do(t)—isiny
for some «(¢) € I and for |y| <m/2.

We thus have

LemMA 1.3. f(z) € K if and only if

fl@@) = efv(cos y J” ZZ—Z do(t)—i sin y)
.n ;"
X exXp (I . —2log(1—ze %) dﬁ(t))

for some «(t) and B(t), both in I, and |y| <=/2.

2. Variational formulas. Let Eg denote the class of analytic functions defined
by a Stieltjes integral

1@ = [ g0 dt)

where g(z, t) is a given function, regular in D for —7<t<w and «(t) e I. G. M.
Goluzin [2] gave two types of variations for functions in Eg, each obtained by a
suitable variation of the function o(t).

We state these variational formulas and omit the proofs which can be found in
[2].

L Let f(z)=, g(z, t) de(t) be a function in Eg.

Let ¢,, ¢, with #; <t, be arbitrary numbers in the interval —7 <t <, let A vary
in the interval —1 <A< 1. There exists a real number C, depending on f(2), ¢, and
t,, but not on X and ¢ such that the functions

@1) 1@ = ey +r [ BED joi)-cl at

are also in Eg.

Equation (2.1) is the first variational formula for Eg.

IL Letf(z)=[", g(z, t) du(t) be a function in Eg. Let 7, 7, with —w <7, <7 <m
be jump points for the function «(¢), and let 5 vary in the interval —8 <7 < 8 where
8 is determined by f(z), ; and 7. Then the functions

22 fexl(2) = f(2) +(g(z, 71)—8(2, 72))

are also functions in Eg.
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Equation (2.2) is the second variational formula for Eg.

Variational formulas for #’, C and K are obtained by applying (2.1) and (2.2)
to the integral representations of the previous section.

In what follows, t,, 5, 71, 75, C, A, and 5 have the same meaning as above. It is
more convenient to have variational formulas for the derivatives of functions in
the classes under consideration.

Variations for #'. The derivatives of functions in &' form a class Eg with
g(z, )= +ze *)(1 —ze~*)~ . The variational formulas for P’ are

@.3) 1@ = 1@+ [ ZE -] de
and
24) fir®) = PO +( i~y

Variations for C. The integral representation (1.4) can be written as

£(2) = exp ( j —21og (1 —ze‘“)da(t)) — exp G(2).

n

The functions G(z) form a class Eg with g(z, )= —2 log (1 —ze~*). Variations
within C are obtained by varying within this Eg. We have

14(2) = exp (Go@) = exp (GG +A [ B et~ C] i)

For small values of A we have
, , ty , ize-—it 2
@) 14 = £ @+ [ @) e at)~ C] dr+ 00).

Similarly, the second variational formula for C is

(26)  fix2) = f @) +nf"(2)(log (1 —ze™ ")~ log (1—ze™"2))+ O(n?).

Variations for K. The integral representation (1.7) for K can be written as

f(2) = Po(2)$o(z) = (cos yP(z)—i sin y)e$'(z),
where

et+z

PO = [ S dpc)

-

and
$'(z) = exp (J: —2log(1—ze™*) da(t)),

with «(¢) and B(¢) in 1.
Variational formulas for K are obtained by varying P(z) and ¢(z) independently.
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From (2.3), we have

fx.a(2) = (cos yPy(2)—i sin y)do(2)

@7 cos y 2ize*

= 1@+ [ 1@ LI ) ~Cl .
From (2.5) we have

Sep(2) = Po(2)e"'$4(2)
(28) 21'26_“

=@+ [ 10 1a0)~C di+009),

In the case where B(¢) or «(¢) have jump points we have

Jxx.a(2) = (08 yPy4(2)—i sin y)di(2)

29 , zcosyf'(z) zcosyf'(z)
= O+ P —s)
and
Sanp(2) = Po(2)e"ua(2)
(2.10)

= f'(@)+nf"(z)log (1 —ze"1)—log (1—ze~*2))+ O(4?).
We now state a lemma, the proof of which is obvious.

LemMMA 2.1. Let Q(t) be a continuous function having at most N zeros in the interval
—w<t=Zm, and let o(t) € I. To each interval (1, t;) where —m <t,<t,<w let there be
associated a constant Cy;. Then, the condition

ty
[ awety-cylar =0
1
for all intervals (t,, t;) implies that «(t) is a step function having at most N jump
points. Furthermore, the jump points can only be at the zeros of Q(t).

3. An extremal problem for K. The variational formulas of the preceding
section can be used to solve extremal problems within the various classes. We first
consider a general extremal problem which contains, as a special case, the “rota-
tion” and “distortion” theorems. Goluzin [2] solved this problem for the class of
starlike functions.

THEOREM 3.1. For a given entire function F(w) and a given point z € D, the
maximum for either of the functionals

L(f’) = Re Fllogf'(2)],  I(f") = |Fllogf'(2)]|
in the class K is attained only for a function of the form
f'(2) = (1 —ze"*)~2(1 + ze*)(1 —ze'f) ~*

where o, B, and & are in the interval [—m, m].
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Hence, for z € D we have the following bounds

Re Fllog f'(2)] = Mﬂa:( Re{F[log (1 —ze**)~2(1 + ze*)(1 — ze**) ']},
|Fllog f'(2)]| = Mﬁaz( | Fllog (1 —ze'®)~2%(1 + ze**)(1 — ze*6) ~1]|.

Proof. The compactness of K assures the existence of an extremal function for
the problems under consideration. Furthermore, a function which maximizes
I(f") will simultaneously maximize Re {e¢'’F[logf'(z)]} with suitably chosen 7.
Hence it is sufficient to prove the theorem for the functional L(f).

Let f(z) be an extremal function with

n it
f'(2 = (cos y J %r—: dp(t)—isin y)e"
(3.1) :
X eXp (f —2log(1—ze %) da(t))~
We compute L(f’) for the varied functions fx ,(z) and fy ,(z) ((2.7) and (2.8)
respectively). Since

cos yize*

Fllog f3.40)] = Fllog ['@)1+) [ * Fllog /@) pes s |B()~ C| i+ 0()
we have

cos y2izet

0D Lfad = L+ [ Re {Fllogs @) popsiamesa O~ C| di+00%).

Similarly, since

the

Fllogf;.42)] = Fllogf'(2)]+A f F'llog f'@2)] e
we have

(.3) L(fis) = L)+ f Re {F'llog f @] {Zoggz3 o)~ C| di-+0(¥)

e | o(t)—C| dt+0(2?),

The extremal property of the function f(z) implies
L(fy,0) £ L(f) and  L(fip) = L(S).

We thus conclude that a necessary condition for f(z) to be an extremal function
is that the coefficient of A in (3.2) and (3.3) should vanish, i.e.,

(3.4 [ Re {Por @) gz A=l e = 0
and

3.5) f Re{F llog /'(2)] -2 _,,}|a(t) Cldt =
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If we set
0:(t) = Re {Fllog S O] gy}
= O Ge )
the equation Q,(#)=0 is equivalent to

Re {F'[log f'(2)]izPo(z)(Z2%e* — 2z + e~ )} = 0

i.e., a quadratic equation in e*. Hence, Q,(¢) has at most two zeros for —w <t <.
Similarly, if we set

, , ize %
04t) = Re {F'llog S @) {2}
the equation Q,(#)=0 is equivalent to
Re {F'[log f'(2)}ie~*z(1 — Ze*)} = 0,

i.e., a quadratic equation in e* and hence Q,(¢) has at most two zeros for —w <t <.
By a recent theorem of Kirwan [9], we know that F’'[log f'(z)]#0.

Using Lemma 2.1, we conclude that «(¢) and B(¢) are step functions, each having
at most two jump points in —= <t<w. Furthermore, the jump points of B(¢)
must be zeros of Q,(¢) and the jump points of «(¢) must be zeros of Q,(¢).

We now assume that «(z) has two jump points which we call ¢, and ¢, and that
B(t) has two jump points which we call #; and ¢,. The variation functions fy .(2)
and fy, »(z) can now be constructed. From (2.9) and (2.10) we have

L(fxx,0) = L(f")+n Re {F'[log f'(2))(z/Po(z)(e"s — 2) — 2/ Po(2)(e"+ — 2))} + O(n?)
and
L(fex.0) = L(f)+7 Re {F’'[log f'(2)](log (1 —ze~ 1) —log (1 —ze~2)) 4+ O(»?).

The extremal property then leads to the condition

(3.6) Re {F'[log f"(2)I(z/Po(z)(e"s — z) — z/Po(2)(e"s — 2))} = O

and

3.7 Re {F'[log f'(z)](log (1 —ze~*1) —log (1 —ze~*2))} = 0.
Condition (3.6) implies that the function

(3.8) Re {F'[log f'(2)]z/Po(2)(e" — 2)}

has the same value for t=t; and t=1¢,. Thus, the derivative of this function with
respect to ¢ must vanish at a point 7 in the interval (¢s, z,). However, this implies
that Q,(z) will vanish at three points in —#<t<# which is impossible. Hence,
B(t) can only have a single jump point.

Similarly, we conclude from condition (3.7) that «(¢) can have only a single
jump point.



1967] THE CLASS OF CLOSE-TO-CONVEX FUNCTIONS 473

Evaluating (1.7) where o(f) and B(¢) are step functions with a single jump each,
we see that the function must have the required form.

Application. Setting F(w)= + iw in L(f’) of Theorem 3.1, we obtain the rotation
theorem for K(3).

COROLLARY 3.1. The functional |arg f'(z)| attains its maximum in the class K
only for a function of the form
(@) = (1—ze%)~%(1 —ze'*)(1 —ze#) -1

where o, B, and & are in the interval [—m, ).
Thus, for z € D,

larg f'(z)| < Mﬂag( | —2 arg (1 —ze'®) +arg (1 —ze'’) —arg (1 — ze*?)|
= 4sin! |z
where sin~! 0=0.

It has been pointed out by Professor D. J. Newman that the inequality
larg f'(2)] < 4sin~* (2)

follows from the integral representation (1.7). This is because the integrals appear-
ing in (1.7) are convex combinations of the integrands and therefore it suffices to
have bounds on the arguments of the integrands. Of course, this does not give
the form of the extremal function.

A rotation theorem is known for a slightly more restricted class than X (see [7]).

4. The class #'. The variational formulas (2.3) and (2.4) for the class #' are
identical to the formulas (2.7) and (2.9) for the class K except for the factor
(f'(2) cos y)/Po(z) which appears in (2.7) and (2.9), and that the f(z) appearing in
(2.3) and (2.4) is a function in &' and the f(z) appearing in (2.7) and (2.9) is a
function in K. These modifications do not affect the argument given in §3 to prove
that B(¢) is a step function having a single jump point. We therefore have the
following theorem for &',

THEOREM 4.1. For a given entire function F(w) and a given point z € D, the
maximum for either of the functionals

L(f") = Re Fllog f'(2)}, I(f") = |Fllog f'(2)]|
in the class &' is attained only for a function of the form

'@ = (1+ze9)(1 —ze'*)" 1, —n S asm

(® I have recently been informed by Professor James Hummel that this bound on
larg f'(z)| is known. See [10].
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Hence, for z € D we have the following bounds
Re F[log f'(z)] £ Max Re F[log (1 +z¢*)—log (1 —z&%)],

|Fllog f'(z)]] £ Max |F[log (1 +ze**)—log (1 —ze')|.

Proof. The compactness of &' assures the existence of a function in &’ which is
extremal for the problems under consideration. Furthermore, it suffices to prove
the theorem for the functional L(f).

Let f(z) be an extremal function with

@) r@= [ S,

—it
2 l—ze

Computing L(f,) for the varied function (2.3), we apply the arguments of the
previous section to prove that «(t) is a step function having a single jump point,
say at t= —a. Evaluating (4.1) with such an «(¢) we have the desired resulit.

COROLLARY 4.1. The functional |arg f'(z)| attains its maximum in the class &'
only for a function of the form
f'(2) = (1 +ze")(1 —ze**) "2, -T2 oS

Thus, for ze D
larg f'(z)] = Max |arg (1+z€*)(1 —ze'*) | = sin~? (2|z|/1 +]z|?)
where sin~* 0=0.

This corollary is obtained by setting F(w)= +iw in L(f) of Theorem 4.1. The
observation of Professor D. J. Newman mentioned in §3 applies here as well.

5. The class C. The variational formulas (2.5) and (2.6) for C are identical to
formulas (2.8) and (2.10) for K except that the f’(z) appearing in (2.5) and (2.6) is
a convex function and the f”(z) appearing in (2.8) and (2.10) is in K. This does not
affect the argument given in §3 to prove that o(?) is a step function having a single
jump. We therefore have the following theorem for C.

THEOREM 5.1. For a given entire function F(w) and a given point z € D the maxi-
mum for either of the functionals

L(f) = Re Fllog f'(2)],  I(f") = |F[logf"(2)]|
in the class C is attained only for a function of the form
') = (1-ze)~2, —7LaSm
Thus, for z € D we have the following bounds
Re Fllogf'(z)] £ fo Re F[log (1 —ze'*)~2)

|Fllog f'(2)]| = Max |F[log (1—z¢")~7]|.
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Proof. The compactness of C assures the existence of an extremal function and
furthermore, it suffices to prove the theorem for the functional L(f). Let f(z), with

G.1) £(2) = exp ( f _ —21og (1—ze~*) da(t)),

be an extremal function. Computing L(fy) for the variation function (2.5), we
apply the argument given in §3 to prove that «(¢) is a step function having a single
jump point. Evaluating (5.1) gives the desired result.

Setting F(w)= +iw in L(f) of Theorem 5.1, we have the well-known rotation
theorem for C (see [1]).

COROLLARY 5.1. The functional |argf'(z)| attains its maximum in the class C
only for a function of the form

fi@)=(10-ze%"2 —m<Lasm
Thus, for ze D
larg /'(2)] = Max |arg (1 —2ze**)%| = 2sin~" 7]
where sin~10=0. ¢

Here too, the inequality |arg f'(z)| < 2sin~? |z| could have been derived from
the representation (1.4).

6. A coefficient problem. Using methods similar to those presented in §3, we
now solve a general coefficient problem for K. The problem can be stated as
follows.

Let F(X,, ..., X,) be any analytic function in C*~!. Consider the functional
®(f)=Re F(ay, . . ., a,) where f(z)=z+ > ., a,z". Maximize ®(f) over K.

J. A. Hummel [4] maximized ®(f) over the class S* of starlike univalent func-
tions using the method of interior variations. The solution of the problem for C
then follows from the relation f(z) € S* if and only if f(z) =zg'(z) g(z) € C. Hummel
found a suitable interior variation which preserved starlikeness. The difficulty in
using this method for the study of K is that a suitable interior variation which
preserves close-to-convexity is not known. M. S. Robertson [8] maximized ®(f)
over the class 2 of analytic functions which have a positive real part in D. The
result for 2’ follows directly from this.

We solve the extremal problem for K, but because of the identical variational
formulas as pointed out previously, we actually have maximized ®(f) over S*,
C,? and 2.

THEOREM 6.1. For a given function F(X, ..., X,) which is analytic in C*1,
the functional ®(f)=Re F(ay, ..., a,) attains its maximum in the class K only
for a functional of the form

z N M
fz) = f [T -wes) 2 S n(1+wet)(1 —wee) =2 dw
0j=1 k=1
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where NS<n—1, Ms<n—1, w20, 7,20, >V, u;=>¥,n=1, —7<e<m,
—nSBSm, —wS 8. Sm.

Proof. The compactness of K assures the existence of a function in K which
maximizes O(f).
Let f(z) be an extremal function with

fl@) = J: (cos y f”” e:t+ dB(t)—isin ‘y)e"
6.
oy X exp (f:. —2log (1—we %) da(t)) dw = z+ ;::2 a,z".

We compute ®(f, ,) and ®(f, ;) for the variational functions (2.7) and (2.9)

(which we have integrated). We have

cos y2iwe"

Foal@) = 1@+ [ M [ 100 s 8~ Cl dr v

+ i (an"‘)‘ f: 8a,|B(t)—C| dt)z"

&
and
fusle) = 1= [} (3 [ 1100 {2 o)~ 1 dr+00) i
- '22(a,.+)x ft ‘ Aay|olt) = C| dt)z"+0()\’)
where
ba, = 2087 ,Zl (n+K)khye =t
and -

e
Thus, (We set Po(z2)= 5= o haz")
6.2) D(fra) = O(f)+A L i’ Re {;2 d, Sa,}lﬁ(t)— C| dt+ 0%
and
63)  O(fun) = O+ f, i’ Re {’Z d, Aa,}la(t) —C| dt+00%

where d,=(2F|0X,)(X, . . ., X,) at the extreme point (ds, . . ., G,).
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For f(z) to be extremal for the problem under consideration it is necessary that
the coefficient of A vanish in (6.2) and (6.3), i.e.,

J:, Re{z 4 3"1}|B(t) Cldt=0

and
t n
J" Re{z d,Aa,}|a(t)—C[ dt =
t i=2

But now, Q,(r)=Re >}.,d; 8a;=0 is equivalent to an equation of degree
2n—2 in e* and therefore has at most 2n—2 roots with respect to ¢ for —w<t<m.
Similarly, Q.(t)=Re >}.,d,Aa; has at most 2n—2 zeros for —w<t<w. Using
Lemma 3.1 we conclude that «(z) and B(¢) are step functions each having at most
2n—2 jump points, and these points are the zeros of Q,(¢) and Q,(¢) respectively.

We now assume that «(¢) and B(¢) each have 2n—2 jump points at ¢,, ..., t3,_
and y,, ..., ya, o respectively. The variational functions fy .(2) and fi« »(z) can
now be constructed.

frna(@) = z+ D (an+3a)z",
n=2

frex(@) = z+ D (an+Aa,)z,
n=2

where
n-1 k hk

Sa, = =k (e~ Pty _g=(n=iotyy, 1)
k=1 N
and

—(n—h:)u,_e—(n-k)tt,+ 1

< ka,
Aa"=2_n_ n—k

Computing O(fyx,s) and ®(f,«,,) and exploiting the extremal property of f(z)
we arrive at the conditions

6.4) Re > dda, =0
k=2

and

(6.5 Re > d.Ag, = 0.
k=2

Condition (6.4) implies that the function
R(t) — z Re (d, Z kjhk e Y- km)
=1

has the same value at y, and y;,, and therefore its derivative with respect to ¢
must vanish at some point y,<f<y,,,. This implies that Q,(t) has more than
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2n—2 zeros. Thus, we conclude that B(¢) hast at most n—1 jump points. A similar
argument proves that «(¢) can also have at most n—1 jump points.
Evaluating (6.1) with such «(¢) and B(¢) we have the desired form.
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